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ZOHREH VAZIRY, S. B. NIMSE, DIETER LESEBERG

B-Nearness on Boolean frames

ABSTRACT. In this paper we define and study BN-proximity, B-nearness, B-farness, B-
smallness and B-covering on Boolean frames and investigate relation between them. Also
we define and investigate some properties of B-nearness on frames and subframes. Then we

define complete nearness space by given B-near frame.

KEY WORDS. BN-Proximity, B-Nearness, B-Covering, B-Smallness, B-Farness, Contigual,
Uniform, graded, Complete.

1 Introduction

Nearness on space introduced by Herrlich on 1974. Topics developed in this paper are based
on the work of Banaschewski and Dube. We define and study BN-proximity, B-nearness, B-
farness, B-smallness and B-covering on Boolean frames and we investigate relation between
them.

Also we investigate some properties of B-nearness on frames and subframes. Then we have

shown that by given B-Nearness frame we can define a complete nearness space.

2 Background
Definition 1 Let X be a set and let ¢ be a subset of P2X. Consider the following
axioms:
N1) If A<< Band B € ¢ then A € . Where A << Biff VA€ A3B € B, A D B;
N2) If A # 0 then A € &;

) 0 # & # P2X;
N4) If (A\/B) € { then A€ or Be &, where A\/B:={AUB:Ac A,B e B};

(
(
(N3
(
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(N5) If {clcA|A € A} € € then A € £, where cl¢A = {x € X|{A, {z}} € &}

¢ is called nearness structure on X iff ¢ satisfying to above conditions, and the pair (X, ¢) is

called a nearness space -shortly a N-space- iff £ is a nearness structure on X.

If (X&) and (Y, n) are N-spaces then a function f : X — Y is called a nearness preserving
map from (X, &) to (Y,n) iff A € £ implies fA € n, where fA:= {f[A] : A € A}

Let (X, &) be a N-space, then a subset A of PX is called a &-cluster iff A is maximal element
of the set £\ {0}, ordered by inclusion. We call (X, &) complete iff every &-cluster contains

an element {z} for some x € X.

(X, &) is a completion of (X, £) where £* = {Q C PX*|U{Nw|w € 2} € £} and X* denotes
the set of all &-clusters.

Definition 2 A frame is a complete lattice satisfying the special distribution law,
(IFD1)Vae L,V SCL,an\/S=\{aAz|xeS}

and it is called a Boolean frame if it is complementary.

Note, that in this case each element has unique complement, i.e.

VaeL3'ad €Lst.and =0andaVad =1

Therefore Boolean frame satisfying in

(IFD2)Vae L,V SCL,avVAS=A{aVzlxeS}

Frame homomorphisms between Boolean frames preserve top, bottom (denoted by 1 and 0

respectively) meets, joins and complementary.

3 B-Nearness and BN-proximity on frames

Definition 3 Let L be a Boolean frame and A, B are subsets of L.
secA={x € LIVa € A,z Na # 0};
stackA = {x € L|Ja € Ast. a <z},
A\/B={aVblacAbe B};
A/\B={anblac Abec B};
= {d'la € A};
:\/{aeA|a/\9:7éO}'
st(z, A)* /\{a€A|a\/x7£1}
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The partial order defined by setting a < b iff b=a V b,

A<< BifftVae A3Jbe Bst. b<a; (A corefines B)
A< Biff Va€ A3Jbe Bs.t. a<b. (Arefines B)

Proposition 1 Let L be a Boolean frame and A, B are subsets of L. Then we have

following statements:

1) A<<Biff A < B

(1)

(2) stack(AU B) = stackA U stackB;
(3) stackd = 0;

(4) stackA = sec®A;

(5)

5) sec®A = secA;

Proof:

(1) A<< Biff Vae A, Fbe Bst. b<asod <Vie Va €A T € B st. o <V iff
A < B.

(2) and (3) obviously hold.

(4) Let b € stackA i.e. Ja € A s.t. a < b. Let ¢ be arbitrary member of secA so Va € A,
¢ A a # 0 and since a < b, it implies ¢ A b # 0 therefore we have Ve € secA, bAc # 0
ie. b€ sec?A so stackA C sec?A.

Now let b € sec?A, if b ¢ stackA, then Va € A, a £ bsoVa € A, b/ Na # 0 ie.
V € secA so b ¢ sec®A which is contradiction so b € stackA i.e. sec*?A C stackA.
Therefore stackA = sec?A.

(5) Let ¢ € sec®A = stack(secA) so Id € secA s.t. d < cbut Va € A, d A a # 0 therefore
Va€ A, cANa+#0ie. c€ secA so sec®>A C secA. And obviously, secA C stack(secA)

so secd A = secA.

Definition 4 Let L be a Boolean frame. The relation ¢ satisfying in the following
conditions:

BP0) zdy implies ydz;

BP1) x <y and xdz imply ydz;

(BPO)
(BP1)
(BP2) z Ay # 0 implies zdy;
(BP3) zdy implies x # 0;
(BP4)

BP4) x(y V z) implies xdy or xdz;
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(BP5) For every z € L we have z = A\ {y € L|z < y, 20y’ }.
Relation ¢ is called BN-prozimity on L and (L, 0) is BN-prozimal frame.
If additionally § satisfies in (BP6),

(BP6) zdy implies there exist z € L such that 28z and 2'0y; ( 26y means = and y are not
in relation.)

Then 6 is called B-prozimity on L and (L, d) is B-prozimal frame.

Let (L, 61) and (M, d2) be two B-proximal frames.

A frame homomorphism f : L — M is called frame B-proximal homomorphism iff

20,y implies f(z)d2.f(y)

We denote the corresponding category by BProxFrm.
Definition 5 Let L be a Boolean frame and ¢ be a subset of PL:

BN1) If A<< B and B € £ then A € &

BN2) If A A#0 then A €¢;

(BNT)

(BN2)

(BN3) 0 # ¢ # PL;

(BN4) If (A\/ B) € { then A€ £ or B €¢;

Then ¢ is called preB-nearness on L, and the pair (L,§) is called preB-nearness
frame iff it satisfies in (BN1)-(BN3).
¢ is called semiB-nearness on L, and the pair (L, ) is called semiB-nearness frame
iff it satisfies in (BN1)-(BN4).
¢ is called B-nearness on L, and the pair (L,§) is called B-nearness frame iff it
additionally satisfies:

(BN5) For each z € L, z = A {y € L|z < st(y, A)¢, for some A ¢ ¢}.

Let (L, &) and (M,n) be two B-nearness frames.
A frame homomorphism f : L — M is called B-nearness homomorphism iff

Aen= f1(A) et
The corresponding category denoted by BNFrm.

Proposition 2 Let L be a Boolean frame, y € L and A C L where A A = 0 then
st(y, A)? < y.

Proof: We know for every y € L

y:y\/():yv(/\{z]zeA}):/\{y\/z]zeA}.
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And since L is Boolean if for all z € A, yVz=1thenVze€ A,y <zsoy < ANAie ¢y =0
so y = 1 and then y = A} so we have

y:/\{y\/z|yVZ7é1,zEA}
—yV(A{zeAlzvy#1}
=y Vst(y, A = st(y, A <y

Proposition 3 Let L be a Boolean frame and ¢ is a preB-nearness on L then
x < st(y, A)¢ for some A ¢ ¢ iff z <y and {y/,z} ¢ &

Proof: Let x < st(y, A)? for some A ¢ £. Since A ¢ € by (BN2), AA = 0 and by
Proposition 2, st(y, A)¢ <ysoxz < AN{z|zVy+#1,2¢€ A} <y. Now for every z € A either
zVy#lorzVy=1.If zVy# 1thenx < zandif zVy =1theny < zie A<<{y, x}
and since A ¢ & by (BN1), {¢/,z} ¢ &.

Conversely, let < y and {y/,z} ¢ & For A = {¢/,x}, if y = 1 then st(y, A)? = 1 and if
y # 1 then st(y, A)¢ = z. In any case z < st(y, A)? for some A ¢ €.

Remark 1 Let (L,€) be a semiB-nearness frame then £ is B-nearness frame iff it satisfies

in the following condition:

(BNY) Foreach x € L,z = A {y € Ll <y, and {y',z} ¢ £}.

Theorem 1 Let L be a Boolean frame. Set of all preB-nearness on L ordered by set
inclusion is a lattice when its bottom is {A C L| A A # 0} and its top is {A C L|0 ¢ A} .

Remark 2 If (X,¢) is a B-nearness frame then the relation § on L defined by

zoy iff {z,y} € ¢
is a BN-proximity.

Proof: We show that ¢ satisfying in the (BP0)-(BP5).

To (BP0): Let xdy then {z,y} € £ and equivalently {y,z} € € i.e. yox.

To (BP1): Let < y and zdz i.e. {x,z} € £ since {y,z} << {z,z} by (BN1) we have
{y,z} € £ ie. yoz.

To (BP2): Let x Ay # 0 so by (BN2), {z,y} € € i.e. xdy.

To (BP3): Let zdy i.e. {z,y} € & If x = 0 then for every A C L, A << {z,y} and by
(BN1), A € ¢ i.e. £ = L which is contradiction to (BN3). So x # 0.

To (BP4): Let zd(y V z) i.e. {z,(yV 2)} € £ but we have
{z.y}vie,z} ={z,2V zyVa,yVz} <<{z,(yV2)}soby (BN), {z,y} v{z,z} € { and
by (BN4), {x,y} € £ or {x,z} € { i.e. xdy or xdz.
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To (BP5): By (BN5) we have for every z € L, v = A{y € Lz <y, and {y,z} ¢ £} i.e.
z=NA{y € Llz <y, and z0y'}.

Therefore ¢ is an BN-prozimity on L.

4 B-Farness, B-Smallness and B-Covering on frames

Definition 6 Let L be a Boolean frame let £ be a subset of PL satisfying the following

conditions:
(BF1) If A << B and A € € then B € &,
(BF2) If Ac {then AA=0;
(BF3) 0 # ¢ # PL;
(BF4) If A€ £ and B € € then (A\/ B) € ¢;

Then ¢ is called B-farness on L, and the pair (L, &) is called a B-farness frame iff
it additionally satisfies:

(BF5) For each z € L, x = A\ {y € L|z < st(y, A)?, for some A € £}.
Definition 7 Let L be a Boolean frame let v be a subset of PL satisfying the following

conditions:
(BS1) If A << B and A € ~y then B € 7;
(BS2) For 0 € L, {0} € ;
(BS3) 0 # v # PL;

(BS4) If AUB € y then A€ yor A € 7;

Then 7 is called B-smallness on L, and the pair (L, ) is called a B-smallness frame

iff it additionally satisfies:

(BS5) For each z € L, z = A\ {y € L|z < st(y, A)?, for some secA ¢ v}.
Definition 8 [2] Let L be a Boolean frame let u be a subset of PL satisfying the

following conditions:
(BC1) If A< B and A € p then B € y;
(BC2) If Ae pthen \VA=1;
(BC3) 0 # n# PL;

(BC4) If A€ pand B € pthen(AAB) € 15

Then p is called B-covering on L, and the pair (L, p) is called a B-covering frame

iff it additionally satisfies:
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(BC5) For each x € L, x = \/ {y € L|st(y,A) <z, for some A € u}.

Let (L,p1) and (M, pus) be two B-covering frames, a frame homomorphism f : L — M is
called B-covering homomorphism iff A € u; = {f(a) :a € A} =: f(A) € po.

We denote the corresponding category with BCFrm.

Proposition 4 Let L be a Boolean frame and ¢ be a B-nearness on L. Then

(i)
(i)
(iii)

¢ ={A C L|A ¢ ¢} is the B-farness structure on L induced by &;
p={AC L|A" € £} is the B-covering structure on L induced by &;

v={AC L|VB € u, BN stackA # 0} is the B-smallness structure on L induced by &.

Proof:

(i)

We prove that € is a B-farness on L.
To (BF1): Let A << Band A € € then A ¢ ¢ so by (BN1), B¢ £ie BeE.
To (BF2): If A€ Eie. A¢ & so ANA=0.
To (BF3): Since £ # 0, £ # PL. And since & # PL, £ # 0.
(

To (BF4): Let Ac €and B € fie A¢ ¢and B¢ &soby (BN4), AVDB ¢ ¢ie.
AV B€E.

To (BF5): Let z € L, we know z = A {y € L|z < st(y, A)?, for some A ¢ ¢} ie.
= N\{y € Llz < st(y, A)?, for some A € {}.

So € is a B-farness on L which induced by €.

We prove that p is a B-covering on L.

To (BC1): Let A< Band A € pie A" << B'and A’ € € so by (BF1), B’ € € i.e.
B e pu.

To (BC2): Let A € pie. A" € € soby (BF2), NA'=0so VA = 1.
To (BC3): Since &€ # 0, i # 0 and since & # PL, u # PL.

To (BC4): Let A€ pand B € pie. A €& and B’ € € so by (BF4), A’V B € { ie.
(AANB) €so ANB € p.

To (BC5): Let € L, we know 2/ = A {y' € L|z’ < st(y', A')¢, for some A’ € £} so
v=\{ye Lz <st(y,A')?, for some A’ € £}

But 2’ < st(y', A')? means 2’ < \{d' € A'|d’ Vy # 1} ie.
V{ee Alany #0} <xie st(y,A) <xso
=\ {y € Lst(y,A) <z, for some A’ € } ie.



10

(i)

Z. Vaziry, S. B. Nimse, D. Leseberg

r=\{y € L|st(y,A) <z, for some A € u}.
So p is a B-covering on L which induced by &.

We prove that ~ is a B-smallness on L.

To (BS1): If A << B and A € « then for every D € u, D N stackA # ) i.e. for
arbitrary D € p, there exists d € D s.t. a < d for some a € A. Also we know A << B
so there exists b € B s.t. b < a therefore b < a < d ie. d € stackB so DN stackB # ()
ie. B €.

To (BS2): We know stack {0} = {z € L|0 <z} = L and obviously for everyB € p,
BNL#0. So {0} €~.

To (BS3): Since {0} € v so v # 0.
We know stack() = () and for every B € yu, BN =0 so ¢ ~ie v+#PL.

To (BS4): Let AUB € 7 so for every D € pu, DNstack(AUB) # () i.e. DN (stackAU
stackB) # 0 so (D N stackA) U (D N stackB) # () i.e. either D N stackA # () or
D N stackB # .

Let for Dy €pu, D;NstackA=0 and D;NstackB # 0 (1)
Let for Dy € pu, DyNstackA#® and D, N stackB =0 (2)

Since Dy € p and Dy € u, by (BC4), Dy A Dy € p.
So either (D1 A Do) N stackA # () or (Dy A D) N stackB # ).

If (D; A Dy) N stackA # (), there exists d; A dy where d; € Dy and dy € Dy s.t.
a < (dy A dy) for some a € A therefore a < d; and a < dy, i.e. Dy N stackA # () and
Dy N stackA # () which is contradiction to (1). Similarly if (Dy A D) N stackB # 0,
we have Dy N stackB # () and Dy N stackB # () which is contradiction to (2).

So either for all D € u, D N stackA # () or for all D € p, D N stackB # () i.e. either
Ae~yor Ben.

To (BS5): Let z € L'sox = \ {y € L|z < st(y, A)?, for some A € £} i.e.
= A\{y € Lz < st(y, A)?, for some A’ € pu}.
If A" € p then secA ¢ ~ since A’ N stack(secA) = A’ N secA = ().

And if secA ¢ ~ then there is B € u s.t. B N stack(secA) =0, i.e. BN secA =10, i.e.
for every b € B there is a € A s.t. bAa =0so0 b < a therefore we have B < A" and
by (BC1) it implies A" € p.

So equivalently we have z = A {y € L|z < st(y, A)?, for some secA ¢ v}.
Therefore 7 is a B-smallness on L which induced by &.
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Proposition 5 Let L be a Boolean frame and &, €, v and  be respectively B-nearness,
B-farness, B-smallness and B-covering structures induced by each other on L. Then following

relations are hold
1) Ac¢iff A¢ &
2) Ac€iff A¢ ¢,
3) Aeiff A €

4) Acpiff A €€,
6) Aeciff V B € p, BNsecA #

(
(
(
(
(5) Aepiff VB e& AnsecB # ;
(
(
(8) A€ piff VB € v, AN stackB + 0
(

9

)

)

)

)

)

)

7y Ae~ift V B € u, BN stackA # ();

)

) A€ iff secA € ~;

(10) A € ~ iff secA € &;

(11) Aevyif YBeéJac AT e B, anb=0;
)

(12) Acéiff YvBey,Jac AIbe B, anb=0.

Proof:
By Proposition 4, (1) - (4) is clear.

(5) Let A € pthen A’ € € and let B € & we prove that AN secB # () i.e. 3 a € A s.t.
a € secBie Jae Ast. Vbe B,aANb#0. If notsoVae A3Fbe Bst. aNnb=0 ie.
b < a therefore Va' € A’ 3b € Bs.t. b<d ie A << B andsince A’ € £ by (BF1) Be ¢

which is a contradiction.

Conversely, let V B € £ ANsecB # (. If A ¢ uthen A” € £&. But we have AN secA’ = ()

since for every a € A, a ANa' =0 and ¢’ € A" so a ¢ secA’ which is contradiction so A € p.
(6) Similar to (5). And by Proposition 4, (7) is clear.
(9) Let A ¢ ¢ ie. A € pthen we have A’ NsecA = () i.e. A'Nstack(secA) = () so secA ¢ ~.

Conversely, let secA ¢ v i.e. there exists B € pu s.t. BN stack(secA) = () so BN secA = ()
ie. Vb€ B, Ja € As.t. aNb=0so0b<d therefore B < A" and by (BC1) it implies A’ € u

so A¢¢.
(10) Let A € v ie. VB € u, BN stackA # (.
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We consider B = {d' € L|Va € A,dNa+#0}. For every d € B, there is not any a € A
st. a < d ie. for every d € B, d ¢ stackA so {d' € LNa € A,dANa+# 0} ¢ u therefore
{de LiVae€ AjdNa#0} € ie. secAe.

Conversely, secA € € by (9), sec’A € v i.e. stackA € v and since stackA << A by (BS1) it
implies A € .

(8) Let A € p and B € v then by (7) we have AN stackB # .

Conversely, let VB € v, AN stackB # 0, if A ¢ pu then A’ € £ and by (9) secA’ € v and by
assumption A N stack(secA’) # () i.e. AN secA’ # () which is contradiction so A € p.

(11) By (7) is clear. And (12) by (8) is clear.

Proposition 6 If (L,¢)is a B-nearness frame and £ and p are respectively corresponding

B-farness and B-covering then the following conditions are equivalent:

(C) If every finite corefinement of A belongs to £ then A belongs to &;
(C") If A € £ then there exists a finite corefinement B of A with B € &;
(C") If A € p then there exists a finite refinements B of A with B € p.

Proof: (C') < (C"): Obviously.
(C") = (C") : Let A € pthen A’ € € so by (C') there exists a finite B’ € € s.t. B’ << A’

i.e. B < A and since B’ is finite B-farness so B is finite B-covering. So there exists a finite
refinements B of A with B € u.
(C") <= (C") : Let A€ £so A" € uand by (C”) there exists a finite B’ € u s.t. B’ < A’
so B << A and since B’ is finite B-covering so B is finite B-farness i.e. there exists finite
corefinement of A belongs to &.

Definition 9 [2] A B-nearness frame is called contigual iff it satisfies the condition (C').

Theorem 2 Let (L, &) be a B-nearness frame then
& ={AC LIVB << A, (B finite = B € §)} is the smallest contigual B-nearness structure

on L contains ¢ that we call it contigual B-nearness structure on L generated by £. In
addition & = (&) where {§ = {A € | A finite}.
Proof: First we show &, is a B-nearness on L.

To (BN1): Let A; << Ay and Ay € &. We have VB << Ay, B << A, so if B is finite it
implies that B € £ which means A; € &,.

To (BN2): Let AA#0and B << Aso A\ B # 0 therefore B € { so A € ..
To (BN3): By (BN2), 0 € & s0 & # 0. And {0} ¢ & so & # PL.
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To (BN4): Let A\ Be & if A¢ ¢ and B ¢ & then 3 C << A and C is finite but C' ¢ ¢
and 3 D << B and D is finite but D ¢ £ so C'\/ D ¢ £ and it is finite. But since C << A
and D << Bwehave V¢, € Cda; € Ast. a;, <candVd; € D3Ib; € Bst. b; <d;
therefore Ve; Vd; € C\/ D 3 a; Vb € A\ Bst. a;Vb; <¢ Vdjie C\/D<<A\ B and
since C'\/ D ¢ £ and it is finite it is contradiction to A\/ B € &..

To (BNH): Let o € L, then T' = {y € L|z <y, {z,y'} ¢ £} and

S={yellr<yfry}¢&} LetyeTsox<yand{z,y} ¢ ify¢ Sso{ry}el
by definition of &., {z,y'} € £ that is contradiction. So we have T C S therefore A S < AT

and we know AT = x also by definition of S, x is its lower bound so x = A S.
Therefore &, is a B-nearness on L.

Now let every finite corefinement of A belongs to &. if A ¢ . then 3B << A where B is
finite and B ¢ & so B ¢ &, that is contradiction so . is contigual.

Now we show that &, is the smallest contigual B-nearness contains &.

Let A € £ so by (BN1) for every B << A, we have B € ¢ therefore A € &.. ie. & C &.
Suppose n be an arbitrary contigual B-nearness contains £ and A € &, so VB << A, if B
is finite then B € ¢ therefore B € n and since 7 is contigual, A € n i.e. £ C 1 so &. is the

smallest contigual B-nearness contains &.
And obviously, &5 = (&)

Proposition 7 1If (L, ¢) is a B-nearness frame and &, ; and 7 are respectively correspond-

ing B-farness, B-covering and B-smallness then the following conditions are equivalent:

(U) If A € € then there exists B € £ such that {st(b, B)¥|b € B} << A;
(U') If A € p then there exists B € p such that {st(b, B)|b € B} < A;
(U") If A ¢ ~ then 3B C L s.t. secB ¢ v and {st(b, B)!|b € B} << secA.

Proof:

(U) = (U") Let A€ pie A €& then by (U), there exists B’ € € s.t.

{st(t), B")| € B'} << A’ ie. for every I/ € B’ there exists a’ € A’ s.t. ' < st(v/,B')?
ie. d < A\N{d e B|d Vb #1}so\/{ce BlcANb+# 0} <a. Therefore for every b € B there
exists a € A s.t. st(b,B) <aie. {st(b,B)|be B} < A.

(U) <= (U")) Let A € €ie. A’ € p then by (U’) there exists B’ € y such that

{st(t/,B")|t\ € B'} < A" i.e. for every I/ € B’ there exists a’ € A’ s.t. st(V/,B') < d ie.
VA{deB|dANY #0} <d soa< AN{ce€ B|cVb#1}. Therefore for every b € B, there
exists a € A s.t. a < st(b, B)? i.e. {st(b,B)¢lb€ B} << A.
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(U) = (U”)) If A¢ v then secA € € so by (U) there exists B € £ such that
{st(b, B)!|b € B} << secA and B € { implies secB ¢ 1.

(U) < (UM) If A€ Eie. secA ¢ v then by (U") 3B C L s.t. secB ¢ v and
{st(b, B)!|b € B} << sec*A = stackA and we know stackA << A so {st(b, B)!|b € B} <<
A also secB ¢ ~ implies B € €.

Definition 10 [2] B-nearness frame (L,¢) is called uniform iff it satisfies to condition
V).

We denote by UBCFrm the category of uniform B-covering frames and B-covering homo-

morphisms.

Also we denote by UBNFrm the category of uniform B-nearness frames and B-nearness

homomorphisms.

5 Relation between B-Nearness on frames and subframes

Let L be a Boolean frame and a € L then | a = {x € L|z < a} is Boolean frame with A and
V defined as in L. The top of | a is @ and the bottom of | a is the bottom of L.

Let (L, &) be a B-nearness frame and ¢ its corresponding farness. Let a € L. For each A C L
aNA={aNzlx e A}

and

aNé={AeP(la)Ae&} and ané={AeP(la)Ael}

Theorem 3 1If (L,¢) is a B-nearness frame and a € L then a A € is a nearness on | a

and a A € is corresponding B-farness on | a.

Proof: (BN1) to (BN4) are obvious. We prove only (BN5).
To (BN5): Let z €] a and

S ={y € Llz < st(y, A)* for some A ¢ £} and
T = {w €} alz < st(w, B) for some B ¢ a A}

Let z € S by (BN2) and proposition 2, z < z and since x < a so x < a A z. Choose A ¢ ¢
s.t. x < st(z, A)?, since A << aA Asoby (BN1), aAA¢ ¢ and by definition, a A A ¢ a A€

st((anz),(anA)* = N{anhlhe A (anz)V(anh)#a}
= N\{anhlh € Ajan(zVh)#a}
=an(N\{heAagzvh}
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Obviously {h € Ala £ zV h} C {h € Al]zV h # 1} so

AN{h € Alzvh#1} < N{h € Ala £ zV h} and we have

x <st(z,A)?=A\N{he€ AlzVh#1}sox < AN{h € Ala £ 2V h} and since x < a therefore
r<aA(AN{h€AlaLzVh}ie x<st((aNz),(anA)soaAz€eT therefore aNS C T
so AT < A(aAS) < AS since € is B-nearness so v = A\ S so AT < x and for any w € T
by (BN2) and proposition 2, we have x < w i.e. z is a lower bound for T'so AT = z.

So a A € is a B-nearness on | a generated by &.

Now we show that a A € is its corresponding B-farness on | a

anNéE={ACP(la)A¢gane}ie anéE={ACP(la)|A¢E} ie.
aNé={AcCP(la)Aet}=ant

Proposition 8 Let a <bin L and £, and &, are respectively B-farnesses on | b and | a

generated by an unknown B-farness on L then &, and &, satisfy on the following relations :
(i) If D € &, then D << C for some C € &,.
(ii) If C € €, and C' << D for some D € P(] b) then D € &,

Proof: Obviously.

Definition 11 B-nearness frame (L,&) is called graded iff {A,secA} C ¢ implies
E(A) € &, where £(4) = {x € LI({z} U A) € £).

Proposition 9 Let (L,¢) be a B-nearness frame and a € L then following result holds
(i) If (L, &) is graded then a A € is also a graded B-nearness on | a.
(i) If (L,&) is contigual then a A is also a contigual B-nearness on | a.

Proof: (i) Let {A, secj,A} C a A€ since A € P(] a), secj,A = a A sec, A and sec, A <<

a N secp A so {A,sec, A} C & then £(A) € € but (a A &)(A) C &(A) so (aN€)(A) € € and
(an&)(A) C P(la)so (aN&)(A) eant.

(ii) Let A C| a and every finite corefinemen of A in | a belongs to a A £ . If there exists B
finite subset of L s.t. B << A and B ¢ &, since B << a A B then by (BN1), a A B ¢ £ but
since A€laand B<<AsoVaAbeaABIdxr e Ast. x <aAbie aAB << A then by

assumption a A B € a A& and so a A B € £ that is contradiction so every finite corefinemen
of A in L belongs to &, therefore A € £ and so A € a A €.

Let L be a Boolean frame and a € L then 1 a = {x € L|a < 2} is Boolean frame with A and
V defined as in L. The top of 1 a is the top of L and the bottom of 1 a is a.

Let (L, &) be a nearness frame and ¢ its corresponding B-farness. Let a € L.
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For each A C L
aVA={aVzlxe A}
and
aVE={BeP(a)laVvA<<B, for some A €}
and a V £ is its corresponding B-nearness.

Theorem 4 If ¢ is a B-farness on L and a € L then a V € is a B-farness on 1 a.

Proof:

To (BF1): Let C << Dand C € aVE&sodA € Est. aV A << C andsince C << D so
aVA<<Die DeaVé

To (BF2): Let C € aV & If AC # athen3 2z >ast. \NC =z butsince C € aVEso
EIAEEs.t. aVA<<Cie YaVreaVAdee Cst. c<aVxsoVaVzxeEaVA,
z<aVzie z< A@VA) =aV(A\A) but A A =0 therefore z < a that is contradiction

to assumption. so A\ C = a.

To (BF3): For every A€ &, aV A << {a}ie. {a} €aVEsoaVE+#(D Nowlet b>a by
(BF2) we know {b} ¢ aVEsoaVE# P(Ta).

To (BF4): Let C € aVéand D €aVésodAcést. aVA<<Cand3IB e ¢ st.
aVB << Dso A\YB €& NowletaV(zVy) €aV(A\B) wherez € Aand y € B
ie. (avz)V(aVy) €aV(AVB)sinceaVe €aVAandaV A<<C,3ceC st
¢ <aVazsimilarly 3d € D st. d < aVy therefore cVd < (aVz)V(aVy)=aV(xVy)
ie. aV(A\ B) << C\D. and since C\/ D € P(1a) then C\/ D € aVE.

To (BF5): Let z €1 a and

S = {y € L|z < st(y, A)? for some A € E} and
T = {w €t a|z < st(w, B)? for some B € a V £}

Let z € S then by (BF2) and proposition 2, z < z and a < x so z €1 a. Now we choose
Acést. x <st(z, AL Obviously,a VA€ aVE.

st(z, (aV A)* = \{avhlheAand 2V (aVh) # 1}
=aV(\{heAzvh+#1})
> \{heAlzvh+#1}
= st(z, A >z

So z € T'ie. S CT therefore AT < A S and since A S = z and similar to proposition 2,

is a lower bound for every w € T so we have AT = z.

so a V € is a B-farness on 1 a generated by €.
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Proposition 10 Let (L,¢) be a B-nearness frame and a € L then following result holds

(i) If (L,€) is uniform then a V ¢ is also a uniform B-nearness on 1 a;

(i) If (L,&) is contigual then a V ¢ is also a contigual B-nearness on 71 a.

