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MANFRED KRUPPEL

On the improper derivatives of Tagaki’s continuous
nowhere differentiable function

ABSTRACT. This note is a completion of [5] where it was investigated among other things
the improper derivatives of Takagi’s continuous nowhere differentiable function 7. We de-

termine all points x for which 7" has the one-sided improper derivatives 7" () = oo and
T () = 0.

KEY WORDS. Takagi’s continuous nowhere differentiable function, improper derivatives

1 Introduction

In 1903, T. Takagi [0] discovered an example of a continuous, nowhere differentiable function

that was simpler than a well-known example of K. Weierstrass. Takagi’s function 7" is defined
by

T()=Y A2%) e (1.1)

n=0

where A(y) = dist (y,Z) is a periodic function with period 1. The Takagi function was
rediscovered independently by others, e.g. Knopp in 1918, Van der Waerden in 1930 and
Hildebrandt in 1933, cf. [3].

It is known that T" does not have a finite one-sided derivative anywhere. But at each dyadic
rational point x = 7 there exist the right-hand improper derivative
T(x+h)—T(z)

Ti(w) = hl—igrlo h - el

and left-hand improper derivative

T(x+h)—T(x)

/ 7 —
(@) = mm h -
cf. [5]. Begle and Ayres [2] have investigated non-dyadic points = # 3% for which the

Takagi function (with the notation Hildebrandt function) does have an improper derivative

T'(z) = 400 or T'(x) = —oo. For given zx let [, and O, represent the number of 1’s and 0's
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among the first n terms in the dyadic expansion of z, and D,, = O,, — I,,. The claim of Begle
and Ayres reads: If lim D,, = 400 then 7"(x) = 400 and if lim D,, = —oo then 7"(z) = —oc.

But this cannot be true since in |5] is a counterexample, cf. Example 7.2.

The purpose of this paper is to determine all non-dyadic points x # % for which the
improper derivatives do exist. We consider the right-hand and left-hand improper derivatives
separately. In view of the symmetry T'(1 — x) = T'(x) it holds T" (z) = oo if and only if
T’ (1 —x) = Foo. Therefore we only investigate the case +o0o. The main results of this note

is that for non-dyadic x with the representation

xZZQL (1.2)

where 1 < ay < as < ... are integers, we have:

(i) Th(x)=00 <= D,—00 (n—00)
and

(i) T'(z)=00 <= 2Pmd 00 (n— 00)

where d,, = a, 41 — a,, (Proposition 3.1, Proposition 4.5 and Remark 4.6).
Since d,,27% is bounded and D,, — oo implies D,, — oo, from (i) and (ii) it follows

(i) T'(z) =00 <= 2Pt 500 (n— ).

Remark 1.1 It is remarkable that if 7" (x) = oo then also 17 (x) = oo but not conversely.
In Example 7.2 from |5] it was considered a point (1.2) where a1 > 4a,. Here T" (z) = oo
since D,, — oo, but in [5] it was shown that 7" (x) = oo does not be valid. Hence, the

condition in (ii) cannot be satisfied.

Remark 1.2 The condition in (iii) is satisfied if and only if D,, — oo and if e.g. d, is
bounded, but the condition also may be satisfied if d,, — oc.

Example 1.3 Take the point (1.2) with a, =14+2+...+n = w Then d, = n+1,
n(n—3)

5 and

D, =a,—2n=

2Dunﬁ — 2”(”—3)/277/ + 1 — 2(n2—5n—2)/2

2dn 2n+1 (n + 1) — 00

as n — 00. So by (iii) we have T"(z) = oo.

Remark 1.4 Let us mention that in (iii) the term D, cannot be replaced by D,. This

shows the Example 1.3 since in view of d,, = @ +1= % we have for k = a,,
n24+n+2
2Dkﬁ — gn(n—3)/2 +2 + _ n’+n+2 50
odp 2(n?+n+2)/2 92n+2

though 7"(x) = oc.
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2 Relations for Takagi’s function

In order to determine the improper derivatives we need some relations for the Takagi function.

It is known that T satisfies for 0 < x < 1 the following system of functional equations

T r 1 14+ 1—2z 1
T(E) = S+ 3T, T( . ) = ——+5T(@), (2.1)
cf. e.g. |4, |[5]. Moreover, for € N, k =0,1,...,2° — 1 and = € [0,1], the Takagi function
T satisfies the equations
k+ K\ 0—2s(k) 1

and

T(k_x) :T(£> p2k=D =6 g (2.3)

2¢ 2¢ 2¢
where s(k) denotes the binary sum-of-digit function which is the number of ones in the

binary representation of k, cf. |5, Proposition 2.1].

Note that for given x with the dyadic expansion

:1::0,51,52... (24)

we have for the difference D,, = O,, — I,, of the number of 0’s and 1’ in the first n terms of
(2.4)

n

D,=> (-1)%.

v=1
Besides of (2.4) we consider y = 0,172 ... with n, € {0,1}. It is known that if z and y are
different points in [0, 1] with &, =7, for v <n € N then

T(x)—T T(z,) — T(y,,
(@) =TW) _ |, Tla) = Tl) .
r—=1y Tpn — Yn
where z, = 0,&,411&12 .- and ¥y, = 0,1 1Mna2 - - -, cf. |5, Formula (5.3)]. Let us mention

that the index in Formula (5.3) is not correct.
The following estimate is already known for 0 < z < 3 from [5, Lemma 3.1].

Lemma 2.1 For0 <z <1 the Takagz iunction T S(ItiSﬁ@S the estimate
0gy — —T(x 0gy — + C .6
&2 r = 1082 X

with a positive constant ¢ < %

Proof: Since (2.6) is true for 0 < z < % we can assume that % < x < 1. By the first
relation in (2.1) we have T'(z) = 2T(%) — x and hence 1T(z) = 27(%£) — 1. In view of
log2§ =1+ log, 1 and 2 < % it follows that (2.6) is also true for % < 2 < 1. Thus, the

xT

lemma is proved. O
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3 Right-hand improper derivatives

First we investigate the existence of the right-hand improper derivative.

Proposition 3.1 The Takagi function T has at the non-dyadic point = the right-hand

improper derivative T' (x) = oo if and only if D,, — 00 as n — oo.

Proof: Since z is a non-dyadic point the expansion (2.4) contains infinitely ones and zeros.
Let y have the dyadic representation y = 7y, 7172 ... where n, =&, for v < n and 1,1 = 1,
&ni1 = 0 so that o <y < x + 27", We investigate the term

T(y) — T(x)
y—x

as n — oQ.

1. Assume T' (x) = oo. If we choose 1, = 1 — ¢, for v > n + 1, then y,, = 1 — x,, and by

(2.5) we have

=D,,. (3.1)
Since r <y < x + Qin it follows that 1% (x) = oo implies D,, — oo.
2. Suppose D,, — oo. By (2.5) we have

T(yn) B T(:Cn>
y—x Yn — Tp

where x, = 0,0§,42... and y, = 0,1n,42... so that 0 < x, < 5 and % <y, <1. We
consider two cases:

1

2.1 In case g < Yn < 1 we have y,, —x, > 3 and

T(y) = T(e) _ =3 _ 16

Yn — Tn % 3
2.21ncase%§yn§%weputyn:%withOgtSi. By(?.l)andT(t)ZQtforOStSi
14+¢ 1—¢t 1 141
1) =7 (0) =15 4 5T 2 1

and

T(y,) — T(z,) - 1+t —2T(x,)
For the derivative of the function
1+t—2T(xz,
1) = (&)
1+t— 2z,
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we have
(M4t —22,) — (1 +t—2T(x,)  2T(xzy,) — 2z,

) = (L4 f— 22,0 “Ott—am)y =

Hence, for 0 <t < % the function f(¢) is increasing and

T(yn) = T(xn)

1
Yn — Tn E—l’n

1

With h = 1 — 2x,, i.e. , = 5, we find in view of the symmetry of T with respect to 3

2
that

where we have used the second equation in (2.1). By Lemma 2.1

T(h) <1 1 n
——= <log, - +c¢

no= 0%
with ¢ < 2. Note that h = 1 — 2z, = 0,§, 58 3... With §, = 1 —&. If & = 1
for v =2,3,...,m and &, pmy1 = 0 then m > 2, h > 1/2™ and logQ% < m. Note that
m= I,y — I, and O,,,,, — O,, = 1 since &, = 0. Hence, D, ,,, — D, =1 —m and we get

T(yn) = T(wn)

Yn — Tp

D, +

>D,+1—m—c=D, ., —c

Both cases 2.1 and 2.2 together yield

T(y) =T
TW=T@) < ¢ b, + 0(1)
y—x k>n
which implies T (x) = oo since D,, — oo. O

4 Left-hand improper derivatives

The determining of the conditions for the existence of the left-hand improper derivative

T" (z) = oo is more complicated. We need some lemmas.

Lemma 4.1 Assume that x = % and y = % where k is an odd integer and 0 < r < 1,
0< h<1. Then we have
T(x) = T(y) oh  T(r) = T(h)

=D,
r—y +r—|—h+ r—+h

(4.1)
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Proof: According to equation (2.2) we have

1) =1 () =1 () + s L

and by equation (2.3)

T(y) =T (ﬂ) —T (2%) G2k =my gy

2m 2m 2m

Since k is an odd integer, we have s(k — 1) = s(k) — 1. It follows

— 2s(k 2h  T(r)—T(h
T(w) = T(y) = T=25W) (4 gy 20 TO) = T(R)
2m 2n 2m
and in view of z —y = (r + h)/2™ and D,,, = m — 2s(k) it follows (4.1). O

Assume that x is a non-dyadic point with the representation (1.2) so that

n o0

k., + r, a 1 an 1
r=t k=2 > 5 =2 > oI (4.2)
v=1 v=n-+1
and that . 3
y = "2: “ 0<h, <1 (4.3)

Note that r, > 0 since z is a non-dyadic point. Put d,, = a,,.1 — a,, then we have d,, > 1 and

 — 1 2
'n = dn Z 4y —an+1 < odn
v=n+1
and therefore .
d, — 1 <log, — < d,. (4.4)
T

n

Lemma 4.2 If h, > 0 then we put h, = 2'r, > 0 and it holds

T(z)-T(y) N 2" + 2d,

p— 5 o) (4.5)

fort <log, %

Proof: Because of r, > 0 and 0 < h,, < 1, cf. (4.3), we can write h,, = 2'r,, with ¢ < log, %

By Lemma 4.1 with m = a,

T(x)—T(y) 2h,, N T(r,) — T(hn)'

an

— D, —
r—Yy Tn + hn Tn + hn
Moreover the term 2h,,/(r, + h,) is bounded and the last term can be written in the form

T() - T(h) e T(w) e T(h)
Pw+hy  Tpth, T Tuth, hy
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By Lemma 2.1 and (4.4) we get

with a constant ¢ < %, ie.

1
—T(r,) =d,+e,
Tn

with |e,| < 1. For h,, = 2'r,, we have

1 1
log, = log, — — 1
r

n n

and as before

1
with |6,| < 2. So with h,, = 2'r,, we get
T(r,) —T(hy,) B 1 T(rp) 2t T(h,)
Tn 4 hy, 142t 7, 1+2t h,
= e — 2 (d—t+ )
- 1+ ot n En 1+ ot n n
14 2d, 1 ot
— 4 _ 5
L T T e s T

which yields (4.5). O

In view of (4.5) we want to estimate the minimum of the function

12+ 2d,

fnlt) = o (t € R). (4.6)

Lemma 4.3 For positive integer d the function f(t) = (¢2¢ + 2d)/(1 + 2') attains its
minimum exactly at one point t, = t.(d) where t,(d) < d—1. It holds

f(te) =logyd+ O(1). (4.7)

Proof: 1. Note that f(t) — 2d as t — —o0 and f(t) — +o00 as t — +o00. Moreover, for the

derivative
T (2! + £2'log 2)(1 + 2) — (12¢ + 2d)2' log 2

f/<t> = (1 + 2t)2

we have f'(t) = 0 if and only if

g(t) =1+2"+tlog2 — 2dlog?2

vanishes. Now ¢(t) is strictly increasing with ¢g(t) — —oc as t — —oo and g(t) — 400 as
t — 400 so that there is exactly one real number ¢, = t.(d) with g(t.) = 0.
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In order to show that t, < d — 1 we prove the inequality
gld—1)=1+2"" 4+ (d—1)log2 — 2dlog2 > 0

which is true for d = 1. Moreover g(d) — g(d — 1) = 2971 —log2 > 1 — log2 > 0 so that
indeed g(d — 1) > 0 for all d > 1. Consequently, ¢, < d — 1.

2. In order to show (4.7) we put 2'* = 7.d with suitable 7, = 7.(d). Then we have
g(t.) = 1+ 7.d + logy(7.d) log 2 — 2dlog2 = 0
so that 7, is a zero of the function
h(7,d) =1+ 7d + log(7d) — 2dlog 2.

We show that a < 7, < 2 where a = 2log2 — 1. Note that 0 < a < 1 and hence h(a,1) =
1+a+loga—2log2 =1loga < 0. Moreover

h(a,d+ 1) — h(a,d) = a+log(d+ 1) —logd — 2log2 < a —2log2 = —1
so that h(a,d) < 0 for all d > 1. On the other hand
h(2,d) =1+ 2d +1log2 + logd — 4log2 > 3 — 3log2 > 0

and it follows a < 7, < 2 since h(7,d) is strictly increasing with respect to 7.
Finally, with ¢, = log,(7.d) we get

(log, 7w + logy d)1ed + 2d

flt) = 1+ 7.d
Ted(logy 7 — 1) 2d
= log,d
082+ 1+ 7.d 1+ 7.d
where in view of a < 7, < 2 it holds

Ted(logy 7 — 1) 2d 2

~ 1 . — 1’ ~ —

1+ 7.d 0827 1+7.d T
as d — oo. This implies (4.7). O

Corollary 4.4 The function (4.6) attains its minimum ezactly at one point t, where
tn < d, —1 and it holds f,(t,) =logy d, + O(1), i.e.