Proof: (i) Let C' € a V £ then there exists A € £ such that a V A << C and since £ is
uniform so 3B € £ s.t. {st(b,B)!b€ B} << Aie. Vb€ B, 3z € Ast.

x < N{b; € B|b; Vb # 1} therefore we have Ya Vb € aV B(€ aV§), JaVr € aV A sit.
aVez < AN{aVvb €aVvB|bVb#1}.

But {aVvb €aVvB|lb;VbVa#1} C{aVb €aV B|b;Vb+#1} so

AN{aVvb €aVvBlb;vVb#1} < AN{aVvb €aV B|(aVb)V(aVb)#1}

then we have a Vo < A{aVb, €aV Bl(aVb)V (aVb)#1}ie.

{st(aVvb,aVv B)aVbeaV B} <<aVAandsince aV A << C so
{st(avb,aVv B)aVvbeaV B} << Cie aVEis uniform.

(ii) Let C' € a V€ then there exists A € £ s.t. aV A << C. But £ is contigual so there exists
finite B € £ s.t. B << A so aV B is finite and it belongs to a V £ and also aV B << aV A
soaV B << (Cie. aVE¢is contigual.

6 B-Nearness frame and Complete Near Space

Definition 12 Let (L,€) be a B-nearness frame. A nonempty subset A of L is called

&-cluster iff A is a maximal element of the set £ ordered by set inclusion.

Theorem 5 Let (L,¢) be a B-nearness frame, X* be set of all {-clusters and
& ={QCc PX*|U{Nw|w € 2} € &} then (X*, &) is complete nearness space induced by
B-nearness frame (L, §).

Proof: We prove that (X*,£*) satisfies in all conditions of nearness space.
To (N1) i.e. Let Q << Q9 and Qs € £* then ; € £*.

If O ¢ & then U{Nwlw e M} ¢ & therefore VA, € X*, U{Nwlw e} € A ie.
VA, € X*, 3x; € U{Nw|w € 21} s.t. z; ¢ A; but for some w € Qy, z; € (w say x; € [|w;
when w; € ;.

Since ) << Qy, Yw; € Qy, Jws € Qs st. wy C wy we have (Nw; C (ws. And since
VA; € X* dx; € (w; where x; ¢ A; so Jw, € Qs s.t. w) C w; so [w; C [w, therefore
z; € w} and so z; € Y{Nwlw € N} where x; ¢ A; i.e. VA; € X*, U{Nwlw € D} € A,
so U{Nwlw € Qo} ¢ £ ie. Qo ¢ £ that is contradiction so ; € &*.

To (N2) ie. If (N Q # 0 then 2 € &*.
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Let Q2 # 0 so JA € X* s.t. Vw € Q, A € w therefore
Vwe Q, NwC Aso J{Nw|w € 2} C A and since A € £ so |J{Nwlw € Q} € ie Qe X

To (N3) ie. & £ P2X*.

Since £ # () so A € X* and by definition of X* obviously {{A}} € £* so & # (. And if
{0} € & then |J{N 0} (= L) € £ that is contradiction to & # PL so £* # P?X*.

To (N4) ie. If Q1 \/ Qg € € then Q € £ or Qy € €7,
where Ql VQQ = {w1 U WQ‘(JJl € Ql,UJQ € QQ}

Let Ql \/QQ € f* If Ql ¢ 5* and QQ ¢ f* then
O ¢ & = U{Nwilwi € U} ¢ €, we call Uy = J{Nwilws € 4} and
Qs ¢ & = U{Nwjlw; € D} ¢ &, we call Uy = {Nwjlw; € Q}.

Since Uy ¢ £ and Us ¢ & then Uy \/ Us ¢ € ie.

{x\/yleUl,yEUg}géf (I)

Let x € Uy then Jw; € Oy s.t. = € [|w; therefore VA; € wy, x € A; so VA; € wy,
A;U{x vz} << A; where z € L so A;|J{zV 2z} € £ but since each A; is &-cluster so
VA; € wy, xVz €A forany z € L.

Similarly Let y € U, then 3wy € s s.t. y € (ws therefore VB; € wy, y € Bj so VB; € wo,
yV z € Bj for any z € L. So we have

VA, € wy and VB; € wy, tVy € A;and xVy € Bj ie. zVy € [(w Uwy) so
rVy e U{N(w Uw))|w; € Q1,w; € Qy} therefore

{zVvylr e U,y e Uy} CU{N(wiUwj)|w; € Qy,w; € Qo}

and by (I) we have |J{((w;i Uw;)|w; € Q1,w; € Do} & Eie. O\ Qy ¢ £F that is contradic-
tion so €2 € £* or () € £

To (N5) ie. If {clfwlw € O} € £ then Q € £ where clfw = {A € X*|[{w, {A}} € £*}.

Let w C X" so cliw = {A € X*|((Nw) U A) € {} but since A is &-cluster so it is maximal in
€ then clfw = {A € X*[[Nw C A} therefore Vw C X*, w C () clfw.

Now let {clfww € Q} € & so U {N(cliw)|w € Q} € £ and we know

Nw C Neiw so J{Nwlw € O} € U{N(cliw)|w € Q} so

U{Nwlw € Q} € {ie Qe

Therefore (X*,£*) is a nearness space.

Now we have to show that (X*,£*) is complete.

Let Q € & be a £*-cluster by definition | {(w|w € Q} € £ so there exists &-cluster, A, s.t.
U{Nw|w € Q} € A. We consider ' = QU{{A}} obviously | {w'|w € '} C A therefore

Q€ &, since 2 is £*-cluster so {A} € Q therefore (X*,£*) is a complete nearness space.
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LAURE CARDOULIS

Local antimaximum principle for the
Schrodinger operator in RY

ABSTRACT. We consider in this paper equations defined in R” involving Schrédinger
operators with indefinite weight functions and with potentials which tend to infinity at
infinity. After recalling the existence of principal eigenvalues and the maximum principle,

we study the local antimaximum principle.

KEY WORDS. Schrédinger operator, indefinite weight, antimaximum principle

1 Introduction

We consider in this paper the Schrodinger operator —A + ¢ defined on R associated with

the indefinite weight m where ¢ is a potential which satisfies the following hypothesis:

(HY) g€ L2 (RN) N L (RY) N LE

loc loc loc

q > cst > 0.

(RM), p > %, such that lim;|—,. ¢(z) = oo and

and where the weight m satisfies one of the following hypotheses:

(H2) m € L>*(RY), m is positive in the open subset Q. = {z € RY ,m(z) > 0} with non
zero measure and m is negative in the open subset Q. = {x € RY m(x) < 0} with

non zero measure.

(H2) (i) m e LN2RN) N L (RY) (N > 3), meas(QF) > 0, meas(2;,) > 0.

loc
(ll) m=mq —my, m >0, m € LOO(RN>, mo > 0, my € Lo (RN)

loc

Mainly, this paper deals with the local antimaximum principle for the following equation
(=A 4+ q)u = dmu + f in RY, (1.1)
where A is a real parameter and f satisfies the following hypothesis:

(HE) f € L2(RY) N LE(RY).

loc
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As in [2, 3] we introduce the quadratic form

(v,w), = / Vv - Vw + quw
RN
defined for every pair
vw € V,RY) i= {f € 2RY, (f, ), < oo}

Notice that V,(RY) is a Hilbert space with the inner product (v,w), and the norm

Ioll = (00 = ([ 1908 1)

The set D(RY), which is the set of C* functions with compact supports, is a dense linear
subspace of V,(RY). By the Lax-Milgram theorem, the Schrédinger operator L = —A + ¢ in
L*(RY) is defined to be the selfadjoint operator in L?(RY) satisfying

/ (Lv)w = (v,w), for all v,w € D(RY).
RN

We denote by D(L) its domain (strong domain) and V,(R") is its weak domain. In the
following a function u € V,(R") will be called a solution of (1.1) if it is a weak solution of
(1.1) ie. if [on Vu- Vo + que = X [on mug + [pn fo for all ¢ € D(RY). We recall that the
embedding of V,(R") into L*(RY) is compact.

We add another hypothesis upon the potential ¢ which assures that any element of the
weak domain of the operator L = —A + ¢ belongs to the strong domain D(L). It is the
following hypothesis.

(H2) There exists a positive constant C' such that for all x € RN and all h € RN, h # 0,
|q(w+h | <C \/_

Note that for example, the potential q(x) = 14 |z| satisfies (HZ). And we recall the following

proposition in |7], based on the methods of translations due to Nirenberg.

Proposition 1.1 Assume that the potential q satisfy (H!) and (H2). Let u be a weak
solution of (—A + q)u = f in RN with f € L*(RY). Then u € H*(RY), qu € L*(R") and
therefore uw € D(L).

Our assumptions on the weight m guarantee the existence of a unique principal and positive
eigenvalue A\ ,,, > 0 associated with a positive eigenfunction ¢;,, > 0, and also the
existence and uniqueness of a principal negative eigenvalue 5\17q7m < 0 associated with a

positive eigenfunction ¢4, > 0 (see [6]). We also recall a variational characterization of
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these eigenvalues and that will be essential for the proof of the local antimaximum principle.
The problem of the existence of principal eigenvalues has been studied for the Laplacian and
the p-Laplacian operators associated with a weight, in bounded domains (see for example
[14]), in RY (see for example |5]), for the Schrodinger operator —A + ¢ associated with a
weight m in RY (see [0, 7]). We also recall the maximum principle for (1.1): if u is one
weak solution of (1.1), if f > 0 and if Ajgm < A < Aigm, then u > 0. Note that the

maximum principle has been extensively studied for equations or systems (see for example

[’ T ) ) ) ])

Afterwards we study the local antimaximum principle: we denote by By the open ball in
RY of center 0 and radius R ; if f > 0, f # 0, then there exists a constant § = 6(f, R) > 0
such that for all A €]\ gm, A1 gm + 0], any solution u of (1.1) is negative in Bp.

In various common versions of the antimaximum principle in a bounded domain Q C R¥,
N > 1, besides the assumption f > 0, f # 0 in €, it is only assumed that f € LP(Q2) for
some p > N (cf [10, Theorem 1 p.222]|, [25, 26]). The case of the Schrédinger operator on
RY is more difficult; the hypothesis f € LP(2) (p > N) is no longer sufficient (see [2, 3| for
the Schrodinger operator with no weight and [7] for the Schréodinger operator with a positive
bounded weight m). Therefore the two main difficulties here are the unboundedness of the

domain RY and the weight m which is not a positive bounded function.

We do not use the ideas expressed in |2, 3, 10, 20, 25, 26] where the antimaximum principle is
obtained by a decomposition of the resolvant of the operator near the principal and positive
eigenvalue and by projecting on the eigenspace generated by the eigenfunction associated
with this eigenvalue. Indeed because of the unboundedness of our domain, we cannot proceed
as for example in Hess (see [20]) where the antimaximum principle is studied for the Laplacian
operator with an indefinite weight function but in a bounded domain. And furthermore
because of our weight which is an indefinite function, we cannot proceed as in |2, 3, 7]
where the antimaximum principle is studied for the Schrodinger operator —A 4 ¢ on RY
with a positive bounded weight m (m = 1 in |2, 3|): more precisely in these former papers

(fzx mu?)'/? must be a norm, equivalent to the usual norm in L*(R™).

Thus for the proof of the local antimaximum principle, we follow a method developed in
[15, 24]. This method has been first established for the Laplacian operator in RY, N > 3,
and f € L>°(R") and for the p-Laplacian operator with a nonpositive weight m at infinity
(see [21]), then it has been extended to the p-Laplacian operator in R in [15]. This method is
based on a nonexistence result of nonnegative solutions for (1.1) if A > Ay, (see Proposition
3.1) and also on estimates given by the regularity C! of any solution u of (1.1). We can
get this regularity either by using a regularity result of Tolksdorf in [27] and Serrin L*°(Bg)

estimates for u (see [22]) as in |15, 24| or more classically by the local LP-regularity theory.
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Indeed, first note that any solution w of (1.1) is continuous (see I, Theorem 0.1 p.3|, [23,
Theorem 7.1 p.232]). Moreover if u € D(L) and (—A+q)u = f € L*(RY) with f € L} (RY)

loc

for some p with 2 < p < oo then the local LP-regularity theory yields v € VVi’f(RN ) (see [17,

Theorem 9.15 p.241]). In particular, if p > N then u € C1(RY) by the Sobolev embedding
theorem (see [17, Theorem 7.10 p. 155]).

Therefore these results for the Schrodinger operator —A + ¢ associated with an indefinite
weight m extend here the results of the antimaximum principle for the Laplacien operator
in a bounded domain (see |10, 20, 26]) and for the p-Laplacien operator in RY (see [15, 24]).
Note that extensions of maximum and antimaximum principles, respectively called ground
state positivity and negativity (or also called fundamental positivity and negativity), are
given for the Schrodinger operator in RY without any weight (see [2, 4]) and with a positive
weight (see [7]) but for a potential ¢ which is a perturbation of a radially symmetric potential
and for a more restrictive set of functions f. Note in [15, Theorem 4.1] a result where the
fundamental negativity in RY is not verified for the Laplacien operator associated with an
indefinite weight in dimension N = 1. Also recall examples given in |2, Example 2.1] and
in [3, Example 4.1] where the global antimaximum principle in RY is still not verified for
the Schrodinger operator with no weight in dimension N > 1. Finally, we can cite among
other papers the works of [16, 18, 19] where the antimaximum principle is studied either for
the p-Laplacian operator or an elliptic operator of second order with a bounded weight on a
bounded domain.

Our paper is organized as follows: In Section 2 we recall the existence of a principal positive
(resp. negative) eigenvalue Ay 4, > 0 (resp. Apgm < 0) associated with a positive eigenfunc-
tion ¢y 4., > 0 (resp. q~517q7m > (). We also recall the classical maximum principle for (1.1) in
the case of an indefinite weight m. In Section 3, we study the local antimaximum principle.
Finally in Section 4, we extend the local antimaximum principle to the case of the system
(4.1).

2 Existence of principal eigenvalues and maximum principle

First we recall in this section the existence of a unique positive principal eigenvalue A; 4,
and of a unique negative principal eigenvalue S\I,qﬁm (see |6, Theorems 2.1,2.2,3.1]). So we
assume in this paper that g satisfies (H ), (H2) and m satisfies (H,) or (H}?).

Theorem 2.1 Assume that q satisfies (H.), (H2) and m satisfies (H,,) or (HZ2)(i).
Then the operator —A + q associated with the weight m has a unique positive principal

eigenvalue A1 4m associated with a positive eigenfunction ¢4, € CHRY) normalized by



Local antimaximum principle . . . 25

Jevy MmO =1, Mgm is simple and (M1 gm, P1,9m) Satisfy
(A + Q) P1m = Mgam M Prgm MR, ANigm > 05 @1 gm > 0.
Jan[IVOP + q¢7]
fRN me?

and this infimum 1is achieved for any function ¢ = a¢y ¢, with o € R, o # 0. Moreover

M gm = inf{ , 6 € V,(RY) s t. / me* > 0}, (2.1)

RN

the operator —A + q associated with the weight m has a unique negative principal eigenvalue

AMgm associated with a positive eigenfunction @i g m.

Now we recall the maximum principle for (1.1) (see (|6, Theorem 3.2])).

Theorem 2.2 Assume that q satisfies (H}), (H2) and m satisfies (HJ,) or (HZ2)(i).
Assume that f € L*(RN), f >0 and u is a solution of (1.1). If Migm < A < Aigm, then
u > 0.

We conclude this section by adding the following proposition. We follow here |15, Proposition
2.1].

Proposition 2.1  Assume that q satisfies (HY), (H2) and m satisfies (H]}) or (H2)(i)-
(ii). Then any minimizing sequence (ux) of A\ gm admits a subsequence which converges
weakly in Vy(RN) to some u which realizes the infimum (2.1); and so there exists a € R,
a # 0 such that u = adq gm.

Proof: First note that

ALgm = inf{/ IVo]> +q0°], ¢ € V(RY) s. t. m¢® = 1}. (2.2)
RN

RN
Let now (uy) be a minimizing sequence. Then (uy) is a bounded sequence in V,(RY) and

there exists u € V,(RY) such that for a subsequence (uy) converges weakly to u in V,(RY)

(and strongly in L2(R%), and for a subsequence, still denoted by (uy), ux — u a.e. in RY).

If m satisfies (H/!), since the weight m is bounded, by the Lebesgue dominated convergence
theorem we get that 1 = [,y muj — [on mu® as k — oo. Moreover since (uy) converges
weakly to u in V,(RY), we have |ull, < liminf|jug|l, = Aigm. Therefore u realizes the

infimum (2.2) and so u is on the form u = agy 4, with @ € R, o # 0.

If now m satisfies (H?2), note that [,xmijui — [on miu® as k — oco. Recall that 1 =

Jan mup = [on miui — [pn moui. Thus

mou? < liminf mgui = miu?® — 1.
RN RN RN
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Therefore [,y mu?® > 1 and there exists § €]0,1] such that [,y m(fu)? = 1. Moreover since

(ug) converges weakly to u in V,(RY) we have

/ ([Vuf2 + qu?] < lim inf / [Vl + qu] = Ay, (2.3)
RN

RN

and from the variational characterization (2.2) of Ay ,,, we also have

N

Mam < [ IVE0E +g(3u] = 5 [ [V + e’ 24)

From (2.3) and (2.4) we get 3% > 1 and therefore 8 = 1. So here again u realizes the infimum
(2.2) and therefore u is on the form u = a¢y 4., with a € R, a # 0. H

3 The local antimaximum principle

In this section we consider the equation (1.1) where m satisfies (H/%) or (H/2), ¢ satisfies
(H}), (H2) and f satisfies (H}). Let u be a weak solution of (1.1). Recall that u € C*(RY).

First we recall the Picone identity.

Lemma 3.1 Let Q be a domain in RY. For ,u € CYQ) with 1 > 0 and u > 0 in Q,
we have |V|> — Vu - V(%Q) >0 in €.

Proposition 3.1 If f >0, f # 0, then (1.1) has no solution if X = \; 4., and has no

nonnegative solution if X > i g m.

Proof: First assume that A = A ;,, and there exists a solution u for (1.1). Multiplying (1.1)

by ¢14m as a test function, we obtain that fRN fo1,4m = 0 and so we get a contradiction
since f >0, f Z0, ¢14m > 0.

Assume now that A > A, ,, and there exists a nonnegative solution u for (1.1). Let R > 0
and cgr a positive constant sufficiently large such that cg + Am — ¢ > 0 in Bg. Note that
—Au+ cgu = (cg + Am — q)u+ f > 0 in Bg. Applying the strong maximum principle in
Br (see |17, Theorem 8.19 p.198]) (or as in [15, 24| the Vazquez maximum principle given
in [28, Theorems 1,5]) we obtain that v > 0 in By for any R sufficiently large and so u > 0

in RV,

Let now (¢}, be a convergent sequence to ¢ 4 in V,(RY), 1y, > 0, 1, € D(RY). Applying
the Picone identity, we get

: B\ e [
[ (v = 9u-9E) =tz - [ ma = [ 7% 0
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Since (1x)x is a convergent sequence to ¢y 4, in V,(RY), we have

[0kll2 = [|f1,qmll; = Al,q,m/N Moy 4 as k — oo.
R

If m satisfies (HJ}), note that 1, — ¢14m in L2(RY) as k — oo and (at least for a sub-
sequence still denoted by (1)) there exists h € L*(RY) such that 1 — ¢ 4m a.e. in RY
and || < h a.e. in RY for all k. So, since m € L>®(R"), there exists a positive constant C
such that |my? — mqbiq7m| < C(h?+ qb%qym) a.e. in RY. Applying the Lebesgue dominated
convergence Theorem, we deduce that

/ myr — mgbfqm as k — oo. (3.1)
RN RN ’7

By the same way, if m satisfies (H'?), recall that N > 3 and H'(RY) c L* (RV) with a
continuous embedding, so note that 1 — ¢4 in L* (RY) as k — oo with 2* = 22 and (at
least for a subsequence still denoted by (1)) there exists h € L?" (RY) such that ¢ — ¢1.4m
a.e. in RY and |[¢| < h a.e. in RY for all k. So [my? — me? .| < |m|(h* + ¢2,,.) a.e. in

1,g,m
RY. Applying the Lebesgue dominated convergence Theorem, we still get (3.1).

»q,m

inally, note that —* > 0 and —* € L'(R") since v has a compact support, f € L. (R"™),
u € LS. (RY). By the Fatou lemma we get that

loc
2 2
Mﬂ < lim inf %
RN u RN U

So by the Lebesgue dominated convergence Theorem and Fatou Lemma, we obtain

OT gm
(/\Lq,m - )‘) / mgbiq,m - / f L. 2 0
RN RN u

And we get a contradiction since the first term of this estimate is negative and the second

term is negative too. O

We give now the local antimaximum principle.

Theorem 3.1 Let f > 0, f # 0. Then for any R > 0 there exists a positive constant
d =0(f, R) > 0 such that for any X €A1 gm, Mqm + 0|, any solution u of (1.1) is negative

m ER.
Proof: We follow [15, 24]. Assume by contradiction that for some R > 0 there exist
Ak > Agms Ak \( Algm, & solution uy of

(—A + q)ug = \pgmay, + f in RY, (3.2)

and x;, € Bg such that ug(z) >0
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First we show that limy_,« ||ug||;, = co. On the contrary, assume that (||ug||,)x is @ bounded
sequence. Therefore, from the compact embedding of V,(RY) into L*(R"), for a subsequence,
there exists u € V,(R”Y) such that (u;); converges to u, weakly in V,(R") and strongly in
L*(RY). So for all ¢ € D(RY),

/ (Vug - Vo + quip) — (Vu -V + quo) as k — oo
RN RN
and by the Lebesgue dominated convergence Theorem

/ mugp — mu¢ as k — oo.
RN RN

Therefore as k — oo, we get from (3.2) that (—A + ¢)u = A mmu + f in RY which

contradicts Proposition 3.1. So limy_, ||uk|l, = 0.

U
llukllq

Now set v, = . Then v;, satisfies

(—A + q)up = \pmug + in RV, (3.3)

k]l
Since (vg)x is a bounded sequence in V,(RY), as before, for a subsequence, there exists
v € V,(RY) such that (vy);, converges to v, weakly in V,(R") and strongly in L*(R"). And
v satisfies

(—=A +q)v = Ap g mmv in RY.

Since A1 4., is a simple eigenvalue then there exists 8 € R such that

v = /8¢17Q7m'

First note that if we multiply (3.3) by ¢; 4. as a test function and if we integrate over RY,

we get

f
Alzq)m/ m¢17Q7m/Uk = )\k/ m¢1»qamvk +/ ¢1yq’m
RN RN e [|ukllg

Therefore since [y m@gmm > 0 and Ay g, < A, we have [oy méygmvr < 0. So if the
weight m satisfies (H]}), passing to the limit we get that [,y m¢igmv < 0 and § < 0.
Therefore we will consider three cases for 5 (and the case § > 0 only when the weight m
satisfies (H2)).

If # = 0 then v = 0. Note that [lvi]|2 = A\ [en U7 + [on Hfﬁ and [ug]|2 < A [ PV +

ukllq
Jan Hiﬁ with p := m if m satisfies (H/%) and p := m; if m satisfies (H2). By the Lebesgue
dominated convergence theorem, we get that [py pvi — 0 and [y W{%ﬁq — 0 as k — 00. So

we have ||vg|, = 0 as k — oo, which is impossible since ||vy ||, = 1. Therefore 8 # 0.
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If now 3 < 0 then v < 0 in RY. But (vg) converges to v in CL_(RY) and uniformly on all

loc
ball Bg. So vy, is negative in By for k sufficiently large, which contradicts the existence of

the sequence xy.

So we consider the last case 3 > 0 (and in fact only when the weight m satisfies (H2)). We
will show that v, > 0 i.e. vy =0 in R" for k sufficiently large. On the contrary, assume

that v, # 0. Multiplying (3.3) by v, and integrating over R, we get that

0< ol = [ miwpy = [ o< [ miwy
RN ey [lurllg RN

So 1 := [pn m(vy)? > 0. Moreover by the variational characterization of A 4., we have

—2
v
& — A gm as k — oo le. lim |lwg|2 = Ay gm with wy, = 72V -
> r

fRN m(vk_)Q k— k
So (wy,) is a minimizing sequence for Ay 4, in (2.2) and from the simplicity of the eigenvalue
A1,q,m, using Proposition 2.1, for a subsequence, we deduce that (wy), converges to agy 4,
with o € R, a # 0, weakly in V,(R") (and strongly in L*(RY)). But (vi), converges to
Bb1gm > 0in CL (RY). So vy is positive on the unit ball By for k sufficiently large and so

v, =0, wy =0 on B;. Thus a = 0. Therefore we get a contradiction.

So vy, > 0in RY for k sufficiently large and vy, satisfies (3.3) with Ay > Al1,gm- This contradicts

Proposition 3.1 and this concludes the proof of the local antimaximum principle theorem. [J

Note that we obtain the same kind of local antimaximum principle for A < S\I’qm since
Mgm = —Mq_m and the equation (—A + q)u = Mmu + f is equivalent to (—A + q)u =
(=A)(—m)u + f. To conclude this section, as in [15], we give a result for the semi-global

antimaximum principle.

Proposition 3.2 Assume that there exists Ry € R, Ry > 0 such that m < 0 in

Bgo = RN\ Bg,. Assume also that f > 0, f # 0, and there exists a constant C' > 0
such that f < —Cmay gm in Bgo. Let 6 = 6(f, Ro) be given by Theorem 3.1. Then for any
A €A1 gms A gm + 0], any solution u of (1.1) satisfies u < ﬁqﬁl%m in RY.

Proof: Let C' = % (with A €]\ gm, A gm +0[) and v = u — C'¢y 4. We want to

prove that v™ = 0 in RY. First note that v™ = 0 in Bg, by Theorem 3.1. Moreover we have
(A +q)v= (A= A gm)mu+ A gmmv + f in RY. (3.4)

Multiplying (3.4) by v™ and integrating over RY | since v™ = 0 in Bg,, we get

og/ [|vv+|2+q|v+|2]_xl,q,m/ m\v+|2+/ (= A g)ma + flo*
C C B

c
BRO BRO Ro
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Since f < —Cmey g in B, and m < 0 in By , we obtain

o< |
B

Therefore [yo [[Vut[> +¢loT]?] =0 and v" =0 in Bf . O
Ro

(A = A gm)mu+ flot < (A= Apgm) / mlv™|? < 0.
C

C
Rg B Ry

Theorem 3.2 Assume that there exists Ry € R, Ry > 0 such that m < 0 in
Bgo := RN\ Bg,. Assume also that f >0, f #0, f with compact support. Then there exists
d:=0(f) a positive constant such that for any A €A1 gm, A.gm + 9], any solution u of (1.1)

is negative in RV,

Proof: Let Ry > Ry such that suppf C Bpg, and let § := §(f, R;) given by Theorem 3.1.
Let A €A1 gm, AMgm + 0] and u a solution of (1.1). From Proposition 3.2 with C' = 0 we get

that v < 0 in RY. Moreover from Theorem 3.1 we have u < 0 in FRI.

Let now x € Egl := RN\ By, and r > 0 such that B(z,r)NBg, # 0 and B(z,r)Nsuppf = 0.
Let ¢, be a positive constant such that ¢, + Am — ¢ > 0 in B(z,r) the open ball of center x
and radius r. Since (—=A)(—u) + ¢,(—u) = (¢, + Am — ¢)(—u) > 0 in B(x,r), by the strong
maximum principle, we get that —u = 0 or —u > 0 in B(z,r). Since u < 0 in Bp, we
deduce that —u > 0 in B(z,r). So u(x) < 0 and this concludes the proof of the semi-global

antimaximum principle. O

4 Study of a linear elliptic system

In this section, we study the antimaxium principle for the following system
(—A+g)u; = A (miui + Z mijuj) +fiinRY i=1,.-- n, (4.1)
=L

where each of the potentials ¢; satisfy (H}l)—(Hfl), each of the weights m; satisfy the hypoth-
esis (H/L) and each of the functions f; satisfy the hypothesis (H}). We denote by M the

n X n-matrix given by M = (m;;) with m; = m,;. We will consider the following hypotheses:
(Hy;) For all i # j, my; € L>(RY) and m;; > 0.
(H2,) M is a symmetric matrix.

(H3;) Q:=n",Qf is an open subset of RY with non zero measure and with
Qf = {z € RY m;(x) > 0}.
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We also consider the following system:

(A + qi)u; = A <mzuz + Z mijuj> in RN, 1=1,---,n. (4.2)
j=Lij#i
We recall from 7] the existence of a positive and simple eigenvalue associated with a positive

eigenfunction for (4.2).

Theorem 4.1 Assume that each of the potentials q; satisfy (HY)-(HZ2) and each of the
weights m; satisfy (H.L). Assume also that (Hi;)-(H3,) are satisfied. Then there exists
a unique principal eigenvalue Ay > 0 associated with a positive eigenfunction @y =
(G101, s Puns) EV =V (RY) x - x V,, (RY) for the system (4.2) (and ¢ > 0 for all

i). The eigenvalue Ay pr is simple and verifies

Aoy = inf{ iz [l i

> i1 fRN m;u; + ZZj;i;éj f]RN MUy

u=(uy, - ,u,) €V

such that Z » miu? + Z /RN MU > O} . (4.3)
i=1 j

1,J5i#]
We recall from [7] the maximum principle for (4.1).

Theorem 4.2 Assume that each of the potentials q; satisfy (H})-(HZ2) and each of the
weights m; satisfy (HZ). Assume also that (Hy,)-(H3;) are satisfied. Assume that f; €
LARY) for alli. If 0 < X < Ay, then the system (4.1) satisfies the mazimum principle: if
f=C(f1,--,fn) >0, then u; >0 for all i with u = (uy,--- ,uy,) solution of (4.1).

Now we study the local antimaximum principle for (4.1). As for one equation, note that any
solution u = (uy,- -+ ,uy,) of (4.1) satisfies u € (C*(RY))". We now extend Proposition 3.1
to the system (4.1).

Proposition 4.1 If f; >0, f; £ 0 for all i, then (4.1) has no solution if X\ = Ay pr and

has no nonnegative solution if X > Aq pr.

Proof: First assume that A = A; ), and there exists a solution u = (uy,--- ,u,) for (4.1).
Multiplying each equation of (4.1) by ¢; as as a test function, integrating over RY and adding
all these equations, since M is a symmetric matrix, we obtain that Y ', fR ~ fidir = 0 and

so we get a contradiction since f; >0, f; 0, ¢;in > 0.

Assume now that A > A; s and there exists a nonnegative solution v = (uy,--- ,u,) for
(4.1) i.e. u; > 0 for all 4. Let R > 0 and cg a positive constant sufficiently large such that
cr + Am; — q; > 0 in By for any i. Note that for any ¢

—Au; + cru; = (cp + Amy — qi)u; + A Z miju; + f; > 0 in Bp.
j=ligi
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Applying the strong maximum principle in Bg, since A > 0, m;; > 0, u; >0, f; >0, f; #0,
we obtain that u; > 0 in Bp for any R sufficiently large and so u; > 0 in RV,

Let now for each i = 1,--- ,n (¢y)x be a convergent sequence to ¢; pr in V,, (RY), 1 > 0,
Vg, € D(RY). Applying the Picone identity, we get

[ (1v0u = 792k ) -
RN U;

ol =X [ i = 2 3 [ mo
R

J=Lj#i

2

U U

Therefore

2 n n
v<‘f;‘j>) =3ty A3 [ mak

Z i é’“>o

Since (v)x is a convergent sequence to ¢; s in V,, (RY), we have

[¥in

o = lbin

i = Al,M(/RN mz’@% =+ Z / Mij @i mPjnm) as k — 0o,

J=Lii#j

Passing to the limit by the Lebesgue dominated convergence Theorem and Fatou Lemma,
n n 2M

Ay — A 2 — AL

D TR )
+A1,M / mz]¢z M¢j M= A Z / m”’u] . Z 0.

i,j=15i#j i,j=1537i

Since A > ALM and Zi,jzl;i#j f]RN mijgbi7M¢j7M > 0 thus

(Arar =3 /mzw Z/ J ZV—A S [ g ) 2 0

N U;U;
1,7=1;1<g R J

we get

And we get a contradiction since all the two first terms of this estimate are negative and the

third term is nonpositive. O

We give now the local antimaximum principle.

Theorem 4.3 Let f = (fi, -+, fn), fi >0, fi 0 for all i. Then for any R > 0 there

exists a positive constant § = §(f, R) > 0 such that for any X €Ay ar, A1+ 0[, any solution
w=(up, - ,u,) of (4.1) is negative in Bg i.e. u; < 0 in By for all 1.
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Proof: Assume by contradiction that for some R > 0 there exist A\, > Ay pr, A \y A1, @

solution uy = (u1k, - , Unk) of
(—A + g)ua = (Mg, + Z mijujg) + fi in RY i=1,---,n (4.4)
j=ligi
and iy, € {1,--- ,n}, ¥, x € Bg such that wu;(z;, 1) > 0.

First we show that limj_,o ||ui|, = oo for at least one i. On the contrary, assume that
(i
into L?(RY), for a subsequence, there exists u; € V,,(RY) such that (u;)x converges to u;,
weakly in V,,(RY) and strongly in L*(RY). Passing to the limit in (4.4) as in Theorem 3.1

we get

)k is a bounded sequence for all i. Therefore, from the compact embedding of V,,(RY)

(—A+ g)u; = Ay yr(maui + Y mygug) + fiinRY, i=1,--+ | n
J=Ly#

which contradicts Proposition 4.1. So limg_,« |24, = oo for at least one i.

U,

for all j. Then v;;, satisfies
1 ”uzk”qz

Now set v, = ST

fi

i in RN, i=1,--- n.  (45)
Z': q’L

=Tt

Since (vix) is a bounded sequence in V,,(RY), as before, for a subsequence, there exists
v; € V,,(RY) such that (vi)r converges to v;, weakly in V,,(RY) and strongly in L?(RY).

And v = (vy,- -+ ,v,) satisfies

(—A + qi)vi = AlyM(mivi + Z mijvj) n ]RN, = 1, e, N
=L
Since Ay s is a simple eigenvalue then there exists § € R such that
v=LPBPie foralli=1,--- n, v; =Boin.
We will consider three cases for .

If 3 =0 then v = 0. Note that for any i =1, --- ,n,

v
oIz, = )‘k/ mivg, + A Y / MijUkVik + e
RN RN Z

By the Lebesgue dominated convergence Theorem, we get that |vigll,, — 0 as k& — oo for
¢ = 1. Therefore 5 # 0.

J=1j#i

all 4, which is impossible since ) .
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(RN). So vy, is

negative in By for k sufficiently large, which contradicts the existence of the sequence z;, j.

1
loc

If now 3 < 0 then v < 0 in RY. But for any 4, (v), converges to v; in C|

So we consider the last case 3 > 0. We will show that for any 4, vy > 0ie. v, =0 in
RY for k sufficiently large. On the contrary, assume that there exists i such that Vi Z 0.

Denote by

D(u) == Z - mau; + Z /RN mijuu; for u= (uy, - ,u,) € V.
i=1 '

1,J317]

Multiplying (4.5) by v;, and integrating over RY, we get that

0< Y NogllZ = Xl m;(v;,)” + MU V)
RN RN
=1 =1

,j=15i7#]
n n B
_ fiv;
SOP N RUE TR I S e
1,j=1;i#7j RN i=1 RN i=1 ik || q;
SO 0 < Z?:l H'Uz_k 22 S AkD(UkT) Wlth ’UI; = (’Ul_k’... 7v1:k) and therefore D(Ug) > O and

=112
Avar = limgsog IS with o [} = L, flog

2
qi’

Let wy, = So (wy) is a minimizing sequence for (4.3) and from the simplicity

of the eigenvalue Ay, for a subsequence, we deduce that (wy), converges to a®; )y with
a € R, a # 0, weakly in V(RY) (and strongly in (L?(R™))"). Indeed first note that (wy) is a
bounded sequence in V' so there exists w € V' such that (wy) converges to w weakly in V' and
strongly in (L?(RY))"™. Note also that D(wy) = 1 and so % — Ay ar as k — co. Moreover
D(wg) = D(w) as k — oo and [|wl|y < liminf [|wy||y = /A1 x since (wy,) converges weakly
to w in V. So using the variational characterization (4.3) of A; 5; we get that % =N m-
Thus w realizes the infimum of A;; and from the simplicity of the eigenvalue Aj s we

deduce the existence of a real a # 0 such that w = a® .

But (v;,)x converges to 8P, 3 > 0in (CL_(RY))™. So for all 4, vy is positive on the unit ball

loc
By for k sufficiently large and so v, = 0, w;;, = 0 on By. Thus a = 0. Therefore we get a

contradiction.

So vz > 0in RY for all i = 1,---,n and for k sufficiently large and v, satisfies (4.5)
with Ay > Ay ps. This contradicts Proposition 4.1 and this concludes the proof of the local

antimaximum principle theorem. O

These results can be extended to the system (4.1) with weights m; satisfying (H'2) (see [9]

for the existence of a principal, positive and simple eigenvalue Ay /).
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KrAaus — DIETER DREWS

Betrachtungen zur Osterfestterminierung —

auch als Reverenz fiir die Astronomische Uhr in
Rostocks St.-Marien-Kirche und ihre neue Kalender-
scheibe

Weil die jetzige Kalenderscheibe der St.-Marien-Uhr in denjenigen Angaben, welche sich auf
zugeordnete Jahre beziehen, die Zeitspanne von 1885 nur bis 2017 erfaft, ist fiir die wiederum
133 Jahre von 2018 bis 2150 bereits eine neue solche Scheibe gefertigt worden, als Deckplatte
fiir die alte, und steht vorldufig separat in der Kirche. Die Vorlage der neuen Beschriftung
wurde von Herrn M. SCHUKOWSKI erstellt, unter Beriicksichtigung einer Modifikation in
den Rostocker Sonnenaufgangszeiten (s. [1]). Alle Angaben sowohl der neuen als auch der
alten Kalenderscheibe enthélt umfassend dokumentiert das jingst erschienene Heft [11]. Wir
werden die Scheibe darum hier nicht in Génze beschreiben, sondern im wesentlichen die fiir

unsere Zwecke priagnanten Teile als Anregung heranziehen.

Neue Kalenderscheibe in der Werkstatt, Foto M. Mannewitz

Im innersten Kreis der neuen Scheibe stehen die Daten der Ostersonntage von 2018 bis 2150.
Die Angabe dieser Festtagsdaten sei uns Anlafs, Grundlagen ihrer Festlegungen zu erldutern,

als notwendige Rekapitulation, um Griinde und sich ergebende Folgerungen darstellen zu
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Auf einer Empore in St.-Marien, Foto M. Mannewitz

konnen. Wir werden keine fertige ,Osterformel heranziehen, unsere Ausfiihrungen halten
jedoch alles bereit, um jederzeit einen beliebigen Ostertermin (mit der Hand) bestimmen zu
konnen, unser Blick hier ist aber eher auf den Ablauf der Termine in gewissen Zeitabschnitten
und die ursédchlichen Zusammenhénge gerichtet. — Den Zugang zum aufgegriffenen Thema
hat mir schon vor Jahren die Arbeit [2] von S. DESCHAUER wesentlich erleichtert.

1 Tages- und Sonntagsbuchstaben

Die Tage des Jahres vom 1. Januar bis zum 31. Dezember, unter Aussparung des 29. Februars,
bilden den &ufsersten Kreisring auf der Scheibe. Sie sind im zweiten Kreis mit den sieben
Tagesbuchstaben A bis G zyklisch wiederkehrend gekennzeichnet, vom 1. Januar mit A, dem
2. mit B usw. bis zum 31. Dezember auch wieder mit A. Weiter innen findet man zu jedem
Jahr (der erfafiten Zeitspanne) den Sonntagsbuchstaben, alle Tage dieses Buchstabens sind
im besagten Jahr Sonntage. In Schaltjahren miissen es zwei Sonntagsbuchstaben sein, der
erste Buchstabe giiltig bis zum 28. Februar, der zweite, zyklisch alphabetisch vorhergehende,
giiltig ab 1. Mérz; durch den zu beriicksichtigenden 29. Februar liegen die Daten der Sonn-
tage danach namlich einen Tag eher. Die Bestimmung von Sonntagsterminen ist eines der

Erfordernisse zur Osterfestterminierung, wozu die Sonntagsbuchstaben dienen kénnen.
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Unmittelbar vor der Scheibe stehend oder auch unter Vorlage des genannten Heftes [1 1] 1afst

sich fiir jedes Datum der erfakten Zeitspanne der zugehorige Wochentag bestimmen:

Den Sonntagsbuchstaben des gewiinschten Jahres aufsuchen und dann den Wochentag des

gewiinschten Datums vom néchstgelegenen Sonntag aus abzahlen.

Vor der Uhr stehend wird diese Moglichkeit ab 2018 fiir zuriickliegende Daten (evtl. den
eigenen Geburtstag) wegen der fehlenden Sonntagsbuchstaben vielleicht zunéchst vermifst

werden. Aber:

Auch fiir Jahre auferhalb der Zeitspanne auf der Scheibe lassen sich (mit der

Scheibe!) zugehorige Sonntagsbuchstaben bestimmen.

Nach jedem 31.Dezember und nach jedem 29. Februar wechselt ndmlich der Sonntagsbuch-
stabe in der Folge A bis G zyklisch um eine Position zuriick. In 28 Jahren mit 7 Schalttagen
ergeben sich 35 Wechsel, ein Vielfaches von 7 Wochentagen:

Nach 28 Jahren wiederholt sich die Folge der Sonntagsbuchstaben.

Auf welchen Wochentag fiel der 27. April 19427 Es ist das Datum der letzten von vier auf-
einanderfolgenden Néchten, in denen Rostock bombardiert wurde, 2012 gab es nach genau
70 Jahren ein Gedenkkonzert in der St.-Marien-Kirche, die damals — mit ihrer Uhr — vor der

Zerstorung bewahrt blieb:

1942 + 3 - 28 = 2026, Sonntagsbuchstabe D, der 27. April hat E, es war ein Montag (drei
Wochen nach Ostermontag 1942, was vorlaufig natiirlich noch die jetzige Scheibe zeigt).
Wenn spéter einmal jemand den Wochentag des 21. Mérz 2185 wissen mochte (es wére auch
der 500. Geburtstag Johann Sebastian BACHs), so ist 2185 — 2 - 28 = 2129, So-Buchstabe B,
der 21. Mérz hat C, es wird ein Montag sein.

Zu diesem Werkzeug mufs aber die nachfolgende Ergénzung beachtet werden.

Liegt in 28 Jahren ein Sdkularjahr ohne Schalttag (z. B. 1800, 1900, 2100), so entfallt eine
der oben erwihnten Zuriicksetzungen. Der 28 Jahre spéter abgelesene So-Buchstabe ist also
eine Position zu wenig zuriickgesetzt, fiir das Ausgangsjahr gilt der um eine weitere Position

zuriickgesetzte.

Weiter hinten werden wir uns z. B. fiir die Sonntage Ende Mérz in den Jahren 1731, 1739,
1742 bzw. 1723 interessieren. Addiert man jeweils 11 -28(= 308), so ergeben sich 2039, 2047,
2050 und 2031 mit den So-Buchstaben B, F, B und E; diese miissen nun je um zwei Positionen
(1800, 1900) zuriickgesetzt werden auf G, D, G, C, und entsprechen dann dem 25., 29., 25.
bzw. 28. Mérz.
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2 Die Wurzeln der Osterfestterminierung

Allenthalben lexikalisch iiberliefert ist die Bestimmung des Konzils von Nizéa im Jahre 325,
Ostern falle immer auf den ersten Sonntag nach dem ersten Friihlingsvollmond. Ostern,
das Fest des Gedenkens an die Auferstehung Christi, hat fiir die Christenheit eine zentrale
Bedeutung. Sein bewegliches Datum bestimmt auch die Daten fiir andere Feste des Jahres,
wie Christi Himmelfahrt, 40 Tage ab Ostersonntag, Pfingsten, 50 Tage ab oder 7 Wochen
nach Ostersonntag, und in evangelischer Zahlung den Sonntag Trinitatis, als den Sonntag
nach Pfingsten, und sodann die Anzahl der Sonntage nach Trinitatis, vom 1. bis maximal
zum 27. Sonntag nach Trinitatis, jedenfalls bis zum letzten Sonntag des Kirchenjahres, dem
Sonntag vor dem 1. Advent. Die zitierte Festlegung des Ostertermins gibt allerdings keinen
Eindruck vom langen Bemiihen um eine Einigung darauf und um eine schlieflich allgemeine

Akzeptanz, woriiber in [1] ausfiihrlich berichtet wird.

Im Jahre 525 hat DioNYSIUS EXIGUUS die Grundlagen fiir eine formale Bestimmung des
Osterdatums gelegt; sie basieren einerseits auf Erkenntnissen schon des Altertums und sind
andererseits (unter einigen dann nétigen Ergédnzungen) weiterhin giiltig. Bereits 400 v. Chr.
kannte METON den 19jdhrigen Mondzyklus: Nach 19 Jahren (von je 365,25d) steht der
235. Vollmond wieder an der Ausgangsposition! Wegen 19 - 365, 25d/235 = 29,5308 . .. d hat
man in 29, 53d einen exzellenten Naherungswert fiir eine Lunation, der Zeit zwischen zwei
identischen Mondphasen, auch synodischer Monat genannt (heute gilt 29, 530 588 853d).

Das Datum des ersten Friihlingsvollmonds heifst Ostergrenze,
Friihlingsanfang wird auf den 21. Mérz festgelegt; die Ostergrenzen liegen daher
im Intervall der 30 Tage vom 21. Mérz bis zum 19. April.

Nun gilt —11d < —10,89d = 12 - 29, 53d — 365, 25d
und 13- 29,53d — 325, 25d = 18, 64d < 19d .

Von einem Jahr zum néchsten kommt die Ostergrenze also entweder nach 12
Lunationen und liegt dann (notwendig auf ganze Tage gerundet) 11 Kalendertage

eher oder nach 13 Lunationen und dann 19 Tage spéter.

Fiir den 19jéhrigen Mondzyklus war ein entsprechender Ostergrenzen-Zyklus zu finden. Da-

bei ist schon klar:

Liegt eine Ostergrenze im April, so liegt die des Folgejahres 11 Tage eher, liegt
sie dagegen im Marz, so liegt die des Folgejahres 19 Tage spéter.
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Denn im April wéare ,19d spéter nach dem 19. April, im Mérz ,11d eher* vor dem 21. Mérz.
Man setzt a = mod (Jahreszahl, 19).

(a ist der kleinste nicht negative Rest bei Division der Jahreszahl durch 19.) In a+ 1 hat man
die Goldene Zahl des Jahres, als ,,Die Giilden Zahl“ findet sie sich auf der Kalenderscheibe

in einem Ring direkt neben den Jahreszahlen.

DioNysius wihlte das Jahr 532, fiir das a = 0 gilt, als Anfang des Zyklus und dazu die

Ostergrenze 5. April als damalige astronomische Gegebenheit.

Die Festlegung der Ostergrenze des Jahres 532 auf den 5. April ist Wurzel fiir

samtliche Osterfestterminierungen.

Fiir ,Ostergrenze’ moge hinfort die profane Abkiirzung OG erlaubt sein.

Zunéchst erhdlt man mit den soeben genannten Regeln den OG-Zyklus ab 532:

a O 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17 18
OG 5 25 13 2 22 10 30 18 7 27 15 4 24 12 1 21 9 29 17
A MA AMAMAAM A A M A A M A M A

Dieser OG-Zyklus gilt im Julianischen Kalender; aber aus ihm folgen spéter alle weiteren

OG-Zyklen im Gregorianischen Kalender.

Es sind hier 7 Mérz- und 12 Apriltermine, mit jeweils 13 bzw. 12 Lunationen bis zum
Folgetermin, zusammen die 235 Lunationen in 19 Jahren. Beim Schlieffen des Zyklus von
a = 18 auf a = 0 kommt die OG {ibrigens 12d eher, statt der sonst iiblichen 11d. Dies
Resultat (auch Mondsprung genannt) wird hingenommen, weil alle Termine auf volle Tage
gerundet sind, die Festsetzungen grundsétzlich formal geschehen und sich nicht mehr direkt

an astronomischen Gegebenheiten orientieren.

Folgende Besonderheiten miissen festgehalten werden:

Fir a =11,12,...,18 ist OG(a) = OG(a — 11) — 1d.
Fiir die verbleibenden a = 8,9, 10 differiert OG(a) von den ihr néchstliegenden,
das sind OG(a — 8) und OG(a + 8), um 2d bzw. —2d.

Es gibt im Zyklus keine drei aufeinanderfolgenden Daten.

(Wegen —11 = 19 mod 30 folgen die Beobachtungen auch aus 1119 = —1 mod 30 bzw.
819 =2 mod 30.)
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3 Zum Mondlauf, Mondschaltungen

Eine besondere Wiirdigung verdient die Wiedergabe des Mondlaufes an der Astronomischen
Uhr. Auferlich sichtbar wandert ein Mondsymbol, befestigt an einer kreisférmigen Schei-
be, im Gegenuhrzeigersinn iiber 12 Tierkreiszeichen. Dariiber dreht sich gleichsinnig eine
konzentrische Scheibe mit einem entsprechenden Sonnensymbol, aber zusétzlich mit einem
kreisformigen Ausschnitt, durch den Mondphasen sichtbar werden, herrithrend von einer

Bemalung der darunterliegenden ,Mondscheibe’.

Vollmond, 30.7.2007 5:00 Sonnensymbol  Letztes Viertel, 6.8.2007 15:00
Mondsymbol im Wassermann im Léwen  Mondsymbol im Stier

Fotos M. Berger

Das Uhrwerk lékt das Sonnensymbol genau einmal in 365 Tagen umlaufen. Die Frage des
Schalttages erortern wir hier nicht, es sei, auch fiir weitere im folgenden erwiahnte Details,

auf den Artikel [3] dieser Schriftenreihe hingewiesen.

Fiir den Lauf des Mondsymbols in bezug auf das Sonnensymbol miiffte das Uhrwerk den syn-
odischen Monat realisieren, d.h. 29, 530 588 853d oder 29d12h44m (um etwa 2, 87s gerundet).
Obwohl nun im Rahmen der gewéhlten Konstruktion des Uhrwerks fiir das Antriebsverhéltnis
des Mondes ein beidseitig bester Naherungswert (im Sinne der Kettenbruchtheorie) vorliegt,
betrégt der synodische Monat des Uhrwerks 29d13h6m (um ca.6s gerundet), er ist etwa
22m zu grofs. Sichtbar wird dieses permanente Verlieren nicht leicht, und wenn iiberhaupt,
dann nur mit genauer Kenntnis der wahren Stellung des Naturmondes. Um die 4jdhrigen
durchschnittlichen Abweichungen so gering wie moglich zu halten, hat sich, beginnend ab

2004, eine 4jédhrliche Justierung des Uhrmondes bewahrt.

Nun aber offenbart der mechanisch regelméfige Lauf des Uhrmondes, wenn man z. B. die
genauen Zeiten des Vollmondes in der Natur und auf der Uhr vergleicht, daf der theore-

tische synodische Monat ein Durchschnittswert ist, in Wahrheit schwanken die Lunationen
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des Naturmondes betrachtlich. (Eine qualitative Erklarung hierfiir liefern die KEPLERschen
Gesetze, s. auch dazu [3].) In nachfolgender kleiner Aufstellung zeigt sich fiir 2007 eine Folge
von verldngerten Lunationen, wodurch der Riickstand des Uhrmondes (sogar) abnimmt, fir
2009 gibt es eher moderate Abweichungen und Riickstandsénderungen, fiir 2012 eine Folge

von verkiirzten Lunationen, wodurch der Riickstand des Uhrmondes drastisch zunimmt.

Wahrer Vollmond Lunation Vollmond der Uhr Riickstand
(theoretisch 29d 12h 44m)

3.1.2007 14:56 MEZ 29d 13h 33m 4.1. 9:14 18h 18m
2.2. 6:44 15h 48m 2.2.22:20 15h 36m
4.3. 0:15 17h 31m 4.3. 11:26 11h11m
2.4. 19:13 MESZ 17h 58m 3.4. 0:32 5h 19m
2.5. 12:08 16h 55m 2.5.13:38 1h 30m
1.6. 3:02 14h 54m 1.6. 2:44 —  18m
30.6. 15:47 12h 45m 30.6. 15:50 + 3m
30.7. 2:46 10h 59m 30.7. 4:57 2h11m
11.3.2009  3:38 MEZ 29d 11h48m 11.3. 744 4h 6m
9.4. 16:57 MESZ 12h 19m 9.4. 20:50 3h 53m
9.5. 6:02 13h 5m 9.5. 9:56 3h 54m
7.6. 20:13 14h 11m 7.6. 23:02 2h 49m
7.7. 11:22 15h 9m 7.7. 12:08 46m
6.8. 2:56 15h 34m 6.8. 1:14 — 1h42m
4.9. 18:03 15h 7Tm 4.9. 14:20 — 3h43m
8.3.2012 10:38 MEZ 29d 11h46m 8.3. 12:29 1h51m
6.4. 21:17 MESZ 9h 39m 7.4. 1:35 4h 18m
6.5. 5:34 8h 17m 6.5. 14:41 9h Tm
4.6. 13:10 7h 36m 5.6. 3:48 14h 38m
3.7. 20:50 7h 40m 4.7. 16:54 20h 4m
2.8. 5:26 8h 36m 2.8. 10:45 Neujustier. ~ 5h 19m
31.8. 15:57 10h 31m 31.8. 23:52 7h 55m

Die Ungleichméafigkeit im Lauf des Natur-Vollmondes hat keinen Einfluft auf den Oster-
termin, denn dieser bestimmt sich formal aus den Ostergrenzen. (Die heutigen OG, s. Ab-
schnitt 4, sind fiir 2009 (¢ = 14) der 10.4., vgl. oben den 9.4., fiir 2012 (a = 17) der 7.4.,
vgl. oben den 6.4.; hier hitte dies allerdings sowieso keinen Einflufs auf die Termine fiir die
nachfolgenden Ostersonntage am 12.4.2009 bzw. 8.4.2012.)

Aus dem generellen Lauf des Naturmondes ergibt sich eine erste Modifikation der starren

Dionysischen Ostergrenzen. Betrachtet man den METON-Zyklus von 235 Lunationen in je
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19 Jahren unter moderner Genauigkeit, so erhélt man

235-29,530588...d — 19 - 365,25d = —0,061820...d.

Um (absolut) diese Zeitspanne tritt im Vergleich mit 19 - 365,25 Tagesldngen der 235. Voll-
mond eher ein. Dieser Tagesanteil bedingt fiir den Mondlauf in bezug auf den gleichférmigen

Ablauf der Kalendertage eine

Riickdatierung der Ostergrenzen, genannt Mondschaltungen.
Die Gesamtzahl der Mondschaltungen sei mit T bezeichnet.

Die Gregorianische Kalenderreform im Jahre 1582 legte dazu fest:

Ab 1800 erfolgen in je 2500 Jahren Riickdatierungen von 8d, und zwar stets in Sdkularjahren,
7mal nach je 300 Jahren (2100 bis 3900) und dann einmal nach 400 Jahren (4300); eine
Begriindung zeigt 2500 - (—0,06182...d)/19 = —8,1...4d.

Schon vorher erfolgte 1582 selbst eine Riickdatierung der Ostergrenzen um 3d und fiir 1800
wurde 1d vorgesehen; denn es ist (1582 —532)-(—0,06182...d)/19 = —3,4...d und (1800 —
532) - (—0,06182...d)/19 = —4,1...d. Fiir 1800 gilt also T = 4.

(Geringfiigig voreilig erscheinen diese Korrekturen in 2500365, 2425d (Gregorianische Jahre)
statt in 2500 - 365, 25d.)

4 Sonnenschaltungen, Ostergrenzen im Gregorianischen Kalender

Im Laufe der Jahrhunderte seit DIONYSIUS hatte sich der Termin 21.Méarz in Richtung
Sommer verschoben, weil ja das Julianische Jahr von 365,25d zu lang ist gegeniiber dem
Tropischen Jahr von 365, 2422d (leicht gerundet), dies die Dauer zwischen zwei aufeinander-

folgenden Passagen der Sonne durch den Friihlingspunkt, dem Friihlingsanfang.

In der Gregorianischen Reform von 1582 entfielen erstens im Kalender 10d, auf Do, 4.10. 1582
folgte Fr., 15.10. 1582, der Friihlingsanfang sollte dadurch zukiinftig wieder auf den 21. Mérz

fallen.

Zweitens entstand das Gregorianische Jahr von 365, 2425d Léange, weil in 400 Jahren jetzt
stets 3 Schalttage entfallen (—3/400 = —0,0075), immer in Sékularjahren, deren Jahreszahl
nicht durch 400 teilbar ist. (Aufféllig ist: (1582 — 532) - (—0,0075) = —7,875, eher 8 als 10
Tage hatten so ausfallen miissen, demnach war 532 astronomisch schon vor dem 21. Marz

Friihlingsanfang gewesen. )

Aber drittens gibt es Auswirkungen auf die Daten der Ostergrenzen:
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Je ausfallendem Schalttag erhéhen sich die Kalenderdaten der OG um 1d.

Die Gesamtzahl dieser sogenannten Sonnenschaltungen heife S, 1582 ist S = 10.
Um (S—T)d sind gegeniiber den OG von 532 die Daten der neuen OG zu erhéhen,
dabei zyklisch immer so, daf sie in die Zeitspanne 21. Marz bis 19. April fallen.

Fiir unsere Zwecke notieren wir die OG-Zyklen ab dem Jahr 1800, dem Anfangsjahr des
Zyklus der Mondschaltungen, sowie auch ab 1900. Fur 1800 gilt S = 12 (1700, 1800 ohne
Schalttag), T' = 4, mithin S — T = 8. Dies galt aber auch schon ab 1700, weil sich 1800
sowohl S als auch 7' erhéhen. 1900 dagegen erhoht sich S — 7" um 1 auf 9, denn es wird
S = 13, aber 2000 dndern sich weder S noch T', 2100 werden S = 14 und T' =5, aber S — T
bleibt 9, darum gelten die OG von 1900 bis 2199 unveréndert, nicht mehr 2200.