———" >1logyd, + O(1).
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Proposition 4.5 The Takagi function has at the non-dyadic point x with the represen-
tation (1.2) the left-side improper derivative T' (x) = oo if and only if
D,, —d, +logyd, — oo (4.8)

as n — 0.

Proof: First we assume that x has the expansion (2.4). For given positive integer m let be
y = 0,mny ... a number with n, =&, for v <m, n,, =0, &, = 1 so that z — 21" <y < .

Again, we investigate the term

T(x) —T(y)
T —y
as m — 0o. Note that
k+r Ly N
T=—n k=2 Zg—w r=2 Z;
v=1 v=m+1
where 0 < r < 1 since x is not dyadic rational. In view of
<m‘1gy+ 1 k-1 1  k NG k-t
y— v 21/_ 2m 2m_2m y— v 2m
v=1 v=m+1 v=1

we have y = (k—h)/2™ with 0 < h < 1. Let a,, < m < a,41 then we get the representations
(4.2) and (4.3) where k,, = k/2™7% is an odd integer, r, = r/2™ % h, = h/2"" % and
m — oo if and only if n — oco.

In case h, = 0 we get by Lemma 4.1

@) =T _,, ., Tl
r—y " Tn

> D,,. (4.9)

In case h,, > 0 we put h,, = 2!»r, with t,, from Corollary 4.4 which is only possible if 2t» < 1.

But ¢, < d,, — 1 and in view of d,, — 1 < log, %, cf. (4.4), in fact 2!y, < 29~1p < 1. By

Lemma 4.2 and Corollary 4.4 we have
T(x)—-T
@) =TW) 5 p, —d, +logyd, + O() (4.10)

T —y
where we have equality if we choose y such that h, = 2'r, in (4.3). From (4.9) we see that
(4.10) is also valid in case h,, = 0 since —d,, + log, d,, < 0.

Now it is easy to finish the proof. If (4.8) is satisfied then by (4.10) we obtain 7" (x) = oc.
Conversely, if (4.8) fails then there is a strictly increasing sequence {n'} of integers so that
D, , —dy +1logyd,y — K < 00 asn’ — oo. We use (4.2), (4.3) both with n’ instead of n,
where we put h, = 2''r,,. Then by (4.10)

T(x) = T(y)

=Dy — dn’ + 10g2 dn’ + 0(1)
r—y
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so that

T(x)-T
liminfM < 0.
y—z— r—y

Thus, the proposition is proved. 0

Remark 4.6 The condition (4.8) can also be written as
dn

2Dan27n — 00 (4.11)
as in (ii) of the Introduction.
Remark 4.7 Note that D, = a,—2n — oo is equivalent to D,, — oco. It is enough to show
that D, — oo implies D,, — co. We assume that a,, < m < a,4; then O,, = m—n > a,—n,
I, = n so that D,, = O, — I, > a,, — 2n = D,, — oo. So (4.11) is satisfied if D,, — oo
and d,, is bounded. It follows that T"(z) = oo if D,, — oo and if the number of consecutive

zeros in the dyadic representation of = is bounded, cf. |5, Proposition 5.3|.

Acknowledgement. The author wishes to thank Kiko Kawamura for her hint to the note

[2] of Begle and Ayres.

Supplement. K. Kawamura and P. C. Allaart also have found the conditions for the exis-

tence of the improper derivatives of Takagi’s function, cf. [1].
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JURGEN ROSSMANN

Green’s matrix of the Stokes system in a convex poly-
hedron

ABSTRACT. The paper deals with the Dirichlet problem for the stationary Stokes system in
a convex three-dimensional polyhedron. The author proves Holder estimates for the elements

of Green’s matrix and their derivatives.

KEY WORDS. Stokes system, Green’s matrix

1 Introduction

The present paper is concerned with the Green matrix G(z,£) = (Gm-(:v,ﬁ))jj:l of the

boundary value problem

—Au+Vp=f, —-V-u=g in, (1)
u=0 on 0f, (2)

where  is a convex polyhedron in R3. It is well-known that the elements of the Green

matrix satisfy the estimate
(0507 G (2, )| < cla — g7 tnalel=l (3)

for arbitrary multi-indices o and § if the boundary of the domain  is smooth (of class
C*). For nonsmooth domains this result fails. If the domain €2 is of polyhedral type, then
the derivatives of the elements of the Green matrix can be estimated by a function which
depends not only on |z —¢| but also on the distances of z and £ from the vertices and edges of
the domain. Such estimates are given in papers of Maz’ya and Plamenevskil [5], Maz’ya and
Rossmann [6], Rossmann [%] (see also the monograph by Maz’ya and Rossmann [7]). Using
these estimates, it was shown in [8] and [7, Section 11.5] that (3) is satisfied for |a| <1—6;4

and |B] < 1—4;41if Q is a convex polyhedron. The goal of the present paper is to prove that
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the functions G; j(x, &) and their derivatives satisfy even a Holder estimate

1090/ G j(x,€) — 020]Gi5(y, €]
|z —yl°
S c (’x _ 5’—1—0’—5i14—5j74—|04‘—|ﬁ| + ‘y _ 6‘—1_0'_5i,4_6j,4_‘a|_‘ﬁ‘) (4)

for |a| <1—0;4 and |5] <1—9;4. Here o is a sufficiently small positive number depending
on the domain 2. For i # 4, the estimate (4) was proved in [¢] (see also |7, Section 11.5]).
However, the proof given in [%| does not work in the case i = 4. We modify here the proof
of the paper [3| and obtain the estimate (4) for i = 4. As a consequence of (4), also the

estimate
(020G ;(w,€) — 0205 ;(w, )
& —nl°
< (o — €71 g gt ®

holds for |af <1 =64, [B] £ 1 —0;4.

Analogous results were obtained for the Green function of the Laplace equation and some
other second order equations and systems including the Lamé system. In papers by Griiter,
Widman [2| and Fromm [!] it was shown that the Green function G(z,€¢) of the Laplace

equation satisfies the estimate
050G (x,€)| < clw — g7+

for |af, |8] < 1if Q is an arbitrary (not necessarily polyhedral) convex domain. For a wider
class of differential equations, we refer also to the paper by Kozlov [1]. Holder estimates for
the derivatives 8:‘58? G(x,&) of orders |a] < 1 and |8] < 1 were proved in |2] for domains with
C1? boundary and by Guzman, Leykekhman, Rossmann and Schatz [3] for convex domains
of polyhedral type. In |7, Subsection 5.1.5], one can find these estimates for a class of second
order differential equations and systems in convex polyhedral domains. Note that the Holder

estimates do not hold for general convex domains (see the counter-example in [2]).

2 The Green matrix for the Stokes system

Let Q be a bounded polyhedron in R3, the boundary 92 of which consists of the plane faces
', 7 =1,...,N, the edges My, k = 1,...,l, and the vertices M ., 2@, Throughout
this paper, we assume that €2 is convex. As is known, the boundary value problem (1), (2)
is solvable in W12(Q)3 x Ly(Q2) for arbitrary f € W=12(Q)? and g € Lo(Q) satisfying the

condition
/ g(z)dx = 0.
Q
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The solution (u, p) is unique up to vectors (0, ¢), where ¢ is a constant. Let ¢ be an infinitely

differentiable function in €2 which vanishes in a neighborhood of the edges such that

| ot@yaz -

G(x,§) = ( 05 (@, 5))” 1

is called Green’s matriz for the problem (1), (2) if the vector functions éj = (G1;,G2,,G5;)"

The matrix

and the function G4 ; are solutions of the problem

Gj(2,€) + V,Gaj(2,€) = 6(x — £) (61,025, 035)"  for z,£ € Q,
é (2,6 = (0(z— &) — ¢(x)) by forz,£€Q,
£)

Gi(z,6) =0 for x € 90, £ €

and G ; satisfies the condition

/ Gyj(z,6)p(x)de =0for £ €2, j=1,23,4.
Q

As was shown in [5] (see also [0, Theorem 4.5]), there exists a uniquely determined Green
matrix G(m €) such that the vector functions z — ((z,§) ( i(2,8), Guj(z,€)) belong to the

space W1’2(Q) X Ly(Q) for each £ € Q and for every infinitely differentiable function ¢(-, )
equal to zero in a neighborhood of the point x = £. Note that

Gi,j(‘ruf) = Gj,i(§7x) for 1:75 € Qa Za.] = 1727374- (6)

Remark 1 It is also possible (and perhaps even more natural) to define the columns

(éj, G4 ;) of the Green matrix as the unique solutions of the problem

—A G ) + VIG4J‘((L’7§) = (5([E — f) ((51,]', 527]', (537j)t for l’,g < Q,

i,
er i(2,8) = (6(z — &) — (mes(Q)) ") by  for z,£ € Q,

éj(m,f):o for x € 092, € € Q, /G47j(x,§)dx:()for§€§2,
Q

j=1,2,3,4. However, then the derivatives of the vector é4(-, ¢) with respect to the variable
x cannot be continuous on the edges for any & € ). The reason is that from the boundary
condition G4(-,€) = 0 on 90 it follows that V, - G4(-,€) = 0 on the edges M. This
contradicts the equation V- Gy(-, &) as, = (mes(€2))~" which follows from the Stokes system.
In particular, then the functions G4, G24, G54 cannot satisfy the Holder estimate (4) for
la| =1, 8=0.
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3 Point estimates for the elements of Green’s matrix

For every v = 1,...,d, let I, denote the set of all indices k such that the vertex z*) is an
endpoint of the edge Mj. Furthermore, let ¢, and V, be convex neighborhoods of the vertex
™). We assume that .
U,cVv, and |(Ju, >0
v=1

Moreover, we suppose that there exists a positive number ¢y such that

dist(U,, 0\V,) > gy and dist (VV, U Mk> > &

kgI,
for v = 1,...,d. In the sequel, A, and y' are certain real numbers which depend on the
domain €2,
1<A, <2, 1<y <2
More precisely, we define g/ = min(2,70;",...,76;"), where ) denotes the inner angle at

the edge M;. For every vertex ("), we denote by ), the greatest real number such that
the strip 1 < Re A < A, is free of eigenvalues of the operator pencil 2, () introduced in [,
Section 3| (see also [7, Subsection 11.1.2]). Then A, = min(}\,, 2).

The distance of the point = from the vertex x(*) is denoted by p,(z), the distance from the

edge My, by ri(x). Furthermore, let
r(z) = min (r1(z), ..., r(z)).

We will use in this paper the following estimates of Green’s matrix which are proved in |7, §].

First we consider the case, where z and ¢ lie in the neighborhood V, of the same vertex z*).

Lemma 1 1) Let 2,6 € QNV, and p,(§) < p,(x)/2. Then

min(0,4/~1—|a|—e) '—|8—
0208 G (3, €)| < ¢ py ()2 Avlole p, ()Mol (L@)) b (r@y ’

,OV(ZE Pv (5)
for j # 4 and

T(l’) ) min(0,p' —1—|a|—€)

|07 Gaal, €)] < epu(x) 7 (py(w)

Y

where € 1s an arbitrarily small positive number.
2) Let z,£ € QNYV, and p,(§) > 2p,(x). Then

¥ min(0,A, —1—|a|—¢)
020, G2, 6)| < cp, (&)l (%)
r(z) \min0w'-1-el=0) ( r(g) \wii-e
X( ) <pu(€)>
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for 7 £ 4 and
v —3—lef pu(x)\min0.Av—1-la|—e) 7 () \min(Ou'~1-|a]-¢)
2:G1a(e, )] < epnl)” (pu(§)> (py(a:)>

Lemma 2 Letz,£ € QNV, and p,(2)/2 < p,(€) < 2p,(x). If |z — &| > min(r(z),r(£)),
then

«5Br _ i=2=8a—lal-lgl (@)
‘axafGZL,](Iaf” S C|IL’ €| <|ZE—€’

) min(0,p' —1—|a|—€)

for |8 <1—108;4. If |x — & < min(r(x),r(§)), then
050 G j(w,§)] < c|w— g2t
for all multi-indices o and f3.
In the next lemma, we consider the case, where x and ¢ lie in neighborhoods of different
vertices. Then by [, Theorem 4.3|, the following estimates hold.
Lemma 3 Suppose that p #v, x € QNU,, E€QNU,, EEV,. Then

. r\x
[020¢ Gy, €)] < e pu(ar) ™™ OMmIIN g ()71 (—( :

) min(0,u' —1—|a|—¢)
pu()

forj#4, 16| <1 and

109G 14(x,&)| < cppu(x)mmOAn=1=lol=e) <—T(I)

) min(0,u' —1—|a|—¢)
pu(T)

We also need some sharper estimates for the derivatives @8? Gy (2, &), where p = p(z) =

|z — x(”)]. If we apply Lemmas 1-3, we obtain upper bounds for these derivatives, where the

() ()
@ M g

appear with the negative exponent ;' —2 —e. Since the derivative 0, is tangent on the faces

factors

I'; adjacent to the vertex #(*) this exponent can be replaced by zero (cf. [0, Remark 4.2]
and |7, Remark 10.4.6]). In particular, the following assertions hold.