Dies sind die angekiindigten OG-Zyklen, der von 532 erh6ht um 8d, dann nochmals um 1d:

a 01 2 3 4 56 7 8 9 10 11 12 13 14 15 16 17 18
1700, 1800 13 2 22 10 30 18 7 27 15 4 24 12 1 21 9 29 17 6 26
S=11,12 A AM A M AAMAAMAAMAMAAM
T= 3, 4

1900, 2000, 14 3 23 11 31 1978 28 16 5 25 13 2 22 10 30 18 7 27

2100 AAMAMAAMAAMAAMADMA A M
S = 13,13, 14
T= 4, 4, 5

Man erhélt die Folgen auch weiterhin sukzessiv aus der OG(0), auf einen Apriltermin folgt

ein 11d fritherer, auf einen Méarztermin ein 19d spéterer (vgl. Abschnitt 2).

Es gibt im Gregorianischen Kalender 30 verschiedene OG-Zyklen, charakterisiert
je schon durch die OG(0), die auf die 30 Tage vom 21. Mé&rz bis zum 19. April

fallen kann.

Unversehens stellten sich Probleme ein, die dann im Sinne der Tradition gelost wurden. Die
OG kann namlich nun, anders als bei DIONYSIUS, auch noch auf den 19. April fallen, und
ist dieser ein Sonntag, so wére Ostern erst am 26. April. Das aber bleibe ausgeschlossen und

spatester Ostertermin der 25. April, darum erfolgten Sonderbestimmungen:

Die OG 19. April wird zur Bestimmung des Ostertermins in den 18. April gewan-
delt; wir schreiben 197. April.

Zweimal aber darf ein Datum im 19er-Zyklus nicht auftreten, kommt somit ne-
ben dem 19. April auch der 18. April vor, dann wird dieser zur Bestimmung des

Ostertermins in den 17. April gewandelt; wir schreiben 18~. April.
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Etwaige Doppelung des 17. gibt es dadurch nicht, weil die am Ende von Abschnitt 2 er-
stellten Aussagen auch weiterhin gelten. Der Sonderfall fiir den 18. tritt deshalb auch nur
fir « > 11 auf, d.h. in 8/19 der Falle. Fiktiv aber bleiben in den 30 OG der 19. und der
18. April ungeéndert erhalten, bei Weiterschreiben der Tabelle fiir die OG durch Sonnen-
oder Mondschaltung sind also fiir jedes feste a (in jeder Spalte der Tabelle) der 17., 18.,
19. April und danach der 21. Méarz aufeinanderfolgend.

(Beim Weiterdenken der OG-Folgen beobachtet man ein leicht irrlichterndes Verhalten. So
gilt z. B. in den 7 Sékularjahren 2200, 2300, ..., 2800 fiir die Schaltungen um AS — AT der
Reihe nach: 1-0=1,1-0=1,0-1=-1,1-0=1,1-0=1,1-1=0,0-0=0.

Daher gelten ab 2400 (,die —1°) wieder die OG wie ab 2200, ab 2500 diejenigen ab 2300, ab
2600 um 1d erhohte, die aber auch ab 2700 und ab 2800 unverdndert bleiben bis 2899.)

Die Ermittlung des Ostertermins fiir ein gewiinschtes Jahr X gelingt mit Able-
sen oder Weiterschreiben der OG und Bestimmung des Sonntags danach; letztes
mittels Sonntagsbuchstaben, oder mit Anzahl S der Sonnenschaltungen und der

Formel:

der (28 —mod(X +int(X/4)— S, 7))-te Mérz ist erster Sonntag nach dem 21. Mérz

(int(X/4) bezeichnet den ganzen Anteil von X/4). Die Formel ist Bestandteil der ,revidierten
Gaufkschen Osterformel“ aus [9], man verifiziert sie leicht fiir ein festes (gegenwértiges) Jahr,

Induktionsschritte sind dann offensichtlich.

In der genannten Osterformel ist auch ein pragnant kurzer Term zur Realisierung der beiden
soeben erwihnten Sonderbestimmungen enthalten, der Autor nennt sie dort ,,Alexandrinische
Korrektur. Gelehrte alexandrinische Geistliche haben, wie Joseph BACH in [1]| ausfiihrt,
Bedeutsames in der Vorgeschichte zur Osterfestterminierung geleistet. In 3], S. 64 heiftt es:
,,- - - insbesondere die beiden Sonderbestimmungen heifsen in der neueren Literatur nach Bach
— so bei Zemanek (hier [13], S.53) —, da dieser sie formuliert, s.[!], S.32 und S. 34f.“ Aber
die Bestimmungen sind doch schon Jahrhunderte vor 1907 erlassen worden, sie sind auch
von GAUSS in [5] ausdriicklich berticksichtigt. Dessen Formel von 1800 erfafste allerdings die
Mondschaltungen ab 4200 nicht addquat, die Verschiebung der Schaltung auf 4300, erstmals
nach 400 Jahren, ist dort nicht realisiert, was er 1816 im Artikel [7] korrigierte.

5 Periodizitaten, Haufigkeiten der Osterdaten

Die Periode Aj; der Osterdaten im Julianischen Kalender muf wegen der regelméfigen
Schaltjahre ein Vielfaches von 4 sein, und wegen Bestimmung der OG im 19jéhrigen Zyklus

ein Vielfaches von 19, in Jahren ausgedriickt also A; = k-4-19. In bezug auf die Wochentage
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mufs es sich aber auch um ein Vielfaches von 7 handeln, d.h. A; = k-4 - 365,25 - 19d =
k - 1461 - 19d, und weil hier sonst kein Faktor durch 7 teilbar ist, muf & = 7 sein fiir das
kleinste Ay, d.h., in Julianischen Jahren ist A; =7-4-19 = 532.

Ostern tritt an einem bestimmten Datum des Zeitraums 22. Mérz bis 25. April ein, wenn eine
der fiir das Datum giinstigen OG eintritt, also eine solche, die hochstens 7 Tage vor dem
Datum liegt, und wenn zudem das Datum auf einen Sonntag fallt. Fiir die Daten 28. Marz
bis 19. April kimen zwar jeweils 7 OG-Termine in Frage, aber aus dem Dionysischen Zyklus

bestimmt man ihre jeweilige Anzahl g wie folgt:

Fiir den
28., 31. Marz, 3., 5.,6., 8., 11., 14., 16., 19. April ist g = 5,
fiir den

29., 30. Marz, 1., 2., 4., 7., 9.,10., 12.,13., 15, 17.,18. Aprilist g =4;

ferner:  fiir den 26., 27. Méarz, 20. April ist g = 4, fiir den 25. Mérz, 21., 22. April ist g = 3,
fiir den 23., 24. Marz, 23., 24. April ist g = 2, fiir den 22. Marz, 25. April ist g = 1.

A
In der Zeitspanne von A; Jahren tritt jede OG in 1—5 Jahren ein, denn der OG-Zyklus wird

A
stets voll durchlaufen; die g giinstigen OG fiir ein Osterdatum treten in 1—5 - g Jahren ein.

1 A -
In - dieser Jahre fallt das Datum auf Sonntag, d.h. in 15 I _y. g Jahren, die relative
4.
Héaufigkeit des Datums als Ostertermin ist A—j} = %

Die Osterdaten des Julianischen Kalenders sind (bezogen auf die Periode Aj)
auch im mittleren Abschnitt vom 28. Mérz bis zum 19. April nicht konstant gleich
hiufig; dies resultiert aus den unterschiedlichen Anzahlen der giinstigen Oster-

grenzen fiir die Daten.

Wir bestimmen auch die Periode Ay der Osterdaten im Gregorianischen Kalender. Durch

die Sonnen- und Mondschaltungen verschieben sich in Ay Jahren die OG um

3d-Ag_8d-Ag_43-AGd
400 2500 400 - 25

Dies muk erstens ganz, zweitens Vielfaches von 30 sein wegen der 30 moglichen OG(0)
(s. Abschnitt 4), und Ag mufs wie schon beim Julianischen Kalender Vielfaches von 19 sein, in
Jahren ausgedriickt somit Ag = £-400-25-30-19. In Tagen muf sich wiederum ein Vielfaches
von 7 ergeben. Aber im Gregorianischen Kalender ist 400-365, 2425d = 146097d = 20871-7d,
400 Gregorianische Jahre bestehen genau aus 20871 vollen Wochen, es ist oben £ = 1, und
Ag =400 -25-30 - 19 Jahre = 5.700.000 Jahre.
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Diese Zahl (angegeben auch in [9]) bleibe zunéchst so stehen, und wir bestimmen relative

Héaufigkeiten der Ostertermine des Gregorianischen Kalenders in dieser Periode.

Wiéhrend eines Vortrages im Jahre 2008 zeigte Herr K. ENGEL (Rostock) nachfolgendes Dia-
gramm. Als Abszisse sind darin die 35 moglichen Osterdaten 22. Mérz bis 25. April durch
ihre Festzahlen von 1 bis 35 numeriert. Zum Nachsinnen iiber die Nichtkonstanz im mittle-
ren Bereich wurde freundlich ermuntert, und wenn auch hieriiber untereinander schon bald

danach ein Austausch erfolgte, sei das Thema hier aufgegriffen.

Haufigkeitsverteilung der Ostersonntage
iiber die Periode von 5.700.000 Jahren

K. Engel 2008

Fiir jedes Datum vom 22. Mérz bis zum 26. April bestimmt sich die Anzahl g der giinstigen
OG aus der 30tégigen Zeitspanne 21M bis 19A (zunéchst) simpel:

Fiir den 28. Mérz bis zum 17. April, und fiir den [18.], [19.], 20. April ist g = 7,
fiir den 27. Mérz, 21. April ist g = 6, fiir den 26. Méarz, 22. April ist g = 5,

fiir den 25. Mérz, 23. April ist g = 4, fiir den 24. Méarz, 24. April ist g = 3,

fiir den 23. Mérz, [25. April] ist g = 2, fir den 22. Mérz, [26. April| ist g = 1.

Aber nach der Alexandrinischen Korrektur — OG 19A wird zu 18A, 8/19 der OG 18A werden

zu 17TA — ergeben sich Verdnderungen bei den eingeklammerten Daten:

Fiir den 18. April wird g = 7+ 8/19, fiir den 19. April wird g =7+ 1 =8,
fiir den 25. April wird g = 2 — 8/19, fiir den 26. April wird g =1—1 = 0.

400 Gregorianische Jahre bilden, wie gesehen, eine Wochentagsperiode; die 400 Daten aber
z. B. des 22. Marz bilden kein Vielfaches von 7, sie kénnen demnach in 400 Jahren nicht gleich
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oft auf jeden der 7 Wochentage fallen. Der 22. Mérz hat eine Anzahl von Sonntagsterminen
(St); seine Sa-, Fr-, ..., Mo-Anzahl sind aber gleichzeitig die St je fiir den 23., 24., ...,
28. Marz, die St sind somit nicht alle gleich. Man bestimmt fiir den 22. bis 28. Marz leicht die
St-Folge 58, 57, 57, 58, 56, 58, 56, und diese setzt sich fiir die weiteren moglichen Ostertermine
bis zum 25. April periodisch fort.

A
In der Zeitspanne von Ay Jahren tritt jede der 30 OG in 3—5 Jahren ein; die g giinstigen
A
OG fiir ein Osterdatum treten in 3—0G -g Jahren ein. Den etwas aufwendigen Nachweis hierfiir

. . . . St .
sparen wir aus, zumal unsere Beurteilung von Ag noch mutieren wird. In 200 dieser Jahre

Ag-g- St
fallt das Datum auf Sonntag, d. h. in —SGO 9400 =475 g- St Jahren, die relative Haufigkeit
- St
des Dat Is Ostert in ist .
es Datums als Ostertermin is 12000

Zum Vergleich mit dem obigen Diagramm notieren wir noch die Folge der St fiir den Ab-
schnitt vom 28. Mérz bis zum 17. April mit konstantem g = 7 (Festzahlen 7 bis 27):

St Festzahlen

58 8 11 13 15 18 20 22 25 27

57 9 10 16 17 23 24

56 7 12 14 19 21 26
(dreimal die Folge 56, 58, 57, 57, 58, 56, 58)

Die herausfallenden Héufigkeiten des 18. und besonders des 19. Aprils (Festzahlen 28 bzw.
29) erkléren sich aus g - St (18. April) = (7+8/19) - 56 > 7-58 und g - St (19. April) = 8 - 58.

Die Osterdaten des Gregorianischen Kalenders sind (bezogen auf die Periode Ag)
auch im mittleren Abschnitt vom 28. Mérz bis zum 17. April nicht konstant gleich
héufig; dies resultiert aus den unterschiedlichen Anzahlen der Sonntagstermine

fir die Daten.

6 Kalendertraditionen hinterfragt

Die Einfithrung des Gregorianischen Kalenders erfolgte in den christlichen Léndern zu recht
unterschiedlichen Zeiten, auch hierzu findet man Ausfiihrliches in [1]| (speziell S. 20, 64). Im
protestantischen Teil Deutschlands geschah dies am 1. Marz 1700, allerdings wurden bis 1775
noch nicht die zyklischen Gregorianischen OG iibernommen, sondern die OG astronomisch
bestimmt, wodurch 1724 und 1744 die Protestanten eine Woche vor den Katholiken Ostern
feierten, was fiir 1778 und 1798 abermals drohte (computergestiitzt gelingt eine Verifikation).

Am Schluft kommen wir auf diesen Zeitabschnitt noch zuriick.
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Die Ostkirchen (orthodoxe Kirchen, wie in Weifrufland, Rufland u.a.) bestimmen ihre
christlichen Feste auch jetzt noch im Julianischen Kalender nach der urspriinglichen Festle-
gung durch DIONYSIUS. Sie beriicksichtigen keine Sonnen- und Mondschaltungen, es gelten
die Dionysischen OG. Alle ihre Daten sind somit, wenn sie in unserem Kalender ausgedriickt
werden, um S Tage zu erhdhen (zur Zeit ist S = 13), dies gilt dann auch fiir Feiertage mit
fixiertem Datum, wie Weihnachten. Die Ostertermine beider Kalender fallen bis 2099 ent-
weder auf den (astronomisch) gleichen Tag, oder die Ostkirchen feiern Ostern eine Woche,
vier Wochen oder fiinf Wochen spéter (s. [2], dort auch alle Daten bis 2099, schon [1]| enthélt

umfangreiche Angaben).

Beispielweise sind fiir 2013 (mit a = 18) die OG Gregorianisch 27M, Julianisch 17A 4 13d =
30A, und Ostersonntage sind der 31. Mérz bzw. 5. Mai 2013 (5 Wochen spéter, schon deutlich
gen Sommer gelegen); dagegen sind fiir 2014 (mit @ = 0) die OG 14A bzw. 5A + 13d = 18A,
und Ostersonntag ist fiir beide Bestimmungen der 20. April 2014.

Irgendwie scheint es verlockend zu sein, mit grofen Zeitspannen zu jonglieren.

Die Gregorianische OG-Folge wird durch ihre Schaltungen natiirlich zu gewisser Zeit formal
wieder genau auf die Dionysische fallen, und falls sie dann auch in den Wochentagen iiber-
einstimmen, sind die Osterdaten in beiden Kalendern formal dieselben. Hierzu gibt es in
den ,Werken“ von GAUSS Nachbemerkungen des Herausgebers LOEWY im Artikel [7], dafs
dies ,yom Jahre 6700 bis 6799“ sein wird, ,wenn die beiden Kalender solange ungedndert im
Gebrauch bleiben sollten. Einerlei Datum wiirde aber alsdann in beiden Kalendern immer
um 7 volle Wochen auseinander sein. Und ,diese Ubereinstimmung tritt von 20700 bis 20799
von neuem ein, wo aber der Unterschied 22 Wochen betragen wiirde.“ (In der Tat ist z. B.
6700 = 1500+13-400, daher S = 104+13-3 =49 = 7-7, und 6700 = 1800+ 2500+ 2400, somit
T=44+8+7=19, 5 —T =49 — 19 = 30; die urspriinglichen OG sind zwar Gregorianisch
um 30d gedndert, aber da sie ja stets mod 30 auf die Tage 21M bis 197 A reduziert wurden,
wieder wie 532, jedoch sind die Gregorianischen Kalenderdaten fiir die Julianischen um 7-7d
zu erhohen. (Im Jahrhundert ab 6700 wiirden so ,Ostern und Pfingsten stets auf einen Tag

fallen‘, Julianisch bzw. Gregorianisch.))

Der Herausgeber bezieht sich auch auf 6], wo GAUSS mit seiner damals noch nicht durch |7]
korrigierten Formel zu einer unrichtigen Angabe gekommen ist, aber GAUSS schliefst seine
Formulierung bemerkenswert: ,Es lafst sich iibrigens zeigen, dass im 143. Jahrhundert, d.i.
von 14200 bis 14299 Ostern in beiden Kalendern immer auf einerlei Datum fallen wiirde, wenn
dieselben so lange ungedndert im Gebrauch bleiben sollten, was freilich nicht zu erwarten

ist.

Kehren wir ndmlich zuriick zu der vermeintlichen Periode A des Gregorianischen Osterka-
lenders von 5,7 Mill. Jahren. Das Kalenderjahr von 365,2425d ist zu grof fiir das astrono-
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misch richtige Tropische Jahr von 365, 2422d, und zwar, wie man sieht, in 10.000 Jahren um
3d. In 1 Mill. Jahren wéren das schon 300d, in 5,7 Mill. Jahren mehrere Jahre! Der ,Friihlings-

punkt 21. Mérz wére in Richtung Sommer und mehrmals durch alle Jahreszeiten gedriftet!

Die Periode von 5.700.000 Jahren fiir den (nicht modifizierten) Gregorianischen
Osterkalender ist auch als mathematische Formalie kaum vertretbar, weil in sol-
cher Zeitspanne das eigentliche Anliegen der Gregorianischen Reform grob ver-

letzt wiirde.

Es wird notig werden, die besagten 3d wihrend 10.000 Jahren ausfallen zu lassen. Dazu gibt
es von ZEMANEK den Vorschlag: , Der ,ideale Kalender® konnte kein Schaltjahr in den Jahren
3200, 6400, 9600; 13200, 16400, 19600 usw. haben ... Man erkennt, wie prazise eingeregelt
werden kann - mit nur sehr geringfiigiger Anderung der gregorianischen Schaltregeln® ([13],
S. 133, auch 34).

Unter diesem 10.000jahrigen Zyklus der Sonnenschaltungen stellt sich vielleicht die Frage

nach einer Periode A}, neu. Analog zu A¢ verschében sich die OG in A¢, Jahren jetzt um

3d-A’G+3d-A’G _8d-A’G _ 46-A’Gd: 23-2-A’Gd
400 10000 2500 10000 10000
Dies miifte ganz, Vielfaches von 30, und Ag, Vielfaches von 19 sein, darum Ay, = k- 10000 -
15-19 Jahre = k- 3652422 -15-19d, Vielfaches von 7 erst fiir k = 7, es wire Ay, = 19.950.000
Jahre (der Léange 365, 2422d).

In derartiger Zeitspanne aber miiften auch die Mondschaltungen neu bedacht werden, denn
in je 25.000 Jahren wéren nicht 80d, sondern 81d erforderlich (s. am Ende von Abschnitt 3).
Hinzu kdme, dafs die verwendete Lénge des Tropischen Jahres immer noch eine Rundung
ist von 365,24219879d. Man mufs sich wohl auch hiiten, von Konstanz der verwendeten

Parameter auszugehen.

Die Suche nach einer glaubhaften Periode bleibt im gegenwartigen wie auch im

modifizierten Osterkalender vergeblich.

7 Erganzende Riick- und Ausblicke

Der astronomische Friihlingsanfang fallt nicht konstant auf den 21. Méarz, was schon ein Blick
in den Taschenkalender belegt. In der jlingeren Vergangenheit (seit 1980) war er in Jahren,
die bei Division durch 4 den Rest 0, 1 oder 2 lassen, bereits am 20. Méarz, nur beim Rest 3 am
21. Normaljahre von 365d sind nédmlich um 0,2422d (fast 5h 49min) zu kurz, um diese Zeit

(etwa) verspétet sich der Termin von Jahr zu Jahr, mit einem Schalttag in vier Jahren aber
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wird 4 - 0,2422d — 1d = —0,0312d (beinahe —45min), der Termin tritt also ca. 45min eher
ein als vier Jahre zuvor. Mit dem Jahr 2011 (Rest 3) endete so der genannte Ablauf, 2015
wird schon am 20. Mérz Friihlingsanfang sein. Ab 2012 liegt er daher in diesem Jahrhundert

stets vor dem 21. Mérz, in Jahren des Restes 0, und dann auch 1, spaterhin sogar am 19.

Pauschale Uberlegungen ergeben: 400 Jahre nach 1903 ist Friihlingsanfang im Jahre 2303
wegen —0,0312d - 25 -4 4 3d = —0, 12d ca. 0,12d (2h 50min) eher; weiterhin aber liegt 2303
der spéteste aller Termine nach 1903, und folglich 1903 ebenso derjenige ab 1583 (nach 1503).
Nun ist 2012 = 1903 4 (25 + 2) - 4 + 1, grob iiberschlagen gilt also fiir den Unterschied der
Friihlingsanfangstermine von 1903 und (dem Schaltjahr) 2012

27 - (—0,0312d) + (0,2422d — 1d) = —1,6002d > —(1d 15h),

somit war 1903 weniger als 1d 15h spéter Friihlingsanfang als 2012, und dieser war am
20. Méarz um 6:12 MEZ, d. h.:

Wiéhrend des Gregorianischen Kalenders lag im Jahre 1903 der spéiteste Termin

fiir den astronomischen Friihlingsanfang, und zwar in MEZ am 21. Mérz.

Oftmals aber war astronomischer Friihlingsanfang bereits am 20. Mérz, er wird
auch auf den 19. fallen (2096 hat den frithesten Termin fiir dieses Jahrhundert —
und damit fiir die drei folgenden). Bis zu einer ergénzenden Schalttagskorrektur

werden sich die Termine in der Tendenz kalendarisch weiter verfrithen.

Der astronomische Friihlingsvollmond kann somit durchaus auch vor dem 21. Méarz eintreten.
2076 werden Friihlingsanfang am 19., Vollmond am 20. Méarz sein; hingegen gilt wegen
mod (2076,19) = 5 als OG der 197. April, also 18. April, ein Sonnabend, Ostern wird erst

am 19. April sein, und nicht bereits vier Wochen eher am 22. Mérz.

Solche abweichenden Gegebenheiten, zumal der MEZ-Zone, sind fiir den Gregorianischen
Osterkalender irrelevant. In ihm gelten Ostergrenzen mit Daten ab dem 21. Marz weltweit,
und diese sind gesteuert durch Sonnen- und Mondschaltungen, wie sie bereits bei Einfiih-
rung des Kalenders beeindruckend weitsichtig vorgesehen wurden. Der Autor von |9] spricht
zu Recht schon im Untertitel von einem ,wissenschaftlichen Meisterwerk der spéten Renais-
sance”, dann auch von einem ,Kulturgut der Menschheit”, und pladiert leidenschaftlich fir
dessen Schutz. Nicht einleuchtend ist mir darum sein dann doch gedufserter Vorschlag, die
Schaltungen der OG zu modifizieren, und zwar auf 13d in 3.000 Jahren (um dem oben in Ab-
schnitt 4 angedeuteten Irrlichtern gegenzusteuern). Durchschnittlich entspréche das 43 1/3d in
10.000 Jahren, aber im Gregorianischen Kalender (Abschnitt 5, bei Ag) sind es 43d, und bei
3d zusétzlicher Schaltung (Abschnitt 6, bei A};) 46d je in 10.000 Jahren, langfristig wiirden
beide Werte verfehlt.
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Mehr als 100 Jahre &lter noch als der Gregorianische Kalender ist die Astronomische Uhr
in St.-Marien aus den Jahren um 1472 ([10], S.24). Auf ihr bewegen sich u.a. Sonnen- und
Mondsymbol iiber einen geschnitzten Zodiakus, die Ubersetzungsverhiltnisse der Antriebs-
rader ergeben Naherungswerte fiir das Jahr bzw. den synodischen Monat, und es wurden

schon damals im Uhrwerk Moglichkeiten fiir korrigierende Justierungen vorgesehen.

i)

I

i

ANV

Astronomische Uhr in St.-Marien, 7.12.2009 14 Uhr Foto M. Berger

Solche erfolgten jlingst am 9. Juli 2012, und sie bewirken, daf fiir die nachsten 4 Jahre wieder

die durchschnittlichen Abweichungen zwischen dem (regelméfigen) Uhrmond und dem (nur
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in langem Durchschnitt regelméfigen) Naturmond so gering ausfallen, wie im Rahmen der

verfiigharen Zahnradkonstellationen moglich (vgl. Abschnitt 3).

Joseph BACH |[!] formuliert, ,wie wichtig die richtige Bestimmung des Osterdatums fiir das
kirchliche und biirgerliche Leben sowie fiir die chronologische Festlegung historischer Tatsa-
chen ist. Ostern ist so zu sagen der geometrische Ort, von dem aus die fiir die Historiker
oft so hochwichtigen Datumsprobleme erschlossen werden konnen.“ Hierzu referieren wir

abschliefsend ein Beispiel aus dem sakralen Umfeld unserer Betrachtungen.

Johann Sebastian BACH hat in Leipzig die — von uns besonders geschétzte — Kantate 140,
,Wachet auf, ruft uns die Stimme*, fiir den 27. Sonntag nach Trinitatis komponiert. Das nicht
iiberlieferte Entstehungsjahr der Kantate konnte spéter bestimmt werden unter Beantwor-
tung der Frage, wann es denn den genannten Sonntag, der damals nur relativ selten vorkam,
zu BACHs Leipziger Wirkungszeit iiberhaupt gegeben hat. Dazu mufte Ostern ndmlich vor
dem 27.Marz, die OG also vor dem 26. Mérz gelegen haben, relevant sind die Jahre 1723
bis 1749. Man findet mit der Tabelle von Abschnitt 4: OG 22M (a = 2) fiir 1731, OG 24M
(a = 10) 1739, OG 21M (@ = 13) 1742 und 1723. Sonntagsdaten fiir die genannten Jahre
hatten wir bereits in Abschnitt 1 bestimmt, und erhalten die Ostertermine: 25. Mérz 1731,
29. Mérz 1739, 25. Marz 1742 und 28. Mérz 1723. Es bleiben méglich die Jahre 1731 und 1742.
Unter diesen sprechen nach SMEND ([12], S. 42) iiberzeugende Merkmale der Handschrift und
des Stils fiir die Komposition im Jahr 1731 (zum 25. November).

Zu bedenken wére aber noch die schon erwéahnte Situation, dafs im protestantischen Leipzig
der Ostertermin 1724 und 1744 vom Gregorianischen Kalender abgewichen ist. Fiir 1724 und
1744 mit a = 14 bzw. 15 findet man als OG den 9. April bzw. 29. Marz, beide Daten bestimmt
man als Sonntage, folglich als die protestantischen Ostersonntage, weil Ostern gregorianisch
jeweils eine Woche spéter sein mufste. Den 27. Sonntag nach Trinitatis aber konnte es in

beiden Jahren nicht geben.

Heute gilt eine dahingehend gednderte evangelische Ordnung, daf es immer als solchen den
,Letzten Sonntag im Kirchenjahr” gibt, der aber inhaltlich dem 27. nach Trinitatis entspricht
(darum wird im Rundfunk auch in jedem Jahr die Kantate 140 gesendet). Ebenso gibt es
den ,Vorletzten und ,Drittletzten Sonntag im Kirchenjahr* stets, die Numerierung davor

geht hochstens bis zum 24. Sonntag nach Trinitatis, und dieser ist so der seltenste.

Frithe Ostertermine sind auf der neuen Kalenderscheibe rar. Der 22. Méarz kann nicht vor-
kommen, weil in diesem und dem folgenden Jahrhundert die frithest mégliche OG 21M fehlt,
aber auch der 23. und 24. Méarz treten nicht auf. Ostern am 25. Mérz gibt es dreimal, zu-
erst 2035, auch als Termin vor dem 27. Marz. Dann wird es wieder den 24. Sonntag nach

Trinitatis geben, erstmals seit 2008 und davor im bewegenden Herbst 1989.



Betrachtungen zur Osterfestterminierung 57

Danksagung
Frau Susann Dittmer danke ich wiederum herzlich fiir die einfiithlsame Erstellung der Druck-
vorlage.
Literatur
[1] Bach, Joseph : Die Osterfest-Berechnung in alter und neuer Zeit — ein Beitrag zur

2]

13l

4]

5]

6]

7]

18]

19]

[10]

christlichen Chronologie. Wissenschaftliche Beilage zum Jahresberichte des Bischofli-

chen Gymnasiums zu Stratburg. Strafsburg: Buchdruckerei des ,Elsésser 1907

Deschauer, S. : Die Osterfestberechnung — Astronomie und Tradition formen einen
Algorithmus. Didaktik der Mathematik 1, 68 -84 (1986)

Drews, K.-D. : Mathematische Aspekte im Werk der Astronomischen Uhr von St.
Marien zu Rostock. Rostock. Math. Kolloq. 63, 3—24 (2008)

Drews, K.-D. : Nochmals zur Astronomischen Uhr in Rostocks St.-Marien — kldrende

Mathematik fiir die Sonnenaufgangszeiten des neuen Kalendariums. Rostock. Math.
Kollog. 64, 87—-107 (2009)

Gaufs, C.F. : Berechnung des Osterfestes. Monatliche Correspondenz zur Beférde-
rung der Erd- und Himmels-Kunde. August 1800, 121130 (auch: Werke VI, 73-79,
Gottingen 1874)

Gauls, C.F. : Noch etwas tiber die Bestimmung des Osterfestes. Braunschweigisches
Magazin. 1807. September 12. (auch: Werke VI, 8286, Gottingen 1874)

Gauls, C. F. : Berichtigung zu dem Aufsatze: Berechnung des Osterfestes Mon. Corr.
1800 Aug. Zeitschrift fiir Astronomie und verwandte Wissenschaften 1, 158 (1816)
(auch: Werke XI, Abt. 1, 201202, Gottingen 1927)

Klews, M. E. : Die Herleitung der Osterformeln von Gauf, Butcher & Jones, Meeus
sowie Knuth aus dem computus paschalis. Berlin: Logos 2008

Lichtenberg, H. : Das anpassbar zyklische, solilunare Zeitzihlungssystem des gregoria-
nischen Kalenders. Ein wissenschaftliches Meisterwerk der spaten Renaissance. Math.
Semesterber. 50, 45-76 (2003)

Schukowski, M. : Die Astronomische Uhr in St. Marien zu Rostock. Konigstein im

Taunus: Langewiesche, Koster 1992



58 K.—D. Drews

[11] Schukowski, M. : Der Kalender der astronomischen Uhr der St.-Marien-Kirche zu
Rostock. Beschreibung und Dokumentation. Stiftung St.-Marien-Kirche zu Rostock e. V.
2012

[12] Smend, F. : JOH. SEB. BACH Kirchen-Kantaten. Heft IV. 2. Aufl. Berlin: Christl.
Zeitschr.verl. 1950

[13] Zemanek, H. : Kalender und Chronologie. Bekanntes & Unbekanntes aus der Kalen-
derwissenschaft. 5. Aufl. Miinchen Wien: Oldenbourg 1990

eingegangen: 10. Dezember 2012

Autor:

Klaus-Dieter Drews, i. R.
Universitat Rostock
Institut fiir Mathematik
18051 Rostock

Germany



Rostock. Math. Kollog. 67, 59-88 (2012) Subject Classification (AMS)
39A13, 26A16, 26A24, 26A27,
11K16

MANFRED KRUPPEL

On the Solutions of Two-Scale Difference Equations

ABSTRACT. This paper deals with specific two-scale difference equations which are equiv-
alent to a system of functional equations. Such equations have a continuous solution if the
coefficients ¢; of the corresponding characteristic polynomial P satisfy condition |¢;| < 1
for all j. By means of some functional relations for the solution we show that it is Holder
continuous and we determine the optimal Holder exponent. Moreover we give a condition
which is necessary and sufficient for the differentiability almost everywhere where we apply
Borel’s normal number theorem. If the coefficients c; are nonnegative then the solution is
a singular function. Special cases are the well-known singular functions of de Rham and of

Cantor.

1 Introduction

A two-scale difference equation (dilation equation) is a functional equation of the form

—_

p—

0 (5) =D cele - ) (L.1)

<
I
o

with dilation parameter d > 1 and complex coefficients c¢; where cyc,—1 # 0, p > 2. Such
equations especially with d = 2 appear in wavelet theory and in subdivision schemes where

nontrivial compactly supported Lebesgue-integrable solutions are demanded, cf. [5], [7], [3],
[].

In this paper we consider the two-scale difference equation (1.1) with d = p, that means
x G
((2)=Topta-i) @em (12)
p =0

under the condition

d =1 (1.3)
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and we are interested to solutions ¢ which satisfy the boundary conditions
e(x)=0 for z <0, px)=1 for z>1. (1.4)

It is easy to see that under these conditions equation (1.2) with (1.3) can be written as
system of functional equations. Replacing z in (1.2) by k + = with k € {0,1,...,p— 1} and

z € [0,1] we get in view of (1.4) the following system of equations

w(k;x)=m+cw@) 0<z<) (15)

with
k—1
b= ¢ (1.6)
§=0

k=0,1,...,p— 1, cf. [18]. Such systems of equations are intensively investigated by R.
Girgensohn, see [11], [15], [16]. If |¢;| < 1 forall j =0,1,...,p— 1 then there exists exactly
one bounded ¢ : [0,1] — R which satisfies (1.5) with (1.6) and (1.3). This function ¢ is

continuous and given in terms of the p-adic expansion of x by

o) oo n—1
¢ (Z %) = e, [] e (1.7)
n=1 p n=0 k=1

cf. [11], see also |18, Theorem 2|. In particular, ¢(0) = 0 and ¢(1) = 1 so that ¢ can be
extended by (1.4) to z € R, and this extended function is a continuous solution of (1.2) and
satisfies (1.4). In this sense the two-scale difference equation (1.2) with (1.3) is equivalent
to the system of equations (1.5) with (1.6) and (1.3).

The polynomial

P(z) = ;2 (1.8)

with P(0) # 0 and P(1) = 1 is called the characteristic polynomial of the equation (1.2).

Simple examples are the extended functions of de Rham and of Cantor.

1. (De Rham’s function) In case P(z) = a+ (1 — a)z with a € (0,1) equation (1.2) reads

¢ (3) =@ +1-ape—1) (z€R) (1.9)

which in view of (1.4) can be written as system of functional equations

o(5) = o) et (- aeto) (110

with 0 < 2 <1 and de Rham’s function is the uniquely bounded solution, cf. e.g. [15].
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2. (Cantor’s function) In case P(z) = (1 + 2?)/2 equation (1.2) reads

x 1 1
’ (§> = p@) +50(z—=2) (s €R). (1.11)
In view of (1.4) this equation can be written as system of equations
T 1 r+1 1 x4+ 2 1 1
Z)y == = — = -4 = 1.12
0 (3) =50, w( . ) 3 90( . ) S+5e@)  (112)

with 0 < < 1, and Cantor’s function is the unique bounded solution of this system, cf.
[21], (see also [20], p. 241).

In case ¢; > 0 for all 7 = 0,1,...,p — 1 one can interpret the coefficients as probabilities
p; = ¢; and the solution ¢ as a distribution function which is a measure-preserving mapping,
cf. |1, Section 3|. The figure on p. 37 in [!]| shows the graph of ¢ in case p =2, py = 0,7
and p; = 0,3 (¢ is de Rham’s function with respect to the parameter a = 0, 7).

According to (1.4) we are only interested to the solution ¢ of (1.2) in [0,1]. We always
assume that |¢;| < 1forall j =0,1,...,p—1 which guarantees the existence of a continuous
solution ¢ with ¢(0) = 0 and ¢(1) = 1. In the simple case ¢; = 113 for all j we have p(z) =
for z € [0,1]. In the following we always exclude this trivial case. We show in this paper
that the solution ¢ of (1.2) with (1.3), (1.4) satisfies some functional relations (Proposition
2.3) and that it has in [0, 1] the following properties:

1. If ¢; > 0 for all j then ¢ is an increasing function (Proposition 2.5).

2. If not ¢; > 0 for all j then in no nonempty subinterval of [0, 1] ¢ has finite variation

(Proposition 2.6).

3. If |¢;| < 1 for all j then ¢ is Holder continuous, i.e.

lp(z) —oy)| < Alz —y|*

with the optimal Hélder exponent a = min{—log, |col,...,—log, |c,—1|} and coeffi-
cient A with 1 < A< pl_o‘;;;fl (Theorem 3.6).

4. If ¢ is differentiable at the point x then ¢'(xy) = 0 (Proposition 4.2).

5. If min|¢;| > 119 then ¢ is nowhere differentiable in [0,1], and if min|c¢;| < % then both
sets, where ¢ is differentiable and where ¢ is not differentiable have positive Hausdorff

dimension (Theorem 4.11).

6. If p My < 1, where My = |cocq - - cp,l\l/ P then ¢ is differentiable almost everywhere
and if p My > 1 then it is almost nowhere differentiable (Theorem 4.12).

7. If 0 < c¢; <1 and minc; = 0 then ¢ is constant on the components .J,,,, of an open
set G C [0, 1] with Lebesgue measure |G| = 1. These intervals can be represented by

means of a sequence 7, (Theorem 5.4, Example 5.6).
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Example 1.1 For 0 < a < 1 the equation

© (g) =ap(z) + (1 —2a)p(x — 1) + ap(z — 2) (z € R) (1.13)

has a continuous solution ¢ satisfying (1.4). For 0 < z < 1 we have: ¢ is increasing for
0 <ac< %, @ is Cantor’s function for a = % and ¢ does not have finite variation for
% < a < 1. Further, ¢ is nowhere differentiable for % < a < 1. If ag is the positive solution
of 27a*(2a — 1) = 1, i.e. ag = 0,5592..., then ¢ is differentiable almost everywhere for
0 < a < ag and almost nowhere differentiable for ay < a < 1. So it is astonishing that in
case % < a < ag the continuous solution ¢ does not have finite total variation though the

derivative vanishes almost everywhere.

Remark 1.2 1. Hélder continuity of compactly supported solutions ¢ of (1.1) are intensive
investigated, e.g. for the Holder exponent there are bounds in terms of the joint spectral

radius of two matrices determined of the coefficients ¢;, cf. |5, Theorem 4.3|, [6], [7].
2. The optimal Holder exponent o = logs 2 of Cantor’s function is already known from [17].

3. The optimal Hélder exponent av = min {— log, a, — log,(1—a)} of de Rham’s function was

already determined in |2, Section 2|. Remark 2 and Figure 3 in 2] show a comparison with
1

- log4

joint spectral radius, cf. [6].

log (2a* — 2a + 1) obtainable by means of the corresponding

the Holder exponent p =

2 Functional relations

We start with a replicative relation, cf. [15].

Proposition 2.1 The solution ¢ of system (1.5), (1.6) satisfies the replicative relation

1

= k+x
go( ) e 40wl 1)

with the constant
C=p—1-P(1). (2.2)

Proof: Equation (2.1) follows from (1.5) by summation where z = 0 yields for the constant

in (2.1)

)
()5

O —

AN

From (1.5) and (1.6) we get

T
L

<
I
o
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so that
C = (p—Deog+(pP—2)cr+...+¢p2
= (p—D(co+...+cp1) —{ar+2ca+...+(p— 1)y}
= (p—=1PQ) = P(1).
In view of P(1) =1 it follows (2.2). O

In order to derive further functional relations for the solutions of (1.2) we introduce a se-
quence Cy(c) depending on an arbitrary parameter ¢ # 0 as follows: For j € {0,1,...,p—1}

we put Cj(c) = < where ¢; are the coefficients of (1.2) and in general by the recursion:
Cipsl€) = Cu(OCH(0) (k21,7 €{0,1,....p—1}). 23)

Obviously, if k£ has the p-adic representation

k= Zk,,p”, (k, € {0,1,...,p—1}) (2.4)
v=0

then we have the explicit representation

p—1

cile) =[] (%)w) (2.5)

i—0

<

where s;(k) denotes the total number of occurrences of the digit j in the p-adic expansion

(2.4) of k.
Remark 2.2 We use the parameter ¢ in two cases:

1. In case ¢ = ¢y we have Cy(cp) = 1 and from (2.3) it is easy to see that the numbers

Ck := Ci(cp) have the generating function
G(z) == ﬁ lP (ij> = i Cr2" (2.6)
j=o 0 k=0

which converges for |z| < 1. Let us mention that the unit circle is a natural bound of

convergence for G, cf. [12].

2. In Section 3 (Holder continuity) we put ¢ = max {|col, ..., |cp,—1]|} and so we are able to
estimate the Holder coeflicient.
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In the following we need the function
' (x)=1—p(1—1x) (x € R) (2.7)

which is the solution of the reversed two-scale difference equation

<> ZW v—j) (z€R) (2.8)

where
C; = Cp—1—j (29)

cf. [3].

Proposition 2.3 The solution ¢ of system (1.5) satisfies the functional equations
k4t k
o(B) —o (&) +eciann 0si<) (210)
wheren € N, k=0,1,...,p" — 1, Cx(c) from (2.5) with

so(k) +...+sp-1(k) =n (2.11)
and
k—t K\ .
() =e (%) -ean@rt n<e< (212)
fork=1,2,...,p" with ¢* from (2.7). Moreover
I k-1
@ (—n> =" ZC’j(c). (2.13)
p ay

Proof: We prove (2.10) by induction on n. For n = 1 the equations (2.10) are equivalent
to the system (1.5). If (2.10) with (2.11) in Ck(c) holds for a fixed n then for jp# instead of
t with 7 € {0,1,...,p—1} and 0 < ¢t < 1 we have

kp+j+t k .  +t
(25 - () +aon (59
p p p

_ . (Jg) b Cu()g <%> G0 Lplr).

(') = ) oo ()

and hence we get in view of (2.3)

kp+ 7+t kp+j n
® (pnT) = ( s + "M Oy () p(2)

For ¢t = 0 it follows
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with so(kp+7) + ...+ sp—1(kp+j) = n+ 1. Thus (2.10) with (2.11) in Cy(c) is proved by
induction. Now (2.13) follows from (2.10) for ¢ = 1 and ¢(1) = 1 by summation. Equation
(2.10) with k£ — 1 instead of k and 1 — t instead of ¢ yields in view of (2.7)

@ (k — t) = (k—_nl) + "Cr1(c)p(l — 1)

p" p
k—1 n n *
= 90( o ) + "Ci_1(c) = "Cr_1(c)p*(t).

k k-1
%) (—n) =@ (—n) + C”Ok_l(c)
p p
and hence (2.12). O

For t = 0 it follows

Example 2.4 (De Rham’s function) In case P(z) = a+(1—a)z we have p = 2 and equation
(1.9), i.e. ¢ =a, ¢c; =1 —a. For ¢ = a we have by (2.5) that C; = Ci(a) = ¢®) with
q= 177“ where s1(k) denotes the number of ones in the dyadic representation of k, and the

generating function (2.6) reads
G2 =[ (1+as) =D g (2.14)
=0 k=0

Formulas (2.10) and (2.13) yield the known relations

@ (k S t) =¢ <£) +a"¢We(t) (0<t<1)

2n 2n

and

k k—1
) =g s1(7)
o(5) =2

7=0
for de Rham’s function ¢, cf. [1].

Proposition 2.5 In case c; >0 for all j =0,1,...,p— 1 the solution ¢ of (1.5) is an

increasing function, and in case c¢; > 0 it is strictly increasing.

Proof: If ¢; > 0 for all j then we have 0 < ¢; < 1 since ¢y > 0, ¢,_1 > 0 and (1.3). Hence
the solution ¢ is continuous. From (2.10) we get forn € Nand £k =0,1,...,p" — 1

()0

so that the continuous function ¢ is increasing. In case ¢; > 0 for all j equation (2.10)

#(57)>(5)

so that indeed ¢ is strictly increasing in [0, 1]. O

implies
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Proposition 2.6 If not c; >0 forallj=0,1,...,p—1 then in no nonempty subinterval
of [0, 1] the solution ¢ of (1.2) has finite total variation.

Proof: If not ¢; > 0 for all j then owing to (1.3) we have |co| + ...+ |cp—1] > 1. From (1.5)

we get for k € {0,...,p— 1}

<kz+1> <k:)
pl— )¢l )=a

b p
p—1 p—1

k+1 k

@(—)—w(—)lzzm

k=0 p p k=0

-1
k+1 k \
@( n >—90<—n)‘ = <Z|Ck|>
p b 0
In view of |co| + |c1]| + ... 4+ |cp—1| > 1 it follows that ¢ does not have finite total variation in

[0,1]. From (2.10) we conclude that this is valid also for the intervals [I%, %] with n € N
and k=0,1,...,p" — 1. [l

and hence

and by induction on n

pt—1

n

k=0

3 Holder continuity

We assume that |¢;| < 1forall j =0,1,...,p—1so that the solution ¢ of (1.2) is continuous.

In order to verify the Holder continuity of ¢ we introduce the notation

k—1
Sk(c) =Y Cj(c) (3.1)
=0
for the sum in (2.13), i.e. we have
k n
© (E) = "Sk(c). (3.2)

Lemma 3.1 The sequence Si(c) has following properties:
(i) Sp() = LSu(e) (k= 1)
(ii) Spn (C) = Cin (n Z 0)

(111) Skpn_;,_g(C) = Spn(C)Sk(C) + Ok(C)Sg(C) (0 <k<p, n>1, 0</I< pn).
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Proof: (i) For given k > 1 we choose n such that k < p"~!. From (2.13) and (3.1) we get

50 = e () = e (1) = 15wt
which implies ().

(ii) follows from (2.13) and ¢(1) = 1.

(iii) From (2.10) and (2.13) we get

¢<k+#>—¢(§>+a%@¢(§)—c&@mmM%M@&@y

p

On the other side we have

(kp”+£

e ) = "y a(c)

and in view of (ii) it follows (iii).
Now we choose the parameter ¢ = ¢ where
c :=max {|cl, |c1], - -, |ep-1]},
cf. Remark 2.2. Then |Ci(c)| <1 for k € {0,1,...,p — 1} and (2.3) implies

Ch(0) <1 (ke N).

In view of (1.3) we have }D <c< 1. Incasec= %} we have ¢; = % forall j =0,1,...

and p(z) =z for 0 < z < 1. If we exclude this trivial case then

1
- <c< 1l
p

For the parameter ¢ from (3.3) satisfying (3.5) we put

a:= —log,c,
ie.
cpt =1
and (3.5) implies
0<a<l

(3.3)

(3.4)

Jp_l

(3.5)

(3.6)

(3.7)

(3.8)

Lemma 3.2 With « from (3.6) and ¢ from (3.3) the sequence = Sk(c) is bounded. More

precisely, for

we have the estimate

(3.9)

(3.10)
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Proof: According to Lemma 3.1/(ii) and (3.7) we have

1

Esp(c) =1

and hence K > 1. Moreover, by Lemma 3.1/(i) and (3.7)

1 1
WSpk(c) = ES]C(C) (311)
so that . .
sup |—Sk(c)| = lim sup |—Sk(c)|. (3.12)
k| ke k—oo | K*

For integer n > 1 let be

K, := max {’k—laSk(c)

:p’”ékép”—l}

then by (3.11) we have K,, < K,,41.
Owing to Lemma 3.1/(iii) and to (3.11) we have

1 Ep» \% 1 14 “ Cilc
G + 0" +g)a‘skp”+€(c) = ( T e) = ok(e) + < e £> ’zi )sg(c) (3.13)

fork=1,...,p—1land ¢=0,1,...,p" — 1.
Hence for m = kp" + ¢ with k € {1,...,p—1} and £ € {0,1,...,p" — 1} we have

1 1 1
ﬁSm(c) =(1- S)O‘ﬁSk(c) + f’aCk(c)g—aSg(c) (3.14)
where £ = kpr with a certain £ € {0,1,...,p" — 1} so that 0 < & < 5. By (3.14) and
(3.4) we get
B s (=07 |72 8k{e)] + &Gl 75dde)
1
< (-9 | LS| + K,

where k € {1,...,p— 1}, £ < p" and in view of K,, < K, it follows

1
(1-&MK, < (1-¢" k_aS’f(C) .
Note 1 —£* > 0 since 0 < ¢ < k+r1 and a > 0, cf. (3.8). Consequently,
1= 1 1
K< U= 2 —Se)| < My|=Su(e)| (ke {l..p-1})  (315)
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with . N
-
M, = max u
0<z< iy 1— x>

In view of (3.8) the function f(z) = (1 — 2)*/(1 — 2®) is increasing so that we get My =
) = ( fe— and

E+1 k+1)o—1

1

Kn§m|8k(c)| (kE{L?p_l})

From (3.1) we get in view of |C(c)| <1 that |Sk(c)| < k so that

k
K,<— " (ke{l,...p—1}).
The function g(z) = m is increasing in [1,p — 1] so that K, < g(p—1) = p’;__ll which
yields the assertion. 0

Remark 3.3 If we carry out the foregoing considerations with the coefficient ¢} of the

reversed equation (2.8) instead of ¢; then in view of (2.9) and (3.3) we have

¢ = max{|cj|,...,|c; 4|} = ¢, and hence with the same o from (3.6) we find that the

corresponding coefficients C'¥(c) satisfy |C(c)| < 1 and that the sums ;5 S;(c) are bounded

where
1

Si(c) (3.16)

K* :=sup
k

can be estimates similarly as in (3.10). So

(3.17)

Lemma 3.4 If|¢| <1 forall j € {0,1,...,p— 1} then for 0 <t <1, n € N and
ke{0,1,...,p— 1} we have

‘90 (kptt> _30(;%)‘ SK(]%Y (3.18)
() )l () o1

Proof: We only prove (3.18). For t = z% with 0 < k < p” the representation (2.13) with

¢ = c implies

and for k € {1,2,...,p}

) eGr) 1 &S 1
got(a) - (ﬁn)a :k_aZ;Cj(c>_ﬁ k<c)
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in view of (3.7). By Lemma 3.2 it follows

()]
t(]
for these t and hence also for arbitrary ¢ € (0, 1] by continuity. By (2.13) with ¢ = ¢ we have

k + t) ( k ) 1
—p| =) =—Cilc)p(t
@ ( = o\ ) = oo k(c)p(t)
and using (3.4) we get

‘90 (kptt> —F (]%)‘ < (%)a |90t(;f)\ - (%)QK-

In the same way using (2.7) it follows (3.19). O

<K

in view of (3.7)

Proposition 3.5 If |¢j| < 1 for j = 0,...,p — 1 then for arbitrary z,y € [0,1] the
solution ¢ satisfies the inequality

Tp-1)

lp(z) — p(y)] < |z —y|*

with o from (3.6).

Proof: For given z,y € [0,1] with h = y — x > 0 we assume that
1 1
— < h< —-
p" p"

i (1 =0,1,...). Then we have

Let be k = [p"z] and ¢,

tr<z<t; <...<lpm<yY<inn

wherelgmgp—lsincetl—pig +#§x+h:yandtp+1:k+p+l>x+ = >
x4+ h =1y. We use

o(y) — ()] < le(t) — e(@)] + le(y) |+Z|90 (tur1) = o (tu)l-

We denote a; = t; —x, ap = tp —tg_q for k = 2,....m — 1, and a,, = y — t,, then

a1+ ...+ a, =y —x and by Lemma 3.4

o) — (@) < K°af + K3 < Ko (a5 + ...+ a)
pn=2

with Kipax := max {K, K*}. According to (3.8) the function ¢ — ¢* is concave and applying

At tan _(at.. +am “
m o m

Jensen’s inequality
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we find in view of m < p and (3.8)

o(y) = p(@)] < Kmax m' ™ (y — 2)* < Kpaxp' ™ (y — )",
Finally, from (3.9) and (3.17) we get

p—1
pr—1

Kuaxp' ™ <pi®
and the proposition is proved. O

Now we know that ¢ is Holder continuous with exponent « from (3.6). Next we show that

« is the optimal Holder exponent and we determine also the optimal Hélder coefficient.

Theorem 3.6 If|c;| <1 forj=0,...,p—1 then the solution v of the equation (1.2) is

Hélder continuous with the optimal Hélder exponent o from (3.6), i.e.

o =min {—log, |col, ..., —log, c,-1]}

where 0 < o < 1, ¢f. (3.8), and the optimal Hélder coefficient

k—1
A ::ﬂﬁ)i% ;{;C&fﬂc) (3.20)
which satisfies
jcac 1) (3.21)
pe—1
i.e. we have
o(x) —(y)] < Alz —y|* (3.22)

for arbitrary z,y € [0, 1].
Proof: 1. First we show (3.22) with « from (3.6) and A from (3.20). For y = % and
T=1y+ p—’i with 0 < ¢ < k + ¢ < p™ the representation (2.13) with ¢ = ¢ implies

o(x) — o(y) o(Tr) — 90(1%) 1R

in view of (3.7). Hence, we get (3.22) for p-adic rational z,y € [0,1] where A is finite by
Proposition 3.5. Continuity of ¢ implies that (3.22) is valid for all  and y in [0, 1].

2. We show that « is the optimal Holder exponent. Assume that ¢ is Holder continuous

with an exponent 5 > «, i.e. for all z,y € [0, 1] we have

lo(z) — ¢(y)| < Blz —y|’ (3.23)
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with a certain constant B.

From (1.5) we get for k =0,1,...,p — 1 by induction on n that

<k@"—1)+ﬂp—1)

n—1
=D e+ clo(t 0<t<1).
) R AT GRS

Putting ¢t = 0 and ¢t = 1 we get in view of ¢(0) =0 and (1) = 1 that

N (3.21)

pi(p—1) pi(p—1)

Now we choose k € {0,1,...,p—1} such that |c;| = c, cf. (3.3). In (3.24) we put y = %,

r=y+ # and obtain in view of x —y = [%, lck| = ¢ and (3.6) that

[0}

lp(z) — p(y)| = (z —y)*.

Y =)

ie. p"#~®) < B, which yields a contradiction for large n. Hence, a is the optimal Holder

According to (3.23) we get

exponent and it follows that A from (3.20) is the optimal Holder coefficient. The estimate
A > 1 follows from (3.22) with z = 0, y = 1 in view of ¢(0) = 0, ¢(1) = 1. The above

estimate of A follows from Proposition 3.5. U
Remark 3.7 Note that in limit case &« = 1 we get A = 1 in accordance with ¢(z) = x for

0<z<1.

A detail discussion of the Holder continuity of de Rham’s function and of solutions of certain
two-scale difference equations you can find in [2, Section 2 and Section 5.2]. In |11, Propo-
sition 10.1] it was shown the Holder continuity of Cantor’s function with optimal exponent

o= % and coefficient A = 1.

4 Differentiability

As before we exclude the case ¢; = % for all j € {0,1,...,p — 1} where ¢p(x) = z for

0 <z < 1. First we give a general statement on the differentiability.

4.1 General statements

We start with the following simple lemma, cf. [15].
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Lemma 4.1 Let f: [0,1] — R have a finite right-hand derivative f)(xz) at the point
xo € 10,1). If (u,) and (v,) are sequences in [0,1] such that xo < u, < v,, v, — Xy and
Uy — 2o < L(v, — uy,) with a constant L then

f (o) — f(un)

Up — Up

Proposition 4.2 [f the solution ¢ of (1.2) is differentiable at xy then ¢'(zy) = 0.

— fi (o) (n — 00).

Proof: Assume, at zq € [0,1) there exists the finite derivative ¢'(z) # 0. For n € N and
k=0,1,...,p" — 1 we put zy,, = p—’i and Nop ={keN:a<k<b}. Ifxp,, <xo<Tpiin
then for each k € Nyj1 p42p—1 We put uy,, = Tppn, and vy, = Tpy1,, 50 that zo < ug, < Vip
and uy., — 2o < p(Vkn — Uk,). Applying (2.10) with ¢ =1 we get

i) 2 etea) _

just as
P(Vkt1,0) — P(Upt1,n)

Vk+1,n — Uk+1n

n._n
=p C()Ok-s-l‘

In view of ¢’ (zo) # 0 it follows by Lemma 4.1 that for & € Ny1q 4, We have
Ck—i—l
Cy
The set Njpi142,-1 contains a section of the form Ngyg4.p, o with d = pky < k' + p. For
k € Nyagipo, ie. k= pko+ j with j = 0,1,...,p — 2 we have by (2.3) with ¢ = ¢, that

Cr = Cprotj = %Cko and it follows

—1 (n — 00).

AN (n — 00),
€
i.e. ¢ci41 = c;. So by (1.3) it follows ¢; = L for j =0,...,p — 1. O
J J Jp

Proposition 4.3 The set E of points x € [0, 1] where o is differentiable has the Lebesgue

measure 0 or 1.

Proof: The set E is Lebesgue measurable with the measure |E|. We show that E is
homogeneous, that means for each nonempty interval [a,b] in [0, 1] we have |E N [a,b]| =
(b — a)|E|. Equation (2.10) with ¢ = ¢g, Cy = Cr(cp) implies

2o (M) —gavn e,

p p
Put By, = EN [I%, %] we have |Ey | = |Epn| (0 <k, k" < p") and hence

implies |Ey | = #|E\ It follows |E N [a,b]| = (b — a)|E| for each interval [a,b] C [0, 1] and
hence |E| =0 or |E| = 1 by a theorem of Lebesgue. O
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4.2 Special difference quotients

Now, for given z € [0, 1] we investigate the special difference quotients

P(55) = (r)
Ap(r) = —2 T i (4.1)
with k = [p"x], i.e.
§§x<k;3 (4.2)

Applying (2.10) with ¢ = ¢y and ¢t = 1 we get in view of ¢(1) =1
Anlz) = PGk (43)

In order to get a suitable representation for Cj we need a mean value M. For \; € [0, 1]
with A\g + -+ + A\,_1 = 1 we introduce the mean value M = M (Xo,...,\,—1) by

p—1
M =[] lesl (4.4)
=0
Lemma 4.4 Let z € [0,1] and n € N. Then for Cy = Ci(co) from (2.5) with k = [p"x]
we have
15w
@:%Hq (4.5)
7=0
with
so(k) +s1(k)+...+cp1(k)=n (4.6)

where s;(k) is the number of the digit j in the p-adic representation of k. Further

1
|Ck;|1/n = @Bn(x)M(Aow--,)\p—ﬂ (4.7)

where X
—
enlr) = [T e (4.9
§=0
U)Zth €j(n) = %SJ(]C) — >‘j .