Lemma 4 1) Suppose that x,£ € QNYV, and |B| <1 — ;4. Then
10,00 G j(x, )] < ep ()M p, (N2 for p,(€) < pu(@)/2, § #4,
|0,Gaa(z,6)| < cpu(x)™ for p,(€) < pu(x)/2,

10,0 Gaj (2, )| < cpy (@) 727 p, (&) M7 for p, (&) > 2p, (x),

18,0Gi5(2,€)] < clir — €551 for p, ()2 < pu(€) < 200(2).
Q) Ifpu#v, zeQnNU, E€cQNU, EEV,, then
10,0¢ G (. €)| < cpulx)™ 27
for |B] <1—96;4.
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4 Holder estimates

Our goal is to prove that

100G j(@,€) — 9. Gaj(y, 9]
|z —yl°

< o(|o =gy — gy ()

for sufficiently small ¢ > 0, where ¢ is a constant independent of z and &.

Lemma 5 Let m be an arbitrary positive number, and let 0 < o < 1. Then the estimate
(7) is satisfied for |B] <1 —10;4, x,y,§ € Q, |v — & <ml|x —yl.

Proof: By (3),

L T et
<c
|z —y|° |z —y|°

S cem? |l’ . 5’—2—0’—5j74—|ﬁ\

for |z — &| < m|x — y|. Analogously,

aﬁGl i\&,
‘ 3 ’]( 5)‘ < C(TI’L + 1)0 |ZE . §|—2—a—5j,4—\5|
[z =yl
since |y — &| < (m 4+ 1)|z — y|. This proves the lemma. O

The last lemma allows us to restrict ourselves to the case |x — y| < 0|z — £|, where ¢ is
an arbitrary fixed positive number. We assume in the sequel that o is a positive number

satisfying the inequalities
o<p—1 and o<A,—1 forv=1,....d (8)

and show that 5 5
|00 Gy(,€) — 820Gy, )|

[z =yl
for z # y, |v —y| < dlx —&|, | <1—0;4. Here § is a sufficiently small positive number. We

< el — g2t Q)

may assume without loss of generality that x and y lie in the neighborhood U of the vertex
M and that (M coincides with the origin. In the subsequent three lemmas, we assume
moreover that there exists an index k € I} = {j : z € M,} such that

ri(z) = minr;(z) and ry(y) = minr,(y), (10)
jeh jeh

Lemma 6 Suppose that £ € Q and that x,y are points in QNU, satisfying the conditions
(10) and |z —y| < d|z —&|, where § is a sufficiently small positive number. Furthermore, we
assume that o satisfies the inequalities (8) and that there exists a real number t € (0,1) such
that y — x* = t(x — x*), where x* denotes the nearest point to x on the edge My. Then the
estimate (9) is satisfied for |f] <1 — ;4.
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Proof: Obviously,

1
d * *
090G (0.9 = 9G1;(0.8)| = | [ 0G0 +rlo =), ) dr

§rk(:1:)/t ‘(VI8?G47j)(x*—1—7'(3:—95*),5)’617'. (11)

Since x* is the nearest point to x on the set U M; and the polyhedron (2 is convex, there
Jjen
exists a positive constant ¢y such that

colz| < |o*| < |2* 4+ 7(@w— )| <|z] for0<7T<L

If € eV, €] <|x|/2, j # 4 and |B] <1, then (11) together with Lemma 1 yields

0£Glay(.€) — ¢ Gy (w,©)]
1
< CTk(I) |J;|_1_A1_u'+25 |§|A1—|/3—6/ (TT]C(:(:))“/_Q_E dr
t
< ¢ ) faf T (1 )
and analogously
|Gaa(z,€) — Gaa(y, &)| < crpla)? 778 |z 27 (1 — ¢ 717°),

Suppose that 0 < o </ —1 —¢e. Then

I D et

(=t (-prie=! (12)

and, consequently,
|06 G (2.€) = 0 Gy )| _ |0 Gla(,€) — Gy, )|
|z =yl (L —=t)re()]”

S Crk(x)/'“_l—e—o |x|—1—5j,4_,u/—|5|+8 S c |$|_2_U_6j’4_‘/3| S C/ |fI/' . 5|—2—0’—(5j74—|ﬁ|

for £ € Vy and (€] < |z|/2, j #4, |5] <1 — 4.
Suppose now that { € V; and [£| > 2|x|. Then (11) and Lemma 1 imply
|0¢ Gy, €) = 0/ Gy, ©)|
A1—2—¢ , 1 ,
< crk(a:) ’5‘7376j,4*|5| (%) 1 |x’27u +6/ (T?“k(ﬂi))u ~2-¢ gr
¢

< () g (1 )
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for ] < 1—0;4. f0 < o < min(p' —1—¢,A; —1—¢), then it follows from the last
inequality and (12) that

|00Gay(2,6) — 00Gay(y. ©)] _ |0Guj(x,€) — 9. Guj(y,©)]

[z =yl (1= t)re(2)|”

< crk(a:)“'**s*" ’x|/\1*#’ ’£|717A1*5j,47|5‘+€

< |£|—2—U—§j,4_|5| < ¢ 92ro+8jatlfl |z — §|—2—o—6j,4—|5\

for |B| S 1-— (53‘,4.

We consider the case € € Vi, p,(2)/2 < p,(§) < 2p,(x). If |z — & > min(rg(z), 76(£)), then
by (11) and Lemma 2,

100G j(x.6) — 0Gay(y, ©)]
<crp(z) |z — 5\*1*#/*5j,4*|5|+5 /1 (7-7%(3:))“/’2’E dr
< a1 o B (1 — 1
for |5] <1 —4;4. Thus for 0 < o < i/ — 1 — ¢, the estimate

100G j(2.6) = 00Gay(y, 9]
|z —y|°
<d ,x _ €|f2fff*5j,4f\ﬂ\

< cerp(a) T | — g T ha Il

holds. If p,(z)/2 < p,(€) < 2p,(z) and |z — &| < min(rg(x), rk(€)), then

}OfGM (ZE, f) - 8§G4,j (y, g)l

< o |1=0 15} )
|I_y|a - |LE‘ y| ‘(VIaSG‘L](P?f)L

where P is a point on the line from = to y. Therefore, by Lemma 2

|8?G47j (,I’, 5) - 85G4,j<y7 £)|

| |J S C|m — y|1_0 |P — §|_3_5j,4_|ﬂ‘ S Cl |x — €|_2_U_§]',4_‘6|‘
r—y

Finally, we consider the case £ € V. In this case, we have |z — | > &o, where gq is the

positive number introduced in Section 3. Furthermore, (11) and Lemma 3 imply
1
00Gi(2.€) = 0G0, &)| < erala) el [ (a2 ar
t
< rylap T (1 )
for 5] <1—46;4. lf o <min(y’ —1—¢,A; —1—¢), we conclude that

|0 G j(x,€) — 9. Gu;(y.©)]
|z —yl|°

S CTk(l‘)M,_l_a_U |I.|A1—M’ S C/ |$|A1—1—€—0' S C
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for |5| <1 — ;4. The proof of the lemma is complete. O

Next, we prove the estimate (9) for the case, where x and y lie in a plane perpendicular to
the edge M) and have the same distance from M.

Lemma 7 Suppose that x,y € QN U, and that z* € M, is the nearest point on the set

U M; both to x and y. Furthermore, we assume that ri(z) = ri(y) and |z —y| < §|lz — £,
Jjeh
where 0 is a sufficiently small positive number. Then the inequality (9) holds for |3] < 1—0; 4.

Here o is an arbitrary positive number satisfying (8).

Proof: 1) Suppose first that £ € V; and p;(§) < p1(x)/2. Then by Lemma 1,

100G j(2,€) — 0. Gaj(y, )| < |Vo0.Guy(P.E)] |z —yl

T (P)\# 22
ni?)

for j # 4, |B| < 1, where P is a point on the straight line between x and y. From the
inequality |z — P| < |z — y| < d|x — | < 30 p1(z)/2 it follows that

< el =yl p(P) >N (M (

(2 =30) pr(x) < 2p1(P) < (2+36) pr(z).
Furthermore,
re(P) > (2tan(0x/2)) " o -y, (13)
where 6, denotes the angle at the edge My. Thus,
0 Gaj(2,€) — 9/ Gy, ©)|

|z —yl°
<z -y T py () T I

< cle =yt T () N g

for j # 4, |p| < 1. Setting e = ¢/ — 1 — 0 and using the inequality 3p;(z) > 2|z — &|, we
obtain (9). Analogously, we obtain

|Gaa(@,€) — Gaa(y,©)|
|z =yl

<c ’SC o y’u’flfsfa pl(x)72f,u’+s < J |SL‘ _ 5’7370

fore=p' —1—o0.

2) We consider the case & € Vi, p1(x)/2 < p1(§) < 2p1(x). There exists a point P on the
line between = and y such that

0G5 (w,€) — DGy, €)| < [VadlCay(P.E)| v~y
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If |P —&| > min(rg(P),r:(§)), then Lemma 2 implies

Tk(P) p'—2—e
=)

for |3| <1—0,4. Using the inequalities (13) and |P —§| > |z —¢§| — |z —P| > (1 —0) |z —¢],

we obtain

02G15(w,€) = BC(y. )] < el =yl [P — g Ha1o1(

‘(956’4,]-(:6, ) — 3§G4,j(% 3]
[z =yl
For e = i/ — 1 — o, the inequality (9) holds. Analogously,
‘6§G4,j(a:, €) — 3?G4,j(?/a 3]
[z =yl
for |P — | < min(ry(P), 7(€)).

<cle— y‘u’—l—e—o = €|—1—u’—5g‘,4—|b’\+8.

< cla =yl P — g < g — gl

3) Suppose that £ € V; and p1(§) > 2pi(z). Then, for an arbitrary point P on the line

between x and y, we have
1430

p1(P) < pr(@) + e =yl < (L +0)pi(2) +0p1(§) < —— p(&)- (14)
Thus by Lemma 1,
o P\ #—2—¢
0G50, = 0y (3.6 < clo =yl (PP pu(g) s (2
_ o A—l—e—0c —1—-A1—654—|B|+e |'I — y| 1=o ’I“k(P) Wl-e—o
= cle =yl (PR () ) Gip)

for |5] <1 — ;4. Using the inequalities (13), (14) and r4(P) < p1(P), we obtain
102G, (2, €) ~ DG, (0. )] < el — ol pr(E) 27 < o — 7 — g2
if e <min(Ay —1—o,p/ —1—¢).

4) Finally, we consider the case £ € Q\V;. Then by Lemma 3,

2—¢ r P W=2=e
(00Gj(x,€) = 0/ Gaj(y, )| < cla =yl pu(P)™~ <p]IEP§>
o A—1—e—0 |a7—y| o (P) Wintene
=clz —y|” m(P) (m) (ﬁ) ’

where again P is a point on the line from z to y. Since all factors on the right-hand side

have an upper bound independent of z,y and £ if e < min(A; — 1 — o,/ — 1 — ¢), we get
|0/ Gaj(2,€) = 9{Gay(y, )| < clo =yl < |o —y|” o — g7>7 a7,

The proof of the lemma is complete. O

In the next lemma, we assume that = and y lie on the same ray starting from the vertex z(1.
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Lemma 8 Suppose that x,y are points in Q N U, satisfying the condition (10). If z(V)

is the origin, y = sz and |v — y| < dlx —&|, then (9) holds for |B| < 1 — 64, where c is
independent of x and &.

Proof: Suppose first that £ € QN V;. If €] < 2|z|, then
(s = Da| = |z —y| < d|z —&£] < 30|z

and, consequently, |s — 1| < 30. Let p = |z|. Using the equality x - V, = pd,, we obtain

‘aBGél,j(xag)_aﬂG4J(y7§)| 1 1 d
ST = (o || %O
1 ! 5
- oD / v (V,00Gay) (72, €) dr‘
1 ! -1 &)
:m /ST (p8p8§G4’j)(Tx,£)dT‘. (15)

We consider the case |£| < |z|/2. Then Lemma 4 yields

|02G 1 j(2,€) — 0. Ga(y,6)|
|z —yl°
<cls— 1170 x| 0 77 fra| T2 tE g IBl=E

= |s = 1" ||~ 77" (p0, 0 Ga) (T, €)

for j # 4, || < 1, where 7 is a real number between s and 1. Since |7 — 1| < |s — 1] < 36
and |z — £| < 3|z|/2, we obtain

|00 G j(x,€) — 9. Guj(y.©)]

<c |x|—2—a—\ﬁl <dlr— §|—2—a—|5\
|z —yl°

for j # 4, |B| < 1. Furthermore,

|Gaa(@,€) — Gua(y, )|

<cls— 1" x| 7 2| P < 2| TP < M e — €7
[z =yl

Analogously, in the case £ € Vi, |2]/2 < [£| < 2|z|, we obtain

|00Gy(,€) — 82G4;5(y. )|

<cl(s = Da|"~ Jrz — &0l
|z —yl°

where again 7 is a number between s and 1. Using the inequalities |(s—1)z| = |z—y| < §|x—¢]

and
[Tz =& > |z =& [T —Dz| > |z =& —[(s — Dz| > (1 —6) |z =],
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we get (9). Now let £ € QN Vy, |€] > 2|z|. Then, by Lemma 4, (12) and (15), we have

B _ 9B '
|a§G4,J($,f) 8£G4,]<y7£)| < /71’7'1"/“15’5‘1A16j,4|ﬁ+5d7
ol oS e
< PTE || [$ '

Setting € = A; — 1 — o and using the inequality |s” — 1| < |s — 1|7 for s > 0, we obtain

’85G4’j<5(7, 5) — 8§G4,j(y7 5)’

< c |£‘727U*5]’,47|5| S C/ |.:C _ 5’72707(%’47'5‘-
|z =yl -

It remains to consider the case £ € Q\V;. Then Lemma 4, (12) and (15) imply

‘85G4,j(x7 5) - agGll,j(ya 5)‘ < C /1 7__1 |T$|A1_1_8 dr
[z =yl ~ s =Daxf7 1y
A—1—e __ 1|

< / Al—l—E—O’ |S
< el s — 17
Setting ¢ = Ay — 1 — ¢ and using the inequality |z — &| > o, we obtain (9). The proof of

the lemma is complete. O

Now we can prove the main result of the paper

Theorem 9 Suppose that o is a positive number satisfying the condition (8). Then the
elements Gy ;(x,§) of Green’s matrixz satisfy the inequality (7) for || <1 —0,a4.

Proof: For |[x—¢| < m|z—y| the inequality (7) is already shown (see Lemma 5). We consider
the case |z —y| < d|z — &|, where ¢ is a given sufficiently small positive number. Since then
|z —y| < d diam(2), we may assume in this case that x and y lie in the neighborhood U; of
the same vertex () and that this vertex coincides with the origin. Let I; be the set of all
indices j such that () is an endpoint of the edge M;. Suppose first that that there exists
an index k € I such that

ri(z) =minr;(z) and 7r,(y) = minr;(y). (16)
Jjen Jjen

By z* and y* we denote the nearest points to z and y on the edge M. Without loss of

generality, we may assume that
T’k(l’) rk(@/) ‘ (17)
We define

and z=2a"+t(x —2").

¢ — <|x‘2—7’k($)2>1/27 rx(y)
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Then z* is also the nearest point to sy on Mj. From (17) it follows that ¢ < 1. Furthermore,

there exists a constant ¢y depending only on the domain €2 such that
|z — sy| < colz —yl. (18)

To see this, we consider the line ¢, through the origin and the point y. Then |z — y| >
dist(x, ¢,), while |x — sy| is the distance of z from the intersection of ¢, with the plane
perpendicular to M) through the point x*. Since M) is the nearest edge to y and (2 is
convex, the angle between ¢, and the last plane is greater than a certain angle ap > 0. Thus,
|z — sy| < (sinap)~tdist(x, £,) which proves (18). Since sy and z have the same distance

trp(x) = sri(y) from the point z* and z lies on the straight line from x to z*, it follows that
lz—z| < |z —sy| <cl|lr—y| and |z—sy| <2cl|z—yl
Moreover,
ly = syl < |z = syl + [x —y| < (co + 1) [z =yl
We assume in the following that cyd is sufficiently small. Applying Lemma 6, we obtain

0/ G2, €) = 0 Gas(2, )| _ |0¢Ga(@,€) = 9 Ga(z€)|

< / o —2—0’—(5j74—|ﬂ‘
e < P < o=

for || <1 — ;4. Analogously, Lemmas 7 and 8 imply

e —9%q, .
‘85 G4,J(Za§) a& G4,J (Syaf)} c ’Z . €|,2,U,5j74,‘5| S C/ |l’ . £|,2,a,5j,4,‘5|,

|z —yl°
PGy i(sy, &) — PGy iy,
}g&ﬁyélyﬁ 15(0:)| < cly =&l < g — gl

for || <1 —0,4. This proves the inequality (9) for the case where the nearest points to x

and y on the set Ujel1 M; lie on the same edge M. If

ri(z) = minr;(z) and r(y) = minr,(y), (19)
jeh Jjeh

where k,l € I; and k # [, then one can find a set of points 21, ..., 2, on the straight line
from = = 2z, to y = 2, where for every pair (4,7 + 1) there exits an index n(i) € I; such that
Ty (2i) = minr;(z;) and 7,4 (2iq41) = minrj(z;41) fori=1,...,k — 1.
Jjenh jen
Obviously (1 —9)|z—¢&| < |z —&| < (1+0)|x—¢] if |x —y| < d|z —&|. Thus, the inequalities

B, (.6 — %G, (2
’af G4,J(227§) a§ G4J(Zl+l’€)} <c |Zi . 5‘7270*5j,4*|5|’ i=1,..., k — 1,

|z — zi41]°
imply (9). The proof of the theorem is complete. O
Using the analogous result for the elements G, ;(x,&), ¢ # 4, in 8], we conclude that the

estimate (4) is valid for 7,7 = 1,2,3,4, |a| <1—6;4, |6] <1 —6;4. The estimate (5) can be
deduced directly from (4) and (6).
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LAURE CARDOULIS

Systems of Schrodinger Equations in the Whole Space

ABSTRACT. We present in this paper results for the sign of the weak solutions of some el-
liptic systems defined in RY involving Schrédinger operators with indefinite weight functions

and with potentials which tend to infinity at infinity.

KEY WORDS. Schrédinger operators, indefinite weight, principal eigenvalue, positivity and

negativity, maximum and antimaximum principles, existence of solutions
1 Introduction
1.1 The problem settings
We study the elliptic system:
(A + g)u; = pymiu; + gi(z,ug, .. up) in RY, i=1,... n, (1.1)
for i =1,...,n. We consider the following hypothesis for each i =1,...,n:

(HY) ¢ € L, (RM) N LY

loc loc

(RM), p > %, such that lim,|—e ¢i(2) = 00 and ¢; > cst > 0.

We will later specify the form and the hypotheses on each weight m; and on each function
g; and we denote by pu; real parameters for ¢ = 1, ..., n. The variational space is denoted by
Vo  (RY) x -+ x V, (RY), where for each i = 1,...,n, V,,(RY) is the completion of D(R"),

the set of C* functions with compact supports, with respect to the norm
Jully = [ 196 + g (12)
RN
We recall that the embedding of each V,,(R"Y) into L*(RY) is compact.

The aim of this paper is to study the sign of the solutions of (1.1). This extends earlier

results already obtained for the Laplacian operator in a bounded domain (see |16, 18]), for
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equations or systems involving Schrédinger operators —A + ¢; in RY with positive weights
(see [9-11]).

Our paper is organized as follows: In section 1.2 we recall some results for the scalar case,
for the existence of principal eigenvalues in the case of indefinite weights. We also recall
extensions of the maximum and antimaximum principles called ground state positivity and
negativity (see |3, 1]). We study systems of the form (1.1) in Section 2. In Section 2.1 we give
results for the maximum principle in the case of cooperative systems (2.1) by considering the
positive principal eigenvalue and the negative principal eigenvalue of each operator —A + ¢;
associated with the indefinite weight m;. Note that our results are more restrictive than those
usually obtained when the weights m; are positive (see [11, 16, 18]). In Section 2.2, first we
give a result concerning the existence (and also Courant-Fischer formula) of a global positive
eigenvalue Ay s for the cooperative system (2.8). Note that we can compare Ay s to each
principal eigenvalue of —A + ¢; associated with m;. Then we obtain a maximum principal
result for (2.8). Finally, in Section 2.3, for the two-by-two system (2.17), we present some
results for the sign of the solutions. We decouple the system (2.17) in order to apply the
results of the ground state positivity or negativity for each equation. Note that even if
our conditions are restrictive, there are few results for the antimaximum principle for such
systems (see [2]). Besides note that, to our knowledge, even the antimaximum principle,
for the operator —A + ¢ associated with an indefinite weight function m defined in the
whole space, is not achieved yet (whereas it is well known for the Laplacian operator —A
on a bounded domain in the case of an indefinite weight function, see [20], and for the
Schrédinger operator —A + ¢ in RY but without any weight, see [3, 1]). In Appendix A, we
give a brief recall of the proof of the antimaximum principle for the scalar case in the case

of a positive and bounded weight m.

1.2 Review of results for the scalar case

1.2.1 The Schrodinger operator

We begin this section studying the Schrodinger operator —A + g associated with the weight
m. We will assume throughout the paper that ¢ is a potential which satisfies (Hé) The

weight m will assume one of the following hypotheses:

(HL)) There exist two positive reals a and 3 such that 0 < o« <m < 8 in R".
(H:}) 0 <m < cstin RY,

(H2) m e LN2(RY) N L2 (RY) (N > 3), m > 0, meas{z € RN, m(x) >0} # 0.

loc
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(H2) m € L>®(RY), m is positive in an open subset 0} = {z € R m(z) > 0} with non
zero measure and m is negative in an open subset Q- = {x € RY m(x) < 0} with non
Z€ro measure.

(H2) m € LN?(RN)n L®

loc

(RN) (N > 3), meas(2h) > 0, meas(£2,,,) > 0.

For a positive weight m, we have:

Theorem 1.1 (cf. [12, Theorems 2.1,2.2|) Assume that q satisfies (H}) and m satisfies
(HL) or (H:Y) or (HZ). Then there exists a unique principal eigenvalue \i g, which is

simple and associated with a positive eigenfunction ¢y 4., and:

. N
- »q,TM = g, g, ? »q,Mm ) ,q,m . .
( A+q)¢1 /\1q mgblq in R™Y: )\1(1 > 0; leq >0 (13)
. ~[IVo? + q°
Mgm = 1nf{fR Hf | 5 ], Q€ \C](RN) s. t. / m¢? > 0}. (1.4)
RN m¢ RN

For a weight m which changes sign in R, we have:

Theorem 1.2 (cf. [12, Theorem 3.1]) Assume that q satisfies (H) and m satisfies (H})
or (H'2). Then the operator —A + q associated with the weight m has a unique positive
principal eigenvalue Ay 4. associated with a positive eigenfunction ¢1 4. and (M gms ®1,4.m)
satisfy (1.3) and (1.4). Moreover the operator —A + q associated with the weight m has a

unique negative principal eigenvalue My 4., associated with a positive eigenfunction ¢1qm and
()‘17q,m7 ¢1,q,m) Satisfy

(A + Q)Prgm = Magm M Prgm i RY; X1 < 0; b1gm > 0. (1.5)
N fRN[|V¢|2 + Q¢2] N / 2
A .gm = Sup , o € Vo(RY) 5. t. mo~ < 0}. 1.6
We have: M.gm = —M.q—m-
1.2.2 Maximum principle for the scalar case
We consider the following equation in a variational sense
(=A+q)u = pmu + f in RY (1.7)

where p is a real parameter and f € L*(RY). First we recall the classical weak maximum

principle for (1.7) in the case of a positive weight m.

Theorem 1.3 (cf. [12, Theorem 2.3]) Assume that q satisfies (HY), m satisfies (H},) or
(H:Y) or (HZ), f >0 and u is a solution of the equation (1.7). If 1 < M\ gm, then u > 0.
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Now we consider the equation (1.7) in the case of an indefinite weight m.

Theorem 1.4 (cf. [12, Theorem 3.2| Assume that q satisfies (H}), m satisfies (H..) or
(H2), p € R, f € LARY), f >0 and u is a solution of the equation (1.7). If N gm < pt <
A,gm, then u > 0.

1.2.3 Ground state positivity or negativity for the scalar case

We recall here a result of ground state positivity or negativity for the Schrodinger operator
—A + ¢ associated with a strictly positive and bounded weight m in RY (see [1]). We will
add in this section the following hypothesis upon the potentiel ¢.

( (i) ¢ is radially symmetric.

(ii)) There exists a constant ¢; > 0 and a positive real Ry such that
(H2) 1Q(r) < q(r) for Ry < r with @ an auxiliary function which satisfies
() is positive and locally absolutely continuous , Q’(r) > 0,

\ ;FOOO Q(r)Pdr < +oo with 0 < 8 < 1.

Definition 1.1 i) A function u € L*(RY) satisfies the ground state positivity if there

exists a constant ¢ > 0 such that u > c¢14.m almost everywhere in RY.

ii) A function u € L*(RYN) satisfies the ground state negativity if there exists a constant ¢ > 0

such that uw < —c@1qm almost everywhere in RV,

These notions are similar to the maximum and antimaximum principles in a bounded do-
main @ C RN, N > 1, which have been established by [13], [22], [23] (for a function
f e LP(Q),p > N). But for the Schrédinger operator defined in the whole space, the
hypothesis f € LP(Q2), p > N, is no longer sufficient and we need to take a smaller space for

f, namely, a stronger ordered Banach space introduced in [/

Xym = {u € L*(RY) e L=(RM)}

u
" Prgm
endowed with the ordered norm |julx,,, = inf{C € R, |[u| < C¢yq4m a. e. in RV} We
denote by S™V~! the unit sphere in RY centered at the origin and by o the surface measure
on SN~!. For any s > 0, we introduce the Banach space X7 of all functions f € Lj (RY)

having the following properties:
[(=Ag)*"%f](r,.) € L*(SN71) for all r > 0,

where Ag denotes the Laplace-Beltrami operator on the sphere S¥~1, and there is a constant
C > 0 such that

;<s—}v1> </3N1 £, 2")Pdo(a’) + /SNI 1(=45)*211(r,2")Pdo(a')) < [C1gm(r)]?
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for almost every r > 0. The smallest such constant C' defined the norm ||f|| xo2, 0 X
Notice that, for f(z) = f(|z|), we have f € X2 if and only if f € X, together with

the norms || f|

x:2 = | fllx4.m- We recall from [1] the following result (which extends, for a

Schrodinger equation with weight, former results in [1]):

Theorem 1.5 (see [I| Theorem 2.1) Assume that the potential q is radially symmetric
and satisfies (H), (H2) and the weight m satisfies (H},). Assume that uw € D(—=A + q) is
one solution of (1.7), p € R, f >0 a.e. in RN with f > 0 in some set of positive Lebesgue

measure.