Proof: If z = 0,&& ... is the p-adic expansion of z then k = k(n) = [p"z] has the form
k=& + & ap+...+&p" " So so(k) + ...+ sp_1(k) =n and by (2.5) we get

AN C I L,
— J — Sj
a-I1(E) -5 e
7=0

=0

i.e. (4.5) is proved. Formula (4.7) with (4.8) is a simple consequence of (4.5). O
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Lemma 4.5 Letz €(0,1] and n € N. Then for A,(z) from (4.1) we have

p—1

An(@)] = [[a?®

=0

<

with aj = p|c;| so that apay .. .a,—1 = 1.

Proof: Formulas (4.3) and (4.5) imply

p—1
7=0
In view of (4.6) it follows
p—1
An(z) = [[pey)»™
j=0
which proved the assertion. 0
Next we consider special sets of real numbers, cf. [13, Chapter 10]. Let z = 0,£& ... be

the representation of a number z € (0,1) to the base p and d;(x|,) the total number of

occurrence of the digit j € {0,1,...,p — 1} in the first n places 0,&; ...&,_1. That means
dj(x]n) = s;(k) (4.9)

where k = [p"z]. For A\; € [0,1] with Ao+ ...+ A,-1 = 11let ' = F(Xo,...,\p—1) be the set

1
F = {IG[O,l]Z lim —d;(z|,) = A, \ j—O,l,...,p—l}. (4.10)

n—oo 1N

It is known that F' has the Hausdorff dimension

p—1

1
dimglt = ——— A log A\, 4.11
H lng]Z_; ] g ] ( )

with the convention 0log0 = 0, cf. [13]. Further, the numbers x € F(p~*,... p~!) are called
normal numbers with respect to the base p and Borel’s normal number theorem says that

F(p~',...,p71) is a set of Lebesgue measure 1.

The following proposition is the basis for the investigation of ¢ concerning the differentia-
bility.

Proposition 4.6 Forz € F()y,...,\,_1) we have
lim [A,(z)[" =pM(No, ..., A1) (4.12)
n—oo

with M from (4.4).
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Proof: By Lemma 4.4 and (4.3) we get
1AL (@)Y = pen(x) M(No, - Apo1)-

Using (4.9) for © € F(Xo,...,A\p—1) we have 1s;(k) = 1d;(z],) — ); as n — oco. Hence

T on

en(x) — 1 as n — oo and it follows the assertion. O

4.3 Thecase pM < 1

We need further lemmata.

Lemma 4.7 Let be x € F(Xg,...,\,_1) with the p-adic expansion x = 0,&& ... where
Snj=p—1forg=1,2...;ry. If \yo1 <1 then "> — 0 asn — co.

Proof: For x € F we have ——d, 1(z|,_,) = \,—1 and %dp,l(x|n) — A\p—1 a8 n — 00. By

n—rn

supposition we have d,_1(z|,) = dp—1(x|n—r,) + r» and hence

n—r, 1

1 Tn
ﬁdp—1(1'|n) = dp-1(7|n—r,) + P

n o n-—r,
Certainly 0 < < 1, i.e. the sequence ™ is bounded. If s is the limit of a convergent
subsequence then in view of (4.10) it follows A\,_; = (1 — s)\,—1 + s, i.e (1 —A,—1)s = 0 and
hence s = 0 since A\,_; < 1. So ™ — 0 as n — 0. ]

Lemma 4.8 Let be x € F(No,..., \p1) with \y_1 < 1 and k = k(n) = [p"z] then for
w=0,1,...,p we have
1/n

Crm+u| ™ _ 4

lim '
n—oo

Cr(n)
with Cy, = Cy(co) from (2.5).

Proof: Let be z = 0,£,&, ... the p-dic expansion of = then k = k(n) = [p"z] has the form
k=& +& p+ ... +&p . Forp >0 with £, < &1 +p < p we have k + p =
(& +p) + & ip+ ...+ &p» 1t and by (2.5) it holds

Cent
Crpp = Cp—2E
k-+p k Ce.

Now we consider p € {1,...,p} with p <&, 1 +pu <2p—1. If §,_; < p—1 then we have
k+p= (& +p—p)+ (1 +1)p+&op® + ...+ &p" ! and by (2.5) it holds
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If¢, j=p—1forj=1,...,n, and §,,,—1 <p— 1 then k has the representation

k=&+@—-1p+...+@—1p" +&n—p" T+ .+ &}
and we have
k+p=E+p—p)+ Epma+D)p T+ &P

According to (2.5) we get

Certpnp (Co1\ " Cepppat
C — Cr nTH—P p n—rp—1 ]
BTG ( Co ) Cer

Put C' = max {|C;|/|C;|} (i, =0,1,...,p— 1) then we get

1 |Cuss
Ornt2 — Ck

n

< Crn—i-Q

and in view of Lemma 4.7 it follows the assertion. O

Proposition 4.9 IfpM(Xy,..., 1) < 1 where \,_1 < 1 then the solution ¢ of (1.2)
is differentiable at each point x € F(Xg, ..., \p—1) with ¢'(z) = 0.

Proof: Choose € > 0 so that
qg:=1+e)PpM(Ng,..., A1) < 1.

For fixed x € F()o,...,A\p—1) it holds e,(z) — 1 as n — oo, cf. (4.8), (4.10) and (4.9).

Hence there is a number ngy such that for n > ny we have

en(z) <1+¢, (4.13)

K'V"<14¢ (4.14)
with K = max |p(t)| for 0 <t <1 and by Lemma 4.8

Crpul/ < (14 )| (4.15)

where k = [p"x]. Now, let y =z + h < 1 with A > 0 (the case h < 0 is analogous) and

1 1

_n§h< n—1

p p
with n > ny. Note that h — 0 is equivalent to n — oco. Put t, = %ﬂ (0 =0,1,...)
then we have t) < z < t; < ... < t,, < z+ h <ty where 1 < m < p — 1 since
tlz%Sx—l—#§$+handtp+1:%>x+pnl,l>x—|—h. We use

m—1

lp(@+h) = ()] < lp(@ +h) = e(tn)l + lp(t) = (@) + Y lo(tur) = (t)].

pu=1
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Put z = k;ﬁ_t with suitable 0 < ¢ < 1 then by (2.10) (with a = ¢y, Cy = Ck(co)) we have

p(r) = p(t1) = gCrrrp(1 — 1)

and hence
lp(t1) — p()]

1 n n n
. = 5 leol"|Chsillp( = )] < p"leol”|Crsa| K

where K = max |p|. Applying Lemma 4.4 we get

Cha | Choa |
pleol|Cra| V" EKY™ = pleol|Cil " | 5= K" = pMey(x) ‘ oo K
k
and using (4.13), (4.14) and (4.15) it follows
pleo]|Croa | " KV™ < (14 €)*pM = q
so that
—p(t

h

Since t,, < x + h < t,, 41 we have x + h = ’“Jr;)”% with suitable 0 < 7 < 1 and by (2.10)

p(x +h) = p(tm) = GCrimp(T).

Therefore
lp(z + h) — p(tm)]
h

where we have again used (4.13), (4.14) and (4.15).

1
< o leol"|Creml K < p"[co]"|Crm| K < ¢ (4.17)

Moreover, by (2.10) it holds
Sﬁ(twl) - go(tu) = coChtp

and hence again

lo(tus1) — p(tL)|
h

1
= 7 leol"|Crl < p"[co]"|Cherl < " (4.18)
Form (4.16), (4.17) and (4.18) it follows in view of m < p —1

o(z +h) = p(a)|
h

< (p+1)¢".

This implies ¢, () = 0. In the same way ¢’ (z) = 0. O
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4.4 The case pM =1
We investigate A, (x) from (4.1) under the condition

pleoer - cpa|VP = 1. (4.19)
The following proof due to A. Meister (personal communication).

Lemma 4.10 Assume that it holds (4.19) and that a; = p|c;| for j =0,1,...,p— 1. If
not ag = a; = ... = a,_y = 1 then the set of x with the property A,(z) — 0 as n — oo has

the measure zero.

Proof: Let x = 0, ... where the digits §; are independent and identically distributed
on the discrete set {0,1,...,p — 1}. Since

di(xln) =Y x;(&)

we have by Lemma 4.5 and (4.9)

3
3
A

log |Ay(2)] = X;(&)loga; = Zlog Qg,

k=1

<.
Il
o

where log a¢, are independent and identically distributed. Moreover,
p—1 1 1 p—1
E(logag,) = Z —loga; = —log Haj =0
—o P p =0
j J
since by (4.19) we have aga; - - - a,—; = 1, and it is
p—1 1
o2 = E(log? ag, ) Z (log? a;)
Jj=0 p

since not all a; are equal to 1. The law of iterated logarithm says

log |A
lim sup 08 |An(2)] = +1 (a.s.)
n—oo  y/202nloglogn
and o A
lim inf ——2 [Bn(2)] -1 (a.s.).

n—oo \ /202nloglogn B

This implies the assertion. O
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4.5 On the differentiability of the solution

After the foregoing preparations we are able to give the main results concerning differentia-
bility of the solution ¢ of (1.2). As already mentioned in the Introduction we again exclude
the trivial case ¢; = % forall j =0,1,...,p—1.

Theorem 4.11 The solution ¢ of (1.2) has the property:

1. If min |¢;| > = then ¢ is nowhere differentiable in [0, 1].

2. Ifmin |¢j| <

derivative, have positive Hausdorff dimension.

then both sets, where @ is differentiable and where @ does not have a finite

SRS

Proof: 1. If |¢;| > % forall j =0,1,...,p—1then a; = plc;| > 1 and for each z € [0, 1] we
have by Lemma 4.5 that |A,(x)| > 1 for all n € N. So ¢ is not differentiable at  according
to Proposition 4.2.

2. If min |¢j] < % then in view of (1.3) there are indices k and ¢ such that |¢x| < + and
lce| > %. For the mean value (4.4) we have M(Xo,..., \p—1) = || < % if Ay = 1 and
Aj = 0 for j # k. Hence, there exist such A} > 0 (with X} nearly by 1 and A} _; < 1) that
pM(Xy, ..., N, 1) < 1. By Proposition 4.9 we have ¢'(z) = 0 for ¥ € F(\, ..., A, ;) and by
(4.11) this set F' has positive Hausdorff dimension. Moreover, M (Ao, ..., A\p—1) = |ce| > }D if

A =1and \; =0 for j # £, so that there are A} > 0 such that p M(Ag,...,A\] ;) > 1. For

D =

) p—l
r € F(Ag, ..., Ay_y) it fails A, (x) — 0 by Proposition 4.6 so that ¢ is not differentiable at x
according to Proposition 4.2, and by (4.11) also this set F has positive Hausdorff dimension.
O

Theorem 4.12 The solution ¢ of (1.2) has in [0, 1] the property:
1. If pleocy - ~cp,1|1/p < 1 then ¢'(x) = 0 almost everywhere.

2. If plcoey - - cp,l\l/p > 1 then ¢ is almost nowhere differentiable.

Proof: We consider x € F(p~!,...,p~!) and remember that this set has the Lebesgue

measure 1 by Borel’s normal number theorem.

1. If pleger - - ¢, 1|Y/P < 1 then by Proposition 4.9 we have ¢'(x) = 0 for each z €
Fp=t....p™Y.

2.1. If plcoer - - - ¢,-1|Y/P = 1 then by Proposition 4.10 the set of all z € F(p~,...,p})
with limsup |A,(x)| > 0 has the measure 1. For all these x the derivative does not exist

according to Proposition 4.2.

2.2. If plcoer---cp1|Y/P > 1 then for each x € F(p',...,p~!) we have according to
Proposition 4.6 that |A,(x)] — oo as n — oo and hence the derivative does not exist owing
to Proposition 4.2. [l
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Remark 4.13 1. Note that Proposition 4.3 is a consequence of Theorem 4.12.

2. Assume that ¢ is an increasing solution of (1.2) but not ¢(z) = x for all x € [0, 1]. Then
by Proposition 2.5 together with Proposition 2.6 we have ¢; > 0 for all j = 0,1,...,p —1

but not ¢; = % for all j and in view of (1.3)

1/p<Co+Cl+...—|—Cp,1 _1

(Cocl N _1)
P p p

so that ¢/(x) = 0 almost everywhere by Theorem 4.12. So for an increasing solution ¢ of

(1.2) we have besides of ¢(x) = x for = € [0,1] that ¢’(z) = 0 almost everywhere.

5 Singular solutions

A nonconstant ¢ : [0, 1] — [0, 1] is called (strictly) singular, if it is continuous and (strictly)
increasing with ¢'(z) = 0 almost everywhere. We remember that in case ¢; = % for j €
{0,1,...,p — 1} the solution ¢ of (1.2) reads ¢(z) = x for 0 < x < 1 and that we exclude
this trivial case. As already mentioned in Remark 3.3.1 we use the parameter ¢ = ¢y and
write short Cy for Ci(co).

From Proposition 2.5 and Proposition 4.2 we get

Proposition 5.1 Ifc; >0 for all j = 0,1,...,p — 1 then the solution ¢ of (1.2) is a

singular function and if ¢; > 0 for all j then it is strictly singular.

Lemma 5.2 If ¢ is a solution of equation (1.2) satisfying (1.4) then ¢ cannot vanish in
a neighborhood of x = 0.

Proof: Assume that p(z) = 0 for = < gy where €g > 0. In view of

@ (f) = cp(z)  (0<z<1)

p

and ¢y # 0 implies p(x) = 0 for © < pey. In view of p > 1 it follows gy = 0 since p(z) =1
for z > 1. UJ

Proposition 5.3 Let be 0 < ¢; < 1 with mine; = 0. Then the solution ¢ of (1.2) is
constant on the components (a;,b;) of an open set G with Lebesgue measure |G| = 1. The

endpoints a; and b; are of the form 1% where we have:
% = a; — Ck:—l 7é 07 Ck: = 07
o =0b S Cr1=0, Cp#0,

I%EG g Ok_lzo, Cr,=0.
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Proof: Assume that ¢, = 0 where 1 < ky < p —2. From (1.5) it follows that ¢ is constant

(m)k0+1)
L, = —, .
p P

By repeated application of (1.5) we see that ¢ is constant on the intervals

B ko ki kot 1
Ikl,koz(;l+—°—1+0 )

on the interval

P p p?
where ky # ko, 0 < k; < p—1, and in general

(knl kq ko kn_1 kq ko + 1)
[k: ko = ;

oot nfl_‘__n’ ..ot nfl_{— n
p p p p p p

ceey

T, ko]l = #. These intervals are pairwise different and hence the union Gy has the

Lebesgue measure
oo

_1n—1 1
Gol = Y- 2= 1

" p(l—E3)

The left endpoint of Ij,, , ., has the form pin with

n=1

k=knpap" "+ knoop" 2 4 .+ kap + ko

so that ¢, = 0 implies Cy, = 0, cf. (2.3). It follows from (2.10) that

(5)-0(8) oeren

i.e. ¢is constant on Iy, , k.. If G is an open set such that ¢ is constant on each component
(a;,b;) of G then Gy C G C [0, 1] and hence |G| =1 too.

Now let (a;, b;) be a maximal interval where ¢ is constant. Choose n so large that b; —a; > p%

then there is an integer k£ such that

k—1 k
<a < (5.1)
p" p"
and Bl < b, ie. ¢ is constant on [X A1,
P P p

We show that a; = pk—n and that Cy_; # 0, Cy = 0. By Lemma 5.2 ¢(x) cannot vanish in a
neighborhood of x = 0 which is true also for ¢*(z) =1 — ¢(1 — z) since ¢,—1 > 0. Therefore
in view of (5.1) equation (2.12) implies that ¢ is not constant in a neighborhood of 1% which

implies a; = ﬁ and Cy_1 # 0. Moreover, equation (2.10) for t = 1 yields

E+1 k
RIORS
p p
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and hence ¢jCy = 0 must be. It follows Cj = 0 since ¢y > 0.

Conversely, let be Cy = 0 and Cj_; # 0. Then equation (2.10) implies

(5 -o(2) wseen

ﬁ, k11 Moreover, equation (2.12) implies that ¢ is not constant in a

i.e. p is constant on |
neighborhood of pﬁn so that it is a left endpoint a; of an interval of constancy. In the same

manner the another assertions can be proved. O

In case 0 < ¢; < 1 and min¢; = 0 equation (1.2) can be written in the form

e(2)- Zw( —7)  (@ER) (52)

where ¢ is an integer with 1 < ¢ < p — 1 and where 7, are nonnegative integers with
0=1 < < -+ <7-1=p— 1. The characteristic polynomial of equation (5.2) reads
P(z) =co+cpy 2 + -+ ¢p_12P7 and (2.6) has the form

Giz)=||—P&") = n .
(2) HCO ()= C,2 (5.3)
7=0 n=0

with strictly increasing integers ~,, where it holds with ¢, € {0,1,...,¢ —1}:
m—1 m—1
n = Z €#qu — Yn = Z %#pu' (54>
pn=0 pn=0
m—1 m—1
In particular, if n = > (¢ — 1)¢" = ¢™ — 1 then v, = > (p— 1)p* =p™ — 1 and
pn=0 ©n=0
Yantr = DVn + W (red0,1,...,q—1}). (5.5)

Theorem 5.4 The open intervals J,,.,, C [0,1] where the solution ¢ of (5.2) is constant

have the form
m— 1 m
Jm,n:<u,l> n=12,..., m=12...,¢"—1) (5.6)
p" p"
provided that Vm,—1 + 1 < Y.

Proof: We apply Proposition 5.3. If (a;,b;) is a maximal interval of constancy then by

Proposition 5.3 and the definition of ~, we have a; = 7’;?[1 and b; = Z—Z’; with suitable k£, m.

Since the sequence 7, is strictly increasing it follows k = m — 1, i.e. (a;,b;) = Jp, from
(5.11) with the given indices there. O
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Remark 5.5 1. Observe that Jy, 41 = Jmn since in view of (5.5) we have for the left
endpoint

Ygm—1 +1= Ya(m—1)+q¢—1 +1= PYm—1 + Yq—1 +1= p(ﬁ)/m—l + 1)
where we have used v,_; = p—1, and for the right endpoint 74, = pym. So we can see again

that the nonempty intervals J,,,, coincide or they are disjoint.

2. Note that

-1 q"-1 . -1 o _om n_1_ g»
S TETER e S R . e
m=1 m=1 pn p” pn

as n — oQ.

Example 5.6 (Cantor’s function.) We know that Cantor’s function ¢ is the to [0,1] re-

)
stricted solution of (1.2) with ¢y = %, c1=0,c = %, ie.

1

o(3) =500 +50@-2)  (@ER)

satisfying (1.4). Here P(z) = (1 + 2?)/2 and the generating function (2.6) reads

G(z) = ﬁ (1 + z2'3j> - i Oy (5.7)

J=0

where C}, = 0 if the triadic representation of k contains the digit 1, elsewhere C}, = 1. Hence,
G can be written as

o0

G(z):Zz% =14+ 224204842820 M (5.8)
n=0

with strictly increasing exponents vy = 0, 11 = 2, 75 = 6, 73 = 8 and so on. It holds with
e, € {0,1}:

m—1 m—1
n=> g2 = 3,=2) 3 (5.9)
u=0 pn=0
and it is easy to see that
Yoot + e =3"—1 (n=1,2,..., k=1,2,...,2"). (5.10)
The open intervals J,, ,, where Cantors function ¢ is constant have the form

m— 1 m
Jmnz(%g—n) (n=1,2,...., m=12,...,2"—1) (5.11)

with p(z) = 5 for x € Jpp.
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6 Subadditivity

In this section we investigate the subadditivity of the solution ¢ of (1.2), i.e.

oz +y) <o)+ o) (6.1)

for all z,y € R. For this purpose again we consider the sequence Si(c) from (3.1) with ¢ = ¢
from (3.3).

Lemma 6.1 Assume that ¢; >0 for all j = 0,1,...,p — 1 and that for 0 < k,{ < p we

have
f k+4
Su(c) + Syle) > Sk+e(c) Z'f +E<p (6.2)
S].H_g_p(C) + Sp(C) Zf k+7¢ > p
then for all nonnegative integers k, £ it holds
Sk+g(c) S Sk(C) + SK(C). (63)

Proof: First note that by (2.5) we have Cj(c) > 0 for all j € N. We shall prove the
inequality (6.3) for nonnegative integers k, ¢ < p™ by induction with respect to n where as
abbreviation we write Sy in place of Sk(c). For n = 0 the inequality is true by (6.2). Assume
that (6.3) is true for 0 < k,¢ < p". For integers 0 < k,¢ < p"™! we write k = pk’ + i and
C=pl'+jwith0<E ¢ <p*andi,je{0,1,...,p—1}. We consider two cases:

1. Let be i + j < p. Then in view of Lemma 3.1/(iii) we have
Spe+)tit; = SpSie + Crpe(€)Sit;

Sp(Sk/ + Sg/) + Ck/Jrg/(C)(Si + Sj)

SpSk/ + SpSgl + Cr (C)SZ + Cg/(C)Sj

IAIA

Spk’—i—i + SpZ’—i—j
where we have used that (3.4) and that Cyp(c) < min {Cy(c), Cr(c)} according to (2.5).
S0 Skye < Sk + S
2. Incasei+j > pwehave 0 <i+j—p < p—1. Applying Lemma 3.1/(iii) and assumption
of induction we get

Sk/-i-f/-i-l = Sk"-i—f’ + C’kl_}_gl(c) S Sk’ —I— Sgl + C’k’—i-f/(c)

and

Sp(k'+€’+1)+z‘+j—p = SpSk’+£’+1 + Ck’+£’+1(c)5z'+j—p
SpiSk + Spr + Crryer(€)} + Chryey1(€)Sij—p
SpSk + SpSe + Crav(€)(Sp + Sitjp)

(c
SpSk/ + SpSz/ + Clrppr (C)(Sz + Sj)

IN A A
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where we have used (6.2) and Cyryp41(c) < Cprye(c) according to (2.5) and (3.4). Hence we
have Sy, < S + Sy again. ]

Theorem 6.2 If (6.2) is satisfies then the solution o of (1.2) is subadditive, i.e.

pr+y) <wl@)+ely)  (z,y €R). (6.4)

Proof: For z = 1%, y = an in [0,1] with x +y < 1 the assertion follows from (3.2) in view

of (6.3), and for arbitrary =,y € [0, 1] with  + y < 1 by continuity of ¢. Now from (1.4) it
is easy to see that the inequality is true for all z,y € R. 0

Example 6.3 (De Rham’s function) We know that de Rham’s function ¢ is the to [0,1]
restricted solution ¢ of (1.2) with ¢cg =a, ¢; =1 —a, a € (0,1), i.e.

¢ (3)=av@)+(1-ajpz—=1) (@eR)

satisfying (1.4), cf. Example 2.4. For 0 < a < % de Rham’s function ¢ fails to be subadditive

since 2¢(3) = 2a < 1 = ¢(1). In case § < a < 1 we have ¢ = max{a,1 — a} = a and

Cy, = Cyla) = ¢¢™® with ¢ = =%, where s(k) denotes the number of ones in the dyadic
representation of k, ie. Cp =1, C; = ¢q, Cy, = q, C3 = ¢, Cy = ¢, C5 = ¢* and for
Sy = Sgp(a) wehave S; =1, Sy =1+¢q,S3=1+2¢, S4=1+2¢+¢* Ss=1+3¢+¢* So
inequality (6.2) is satisfies if 0 < ¢ < 1, i.e. % < a < 1 and for these a we have (6.3), cf. |2,
Lemma 2.2]. Hence, for % < a < 1 the extended de Rham function is subadditive owing to

Theorem 6.2.

Finally we consider once more two-scale difference equation (1.13).
Example 6.4 (Equation (1.13)) For 0 < a < 1 let ¢ be the continuous solution of

T

© (5) =ap(x)+ (1 —2a)p(x — 1) + ap(x — 2) (x € R)

1
2
solution ¢ fails to be subadditive since ¢(2) =1 —a > 2a = 2p(3). In case 3y < a < § we
s1(k 1—2a

a )

satisfying (1.4). For 0 < a < 3 the coefficients are nonnegative. In case 0 < a < % the

have ¢ = max {a, 1 — 2a,a} = a and C}, = Ci(a) = 0¥ with o = where s1(k) denotes
the number of ones in the triadic representation of k. So Cy =1, C, = p, Cy =1, C5 = p,
Cy = 0% Cs = p, Cs = 1 and for Sy = Si(a) we have S; = 1, S = 1+ 9, S3 = 2 + o,
Sy =2+420, S5 =2+ 20+ ¢* Inequality (6.2) is satisfies if ¢ > 0 (from S, < S; + 5;) and
if o <1 (from Sy + Sy > S; + S3). So for % <a< % it holds (6.3), and the solution ¢ of
(1.13) is subadditive according to Theorem 6.2. In particular, Cantor’s function (a = ) is

2
subadditive, cf. also |22, Section 3.2.4], [10].
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ARPAD SzAz!

A common generalization of the postman, radial, and
river metrics

ABSTRACT. By using a metric d on a set X, a function ¢ of X to itself, a metric p
on the range of ¢, and a suitable relation I on X? to X, we construct a metric d,,r
on X. This compound metric includes the postman, radial, and river metrics as some very

particular cases.

Our construction here closely follows a former one of M. Borkowski, D. Bugajewski, and
H. Przybycienn. Moreover, it may also be compared to that of A.G. Aksoy and B. Maurizi.
However, instead of a metric projection and a collinearity relation we use the above mentioned

@ and T'.

KEY WORDS. Generalized metrics and collinearity relations, postman, radial, and river

metrics

Introduction

The defining axioms of a metric were abstracted from the well-known properties of the
Euclidean distances by M. Fréchet in 1906. The appropriateness of weakening and strength-

ening of these axioms have later been justified by several authors.

However, in the present paper, we shall adhere to the original axioms. Though, most distance
functions occurring in analysis are extended-valued pseudo-metrics. Moreover, semimetrics,

quasi-metrics, ultrametrics, and partial metrics have also several applications.

Thus, now a metric on a set X is a function d of X2 to R such that, for any z, y, z € X,

we have

!The work of the authors has been supported by the Hungarian Scientific Research Fund (OTKA) Grant
NK-81402.
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2, y)+d(y, 2);

Here, (1) and (4) are referred to as the positive definiteness, (2) as symmetry, and (3) as the
triangle inequality. Note that, by (3) and (2), we always have

d(z, x) < d(z, y)+d(y, ©) =2d(z,y).
Hence, by using the “equality implies indistancy” part of (4), we can infer (1). However, it
is usually more convenient to stress nonnegativity as a separate axiom.

For any z, y € X, by defining

0 if z=y,

d(z,y) = ,
1 if z#y,

we can at once get an ultrametric d on X . This is called the discrete metric on X. Thus,
each set can be considered as a discrete metric space. Therefore, the notions of a set and a

metric space are actually equivalent.
However, to provide several genuine illustrating examples for a metric, it is best to assume
that X = C with C = R?. Thus, for any z, y € X, we may write
r = (1, 72), T = (w1, —x2);
r4+y=(z1+uy1, T2+ y2), vy = (T1y1 — TaYa, T1Y2 + TaY1) .
Now, each r € R can be identified with (r, 0) € X. And each # € X can be written in the
form © =, +ixe with i = (0, 1).

Moreover, for any z, y € X, we may also write
_ : _ N1/2 _ (2 2\1/2
dz,y)=|z—y| with |z =(22)"?= (20 +2) "

Now, by using the above operations on complex numbers, it can be easily seen that | | is

anorm on X, and thus d is a metric on X . This d is called the Euclidean metric on X.

More generally, for any x, y € X and p € [1, oo], we may also naturally define

1/p .
) (|zl|p+|22|p) if p<oo,
dp(z,y) = |z —ylp with | 2], = )
max { |z, ||} if p=oc.
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Now, it is somewhat more difficult to prove that | |, is a norm on X, and thus d, is a
metric on X. In particular d; and d., are called the tazicab and supremum metrics on X,

respectively.

Beside the latter two extreme metrics, there are some further curious, but important metrics

on X. For instance, for any x, y € X, we may also define

0 it =y,
a(z,y) = _
|z + |y if z#y;
|z —y| it iy =x201,
Bz, y) = ‘
(x| + |y| i ziye F T2
and
|20 — Yo | it =y,
Y(z, y) =

| 2| + |21 — 1| + g2 i 21 # 1.

Thus, by considering several cases, it can be shown that «, § and v are metrics on X.
These are usually called the postman, radial and river metrics on X, respectively. ( See, for
instance, [17, p. 155] and |5, p. 315].) Sometimes, the radial metric is also called the hedgehog

or French railroad metric.

In the present paper, following the ideas of Borkowski, Bugajewski and Przybycien [3], we
construct a common generalization of the postman, radial and river metrics. Our general-
ization here may also be compared to that of Aksoy and Maurizi |1|. However, instead of a

metric projection and collinearity relation we shall use some more general objects.

More concretely, by assuming that d is a metric on a set X, ¢ is a function of X to itself,
and p is a metric on the range p[X] of ¢, we define a generalized metric d,, on X such
that

dpp(z, y) = d(z, o(x)) + p(e(x), ¢(y) +d(e(y), y)

for all z, y € X. Moreover, by assuming that I' is a suitable relation on X? to X, we

define a generalized equivalence relation Q,r on X such that

Qer={(z,y) e X?: pz)=p(y)el(z,y)}.
Thus, by defining
d(z,y) i (z,y)€ Qyr,
d/w(aj> y) if (377 y) gé ngl“a

we can get a metric d,,r on X which includes the postman, radial and river metrics as

dp(pf‘(xa y) =

some very particular cases.
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For instance, the postman metric o can be immediately obtained from d,,r, by letting d

to be the Euclidean metric on X = C, and defining

X it r=y,
p(z) =0 and I'(z,y)=
{0} if x#vy.

for all x,y € X. While, to get the radial metric 3, we have to consider the relation T"
defined such that, for all =, y € X, we have I'(z, y) = X if =y, and

Nz,y)={z€eX: TJAeK: z=Xlz+(1-N)y} it z#y.