(1) For every p1 € (—00, A1,4m), there exists a constant C(f, ) > 0 such that:
u > C(f, 1)1 qm i RN, Moreover, if the weight m is radially symmetric and if f €
X352 then there exists a positive number 5(f) (depending upon f) such that, for every

gm>
€ Argm = 0(f); Agm), C(f, ) = ﬁ‘i“%,f + T (p, f) with limy, oy, ., T, f) =T <
+o00. And furthermore, if f € X, m, then there exists a constant C'(p, f,m) > 0 such
that: O fom)
) 7m .
C(f, W)d1gm <u < )\u—qbl,q,m in RY.
Lgm — H

(ii) Assume that the weight m is radially symmetric and that f € X;’fn. Then there exists
a positive number §'(f) (depending upon f) such that, for every p € (M gm,M.gm +
5w < —C"(fop)brgm in BY with C"(f,p) = LdPam _ Dy ) and with
lim,, o, . (s f) =17 < +o00.

For the proof, see Appendix A.

As for the case of a positive weight, we can obtain a result on ground state positivity but not
on ground state negativity (because our proof for the antimaximum principle in Theorem
1.5 (ii) needs to consider a weight m such that ||ul],, = \/ [pn mu? defines a norm in L*(R"Y)

equivalent to the usual norm).

Theorem 1.6  Assume that the potential q is radially symmetric and satisfies (H}), (HZ)
and the weight m satisfies (H.L) or (H'2). Furthermore if m satisfies (H?2), assume also
that m* € L=¥(R"Y) and that |m(z)| < cstQ(|z])/?>? for all x € RN (with Q the auziliary
function associated with q which satisfies (HZ)). Assume that u € D(—A+q) is one solution
of (1.7), p € R, f > 0 a.e. in RN with f > 0 in some set of positive Lebesque measure.
Then for every ju such that My gm < jt < M gm, there exists a constant C(f, 1) > 0 such that:
w> Cf,1)61,4m in RY.

Proof: Assume that A\ g < f# < Agm and (=A + ¢)u = pmu + f in RY. Note that
u > 0 by the maximum principle (Theorem 1.4). Let o« > 0 be a positive real such that
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a+(u—A1gm)m > 0in RY (which is possible for « sufficiently large since either m is bounded
(case (H.L)) or m™ € L>®°(RY) (case (H/2)). Therefore u satisfies (—A + g — A\ g mm)u =
—au+ g in RN with g = (a + (4 — A\ gm)m)u + f > 0 in RY. Moreover 0 is the principal
eigenvalue of the operator —A + ¢ — Ay, ,,m in RY. Thus, since —a < 0 we can apply the
Theorem 2.1 in [1] to obtain that u > C'¢y 4., with C a positive constant which only depends
of p and f. 0

2 Results for systems
2.1 Results for linear systems

In this section, we consider (1.1) in the form:
(—A + ql)uz = U;mu; + Z QiU + fz in RN, 1= 1, ...,n (21)
J=Li#i
where each of the potentials ¢; satisfy (H[) and each of the weights m; satisfy one of the
hypotheses among (H})), (H:}), (H.L), (H2), (H?2). We consider the hypotheses:
(H3) Foralli,j=1,---,n, a;; € L°RY) and a;; > 0if i # j.
(H4) For alli=1,--- ,n, f; € L*(RY).

(H5) For all 4,j = 1,---,n, @ # j, there exists a positive constant K;; such that a;; <

Kij\/ |mlm]|

Note that if each of the weights m; satisfy (HL ), then (H5) is automatically satisfied. Note
also that in the particular case where m; = 1 for each 7, we can take Kj; = ||a;| oo mny. We
denote by

)\i = )\Lqmmi and (ﬁl = (bl,qmmi (22)

the eigenpair for the operator —A + ¢; associated with the weight m; in RY. We denote by

L = (l;;) and P = (p;j) the n x n-matrices given as follows

lii == Ay — p; and lij = _Kij (@ 7é j) (2-3)

pii i= 1 — || Ci|lmy|| and pi; = _Kij\/cicj“miHHij (i # J) (2.4)

where ||m;|| denotes either [[my]|peo@mny if m; satisfies (HL) or [[my]|paszgny if m; satisfies
(H2) and where C; = max(1, ——)C, with either Cy = 1 if m; satisfies (H'.) or Cj is the

’inf ¢;
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square of the Sobolev constant for the embedding of H'(RY) into L? (RY) if m; satisfies

(H?). Note that (see (1.2))
/RN e < Cillmal] ol for all u; € Vi, (RY). (2.5)
For positive weights m;, we recall the maximum principle (see |1 |, Theorem 2.1] in the case

of weights m; which satisfy (H.))).

Theorem 2.1 Assume that each of the potentials q; satisfy (Hcll) and each of the weights
m; satisfy (HXY) or (H2)). Assume also that (H3)-(H5) are satisfied and that the matriz
L, defined by (2.3), is a non singular M-matriz.

(i) Then the cooperative system (2.1) satisfies the maximum principle (i.e. for any f =
(fi, -, fn) =0, then u; > 0 for all i, with uw = (uq,- -+ ,uy,) solution of (2.1)).

(ii) Assume here that each of the weights m; satisfy (H:L). Then the cooperative system
(2.1) satisfies the ground state positivity (i.e. for any f = (f1,--+,fa) =20, fi #0
then there exists a positive constant C such that u; > C'¢; for all i, with ¢; defined by

(2.2)).

Proof:
(i) Assume that for all i = 1,--- ,n, f; > 0. Let v = (uy,--- ,u,) be a solution of the
system (2.1) and define u; = max(0, —u;). Multiplying by u; and integrating over RY,
using (H5) we get:

n 1/2 1/2
o< ol < [ e 30wy ([ ) ([ mir?)
RN . Y. RN RN
J=Lj#
(2.6)
Let X the vector be defined by ‘X = (zq,--- ,z,) with ; = ([pu mi(u;)z)lﬂ. From

the characterization of \; and from (2.6), we have:

n 1/2 1/2
) [ o= 3 g ([ omer) ([ mr) <o @)
RN . = RN RN

J=Lj#i
We denote by (LX); = (A — pi)w; — D27 Kijzj. From (2.7) note that (LX); <0
for each i and so LX < 0. Since L is a non singular M-matrix (see [0]), we can deduce
that X <0 and thus X =0, i. e. x; = 0 for each 7. So from (2.6) we get for each i :

o =0i e u; >0.

[y

(i) We combine the maximum principle for the system (2.1) with the ground sate pos-
itivity for an equation. Indeed, from (i) we know that uw; > 0 for all ¢ and so
gi = Z;‘:l. i @iguj + fi 20, g > 0 in a set of non zero measure. Therefore, since

i < A;, we get that there exists a positive constant C; such that u; > C;¢;. -



36 L. Cardoulis

Proceeding as for Theorem 2.1, we obtain the following maximum principle for indefinite

weights.

Theorem 2.2 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (HL) or (H2). Assume also that (H3)-(H5) are satisfied.

(i) If the matriz P, defined by (2.4), is a non singular M-matriz, then the cooperative

system (2.1) satisfies the mazimum principle.

(i) Assume also that, in the case of each of the weights m; satisfy (H2), m{ € L>*(RY)
and |my(x)] < cstQq(|z])/?# for x € RY (with Q; the auziliary function associated
with the potential q; which satisfies (HZ)). If the matriz P is a non singular M-matriz,

then the cooperative system (2.1) satisfies the ground state positivity.

b

Note that, as for one equation, the condition “P is a non singular M-matrix” is a stronger
hypothesis than the condition “L is a non singular M-matrix.” Indeed, note that the hy-
pothesis 1 — |p;|Cyl|m;]| > 0 is stronger than the hypothesis Ai g m, < fti < Aig.m, (sce
(1.3)-(1.6),(2.5)).

For positive weights, we now recall the following result for the existence of solutions for the

system (2.1) (see [ 1, Theorem 2.2 and Theorem 2.3] in the case of weights m; which satisfy
(H))-

Theorem 2.3 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (H:Y) or (HZ). Assume also that (H3)-(H5) are satisfied. If the matriz L is

a non singular M-matriz, then the system (2.1) has a unique solution v = (uy,--- ,u,) €

Vi (BY) 5 - x V,, (RV).
For indefinite weights m;, existence and uniqueness of a solution is stated as follows and is

an application of the Lax-Milgram Theorem (see [11]).

Theorem 2.4 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (H2) or (H?2). Assume also that (H3)-(H5) are satisfied. If the matriz P is

a non singular M-matriz, then the system (2.1) has a unique solution v = (uy,--- ,u,) €
Vor RY) x -+ x Vg, (RY).

2.2 Existence of a global principal eigenvalue for a system

In this section, we consider the eigenvalue problem for the following system

(A +q)u; = A (mu + > ml-juj> nRY, i=1,---,n, (2.8)

J=li
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where each of the potentials ¢; satisfy (H(ll) and each of the weights m; satisfy one of the
hypotheses among (HY ), (H:!), (HY). We denote by M is the n X n-matrix given by
M = (m;;) with m;; := m;. We will consider the following hypotheses:

(H8) For all i # j, m;; € L™(R") and m;; > 0.
(H9) M is a symmetric matrix.

(H10) Q:=n2,Qf is an open subset of RY with non zero measure and with
Qf == {z € RN, my(z) > 0}

We add another hypothesis upon the potentials ¢; which assures that any weak solution
u; € Vg, (RY) of the equation (—A + ¢;)u; = f; in RN, with f; € L*(RY), belongs to the
strong domain D(—A + ¢;) C L*(RY). It is the following hypothesis. For all i = 1,--- ,n,

i(x+h)—q;(z
(H3) Forallz € RN and all h € RN, h # 0, |20 < et /g ().

Note that for example, the potential ¢(z) = 1 + |z| satisfies (HJ).

Lemma 2.1 Assume that the potential q satisfy (H}) and (H,). Let u be a weak solution
of (A +q)u = f in RY with f € L>(RY). Then u € H*RY), qu € L*(RY) and therefore
u € D(—A+q).

The proof of Lemma 2.1 is based on the methods of translations (see Appendix B). For strictly
positive and bounded weights m;, proceeding as for one equation (see |12, Theorem 2.1|), we
can prove the existence of a positive eigenvalue associated with a positive eigenfunction for
(2.8). Therefore, we extend here to Schrodinger operators defined in the whole space, some

results of [21] and [3] for elliptic operators defined in a bounded domain.

Theorem 2.5 Assume that each of the potentials q; satisfy (H}l) and each of the weights
m; satisfy (H:L). Assume also that (H8) is satisfied. Then there exists a unique principal

eigenvalue Ay > 0 associated with a positive eigenfunction ®1p = (P10, s Gnr) €
Vo= Vo (RY) x -+ x Vo (RY) for the system (2.8). Moreover if (H9) and (HZ) are satisfied

then
" ||
Ay =inf{ =z %”“J% ,
Zz’:l fRN miu; + Zz’,j;z’;ﬁj fRN MU Uy

u=(uy, - ,uy) €V

such that Z/RN mul + Z /RN MUt > O} . (2.9)
i=1 j

1,J317]
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Note that the condition Y7 | [on msu? + Z?M 4 S~ mijuiu; > 0 is automatically satisfied
if M is a definite positive matrix (i. e. for all X # 0, *XMX > 0).

Proof: We denote by M the operator of multiplication by the matrix M in (L?(R"))"™ and

we consider the operator
LM (LR, Ll aramye) = (LR gy

The operator L™'M is compact and strongly positive in the sense of quasi-interior points in
(L?(R™))", in the sense of Daners and Koch-Medina [15]. This implies that L='M is irre-
ducible and we apply the version of the Krein-Rutman Theorem given in [15, Theorem 12.3|
to deduce that r(L~'M), the spectral radius of L™ M, is a strictly positive and simple eigen-
value associated with an eigenfunction ® 5 = (¢1ar, -, dnar) which is a quasi-interior
point of (L*(RM))", that is ¢;»y > 0 in RY for all 4. Of course Ay = W > 0 and

r(L~1M) is the only one eigenvalue of L~ M associated with a positive eigenfunction.

We recall that V' := V,(RY) x --- x V,, (R") and the inner product in V is defined by
<u, v >y= >0 < u,v; > forall uw = (ug, -, u,) €V and v = (vy,- - ,v,) € V. We set

the bilinear form

n

Blu,v) = Z M v; + Z / miju;v; for allw € V and v € V.
i=1 JRY ij=LyiAj 7 RY

From hypotheses (H8) and (H9),  is a bilinear, symmetric and continous form. From the

Riesz Theorem, we get the existence of a continuous operator T': V — V. T' = (T3, --- | T},),

such that f(u,v) =< Tu,v >y for all u € V and v € V (see [17] for the Lax-Milgram

Theorem). We can easily prove that the operator T' is compact.

Moreover, since the matrix M is assumed to be symmetric, the operator T is selfadjoint. So

the largest eigenvalue of T is given by:

< Tu,u >y Z?:l fRN mu; + ZZj:l;i;éj fRN ;U
fuy = sup ————— = sup - ST SR
ueVuo < U, U >y u€EV,u0 Zizl fRN[|VUi| + q;u7]
Choosing u = (uy,- -+ ,u,) € V such that supp u; C {z € RN m;(z) > 0} for one i and

uj = 0 if j # 4, we get that py 2 > 0.
Now, we prove that Ay = M—IM We have L 'M®, 5, = r(L™*M)®, ) or equivalently
L®y pr = Ay py M Py pr. Therefore for all i =1,--- ,n:
(—A+ q) i = Mave(midi v + Z mi;biar) in RY.
J=1ig#i

Thus for all v = (vq,- - ,v,) € V, we have:

Voinm-Vui + qids mvi] = Ay, m;d; mv; + / MijQjm; | -
> [ ¥ el =M S { [ morit 3 [ s

J=lj
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For v; = ¢ mr, we get:

1 2y Jav mudiag + 200 iy Jan Mg by i
Av >y Jan IV Oine? + @i ]

Moreover, since (i1 5 is an eigenvalue of the operator 7" defined above, let 1 = (¢, - -+, ¢y)

< H1,m- (2.10)

be an eigenfunction associated with p; . Since T% = pq 70, we have for allv € V' :
i < P,v >y=<Ty,v >y= [(¢,v) and so

JANY; Z /]RN (V) Vv, + qpiv;] = Z /]RN mv; +
i=1 i=1

For v = (0,---,0,v;,0,---,0) € V, we get:

1 n
/RN (V. Vv, + qibiv;] = " ( . mv; + Z /Rn miquz)jvi) .

LM =
J=157#i

n
Z / mijl/JjUi.
Rn

i =1y

Therefore, using Lemma 2.1, we have Ly = —— M4 or equivalently L='M1) = iy pr¢p. Thus

M1, M
1.2 is an eigenvalue of the operator L™'M and

1
0<piy <r(L7'M) = : (2.11)
A m
From (2.10) and (2.11), we deduce that p p = ﬁ and A; ) satisfies (2.9). O

Now, for indefinite bounded weights m;, proceeding as for one equation (see [12, Theo-
rem 3.1]), we prove the existence and the uniqueness of a principal positive eigenvalue for
(2.8). This is the following result.

Theorem 2.6  Assume that each of the potentials ¢; satisfy (H}) and (H3) and each of
the weights m; satisfy (H.Z). Assume also that (H8)-(H10) are satisfied. Then there exists

a unique principal eigenvalue Ay > 0 associated with a positive eigenfunction @y =

(P1.ary s Pus) €V i=Vy (RY) x - x V (RY), ¢ ar > 0 and Ay p satisfies (2.9).

Proof: We follow a method developed in [19] (for one equation in a bounded domain). Let
QF = {z € RY my(z) > 0}, meas (Q) > 0, Q7 = {z € RN, m;(z) < 0}, meas () > 0,
and QY = {x € RY m;(z) = 0}. Let (uy,--- ,u,) be a solution of (2.8). We have for all i :

(A + g)us + Amyug = A(mfui+ Y myuy) in RV, (2.12)
j=13j#i

For given A > 0, we rewrite (2.12) as an eigenvalue problem with parameter o(\). For all i,

J=Lj#i
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where 1; denotes the characteristic function of QY UQ;. We denote by Q; := ¢; + A(m; +1;)
and p; :==m; + 1;. Then (2.13) is equivalent to

(A +Q)u; = o(N)(pius + > myuy) in RY. (2.14)
i=Li#i
Note that the weight p; > 0 in RN, p; € L®(R") since m; € L>(R"Y) and Q; satisfies (H)
since A > 0. From Theorem 2.5, we deduce that the system (2.14) has a unique principal
eigenvalue o(\) associated with a principal eigenfunction ®y = (¢1x, -, Pnr), dix > 0.
Moreover, since D(—A + Q;) = D(—A) N D(Q;), from (2.9), we get:

n 2 2 n — 9
\) = inf zlfRN|v¢z| + @)+ A0 fen (my + 1)1
U( ) " { Z 1fRN + + 1 ¢2 +ZZ] 1;i#7 fRN mzﬂ/h%

7¢:(¢177¢n)ev

such that Z/ m 4 1;)0? + Z / mw’g/}ﬂ/}]>0} (2.15)

i,j=1;1#]

Therefore, o(\) < Al,Q, n the principal eigenvalue of the operator L associated with the
matrix N = (n;;) where Lo = diag (=A + Q;), ni = p; and ny; = my; in Q = M, Q with
Dirichlet boundary condition. Note that o : A — o(\) is increasing and continuous and that
(0) > 0. Therefore for all X > 0, we have 0 < ¢(0) < g()) < Af, y and A, y is in fact
independant of X\. Thus we deduce that there exists 0 < A < A, y such that o(A) = A.
Proceeding as in [19], we can show that A is unique.

Now, we verify that X satisfies (2.9). Let us denote by

. it Jen VO + qi]]
Ay = inf - 5 -
Dict Jev it + Zz‘,j:1;z‘¢j Jaw Mg

7¢:(¢1a"'>¢n)€V

such that Z/ mzw + Z / Mgy > 0}

1,7=1;i#7
Since

> JenlIVe 517 + %’ﬁbi;\] +AYL, Jen (m; + 11’)975?,;\

x = n n
Zi:l fRN<mj + 1i)¢i;\ + Zz‘,j:l;i;éj fRN mij¢i,i X

)

we have \ > A
Moreover let ¢ = (11, -+ ,1,) € V besuch that >°" | [0y mﬂﬁf—i—zzjzl;#j Jan mijhih; > 0.

= 3 3 _ 3 Zz 1 ]RNHVwZ' Jrl]ﬂ/) ] Y
From (2.15), since A = o()\), we get A\ < ST Ton R ST v S Tl Thus A < Ay .
[l

Note that for all e =1,--- ,n, Ay < \i.
Indeed, from (1.4) and (2.9), we have Ay 5y < A;. Suppose that Ay = A;. Then

(=A+¢:)(Pim — &) = Mmi(dim — &) + s Z mg;¢;m in RY,

J=Lj#
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where ¢; (resp. ¢; ) is defined by (2.2) (resp. Theorem 2.6). Multiplying by ¢; and in-
tegrating over RV, we obtain (since A; > 0), [on Z?:h#i mi;djm¢i = 0. Since m;; > 0,
¢im > 0 and ¢; > 0 we get a contradiction.

Now, we consider the following system

(=A+q)u; = A (m,uZ + Z mijuj> +fimRY, i=1,--- ,n. (2.16)
j=Lijti

We give a maximum principle result.

Theorem 2.7 Assume that each of the potentials ¢; satisfy (HY) and (HE) and each
of the weights m; satisfy (H:L) or (HY). Assume also that (H8)-(H9) are satisfied. Fur-
thermore if the weights m; satisfy (H'Y), assume also that (H10) is satisfied. Assume that
fi € L*(RY) for all i. If 0 < X < Ay, then the system (2.16) satisfies the mazimum
principle: if f = (fi,--+, fa) =0, then u; > 0 for all i with w = (uy,--- ,u,) solution of
(2.16).

Note that we have the same condition 0 < A\ < A; 5 as in [21, Proposition 2.2|.

Proof: Multiplying (2.16) by u; , integrating over RY since A > 0 and f; > 0, we have:

0< lurllz < A0 /RN miu )P+ /RN myuy ;) == AC(u”) = AC(ug, -+, uy).
i=1 i=1 j

1,j=13i#j

n u_— 2
If C(u™) >0, then Ay 5 < % < X and we get a contradiction with the hypothesis
A < Ay Thus C(u”) = 0. Then 7, [lu; ||2, = 0 and therefore u; > 0 for all 4. O

We can state a result for the existence of solutions for the system (2.16) as follows.

Theorem 2.8 Assume that each of the potentials q; satisfy (Hé) and (Hz) and each
of the weights m; satisfy (H:L) or (HY). Assume also that (H8)-(H9) are satisfied. Fur-
thermore if the weights m; satisfy (H.L), assume also that (H10) is satisfied. Assume that
fi € LARY) for all i. If 0 < X < Ay, then the system (2.16) has a unique solution
u=(up, - ,u,) €V.

Proof: We introduce a bilinear continuous form [ and we apply the Lax-Milgram Theorem.

Let [ : (V,(RY) x --- x V, (RY))?> = R be defined by

l(u, 1)) = Z /RN [VulVUZ + qiu;v; — )\mzulvl - A Z mijujvi].
=1

J=Lj#i
First note that from (2.9) we have: Ay C(u) < 377 [Jugl]2, for all u = (uy,--- ,u,) € V.
Therefore, since A > 0, we get: [(u,u) > % > iy lluill2, and so I is coercive. By the

Lax-Milgram Theorem, we get the existence and the uniqueness of a weak solution for the
system (2.16). O
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2.3 Study of the signs of the solutions for a 2 x 2 system

We consider in this section the following system (for N > 2):

_ — N
{( A+qu= +au+bv+ finR (2.17)

(—A+qv=X +cu+dv+gin RV,

The real A is a real parameter and the potential ¢ is radially symmetric and satisfies (H}l) and
(Hfl) The aim of this section is to present some results concerning positivity or negativity
of the solutions of the system (2.17). We can find results for the antimaximum principle for
a system of two equations with constant coefficients in [2]; the ideas, there, are to decouple
the system, and then to apply the results of the antimaximum principle for each equation.

We will follow this method in this section.

We denote by M (z) = Zg; Zgg

(2.17). Following [14], we introduce S an invertible 2 x 2 matrix of constants such that S

the coupling matrix of the coefficients of the system

diagonalises M (z) for all z. In [14], it is proved that such a choice is possible only if either
(case I) b(x) and c¢(x) are both multiples of a(z) — d(x) or (case II) a(z) = d(z) for all z and

b(x) and c(z) are positive multiples of each other. We define the functions u* and v* by

) () ()

and since S is a constant matrix, we obtain from (2.17)

T CAN Y rsmwms ()] 219
0 —A+q v* v* v* g
We suppose that the coefficients a, b, ¢, d of the system satisfy the following hypothesis:

(i) a,b,c,de LRY).
(H11) (ii) either b and c are positive multiples of a — d (case I)
or a = d and b and ¢ are positive multiples of each other (case II)

(iii) a,b,c,d are radially symmetric functions.

Note that the hypothesis (H11)(iii) upon the coefficients of the matrix M of the system (2.17)
assures that the weights of each equation (after decoupling (2.17)) are radially symmetric.

Here we consider the case I and we rewrite the matrix M (z) under the following form:

I R T T R R
M (a*(a(x)—d(x)) i(r) ) e 220

where a # d and b* and ¢* are constants such that 14 4b*c* > 0.

Moreover we assume that the following hypothesis is satisfied:
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(H12) f,g € L(RY).

Then we define the two following constants p; = 1HviH4b7et ﬁ‘“”“c*, po = L idbe Vlgw and we choose

S = ) . Thus we have u = —b*(u* +v*) and v = pyu* + pov*. Now, if we define
P1 P2
the functions |
pa () = P [o1d() = paa() + 2p1p2(a(z) — d(x))] (2.21)
1
pali) = ———[prale) — pad(z) — 2pupafa(e) — )], (2.22)

then we can write the decoupled system (see (2.17)-(2.22)) as

slo2f +b7g] in RY
slonf + b ] in RY.

ppz

(—A + q)u* = Mu* + pyu’ +b*(
(—A + q)v* = Av* + pgv* —

(Pl p2)

Theorem 2.9  Assume that the potential q satisfies (H})-(HZ) and that the hypotheses
(H11)-(H12) are satisfied. Assume also that the matriz M has the form (2.20) with b*c¢* < 0
and 1 + 4b*c¢* > 0. Let py and po functions be defined as in (2.21) and (2.22). Assume
that py and po are functions such that A + py > est > 0 and X\ + py > cst > 0. Define

f* = wylo2f +0°g] and g* = — e [pi f + b g].

1. Assume that Mgxip — 6(f*) <1< M gatp Mgrtue — 0(0%) <1< M gatpus,
0< f*e X;i—&-,ul and 0 < g* € X;fﬂm, with §(f*), 0(g*) defined in Theorem 1.5
Then u has the same sign as —b* and v > 0.

2. Assume that Mgty < 1 < Mgatm + 0 () Mgt < 1 < Mgatus + 0'(97),
* 82 * 82
0<f eX:2 and0<g e€X:2, .

Then v < 0 and u has the same sign as b*.

Note that the above results are just consequences of the diagonalization of the coupling
matrix M and applications of Theorem 1.5. We can also obtain similar results in the case II.
Note that for A sufficiently large, since each function u; is bounded we have A+ > est > 0.
Moreover if b* > 0 e.g., choosing ¢ > 0 and f such that —=2 < f < —2Z, we have f* > 0
and g* > 0.

A Appendix: Ground state positivity and negativity

We only give a sketch of the proof in R%. We recall that the space X,,, is defined by
Xym ={u e LQ(RQ) — € L>(R?)} and the space X7, is defined by
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X2 = {f:R* > R, Z(r,.) € L*(—m,7) forall7 > 0 and there exists a constant

Lo Y.
C > 0 such that |f(r,0)| + (5 [ |55, 0)> df) < Corgm(r) ae.}.

Note that the ground state positivity is a simple application of the weak maximum principle
combined with |1, Theorem 2.1|. Note also that if f € X, and f > 0 then there exists a
positive constant C'(f) such that 0 < f < C(f)$1,4m- Choosing C'(f,m) = % with
mg = inf m > 0, from the weak maximum principle for the scalar case, writing

(_A + q)(cl(fv m)¢17q7m - u) - Mm(cl(fv m)¢1,q,m - u) + <>‘1,q,m - ,u)mC”(f, m)¢1,q,m - f in
R?, we obtain that u < C'(f,m)¢1g.m.

The proof of the ground state negativity is based upon ideas of [20] and [1]. We decompose

it in several steps.