The latter relation I' can also be applied to a similar derivation of the river metric v by the

function ¢ defined such that ¢(z) = x; for all z € X.

1 Fixed points and equivalence relations
Notation 1.1 Let X be a set and ¢ be a function of X to itself. Define
A, ={zeX: ¢(x)=z}, B,={zeX: p(z)eA,},

Dy,={(z,z): z€A,}, E,={(z,y) € X?: o(x)=9¢(y)}.

Remark 1.2 Thus, A, and B, are the families of all fixed and idempotent points of ¢,

respectively.

Moreover, D, is the identity function of A, and E, is the equivalence relation on X

generated by ¢.

Remark 1.3 For the identity function Ay of X, we have

Ary = Ba, = X and Da, = Epn, = Ax.
Moreover, if A, = X, or equivalently D, = Ax, then we have ¢ = Ax.
Simple reformulations of the above definitions yield the following theorems.

Theorem 1.4 For any z,y € X, the following assertions are equivalent :

4) v=p(x), @) =0y, ey =y.
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Theorem 1.5 We have

(1) Bo=o¢ '[A ] ={zeX: ¢(z)=v(2)};
(2) D,=2A04,=A2NE,; 3) E,=¢ lop;
(4) ¢lA,] CA, Co[X]; (5) A,=A,NDB,.

Proof: By the corresponding definitions, for any x € X, we have

r€B, < ¢@)eA, = reyp '[A,],

r€B, < o) €A, <= ¢(p())=0p()

Therefore, (1) is true.

By the corresponding definitions, it is clear that D, = A, . Moreover, from Theorem 1.4,

we can see that
(z,y) e D, = (xz,y) GAZ, (z,y) € B, <= (z,y) EAZHESD.

Therefore, (2) is true. On the other hand, by the corresponding definitions, we also have

(z,9) € B, <= o(y) =¢(z) <= yep (o))

-1 1

= ye(p op)(r) &= (z,y)€p op.

Therefore, (3) is also true.
Furthermore, we can also easily see that
reA, = v=¢p(r) = xze€p[X],
€A, = pa)=1 = o(p@)=p@) =10 = () =0 = € A,
reA, = pr)=r = ¢(px) =p(r) = ¢(x)c A, = z€B,.
Hence, we can infer that
A, Cp[X], A, C X2 and plA,] C Ay, A, C B,.
Therefore, (4) and A, C A,2N B, is also true.
Now, to prove (5), it remains to note only that
reA,NB, = x€A,, v€B,
= ¢l@) ==, ¢(2)=9(@) = ¢@@)=1 = z€A4,,

and thus A,. N B, C A, is also true.
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2 Projections, involutions, and injections

Definition 2.1 In the sequel, we shall say that :

(1) ¢ is a projection if ¢©? = ¢;

(2) ¢ is an involution if ©? = Ax;

(3) ¢ is an injection if ¢ is injective.
Remark 2.2 Hence, it is clear that if ¢ is an involution, then ¢ is, in particular, also an
injection.
Namely, if =, y € X such that p(x) = ¢(y), then by the corresponding definitions we also
have x = ¢*(x) = p(p(z)) = v(e(y) = *(y) =y
Remark 2.3 Moreover, by the corresponding definitions, it is clear that the function ¢ is

simultaneously both a projection and an involution if and only if p = Ax.

Now, in addition to Remark 1.3 and Theorem 1.5, we can also easily establish the following

three theorems.
Theorem 2.4 The following assertions are equivalent :
(1) ¢ s an injection ; (2) ¢t is a function ; 3) B, = Ax.
Proof: If (z,y) € E,, then ¢(z) = ¢(y). Hence, if (1) holds, then we can infer that

r =1y, and thus (z,y) € Ax. Therefore, E, C Ax. Thus, by the reflexivity of E,, (3)
also holds.

The converse implication is even more obvious. Namely, if z, y € X such that p(z) = ¢(y),
then (z, y) € E,. Hence, if (3) holds, then we can infer that (z, y) € Ax, and thus z =y.
Therefore, (1) also holds.

Remark 2.5 If ¢ is an injection, then in addition to the above assertions we can also state
that A, = B, .

Namely, by Theorem 1.5, we always have A, C B,. Moreover, if z € B,,, then ¢(¢(z)) =
¢(z). Hence, by the injectivity of ¢, it follows that ¢(z) = =z, and thus = € A,.
Therefore, B, C A, , and thus the required equality is also true.

However, the equality A, = B, does not, in general, imply the injectivity of ¢.
Example 2.6 Namely, if for instance X = {0, 1,2, 3}, and ¢(0) =0, »(1) =2 and
©(2) = ¢(3) =1, then we have A, = B, = {0}, despite that ¢ is not injective.
Theorem 2.7 The following assertions are equivalent :

(1) ¢ is an involution ; (2) p=p71; (3) Apz = X .
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Proof: Now, to prove the equivalence of (1) and (3), it is enough to note only that, by
Remark 1.3, we have ¢? = Ay if and only if A,: = X.

Remark 2.8 If ¢ is an involution, then by Remarks 2.2, 2.5 and Theorem 2.4 we also have
A, =B, and E, = Ax.

However, the latter equalities do not, in general, imply that ¢ is an involution.

Example 2.9 Namely, if for instance X =R and ¢(z) =xz/(1+ |z|) for all z € X,
then it is clear that A, = B, = {0} . Moreover, it can be easily seen that ¢ is an injection
of X onto ] —1, 1] such that ¢~ '(y) = y/(1—|y]|) forall y €] — 1, 1[. Thus, by the

above theorems, £, = Ax, but ¢ is not an involution.

Theorem 2.10 The following assertions are equivalent :

(1) ¢ is a projection ; (2) X =B,; (3) A, =p[X].

Proof: By the corresponding definitions and Theorem 1.5, it is clear that

prl=p = VreX: ¢*z)=p(x)
<~ VrveX: z€B, <— XCB, < X=08,.

and

pr=p = VzeX: p(p() =0y
= VzeX: pr)eAd, < ¢[X]| CA, <<= A,=¢p[X].

Therefore, the required equivalences are also true.

Remark 2.11 If ¢ is a projection, then by Theorems 1.5 and 2.10 we also have A, =
A¢2ﬂB@:szﬂX:A@2.

However, the equality A, = A,2 does not, in general, imply that ¢ is a projection even if
® 1s injective.

Example 2.12 Namely, if for instance X and ¢ are as in Example 2.9, then it can be
easily seen that p?(z) =x/(1+2|z|) for all © € X. Therefore, A,2 = {0} also holds.

Remark 2.13 In this respect, it is also worth noticing that if in particular ¢ is an invo-
lution such that A, = A,2, then by Theorem 2.7 we also have A, = X. Therefore, by

Remark 1.3, ¢ = Ax. Thus, in particular ¢ is a projection.
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3 Weak partial pseudo-metrics specified by ¢

Definition 3.1 A function d of X2 to R is called a p-metric on X if for any z, y, z €

X we have
(1) d(z,y) =0;
(2) d(z, y)=d(y, z);
(3) d(z, z) < d(z, y) +d(y, z) —d(y, y);

(4) d(z,y) =0 if and only if (z,y) € D,.
Remark 3.2 A function d of X? to R satisfying conditions (1)-(3) has formerly been

called a weak partial pseudo-metric by Heckmann [6]. This is a straightforward generalization

of the partial metric of Matthews [11].

Now, a function d of X2 to R may be briefly called a partial metric on X if it is a weak

partial pseudo-metric on X such that
(1) d(z, z) < d(z,y) forall z,ye X

(2) d(z, x) =d(z,y) =d(y, y) implies = =y.
Remark 3.3 Non-zero self-distances were already considered in a 1985 thesis of Matthews.
And, the modified triangle inequality (3) was already suggested to Matthews by Wickers [21]
in 1987. However, the present definition of a partial metric was only first investigated in the

later works [11] and [12].

Partial metrics, being a minimal generalization of metrics allowing non-zero self-distances,
were motivated by experience from theoretical computer science. The interested reader
can get a rapid overview on the subject by consulting the works [13], [4] and [10], where

convincing illustrating examples are also given.

Now, analogously to Propositions 2.2 and 2.4 of Heckmann [6], we can also easily establish

the following two theorems.

Theorem 3.4 For any function d of X? to R, the following assertions are equivalent :
(1) d is a metric on X;
(2) d is a Ax-metric on X;
(3) d is a p—metric on X, for some ¢, such that d(z, ) =0 forall x € X.

Proof: Since Da, = Ax, it is clear that (1) <= (2) = (3). Moreover, if (3) holds, then

by Definition 3.1 (4) we can see that Ay C D, . Hence, since D, = A,_, it is clear that
A, = X. Therefore, ¢ = Ay, and thus (2) also holds.
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Theorem 3.5 If p is a ¢ metric on X, then for any =,y € X we have
(1) d(z, )+ d(y, y) < 2d(z, y);
(2) min{d(z, x), d(y, y)} < d(z, y);
(3) d(z,y) = %1)1(1 (d(z, z)+d(z,y) —d(z, 2)).

Proof: By Definition 3.1 (3) and (2), we have
d(z, z) < d(z, y) +d(y, ) —d(y, y) = 2d(z, y) —d(y, y),
and thus (1) is true. Hence, it is clear that either
d(z, z) < d(z, y) or d(y, y) <d(z, y).

Therefore, (2) also holds.

Finally, to prove (3), we need only note that, by Definition 3.1 (4), we have
d(.ﬁl}, y) < d(l’, ’Z) + d(Z, y) o d(Z, Z)

for all z € X. Moreover, we also have d(x,y) =d(x, y)+d(y, y) —d(y, y).

Remark 3.6 Note that the “small self-distances condition” in Remark 3.2 (1) can also be
reformulated by writing that
d(x,z)=min d(z, y)

yeX
for all x € X. Therefore, the interesting partial metric axioms are about minima.

Remark 3.7 However, the ultra-metric triangle inequality [20] says that
d(z, z) <max{d(z,y), d(y, 2)}

for all z, y, z € X. This is also called the non-Archimedean triangle inequality.

While, the famous four-point property |1| says that
d(z, y) +d(z, w) < max {d(z, z) + d(y, w), d(z, w)+d(y, 2) }

for all z, vy, z, w € X. This is closely related to the ultra-metric triangle inequality.

Note that, under the usual symmetry condition and the zero self-distances assumption,
“the ultra-metric triangle inequality” implies “the four-point property” implies “the ordinary

triangle inequality”.

Moreover, the ordinary triangle inequality is equivalent to the rectangle inequality which
says that
’d(l’, y) - d(Z, U)) | < d(l‘, Z) + d(yv ’LU)

for all z, y, z, w € X. There is a curious rectrangular inequality in |2] too.
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4 p-metrics derived from ordinary metrics by ¢

Notation 4.1 Let d and p be metrics on X and p[X], respectively. Moreover, for
any x,y € X, define

dog(z,y) = d(z, () + p(@(x), o(¥) +d(e(y), y) -

Remark 4.2 Thus, in particular, we have

dony (7, y) = d(z, 2) + p(z, y) + d(y, y) = p(z, y)
for all x, y € X. Therefore, doa, =p.
Our former definitions are mainly motivated by the following

Theorem 4.3 The function d,, is a @-metric on X such that:

(1> dpso($7 y) = p(SC, y) fOT' all Z, ye Ag&;

(2) dpp(z, z) =2d(z, ¢(z)) forall z€X.

Proof: By Notation 4.1, it is clear that d,, is a nonnegative, real-valued function of X?.
Moreover, if x, y € X, then by using the nonegativity and separating properties of d and

p, and Theorem 1.4, we can easily see that

dop(z,y) =0 <= d(z, o(x)) +p(e(x), o(y) +d(e(y),y) =0
— d(z, o(x) =0, p(e(), s@(y))=07 d(¢(y),y) =0
= r=p(), @) =9y, ¢y =y <<= (r,y)€ Dy,

Furthermore, by the symmetry properties of d and p, it is clear that

doo(y, ©) = d(y, (y)) + (W), () + d(p(z), z)
=d(e(), y) +p(e), oy )+d( ()
= d(z, p(2)) + p((@), 9(y) +d(0(y). y) = dpp(z, y)

for all z, y € X. Thus, d,, is also symmetric.

Moreover, if x € X, then by the symmetry of d, it is clear that

dopg(z, ) = d(z, p(2)) + p(p(2), o(2)) +d(p(z), ) = 2d(z, ¢(x)).
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Now, if x, y, z € X, then by using the triangle inequality for p and the symmetry of d,

we can easily see that

dpp(, 2) = ( o))+ p(e(x), ¢(2) +d(@(2), 2)
< d(z, p(x)) + (w(fv), (1) +r(e), ¢(2) +d(p(2), 2)
=d(z, p(2)) + p(e(@), p(v) +d(»(v), )
+d(y, e(y) + p(e(y), v(2) +d(w(2), 2) = 2d(y, (y))
=dpo (2, Y) + dpp(y, 2) — dpp(y, y) -

Thus, we have proved that d,, is a ¢—metric on X such that (2) holds.

Finally, if =, y € A,, then we can also easily see that
dpe(z, y) = d(z, p(2)) + p(0(2), 0(y)) +d(L(y), y)
=d(z, )+ p(x,y)+d(y, y) = p(z, y),

and thus (1) also holds.
From (1) in Theorem 4.3, by Theorem 2.10 and Remarks 2.5 and 2.8, it is clear that in

particular we have the following two corollaries.

Corollary 4.4 If in particular ¢ is a projection, then d,,(z,y) = p(z,y) for all
z, Y €p[X].

Corollary 4.5 If in particular ¢ is an injection (involution), then d,,(z, y) = p(z, y)
forall z,y e B,.

Notation 4.6 In the sequel, we shall simply write d, in place of d,, whenever p is
the restriction of d to ¢ [ X ]?2.

Remark 4.7 Thus, for any z, y € X, we have

do(z,y) =d(z, o(x)) +d(e(z), ¢(y) +d(e(y), y) .

Moreover, Theorem 4.3 and Corollaries 4.4 and 4.5 can also be specialized to d.,.

5 Some further properties of the derived ¢p—metrics

The following two theorems will show that d,, is, in general, only a weak partial pseudo-

metric on X.

Theorem 5.1 For any x, y € X, the following assertions are equivalent :
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(1> dﬂ@(xv x) S dﬂw(xv y) ;
(2) d(z, p(z)) —d(y, ¢(y) < p(p(2), (y)) -

Proof: By Theorem 4.3 (2) and Notation 4.1, we have

dpo (7, ¥) < dpy(, y)
= 2d(z, (x)) < d(z, o(2)) + p(e(z), o(¥) +d(e(y), v)
= d(z, ¢(z)) —d(y, ¢(v) < p(p(x), ¢(y)) -

Hence, by the symmetries of d,, and p, we can immediately derive

Corollary 5.2 The following assertions are equivalent :
(1) dyy(z, x) < dyp(x,y) forall z,yeX;
2) |d(z, o(@) —d(y. ¢(v) | < p(e(2), ¢(y) foral z, yeX.
Theorem 5.3 For any =, y € X, the following assertions are equivalent :
(1) dpe(z, 2) = dpp(, y) = dpe(y, y) ;
(2) (@) =¢(y) and d(z, p(z)) =d(y. ¥(y)).

Proof: Quite similarly, as in the proof of Theorem 5.1, we can see that

dpo(, ¥) = dpp (2, y) = dpp(y, y)
—= p(e(), p(y) =d(z, p(x)) —d(y, ¢(y)) =0
= @)=y, dz, o) =d(y, ¢y)).

Hence, it is clear that in particular we also have

Corollary 5.4  Ifin particular ¢ is an injection, then d,,(z,1) = d,u(2,y) = dpy(y,y)

mmplies x =y .

Remark 5.5 Thus, if ¢ is an injection, then by Theorem 4.3 and Corollary 5.4 d,, is a

weak partial metric on X in the sense of Heckmann [6].

The following example shows that d, need not be a partial metric even if in particular ¢ is

an involution on X.
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Example 5.6 If for instance X = C, ¢(z) =z for all 2 € X, and d is the Euclidean

metric on X, then ¢ is an involution on X such that

d(p(1), (i) = |1 = (=i)| = V2
<2=||1=1| —=|i—(=i)|| = [d(1, (1)) = d(i, ¢()) | .

Thus, by Remark 5.5 and Corollary 5.2, d, is a weak partial metric, but not a partial metric
on X.

In addition Theorem 4.3, we can also easily prove the following

Theorem 5.7 If in particular d(u, v) < p(u, v) for all u,v € p[X], then for any
x,y € X we have

(1) d(z, y) < dpe(, y); (2) dpp(, 2) < dpy(, y) +d(z, y) -

Proof: By using the triangle inequality for d and the assumption of the theorem, we can

easily see that

d(z,y) < d(z, p(x)) +d(e(z), y)
<d(z, p(x)) +d(e(x), o) +d(ey), y)
< d(z, o(x)) + p(e(x), e(v) +d(e(y), y)=dyu(z, y).

Moreover, by using Theorem 4.3 (2), the symmetry of d, the triangle inequality for d, and

the assumption of the theorem, we can also easily see that

= d,w(x, y)+d(x, y).

From this theorem, according to Notation 4.6, we can immediately derive

Corollary 5.8 For any any =,y € X we have

(1> d(x, y) < dw(l’, y)i <2> dw(x, I) < d@(x, y) + d(% y)‘
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6 p—dominated, p—equivalence relations
Definition 6.1 A relation Q on X is called ¢-transitive if

(v,y) €@, (y,2)€Q, yeA, = (z,2)€Q.

Remark 6.2 Note that thus every transitive relation ) on X is, in particular, p-transitive.

Moreover, if in particular A, = (), then every @—transitive relation @ on X is already

transitive.

While, if in particular A, = X, or equivalently ¢ = Ax, then every relation ) on X is

p—transitive.

By using the composition and box products of relations, we can easily establish some concise

characterizations of —transitive relations.

Definition 6.3 For any two relations F and G on X, the relation F X G on X2,
defined such that
(FRG)(z,y) = F(z) x G(y)

for all =, y € X, is called the box product of the relations F' and G.

Remark 6.4 Note that, in contrast to the composition, the box product of two relations

can be easily extended to arbitrary family of relations.

However, in the sequel we shall only need the box product of two relations which is closely

related to the composition of relations by the following

Lemma 6.5 If F and G are relations on X, then for any A C X? we have

(FRG)[A]=GoAoF™"

Proof: If (z, w) € (FRG)[A], then by the corresponding definitions there exists (z, y) €
A such that (2, w) € (FRG)(z,y), and thus (z, w) € F(z) x G(y). Hence, we can
infer that z € F(z) and w € G(y), and thus (z,2) € F and (y, w) € G. Now, by
using that (z, z) € F~! and (z,y) € A, we can see that (z,y) € Ao F~!. Hence, by
using that (y, w) € G, we can already see that (z, w) € Go (Ao F~'). This shows that
(FRG)[A] CGo(AoF™).

The converse inclusion can be proved quite similarly. Hence, by the associativity of the

composition, it is clear that the required equality can also be stated.



Derived metrics 103

Remark 6.6 From the above lemma, we can immediately infer that
(FRG)(z,y)=Go{(z,y) o F !
for all =, y € X. Moreover, by taking F~! in place of F', we can also see that
GoF=GoAxoF=(F'RG)[Ax].
Therefore, the composition and the box products are actually equivalent tools.

However, it is now more important to note that, by using Lemma 6.5, we can also easily

prove the following

Theorem 6.7 For a relation Q on X, the following assertions are equivalent :

(1) Q is p-transitive ;

(2) QolAy0Q CQ; (3) (Q_ng)[AA;]CQ-
Proof: Note that

(7,2) € Q7' (W*xQy) = 2€Q7(y), 2€Q(y)

— yeQz), 2€Qy) = (r,y)eQ, (y,2)eq
for all z, y, z € X. Therefore, if (1) holds, then we have
(QT'RQ)(y, y) =Q ' (1)xQy) CQ
for all y € AZ. Hence, it is clear that
(Q'RQ)[Ax] = {(@'BQ)(y.y): yeA}cCQ,

and thus (3) also holds.

The converse implication (3) = (1) can be proved quite similarly. Moreover, by using

Lemma 6.5, we can see that

(Q_IXIQ) [Aac] =QoAy00Q.

Therefore, inclusions (2) and (3) are also equivalent.

Remark 6.8 Note that, under the notation ©, = XX A¢, we have
(Aaz0Q)(2) = Aug [Q(2)] = Q) N AL = Q(2) N Oy(2) = (QNO)()

for all x € X. Therefore, AAéo Q =QNO, isalso true.
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From Theorem 6.7, we can immediately get the nontrivial part of the following
Corollary 6.9 For a relation Q on X, the following assertions are equivalent :

(1) Q is transitive ;

(2) QoQ C@Q; (3) (QT'MQ)[Ax] CQ.

Proof: If X is not a singleton, then by the Axiom of Choice there exists a function ¢ of
X to itself such that p(z) € X\ {z} for all z € X, and thus A, = (. Therefore, Theorem
6.7 can be applied.

While, if in particular X is a singleton, then Qo = 0 and @, = X? are the only relations
on X. Moreover, these two extreme relations trivially satisfy conditions (1)-(3) even if X

is not a singleton.

Definition 6.10 A tolerance (reflexive and symmetric) relation @ on X is called a
p—equivalence if it is p—transitive.
Remark 6.11 Quite similarly, an intolerance (reflexive and antisymmetric) relation @ on

X may be called a -partial order if it is (-transitive.

In the sequel, we shall also need the following

Definition 6.12 A relation Q on X is called ¢-dominated if Q C E,. (That is,
(z, y) € Q implies »(z) =¢(y).)
Remark 6.13 Note that if in particular ¢ is injective or equivalently £, = Ax, then

Ax is the only ¢—dominated reflexive relation on X.

Moreover, note that Ax is actually an equivalence relation on X such that Ax C E,.
Thus, in particular, it is a ¢—dominated p—equivalence relation on X for any function ¢ of
X to itself.

7 A metric derived from d and d,, by Q

Notation 7.1 In addition to Notation1.1 and 4.1, assume now that Q is a p—dominated,

p—equivalence relation on X.

Moreover, for any z,y € X, define

dpsoQ(377 y) =
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Remark 7.2 Note that if in particular ¢ = Ay, then by Remarks 4.2 and 6.13 we have
d,, =p and @ = Ax.

Therefore, in this particular case, d,,q(z, y) =d(z, y) for (z,y) € Ax and d,,o(z, y) =
p(x,y) for (z,y) ¢ Ax. Hence, since d(z,y) =0 = p(x,y) if (x,y) € Ax, we can
already see that d,,qo = p.

Our former definitions are mainly motivated by the following
Theorem 7.3 The function d,,q is a metric on X such that

(1) dppola, y) = pla, y) forall z,yeA,;

(2) d(z,y) < dypq(z,y) foral x,ye X whenever d(u,v) < p(u,v) for all
u,vep[X].

Proof: For the sake of brevity, define 6 =d,, and 0 =d,,o. Then by the corresponding

definitions, for any x, y € X, we have

d(z,y) if (z,y)€Q,

o(z,y)= _
o(z,y) if (z,9)¢Q,

with
6(z,y)=d(z, o(x))+p(e(x), ey) +d(e(y), y)

Moreover, by Theorems 4.3, 1.4 and 5.7, § is a symmetric, nonnegative, real-valued function

of X?, satisfying the triangle inequality, such that
(a) d(z,y) =p(x,y) forall z,ye A,;
(b) d(z, y) =0 is equivalent to = = p(z) =p(y) =y forall =, y € X,
(c) d(x,y) < d(x,y) forall z, y € X whenever d(u, v) < p(u, v) forall u, v e p[X].

Now, from the definition of o, it is clear that o is a nonnegative, real-valued function of
X 2. Moreover, if x € X, then from the reflexivity of Q we can at once see that (z,z) € Q,
and thus o(z, z) =d(z,z) =0.

On the other hand, if z, y € X such that o(z, y) = 0, then in the case (z, y) € Q we
can see that d(z,y) = o(z, y) =0, and thus x = y. While, in the case (z,y) ¢ Q we
can see that d(x, y) =o(x, y) =0, and thus = = y. Therefore, o(z, y) = 0 if and only
if r=y.

Moreover, if x, y € X, then in the case (z,y) € @) we can see that (y, x) € @, and
thus o(x, y) = d(z, y) = d(y, ) = o(y, ). While, in the case (z, y) ¢ @ we can see
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that (y, z) ¢ @, and thus o(z, y) = dé(x,y) = §(y, ) = o(y, ). Therefore, o is also

symmetric function of X?2.

On the other hand, if z, y € A,, then in the case (z,y) € E,, we can see that z =

¢(x) = ¢(y) = y. Hence, by the reflexivity of @, it follows that (z,y) € Q. Therefore,
o(z,y) =d(z,y) =0=p(x, y) because of x = y. While, in the case (z,y) ¢ E,, we
can see that (z, y) ¢ Q. Therefore, o(z, y) =9d(z, y) = p(x, y) is also true by (a). This
proves (1).

Moreover, if d(u, v) < p(u, v) for all u, v € @[ X ], then by (c¢) we have d(z, y) < (z, y)
for all =,y € X. Hence, since o(x,y) is either d(z,y) or o6(z,y), it is clear that
o(x,y) <d(z,y) also holds for all z, y € X. Therefore, (2) is also true.

Now, to complete the proof, it remains only to prove that o also satisfies the triangle
inequality. This nontrivial fact will be proved in the next section by considering several

cases.

From (1) in Theorem 7.3, by Theorem 2.10 and Remarks 2.5 and 2.8, it is clear that in

particular we have the following two corollaries.

Corollary 7.4 If in particular o is a projection, then d,,q(x,y) = p(z,y) for all
z, Yy €p[X].

Corollary 7.5 Ifin particular ¢ is an injection (involution), then d,,q(x, y) = p(z, y)
forall z,y € B,.

Notation 7.6 In the sequel, analogously to Notation 4.6, we shall simply write dyg in
place of d,,q whenever p is the restriction of d to p[X]?.

Remark 7.7 Thus, for any x, y € X, we have

d(z,y) if (z,y)€@,
Moreover, Theorem 7.3 can be specialized in the following form.

Theorem 7.8 The function d,q is a metric on X such that

(1) deq(x,y) = p(x, y) forall z,yc A,;

(2) d(z,y) < dyg(z,y) foral z,yeX.
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8 The proof of the triangle inequality for o0 = d .

To complete the proof of Theorem 7.3, it has remained to show that, for any z, y, z € X,
we have

o(z,2)<o(z,y)+o(y,2).
For this, according to definition of o and the positions of the points (z, z),(z, y) and

(y, z) with respect to @), we have to consider several cases.

Note that if each of the above tree points is in ), then by the definition of ¢ and the

triangle inequality for d we evidently have
o(z,2) =d(z, z) < d(z, y) +d(y, z) =0 (z,y) + 0oy, 2).

While, if none of the above three points is in (), then by the definition of ¢ and the triangle

inequality for 6 we evidently have
o(x, z) =6(z, z) <0(x, y) +6(y, z2) =0 (z,y) +o(y, 2).

Assume now that (z, z) ¢ @, but (z, y), (v, 2) € Q. Then, by Q C E, and the definition
of E,, we have ¢(z) = ¢(y) = ¢(z). Moreover, by the ¢-transitivity of ), we also have
y ¢ Ag . Therefore, by the definition of A, , we have ¢(y) =y, and thus also p(z) =y
and ¢(z) =y. Hence, by the definitions of o and § and the zero self-distance property of
p, it is clear that

o(z,z)=0(x, z) =d(z, p(x) + p(e(2), (2) +d(p(2), z)
=d(z,y)+p(y,y)+dy, z)=d(z,y) +d(y, z) =0(z,y) + oy, 2).

Therefore, instead of the required inequality, the corresponding equality is also true.

Next, assume that (z, 2) € Q, (z,y) ¢ Q, but (y, 2) € Q. Then, by Q C E, and the
definition of E

@
@, we also have (2, y) € Q). Hence, by the @-transitivity of @Q, it is clear that 2z ¢ A¢.

we have ¢(z) = ¢(z) and ¢(y) = ¢(z). Moreover, by the symmetry of

Therefore, by the definition of A,, we have ¢(z) = z, and thus also ¢(z) = 2z and
©(y) = z. Now, by the definitions of ¢ and §, and the zero self-distance property of p

and the symmetry of d, we can see that

oz, y)=06(x,y)=d(z, o(x) +p(e(@), o(y) +d (o), y)
:d(xv Z)+p(2, Z) + d<za y) = d(xv Z)+d(y7 Z) = 0-(377 Z)+0’(y, 2)7

and hence

0'(33‘, Z) = O'(l’, y) - U(ya Z) = O'(J], y) + J(y7 Z) - 2U(y7 Z)
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Therefore, by the nonnegativity of o, the required inequality is also true.