Step 1: We denote by L, := —A + ¢ and by M the operator of multiplication by m.
As in Hess [20] we consider the operator L;'M and the same decomposition of L*(R?) =
span(¢1.gm) ® R(I — A gmL; M) where R(I — Ay gL, M) is the range of the opera-
tor [ — )\17q,mL;1M . But because of the unboundedness of our domain, we cannot study
R(I =X gmLy; ' M) as it done in [20] and we adapt to our case an idea developed in [3] which
is the following decomposition of L*(R?) = H, & Hy & Hj with

H, =span(¢1.4.m)
Hy ={f € I’(R): f(x) = f(jz]) with / (1) F(r)br g ()7 dr = 0};

Hs ={f € L*(R?): f(r,0)df = 0 for almost all r > 0}.
Note that ||.||,, defined by (1.2) is a norm equivalent to the usual norm in L*(R?) since m
satisfies (HL ). It is obvious that L?(R?) = H,® H,® Hj is an orthogonal decomposition. The
corresponding orthogonal projections Py, P, and Pj, respectively, take the following forms, for
cach f € LX(R?): Pif = gilfiamlu g Pof = (I — P)f* with f* = & [T f(r,6)do,
Psf=f—f"

Step 2 : Let u be a solution of (1.7), we decompose u and L;'f = g in L?(R?) under the
following way: u = B,¢1,q,m + U2 + uz with up € Hy, ug € Hs and g = g1 + g2 + g3. It is easy
to check that: g1 = (I — pL;'M)Bud1gm, g2 = (I — pL; ' M)uy and gs = (I — pL; ' M)us.
The idea then is to show that the sign of u is given by 3, and that uy and ug belong to X ,,,.

For that we need the two following Propositions based on Propositions 3.5 and 3.6 in [3].

Proposition A.1 (see [I, Proposition 3.1]) Assume that q is a radially symmetric po-
tential which satisfies (H(ll)—(H?l) and that m is a radially symmetric weight which satisfies
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(H}). Assume that uz,go € D(L,), Lyus — M gmMus = Lyga € L*(R?) with g2 a radial

symmetric function.

(i) If fR2 L,g2.01.4m = 0 and fR2 Usmpn qm = 0, then ug is radial and there ezists a
constant T' > 0 (depending exclusively upon the potential ¢ and the weight m) such that
|Lqg2| < ch1gm = |uz| < Tch1gm.

(ii) If ng m.Lyg2.01,9m = 0 and fR2 Ugmy gm = 0, then uy is radial and there exists a
constant I' > 0 (depending exclusively upon the potential g and the weight m) such that
’Lq92| S C¢1,q,m = ‘UQ‘ S 1—‘Cqsl,q,m'

Proposition A.2 (see [I, Proposition 3.2]) Assume that q is a radially symmetric po-
tential which satisfies (Hé)—(Hfl) and that m is a radially symmetric weight which satisfies
(HL). Assume that us, g3 € D(L,), Lyuz — A gmMus = L,g3 € L*(R?) with L,g3 € Hs and
uz € Hs. If Lygs € qufn, then there exists a constant I' > 0 (depending exclusively upon the

potential g and the weight m) such that ||u3||X;,31 < FHnggHX;,?n.

Step 3 : First note that if f = L,g = Lyg1+Lqg2+ L4gs then L,g1+ Lygo is obviously radially
symmetric and so L,g3 = P3f. Note also that if f € X, then L,g1 € Xy, Lgg2 € Xgm
and Lqgs € Xg . Indeed f* = 5= [T f(r,0)df is in X, too and Lygs = Psf = f — f* is in
Xgm- More Lgg; belongs to X, since m is bounded. Then we get L,g2 € X .

Now, we study each component of the decomposition of .
First, we calculate 3,. Recall that g, = a¢; 4., with the constant o = (Lq_1 [y 1.4.m)m

adl,qm

o fRQ f@1,4m- Since f is positive, o > 0. Therefore, we get 3, =

Al,q,m Al,gm—p’

Then, we prove that uy € X, ,,. Writing down the Neumann series for the resolvant (I —
pL M)

up = Y (= A gan)" (M Ly — Ay gand) (I = Mg Ly ' M) go.

n

Let call gJ = (I—qu*lM)*lgg and apply Proposition A.1. Indeed g, € Hy and L g, satisfies:

/ Lq92-¢1,q,m = / gQ-Lq¢17q,m = )\l,q,m/ m'g2-¢1,q7m = 0.
R2 R2 R2
We obtain g3 € Hy and |g9] < ey gm.

Then call g3 = (ML, — M\ gmI)¢3; g3 satisfies the following equation:
(I = ArgmLy'M)gy = L' Mgy

We check that
/ m.L;lMgg.gzﬁL%m =0.
RQ
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Applying again Proposition A.1, we get that g € Hy and |g3| < T'||Mg3| x,,.¢1,4m. Using

the same method at each step, we deduce that the following sequence:
g = (M7 Ly — Agml) " g3
satisfies [g5™| < T||M g ||x,..#1,4m. Finally, we get that, if |s1 — A1 4| is small enough,u, €
Xy m- To conclude, we prove similarly that us € X ,.
We finish the proof, saying that there exists some A\g such that for A ;,, < p < Ao

A 1gm
U = ¢17q,m+u2+u3g(
)‘17q,m -

05)\1 qm
— =" 4C m
ALq,m _ [1/ )¢11q7

where the constant C' depends only on Ag. Then the Theorem 1.5 follows immediately.

B Appendix: Proof of Lemma 2.1

We use the methods of translations (see [5], [7, p. 182]). Let u be a weak solution of
(—A+q)u= fin R".
Let h € RY and define

~u(r +h) —u(z)

Let v = D_,(Dyu), v € Vy(RY). From [on[Vu.Vv + quv] = [y fv, we get:

/RN [V (Dyu)|* + Dy (qu).(Dpu) = FD_n(Dyu).

RN RN

Since Dp,(qu)(x) = q(z + h)Dpu(z) + u(z)Dpg(z), we get:

/ IV (Dyu)[2 + / o(z + 1) Dyu()2 dz + / uDnaDvii = | FD (Do),
RN RN RN RN

Using ¢ > est > 0, we deduce that there exists a positive constant C' = C(q) (depending
upon q) such that:

[ v@0af+ [ Dl <@ [ 1Dl [ laDy@lDyl

Recall from [7, Proposition IX.3] that for all w € H'(RY), |D_pwl|r2@y) < ||[Vwl| 2@
Thus, since for all h, |Dy(q)| < cst \/q, we have |uDy(q)| < cst |ul\/q and there exists a

positive constant C' such that

[ Dl ey < Cllfllz2@ny + luy/qll 2] < oo
We conclude as in [7] by for all i and for all A,

ou
axi

||Dh ||L2(RN) < C[||f||L2(RN) + ||u\/a||L2(]RN)]'
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Using [7, Proposition IX.3] we get that 2 € H'(RY). Therefore u € H*(R") and —Au €
L2(RY). Moreover, we have for all ¢ € D(RY), Jan (Au+qu—f)¢ = 0and —Au+qu—f €
L}, .(RM). From |7, Lemma IV.2], we get that —Au+qu = f a. e. in RY. Thus qu € L*(R")

and in particular we deduce that u € D(—A + q).
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MARIE-HELENE LECUREUX

Comparison with ground state
for solutions of non cooperative systems of Schrodinger

operators on R

ABSTRACT. We study the sign of solutions of a system LU = AU + MU + F', on the whole
space RY, more precisely, we compare the components of U with the ground state solution.
Here L is a diagonal matrix of Schrédinger operators of the form Lu := —Au + qu, F is a
vector of functions in L?(RY), and M is a matrix, not necessarily cooperative. When M is a
constant matrix, we prove the existence of a real A playing the role of principal eigenvalue:
if |\ — A| is sufficiently small, U exists and the sign of each entry is fixed. The sign of each
entry changes as A grows and get over A. We study the case of a variable M for a 2 x 2

system.

1 Introduction

In this paper we study systems defined on the whole space RY and acting on (L*(RY))™:

Lu; == (=A +q(x))u; = Au; + Zmijuj +fi,1<i<n (1)
j=1
which we write:
LU =\U 4+ MU + F, (2)
U1 fi L 0
with U = : , F = : , L= , and M is a n X n matrix with
Up, In 0 L

coefficients m;.

The potential ¢(x) is assumed to be a continuous function ¢: RY — R such that

infg>0 and g(z) - o0 as |z| — oc. (3)
R
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The potential is a “relatively small” perturbation of a radially symmetric potential which
is assumed to be monotone increasing (in the radial variable) and growing somewhat faster

than |z|? as |z| — oo.

For a unique equation
(=A +q(z))u= M+ f on RY,

where ¢ is a perturbation of a radially symmetric function, under the hypothesis f > 0,
B. ALzIARY, J. FLECKINGER, and P. TAKAC consider the eigenvalue \*, associated to a
function ¢* > 0. They show that for |A — A\*| sufficiently small, if A < A* then u > C'p* > 0
(fundamental positivity), and if A > A*, and f comparable to ¢*, then u < —Cp* < 0

(fundamental negativity).

First we are concerned with the anti-maximum principle for the system when M is a con-
stant matrix. In the case of cooperative systems, there are several results related to the
maximum principle. B. ALZIARY L. CARDOULIS, and J. FLECKINGER, obtained a maxi-
mum principle for cooperative systems, then B. ALZIARY, J. FLECKINGER, and P. TAKAC,
proved a result of fundamental positivity. For the anti-maximum principle N. BESBAS |10,
Theorem 4.3.2, p. 40] gave a theorem on the fundamental negativity for a special cooperative
problem involving a radial potential ¢. In the present work, we study general systems (in
particular non cooperative systems are allowed) and we obtain a comparison with the ground
state, for the spectral parameter A\ close to the ground state energy level. In this part, we
extend to a n X n system some results of fundamental positivity or negativity established by
B. ALZIARY,J. FLECKINGER and MH. LECUREUX [3] for 2 x 2 systems.

In the second part, we tackle the case of a variable matrix M. Our result concerns 2 x 2

systems with M restricted to very specific forms.
Organization:

The paper is organized as follows. In Section 2, we introduce some notation. In Section 3
we recall some known results, in Section 4 we state our main results. Finally, in Section 5,

we prove them.

2 Notations and hypotheses

2.1 Fundamental positivity, fundamental negativity, notation

It is established that the Schrodinger operator: L, AT q(z)e defined on L*(RY)

with a positive continuous potential tending to +oo as |z| — oo has a compact inverse

and therefore a discrete spectrum. This holds since the variational space V; is compactly
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embedded in L*(RY) (see D. E. EDMUNDS AND W. D. EVANS, [14], J. FLECKINGER,]|10])

where v (RY) & {u € I2(RY) /RN \Vu|?dz + /RN q(z)|ul* < OO}' M)

The smallest eigenvalue is simple and is given by:

{ Jan [VulPdz + [on q(x |u]2dx}

A (q) = inf
(4) Jan [ul?dz

ueVy(RY)

(2)

Eigenfunctions associated to A\*(¢) do not change sign and \*(q) is referred to as the “prin-
cipal eigenvalue”. Denote by ¢* (or ¢*(¢q)) the associated eigenfunction which is positive
and normalized by ||¢*||7, @~y = L. The function ¢* is C'(RY), and exponentially decreasing

*

near infinity. Usually, ¢* is called the “ground state” or “principal eigenfunction”.

As in the paper of B. ALzIARY and P. TAKAC [8], we consider the operator L, o

—A +g(z)e on a subspace X of L2(RY) defined, by

X € {ue LA(RV): u/p* € L*(RN)}. (3)

The space X equipped with the norm
def .
lull x = esssup (ful/¢*)
RN
is a Banach space.

Notation: We note u = 0 and we say that © € X is fundamentally positive if there exists
a real number ¢ > 0 such that u > cp*.
Similarly we write u 20 and we say that v € X is fundamentally negative if there exists a

real number ¢ > 0 such that v < —cyp*.

2.2 Hypotheses on potential

Now we give the precise assumptions on the potential ¢, which guarantee the compactness of
the resolvant (A — L)~1. For a single equation, ALZIARY, FLECKINGER, and TAKAC obtain
this compactness and so the fundamental positivity and negativity for different classes of
potentials [6], [9]. We choose here hypotheses used in [9], but there is no problem for

obtaining the same results with the class of potential used in [6].

More precisely, we introduce a class of growth for potentials:
Co :={Q € C(R4,(0,00)) /Try >0, Q' > 0a.e. on [ry, o0 / Q(r) YV dr < 00}, (4)

We assume that the potential ¢ satisfies Hypothesis (H,):
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Hypothesis (H,) The potential q is positive continuous and tends to +00 as |z| — oc.
Moreover, there exist two functions Q1 and Q2 in Cqo and two positive constants Cy, 19 €
(0,00), such that

Qi(lz]) < q(x) < Qu(|z]) < CoQu(Ja])  for allz € RY, (5)
/ (Qa(s) — Ql(s))/ exp ( - / [Q1()Y2 + Qo(1)V] dt> drds < oo. (6)

In their paper, ALZIARY, and TAKAC ([9] Corollary 3.3) show that the ground states ¢*(q),
©*(Q1) and ¢*(Q2) are comparable: there exist some constants 0 < ; < 72 < oo such that
e (q) < ©"(Q) < 12”(q) with j =1,2. We have X; = X1 = Xqo.

Remark 2.1 The set X does not change if we change ¢ into ¢ — ¢ where ¢ is a bounded
function such that ¢ — ¢ > 0.