Quite similarly, if (z, z), (z,y) € Q, but (y, 2) ¢ @, then by @ C E, and the definition
of E, we can see that ¢(z) = ¢(2) and ¢(x) = ¢(y). Moreover, by the symmetry of
@, we also have (y, v) € Q. Hence, by the p-transitivity of @, it is clear that = ¢ AZ.
Therefore, by the definition of A,, we have ¢(z) = =z, and thus also ¢(y) = = and
¢(z) = x. Now, by the definitions of o and ¢, and the symmetry of d and the zero

self-distance property of p, we can see that
oy, z) =0(y. 2) =d(y, ¢(v) + p((y). v(2)) +d(0(2), 2)
=d(y,x)+p(x,z)+d(z, z)=d(z,y)+d(z, 2) =0(z,y)+o(x, z),

and hence

O-(Iv Z) = U(y7 Z) - O'(ZE, y) = 0'(177 y) + U(yv Z) _20-(1:7 y)

Therefore, by the nonnegativity of ¢, the required inequality is also true.

To continue the proof, assume now that (z, z), (z,y) ¢ @, but (y, z) € Q. Then, by
@ C E, and the definition of E,, we have ¢(y) = ¢(z). Moreover, by the definitions of

o and 0, and the triangle inequality for d, we can see that

o(@,2) =0d(z, z) =d(z, o(x)) + p (p(z), 0(2)) + d(e(2), 2)

=60(z,y)+d(y, z)=o(z,y)+o(y, z).

Therefore, the required inequality is again true.

Quite similarly, if (z, 2) ¢ Q, (z,y) € @, but (y, z) ¢ @, then by Q@ C E, and the
definition of E, we have ¢(x) = ¢(y). Moreover, by the definitions of ¢ and d, and the

triangle inequality for d, we can see that

7(@, 2) = 8(3, ) = d(z, $(0)) + 9 (9(2), $(2)) +d (9(2), 2)
=d(z, o(y) +p (o). v(2) +d(¢(2), 2)
<d(z,y)+d(y, () ++p(0y), v(2)) +d(¢(2), 2)

=d(x,y)+ 6y, 2)=0(z,y)+o(y, 2).

Therefore, the required inequality is again true.

Finally, to complete the proof, assume now that (z, z) € @, but (z, y) ¢ Q and (y, z) ¢ Q.
Then, by @ C E, and the definition of E,, we have ¢(z) = ¢(z). Moreover, by the
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definitions of ¢ and ¢, the zero self-distance property of p, the triangle inequality for d

and p, and the nonnegativity of d, we can see that

Therefore, the required inequality is again true.

9 Collinearity-like relations

To construct p—dominated, ¢—equivalence relations on X, we shall need the following

assumptions.

Notation 9.1 Suppose that T is a relation on X? to X such that, for any x,y, z € X,

we have

(2) (2, y) =T(y, z);

(3) I'(z,y)NT(y,z)N{y}* C I'(x,z).
Remark 9.2 Note that, to guarantee property (2), it is enough to assume only that
D(z,y)CT(y,z) forall z,y € X with x #y.

Remark 9.3 While, to guarantee property (3), it is enough to assume only that w €
[(z,y) and w € I'(y, 2z) imply w € I'(z, z) for all =, y, z € X with x # vy, y # z and

y#Fw.
Namely, if 2 =y, then w € I'(y, z) already implies that w € T'(x, z). While, if y = z,
then w € I'(z,y) already implies that w € I'(x, z).

Remark 9.4 Moreover, it is also worth noticing that if (1) is already assumed, then we

may also suppose that = # z.
Namely, if x = z, then by (1) we have I'(z, z) = X, and thus w € I'(z, z) trivially holds.

Definition 9.5 If I'is as in Notation 9.1, then we say that I is a pre-collinearity relation
for X.

While, if T'is a pre-collinearity relation for X such that for any z, y, z € X
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(4) zel(z,y) = zel(y, 2),
then we say that I'is a collinearity relation for X.

Remark 9.6 Note that, if (1) is already assumed, then to guarantee (4) it is enough to
suppose only that z € ['(x,y) implies =z € I'(y, z) for all z, y, 2 € X with y # 2.

Namely, if y = z, then by (1) we have I'(y, z) = X, and thus = € I'(y, z) trivially holds.

Remark 9.7 Wihile, if (1), (2) and (4) are already assumed, then to guarantee (3) it is
enough to suppose only that w € I'(z, y) and w € I'(y, z) imply w € I'(z, z) for any
four, pairwise distinct points z, v, 2z and w of X.

Namely, if x = w, then by (1) we have I'(w, ) = X, and thus z € ['(w, =) trivially
holds. Hence, by (4), it follows that w € I'(x, z). While, if z = w, then by (1) we have
I(w, z) = X, and thus x € I'(w, z) trivially holds. Hence, by (4) and (2), it follows that
wel(z,z)=T(x, 2).

Remark 9.8 In connection with hypothesis (4), it is also worth noticing that if z €
[(z, y), then by (2) we also have z € T'(y, ). Hence, by (4), we can infer that y € I'(z, 2).
Thus, by (2), the inclusion y € I'(z, ) also holds.

Example 9.9 Forany =, y € X, define I'(z, y) = X. Then, I'is a collinearity relation
for X such that instead of property (3) we actually have I'(z,y) N T'(y,z) = ['(z, z) for
all z,y, z € X.

Example 9.10 Let 0 be a fixed element of X, and for any z, y € X define

X it =y,

Iz, y) =
(%) {0} if x#y.

Then, T'is a pre-collinearity relation on X such that instead of property (3) we actually
have I'(z,y)NT(y,z) C I'(z,z) forall z,y, z € X.

Proof: Now, properties (1) and (2) are trivially satisfied. Moreover, if w € I'(x,y) and
w € I'(y, z), then we can easily see that w € I'(x, z).

Namely, if w # 0, then w € {0}¢ C I'(z, z). While, if w =0, then w € I'(z,y) and
w € I'(y, z) imply that © = y and y = z. Hence, it follows that that x = z, and thus
['(z, z) = X. Therefore, w € I'(x, z) trivially holds.

Remark 9.11 Note that now we actually have I'(z, y)NI'(y, z) = ['(z, z) for any three,

pairwise distinct points x, y and z of X.

However, if for instance x, y € X such that x # y, then in contrast to Example 9.9 we
have I'(z, y)NT'(y, ) ={0}°# X =T'(x, z).
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Remark 9.12 Moreover, it is also worth noticing that if y, z € {0}¢ such that y # z,
then z € {0}¢=T(0,y), but 0¢ {0} =TIy, z).

Therefore, in contrast to Example 9.9 and our forthcoming examples, the relation I' consid-

ered in Example 9.10 is not, in general, a collinearity relation for X.

10 Two more natural examples for collinearity relations
Example 10.1 For any z, y € X, define

X it =y,

F(‘Iv ):
N P ST

Then, I' is collinearity relation for X.

Proof: Properties 9.1 (1) and (2) are again trivially satisfied. Moreover, if w € I'(z, y)
and w € I'(y, z) such that x # vy, y # z and y # w, then we can note that w = z and
w = z. Hence, it follows that x = z, and thus I'(x, z) = X . Therefore, w € I'(z, 2)
trivially holds. Hence, by Remark 9.3, we can see that 9.1 (3) also holds.

Finally, to prove property 9.5(4), we can note that if x =y, then x € {y, 2} C I'(y, 2).
While, if x # y, then z € I'(z, y), with z # y, implies that z = x. Therefore, = €
{y, 2z} ='(y, z). Thus, by Remark 9.6, property 9.5 (4) also holds.

Remark 10.2 Note that if x, y and z are pairwise distinct points of X, then
ye{z, yt=T(z,y) and ye{y, 2} =T(y, 2), but y¢{z, 2} =T(z, 2).

Therefore, in contrast to Example 9.9 and Remark 9.11, we now have I'(z, y) NI'(y, z) ¢
I(x, 2).

Example 10.3 Let X be a vector space over K, and for any z,y € X, define
I'(z,z)=X if 2=y, and

Mz,y)={zeX: FAXe€K: z=Xlz+(1-X)y} it x#y.
Then, I' is a collinearity relation for X .

Proof: If z € T'(z, y) such that x # y, then there exists A € K such that z = Az+(1-X\)y.
Hence, by taking g =1— X\, we can see that

z=(1-XNy+Ae=py+(l—p)z.

Therefore, z € I'(y, x) also holds. This shows that I'(z, y) C I'(y, ) whenever x # y.
Thus, by Remark 9.2, property 9.1 (2) also holds.
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Moreover, if A # 0, then by taking v =1 —1/\, we can see that
r=(1-1/XN)y+(1/N)z=vy+(1-v)=z.

Therefore, = € I'(y, z) . Now, to see that property 9.5 (4) also holds, it remains to note only
that if A =0, then z =y. Therefore, I'(y, z) = X, and thus = € I'(y, z) trivially holds.

Finally, to prove property 9.1 (3), note that if w € I'(xz,y) N I'(y, 2) N {y}¢, then
wel(z,y), w ey, z) and yFw.

Moreover, by Remarks 9.3 and 9.4, we may suppose that = # vy, y # z and = # z also
hold. Now, by the above assumptions, we can state that there exist A\, p € K such that

w=Ax+(1=X\)y and w=py+(1l—p)z

Hence, by using that y # w and z # z, we can infer that A 20 and A+ pu # 1.

Namely, if A+ =1, then we also have
w=(1-XNy+Az, andthus Az+(1-XN)y=(1-N)y+Az.

Hence, we can infer that A\x = Az, and thus x = 2z since A\ # 0. And this contradicts the

assumption that x # z.

From the above equations on w, we can also infer that
pw=Apr+(1-X\)py and (1=AMw=(1=-X)py+(1=A)(1—p)=z,
and thus
(A+p—1w=pw—(1=-Nw=Apz—(1=-A)(1—-p)z=N+pu—-1-Ap)z.
Hence, since A + 1 # 1, we can already see that
w:#m + (1—#)2

Therefore, w € I'(x, z), and thus property 9.5 (4) also holds.

Remark 10.4 Note that if in particular X = K, then for any x, y, z € X, with x # vy,

we have
z z—ym+<1_z—y>y
r—y T —y

Therefore, in this particular case I'(x, y) = X also holds for all z, y € X with = #y.
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Remark 10.5 However, if in particular X = C and K =R, then we have
1=0-0+(1-0)1, l=1-1+(1-1)1, and  1#X0+(1—-X)4
for all A € K. Therefore,
1€T(0,1), 1€T(1,4), but 1¢I(0,4).

Thus, in contrast to Example 9.10 and Remark 9.11, we now have I'(0, 1)NI'(1,7) ¢ T°(0, 7).
This show that the set {y}¢ cannot be omitted from assumption 9.1 (3).

11 A ¢p—dominated, ¢-equivalence defined by ¢ and I
Notation 11.1 Define
Qer={(z,y) € By: p(x)el(x,y)}.
Remark 11.2 Hence, because of T'(z, z) = X, it is clear that
(z,y) €Qayr <= =y, ze€l(z,y) <= z=y.

Therefore, in particular we have Qa,r = Ax.

Our former definitions have been mainly motivated by the following

Theorem 11.3 Q,r is a ¢-dominated, p—equivalence relation on X .

Proof: If x € X, then because of (z, z) € E, and ¢(z) € X =I'(z, ) we also have

(z, ) € Qur . Therefore, Q,r is also reflexive on X.

Moreover, if (z,y) € Q,r, then (z,y) € E, and ¢(z) € I'(xz,y). Hence, by the
symmetry of E, and I' and the definition of E,, we can see that (y,z) € E, and
o(y) = p(x) € I'(z, y) =T'(y, ) also hold. Therefore, (y, x) € Q,r, and thus Q,r is

also symmetric.

Now, since @), 1 is evidently ¢-dominated, it remains to prove only that @), is ¢-transitive
too. For this, assume that (z,y) € Qur, (y,2) € Qur and y € AL . Then, by the

corresponding definitions, we have

(r,y) € E,, plz)el(z,y) and (y,2)€L,, ¢y €l(y,2),

and moreover y # ¢(y). Hence, by the transitivity of E,, we can infer that (z, z) € E,.

Moreover, since ¢(x) = ¢(y) € T'(y, z) and ¢(x) = ¢(y) € {y}°, by using property
9.1(3) we can also infer that ¢(z) € I'(x, z). Therefore, (z, z) € Q,r also holds.
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Corollary 11.4 We have

(1) Qor = Ax U (Qwr \ AX) ;

(2) Qor\Ax = {(x, y)€ E,\Ax : p(x) € I'(x, y)}
Proof: By Theorem 11.3, we have Ay C Q,r, and thus

Q@F = AXL’l (Q@F\AX) .

Moreover, by the corresponding definitions, it is clear that

Qor \ Ax = {(L y) € E,: o(x) €z, y)}\AX

={(z,y) € E,\Ax: ¢(z) €T (z, y)}.

Corollary 11.5 If ¢ is an injection (involution), then Q,r = Ax .

Proof: By Notation 11.1 and Theorem 2.4 (Remark 2.8), we have Q,r C E, = Ax.
Therefore, Q,r\ Ax =0, and thus by Corollary 11.4 the required equality is also true.

Example 11.6 If in particular T is as in Example 9.9, then Q,r = E,. Namely, by

the corresponding definitions, we have
Qor={(z,y)e Ey,: ox)el(z,y)}={(z,y)eBE,: ¢x)eX}.
Example 11.7 If in particular I is as in Example 9.10, then
Qor = AxU{(z.y) € B\ Ax: o(2) £0}.

Namely, by the corresponding definitions, we have

Qor \Ax = {(z,y) € E,\Ax: ¢(x) €Tz, y)}
={(z,y) € E,\Ax: ¢(x)€{0}}.
Therefore, by Corollary 11.4, the required equality is also true.
Example 11.8 If in particular T is as in Example 10.1, then

Qor =AxU{(z,y) € E,\Ax: ¢(z)=2z or p(z)=y}.

Namely, by the corresponding definitions, we have

Qer\Ax ={(z,y) € E,: ¢(x)el(z,y)}
={(z,y) e BE,\Ax: o(z) e{z, y}}.

Therefore, by Corollary 11.4, the required equality is also true.
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Example 11.9 If in particular I is as in Example 10.3, then
Qor=AxU{(z,y) € E,\Ax: I AXeK: o@)=Az+(1-N)y}.
Namely, by the corresponding definitions, we have
Qor \Ax ={(z,y) € E,\Ax: ¢(z)el(z,y)}
={(z,y)€E,\Ax: FAXEK: px)=dz+(1-XN)y}.

Therefore, by Corollary 11.4, the required equality is also true.

Remark 11.10 Note that in the statements of above examples, we may simply write F,

in place E,\ Ax .

12 Metrics derived from d and p by Q. r

Notation 12.1 Now, according to Theorem 11.3 and Notation 7.1, we define
dwF = dpso%r :

Remark 12.2 Thus, for any x, y € X, we have

d(137y) if (x7y)€Qth7

dyor (2, y) =
e T T

Moreover, in particular, by Theorem 11.3 and Remark 7.2, we have doa,r = p.

Furthermore, as an immediate consequence of Theorems 11.3 and 7.3, we can at once state

the following
Theorem 12.3 The function d,,r is a metric on X such that

(1) dpwr(x7y>:p(x7y) fO’f’ a’” I,yEA@;

(2) d(z,y) <dyor(z,y) forall x,ye X whenever d(u,v) < p(u,v)
for all u,vep[X].

Now, analogously to Corollaries 7.4 and 7.5, we can also state

Corollary 12.4 If in particular ¢ is a projection, then d,,r(z,y) = p(z,y) for all
z,y €p[X].

Corollary 12.5 Ifin particular ¢ is an injection (involution), then d,,r(z,y) = p(x,y)
forall z,y € B,.
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Notation 12.6 In the sequel, analogously to Notation 7.6, we shall simply write d,r

in place of d,,r whenever p is the restriction of d to ¢ [X ]2
Remark 12.7 Thus, for any x, y € X, we have

d(z,y) i (x,9)€ Qur,

dg@F Z, =
T ) i ) ¢ Qur.

Moreover, for instance, Theorem 12.3 can be specialized in the following form.

Theorem 12.8 The function d,r is a metric on X such that

(1> dﬂor(ma y) - p($7 y) for a’ll x,y € ASD;
(2) d(z,y) < dyr(x,y) foral z,yeX.

Notation 12.9 In the forthcoming illustrating examples, by specializing our former no-

tation, we shall assume that X = C and d is the Fuclidean metric on X.

Example 12.10 If ¢(x) =0 for all z € X, then it is clear that ¢ is a projection,
A,={0}, B,=X and D, = Ay, E,=X?.
Moreover, if x, y € X, then according to Notation 4.1 we can also easily see that
dpp(z, y) = d(z,0) 4+ p(0,0) +d(0, y) = |z| + |y].

Note that, by Theorem 4.3, d,, is a ¢-—metric on X. Thus, according to property 3.1(4),
we have d,,(z,y) =0 if and only if (x, y) € Af, i.e., =y = 0. But, in contrast to
property 3.1(3), the corresponding equality is also true.

Furthermore, if T is as in Example 9.10, then by Example 11.7, Remark 11.10 and the

definition of ¢ we have
Qor=AxU{(z,y)eX?®: 0#£0}=AxUD=Ax.

Now, if z, y € X, then by the above observations we can see that, according to Notation

12.1, we simply have

0 if =y,

dprF(x7y): .
2| + [yl if z#y.

Therefore, in the present particular case, d,,r is just the postman metric on X mentioned

in the Introduction.
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Remark 12.11 Note that if I' is as in Example 9.9, then by Example 11.6 we have Q,r =
E, = X?. Therefore, by Notation 12.1, we have d,,r(z, y) = d(z, y) for all z,y € X,
and thus d,,r = d.

Remark 12.12 While, if T' is as in Example 10.1, then by Example 11.8, Remark 11.10

and the definition of ¢ we have
Qor=AxU{(z,y)eX*: 0=z or 0=y} =AxU{0}xRURx{0}.
Therefore, by Notation 12.1, for any =, y € X we have

|z — vy if x=y or zy=0,

dpr(J;?y): .
lz| + |y| if x#y and xy#0.

Therefore, in the present particular case, d,,r is again the postman metric on X.

13 A similar derivation of the radial metric

Analogously to the above derivations of the postman metric, the identically zero function

can also be used to derive the radial metric.

Example 13.1 Suppose now that ¢ is as in Example 12.10, but I is as in Example
10.3 with K = R. Then, in addition to the corresponding statements of Example 12.10, by
Example 11.9, Remark 11.10 and the definition of ¢ we have

Qor=AxU{(z,y)eX?: FAeR: 0=rz+(1-N)y}.
Next, we show that, in the present particular case, we simply have
Q¢F:{<xay)€X2: (xg)QZO}

For this, note that, if (z, y) € Q,r, such that z # y, then there exists A € R such that
O0=Az+(1—X—1)y, and thus

Ar=(A—1)y.
Hence, if y # 0, then we can infer that A # 0, and thus
z=(1-1/A)y.

Now, by taking g =1—1/)\, we can also see that

ry=pyy=pnlyl?,
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and thus
(xg)2 =0 and  (zy)=p|yl*.
Thus, in particular (z, y) € Q,r implies (z¥), = 0 whenever z # y and y # 0. Moreover,

we can also note that

(xf)gz(|x|2)2:0 and (20)y=(20)2=0,=0
for all x € X. Therefore,
prc{(x,y)e)@: (a:g)on}.

To prove the converse inclusion, suppose now that x, y € X such that (zy); = 0. Now, if
y # 0, and thus |y| # 0, then by defining

p=(xg)h/ly|*,
we can see that
ry=(zgh =plyl*=nyy.
Hence, since gy # 0, we can infer that
T=puy.

Now, if = # y, and thus p # 1, then we can also see that

1 1 —
x+(1——)y:—uy+—uy:0.

1—pn 1—pn 1—pn 1—pu

Hence, we can already see that (z,y) € Q,r. Thus, in particular (z7), = 0 implies

(z,y) € Qur whenever x # y and y # 0. Moreover, by the reflexivity of Q,r and the
equality 0z = (0 —1)0, we can also note that

(z, ) € Qur and (z,0) € Qur

for all x € X. Therefore,

{(z,y) e X?: (2§)2=0}C Qyr,
and thus the required equality is also true.

Now, if z, y € X, then by the above observations we can see that, according to Notation

12.1, we simply have

|z =yl if (29)2=0,

dp¢F<x7y): .
[z + 1yl it (zg)2#0.
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Hence, by noticing that

(27)2=0 <= Ty —T11p=0 <= DY =29,
we can see that, in the present particular case, d,,r is just the radial metric on X mentioned

in the Introduction.

Remark 13.2 Here, it is also worth mentioning that if X = R? with an integral domain
R and

Q= {(377 y)eX?: xy :x2y1}7
then @ is a p—equivalence relation on X with ¢ = X x {0}.

Moreover, we have

Q((0,0)) =X, Q((s,0)) = Rx{0},
and

Q((s,t))={(u,v)eX: sv=tu}=t/s
forall s,t€ R with s #0.

Thus, in particular @ ((87 t )), with s,¢ € R and s # 0, is a maximal partial multiplier, and
so also a maximal partial homomorphism on R to itself. Moreover, the family Q [{0}°x R|
is the classical quotient field of R. (For some generalizations of the above ideas, see [15],

[19], and the references therein.)

14 A similar derivation of the river metrics

Now, in contrast to the derivations the postman and radial metrics, the identically zero

function has to be replaced by a non-constant one to derive the river metric.

Example 14.1 If ¢(x) = 2, for all x € X, then it is clear that ¢ is a projection,
A,=R, B,=X and Dy,=Ag, E,={(z,y)eX?: z1=y}.
Moreover, if z, y € X, then by Remark 4.7, we can also easily see that
do(z, y) = d(z, z1) + d(@y, y1) + d(yr, y) = [22] + [21 =00 | + |2].

Note that, by the corresponding particular case of Theorem 4.3, d, is a ¢-metric on X.
Thus, according to property 3.1(4), we have d,(z, y) =0 if and only if (z, y) € Ag, i.e,
r=yeR.
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Furthermore, if T' is as in Example 10.3, then by Example 11.9, Remark 11.10 and the
definition of ¢ we have
pr:AXU{(x,y)GXQ: r1=1vy, JANER: $1:/\ZE+(1—)\)y}.
Next, we show that, in the present particular case, we simply have
Q¢F=E¢:{($> y) e X*: $1=y1}-

For this, note that, by Notation 11.1, Q,r C FE, automatically holds. Moreover, if
(z,y) € E, such that z # y, then

r1 =1 and Ty F Yo .
Hence, by taking
\ = Yo
Yo — T2 7
we have not only
rr=Ax1+(1=X)y, but also O=Axo+ (1—=X)ys.

Therefore,

rp=Az+(1-XN)y,
and thus (z,y) € Q,r also holds. Hence, by the reflexivity of Q,r, it is clear that
E, C Qur, and thus the required equality is also true.

Now, if x, y € X, then by the above observations we can see that, according to Notation

12.6, we simply have

|29 — y2 | it =y,
dch(l‘a y) - .
|zo| + |1 —yi| + |yl i @1 # .
Therefore, in the present particular case, d,r is just the river metric on X mentioned in
the Introduction.

Remark 14.2 Note that if T is as in Example 9.9, then by Example 11.6 we also have

Q,r = L, . Therefore, by the above observations, d,r is again the river metric on X.

Remark 14.3 While, if T is as in Example 9.10, then by Example 11.7, Remark 11.10 and

the definition of ¢ we have
Q¢p:AXU{(x,y)EX2: T =Yy, x17é0}.
Therefore, by Notation 12.6, for any z, y € X we have
0 if =y,
d<pp(:v,y): |22 — yo | it o=y, T #0,
|zo| + |21 =y + |y i @ Fy or ;1 =0, z#£y.
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Remark 14.4 Moreover, if I' is as in Example 10.1, then by Example 11.8, Remark 11.10

and the definition of ¢ we have
Qor =AxU{(z,y) e X*: z=wy, z€R or yeR}.
Therefore, by Notation 12.6, for any z, y € X we have
0 if r=y,

der(z,y) = | 29 — Yo | if z1=vy, r€R or yeR,
|z2| + [z1 =y + |y i miFyporz,yé¢R, z#£y.

15 Some further illustrating examples
Example 15.1 If ¢(z) = for all z € X, then it is clear that ¢ is an involution,
=DB,=R and D, = Ag, E, =Ax.
Moreover, if z, y € X, then according to Remark 4.7 we can also easily see that
do(z, y) =z —2| + [2=g| + |y —y| =2[z2| + [z —y| + 2|02l

Note that, by the corresponding particular case of Theorem 4.3, d, is a (-metric on X.
Thus, according to property 3.1(4), we have d,(z, y) =0 if and only if (z, y) € Ag, i.e,
r=yeR.

Furthermore, by Corollary 11.5, we can now at once see that Q,r = Ax. Therefore, if
x,y € X, then by the above observations we can see that, according to Notation 12.6, we
simply have

0 it =y,

don(x7 y):
|z —y| + 2[z2| + 2]y, it z#y.

Example 15.2 If for all € X we have

0 if z=0,

Pl2) = o it 140,

then it is clear that ¢ is an involution,

AQDZB@:{—]WO,].} and D@:A{—I,O,l}a E«p:AX‘
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Moreover, according to Remark 4.7, we can also easily see that

d,(0,0)=10-0|+|0-0] +]0-0] =0,

1 1 21 1
dy(z, 0) = x——\+]——0\+|0—0|: 2" 1] ,
v v Ed E2
1 1 1 2_1
4p(0, 1) =10-0] +|0—=| + = —y| = — + ly* — 1
Y Y [y [y
and
d¢(x>y):‘x_—)+‘———‘+‘——y‘:’ |, lemwl Iy 1]
o Ty Y Ea |2y |y

for all z, y € X with £ #£0 and y # 0.

Note that, by the corresponding particular case of Theorem 4.3, d, is a ¢-metric on X.
Thus, according to property 3.1(4), we have dy(z, y) = 0 if and only if (z,y) € Af_1,0,1},
le, x=ye{-1,0,1}.

Furthermore, by Corollary 11.5, we can now at once see that Q,r = Ax. Therefore, if

x,y € X, then by the above observations we can see that, according to Notation 12.6, we

have
( 0 lf r=1v,
M) lf x%O, yZOJ
der(z, y) = !
2N ly?=1]+1 if =0 0
|y| 1 xr = ) y# ?
\|my—y\+\‘m;/y‘—z\+\$—y| it x#0, y#0, z#vy.

Example 15.3 If for all z € X we have p(x) =sgn(x), i.e.,

0 if z=0,
() = _
xf|x| if x#0,
then it is clear that ¢ is a projection,
A,={0}US, B,=X and D, = Agous,
where S={ze€ X: |z| =1}. Moreover, we can also easily see that

E,=AoyU{(z,rz): z€{0}°, r>0}.

Namely, for any =, y € X, we have

(z,y) € By <= ¢(2) =¢(y)
= (z=0, y=0) or (x#0, y#0, z/|z|=y/ly])
— (=0, y=0) or (2#0, y#0, y=rz with r=|y|/|z]).
— (sz, y:O) or (x%(), y=rz with r>0).
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Moreover, according to Remark 4.7, we can also easily see that

d,(0,0)=|0-0|+|0—-0|] +|0—-0| =0,

T T
dw(x,()):)x—m‘ +)m—0‘+|0—0| = ||x|—1‘ +1,

aa(0,9) =0 0] + [0 L]+ | Lo —y| =14 |Iy -1

)

and

L
v || lz| |yl |y |
|z |y|—|z|y]

EAN)

:Hx]—l’—k +||y|—l

)

for all z, y € X with £ # 0 and y #0.

Note that, by the corresponding particular case of Theorem 4.3, d, is a ¢-metric on X.
Thus, according to property 3.1(4), we have d,(z, y) = 0 if and only if (z, y) € Aqoyus,
i.e., =y and either y =0 or |y|=1.

Furthermore, if I' is as in Example 9.10, then by Example 11.7, Remark 11.10, and the
definition of ¢ we can see that

Q@F:AXU{(x,y)EEv : gp(m)#O}
=AxU{(z,rz): z€{0}° r>0}
=AyU{(z,rz): z€{0} r>0}=E,.
Namely, for some = € X, we have p(z) #0 <= x#0 <= =z € {0}°. Moreover, for
some z € {0}° and y € X, we have (z, y) € E, if and only if y = rx for some r > 0.

Now, if =, y € X, then by the above observations we can see that, according to Notation
12.6, we have dy,r(z, y)

(

0 it =0, y=0,
|z — vy if +#0, y/x>0,
— [z]—1] +1 if x#0, y=0,
|yl —1] +1 if =0, y#0,
\Hx|—1‘+%+“y\—l| if xzy#0, y/z#0.

Remark 15.4 Note that if T is as in Example 9.9, then by Example 11.6 we also have
Qeor = E,. Therefore, d,r is again as above. The case when I' is as in Example 10.1 or
10.3 is more difficult.
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Remark 15.5 In addition to Examples 13.1, 14.1 and 15.3, it would be useful to consider
the case when ¢ is the natural projection of the unit ball or square in X and I'is one of
the relations given in Examples 9.9, 9.10, 10.1 and 10.3.

Moreover, it would also be useful to find some further collinearity or pre-collinearity relations
for X . And to establish some additional axioms to the ones given in Section 9 in order that
we could get a relational characterization of the natural collinearity relation given in Example
10.3.
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