2.3 Hypotheses on matrix M and vector F

2.3.1 Case of constant matrix M
o Hypothesis on M
In this case, we suppose the whole spectrum of M real. More precisely:
Hypothesis (H);):  The whole spectrum of Matriz M is in R. We denote the p real
eigenvalues (p;)1<i<p of matriz M, by
1> o = 2 [y
We assume that the largest eigenvalue py of M s algebraically and geometrically simple.

Remark 2.2 We choose to write eigenvalues p; in decreasing order. The Jordan’s canonical
form allows us to write M = PTP~! with :

J1 0
J2

JIp
where P is a change-of-basis matrix.

Every Jordan’s block J; is a square k; X k; matrix, in the form :

pi 10

i
By Hypothesis (Hyy), the first block is 1 x 1 : J; = (7).
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Notation: Let G be the eigenspace associated with py (dim G = 1) and H the hyperplan
spanned by other column vectors of Matrix P. By hypothesis (H),), we have R" = G @ H.
It is important to notice that, in matrix P, we can choose for the first column, every non

null vector of G.

o Hypothesis on F
We recall that in the whole space, the anti-maximum principle could be violated for the
equation

—Au+g(z)u = Au+ f

if the function f is in L*(RY)\ X (cf. [5, Example 4.1, pp. 377-379]). So the fundamental
negativity does not hold for 0 < f # 0. For results on systems presented in this article, of
course we need to consider vector F' with all the components f; in X.

We can decompose F(z) into F(z) = Fg(z) + Fy(x) with Fg(z) € G and Fy(x) € H.

Hypothesis (Hp): All components f; of vector F' are in X and let us decompose F(x) =
Fo(z) + Fy(x) where Fg(x) € G and Fy(x) € H. We assume there exists ¥V € G such that
F(z) = fi(z)V + Fy(z) with fi >0 (a.c.), and Fg = fi¥ # 0.

Vector VU is in G so we have : MV = p;W. Its components ¢; are constant real numbers. In

Matrix P = (p;;) we choose ¥ for the first column. So ; = p;;.

2.3.2 Case of variable M

In this case, M is a 2 X 2 matrix. We note M = ( alz) bz) )

c(x) d(z)
Assumptions on Matrix M allow us to diagonalise this matrix with the help of a change-of-
basis matrix with real and constant coefficients. These very particular forms of matrix are
studied by COSNER and SCHAEFER |[13]. If a # d, we need b and ¢ proportional to a — d ; if
a = d, b is proportional to ¢ and have the same sign. In the first case, where a # d, we need

to have a constant sign for a — d. In the second case, we suppose a = d.
Hypothesis (Hy1) (case a £d,a > d):  We assume:
o Functions a and d are continuous, in L®(RY), and a > d > 0 with a # d.
o There exist two real numbers b and € such that b = /l;(a —d) and ¢ = ¢(a — d), and

D=1+4b¢>0.

Note that with hypotheses a(z) > 0 and d(z) > 0 we do not loose generality: we can add a

positive number to each side to obtain these hypotheses.
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In this case, we always use Hypothesis (Hp), but we can write it differently.

Hypothesis (Hpy1) (case a #d,a > d):  We assume f1, fo € X,

~

~ 2 ~
fi=H+———f2>0 and f1 #0.

b
1+VD
Hypothesis (Hyp2) (case a =d):  We assume:

o The equality a = d and this function is in L>°(RY). Moreover Vo € RN, a(z) > 0.

o There exist two positive real numbers b and € such that b = ebr and ¢ = ecr, where € is

+1 and r € L=®(RY) is a bounded, positive and continuous function.

Hypothesis (Hp) can now be written:

Hypothesis (Hpy) (case a =d):  We assume f1, fo € X,
Vefi + eV, > 0 and Vet + eVof, 2 0.

Remark 2.3 Under Hypotheses (Hy,1) or (Hpzp2), M has two real eigenvalues. We denote

them by v (z) > v~ (x). The two functions v* and v~ are in L>®(RY).

3 Known Results

We recall here some results of fundamental positivity and fundamental negativity.

Our proof uses some results in Alziary, Takaé¢, (|8]) then Alziary, Fleckinger, Takaé,(|5]) and
Alziary, Taka¢, (|9]) for fundamental positivity, in Besbas, ([10]) for fundamental negativity.

For ¢ with superquadratical growth and for f/p*(q) € L, they study
(A4 qu=Au+f (1)

and they show that there exist positive numbers ¢ and ¢ (depending on ¢, f and \) such
that:
A< AN(q) = u = 0, (fundamental positivity)

AN(q) <A< XN(g)+d = u <0, (fundamental negativity).
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Fundamental Positivity

Theorem 3.1 ([3, Theorem 2.1, p. 284])(|9, Theorem 3.1, p. 41])
Assume (H,) is satisfied and f € L*(RYN), f > 0 a.e. on RN, f #£ 0. For A\ < \*(q) there

exists a unique solution u to Equation (1) which is positive; and there exists a constant ¢ > 0
such that
u>cp*(q) >0  (fundamental positivity). (2)

Moreover, if also f < Cp*(q), with some constant C' > 0, then we have

u < dp*(q) everywhere, with ¢ =

X =¥ @)

Corollary 3.2 (|9]): The constant ¢ defined in (2) tends to oo as A — \*(q) .

This result plays an important role in the proof of our main Theorems:

Corollary 3.3 Assume f € X (not necessarily f > 0), for A < X\*(q), u exists and we

have

< o @) ()

Indeed if we denote by K|x the restriction of K = (L, — AI)~* to the Banach space X, the

1
operator K|x is linear and bounded in X with norm < g =X (9], p- 41).
q J—

Fundamental Negativity

It has been shown first in [!] for a radial potential and then in [9].

Theorem 3.4 (|9, Theorem 3.4, p. 42|) Assume (H,) is satisfied; let f € X be such
that f > 0 a.e. on RN, f # 0. Then there exists (f) > 0 and ¢ > 0 such that for all
A€ (M(q); A(q) +9),

u< —cp*(q) (fundamental negativity). (5)
Remark 3.5 The same holds if we assume only [, f¢*(q) dz > 0.
Corollary 3.6 ([10]): The constant ¢ defined in (5) tends to oo as X — \*(q) .

Remark 3.7 Besbas (|10]) uses a slightly different space X? C X ; it coincides with X

for radially symmetric functions.

Remark 3.8 Fundamental negativity improves the antimaximum principle introduced in
Clément-Pelletier ([12]).
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4 Main Results

4.1 System n xn

This result concerns System (2) where M is a constant matrix:

(—A+g@) 0 u
(2) LU := - : =AU+ MU + F,
0 (—A+q(z)) Un
Recall that, by hypothesis (H,), (Hy) and (Hp), M has only real eigenvalues; its largest

eigenvalue p is simple and there exists U eigenvector of M associated with puq, such that
F(z) = fi(z)V 4 Fy(z) with f; > 0 (a.e.) Denote (t;) the components of W.

Theorem 4.1 We assume Hypotheses (H,), (Hy) and (Hp).
Let A := X*(q) — 1. Then there exist two real numbers § > 0 and &' > 0, depending on q,
M, F, such that

o If X € (A—0;A) then System (2) admits a unique solution U = (u;). Moreover, for
each integer i € [1,n], u; € X and Y;u; = 0.

o [f X e (A;A+ ) then System (2) admits a unique solution U = (u;). Moreover, for
each integer i € [1,n] u; € X and Y, <0.

Remark 4.2 If M is irreducible and cooperative, we know that there exists ¥ with all
components strictly positive. We obtain the fundamental positivity below A and the funda-

mental negativity above A.

4.2 Variable Matrix M

Here M is a variable 2 X 2 matrix M = ( a((:v) bix; > .

The system is:

~A+g(x) 0 u [ w a(z) bx) | [ w h
(() —A+q(x)>(u2>_/\<w>+<c($) d({E))(UQ)—’—(fQ)'
(1)

As we will see in the proof, the two real eigenvalues of M are v*(z) > v~ (x), and the
=sup {vr*(z), x € R}.

By Remark 2.1, we know that X is the same set for ¢, for ¢* = ¢ — v + vt and for

functions v and v~ are continuous, bounded. Let v}

¢ =q—v +vl, . We denote \*(¢") the principal eigenvalue of —A + ¢™ and A\*(¢™) the

principal eigenvalue of —A + ¢~.
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1. First case

Under Hypothesis 2.3.2 (Hy1), let us set b, ¢ the two real numbers such that b = Z(a —d)
and ¢ = ¢(a — d).

Theorem 4.3 (case a # d) We assume Hypotheses (H,), (Hppn) and (Hpy):

/\ /\

fo=>0 fi+
1+\/_2 v 1+\/_

Let A = X (¢") — v,|,,. Then there exist two real numbers 6 > 0 and ¢’ > 0, depending on
q, M, F, such that

fir+ —=L#0

o [fA—0<A<A, then System (1) admits a unique solution U = (u;). Moreover,

* *
up = 0 and cuy >~ 0.

o I[fA<AN<A+, then System (1) admits a unique solution U = (u;). Moreover,
Uy 20 and Clo Z0.
Under Hypothesis 2.3.2 (Hpy2), recall that functions b = ebr and ¢ = e¢r have the same
sign, given by € = +1.
Theorem 4.4 (case a = d) We assume Hypotheses (H,), (Hpp2) and (Hpy):

\/?fl +eVefs >0 ae., \/ifl + eVef, # 0.

Let A = X*(qT). Then there exist two real numbers § > 0 and &' > 0, depending on q, M,
F', such that

o [fA—0<A<A, then System (1) admits a unique solution U = (u;). Moreover,

* *
uy; = 0 and euqg = 0.

o I[fA< A< A+, then System (1) admits a unique solution U = (u;). Moreover,

* *
u; < 0 and euqg < 0.
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5 Proofs

5.1 Proof of Theorem 4.1

1/ First case: A <A = X(q) — 1
First step: change of basis

Jol 0
We use the Jordan’s block matrix 1" = 2 : associated with matrix M in

Jp
System (2):
LU := AU+ MU + F.

There is a matrix P such that 7" = P~'MP. More precisely, by Hypothesis (Hj;) and
Hypothesis (Hr) we can choose for the first column of change-of-basis matrix P : ¥ € G
such that F' = fl\lf + Fy with ﬁ >0and Fy(r) € H.

Now let us introduce the following notation:

Uy S
U=PU & U=|: =P'U and F=PF & F=|: |=P'F
0 fa
All potentials are equal, so System (2) becomes
LU=XNJ+TU+F. (1)
By Hypothesis (Hj/) the first equation in System (1) is
Liy = Ay + iy + i, 2)

where, by Hypothesis (Hr), fi>0and f; 0.

i—1

Look at the Jordan’s block J; with 2 < < p. The matrix J; is k; X k;. Set s; = > k,, with
m=1

ki = 1.

From line s; + 1 to line s; + k; — 1, we obtain k; — 1 equations:
L%:A@+M2@+ﬁ]+1+ﬁ 1f81+1§j<81+l€1—1, (3)
and the last one:

Liiy = NG + iy + f; for j = si+ ki = sian. (4)
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Second step: study of the triangular system (1)

In the first line
Using Theorem 3.1, we obtain that Lu; = Auj+puqu;+ f1 has a solution, u, = 0 (fundamental

positivity), and since f; > 0 a.e. on RY,

c(N) " < .

If X\ — A, by Corollary (3.2) ¢(\) = +o0.

In other lines we look at every Jordan’s block.
In i** block, with 2 < i < p, from line s; + 1 to line s;,;.
e Line s;41: In Equation (4) Li,,,, = A, + piUs,,, + fs,,, by Corollary 3.3 the solution

u,,, exists and satisfies the inequality

Hf5i+1HX *

Q) —pi—A

|a5i+1| S )\*(

(5)

HfsiJrl HX "

By (Hu), A < A"(q) — 1 < A(q) — g So s,y | € ————
Hence, for ¢ > 1, the function u,,, is in X, and ||ﬂsi+11||X ZS Cs,,, Where the constant c,,,
depends only on F' and M.

e From line s; + 1 to line s;,1 — 1

For j = s;11 — 1, we have Lu; = Auj + pu; + s, , + f;

Set g; = Us,,, —l—ﬁm. This function g; is in X, and ||g;||x < [; where the constant [; depends
only on F' and M.

Therefore, by Corollary 3.3 we obtain the existence of u; and

~ 19511 x ; L .
u;| < < ——0".
TN (g) = i — A f1 — i
So, for j = s;41 — 1, u; € X, and ||u;||x < ¢; where ¢; depends only on F' and M.
Step by step, we can use the same argument from line s;;; — 1 to line s; + 1. Therefore we
obtain, in each block, for each integer 5 with s; + 1 < 7 < s;41 — 1, the existence of the

solution w; which is in X. Moreover, ||u;||x < ¢; where the real ¢; depends only on F' and
M.

To sum up, we have, for 2 < j < n,
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where the real ¢; depends only on F' and M,
and for j =1,
c(Ag" <, (7)

where ¢()\) depends on F, M, X and ¢(\) 400 when A\ 7 A.

Third step: consequence for the initial system (2)

U= PU implies for each component 1 <7 < n:

u; = pity + sz‘j@-
=2
As A — A, we have u; > c¢(\)p*(q), where ¢(X) tends to infinity; and by (6), > pi;u; is
j=2
bounded by a constant times ¢*.

Therefore there exists d; > 0 such that for A € (A — d;; A) the function
U = Pty + Zpij{[j
=2

has the same sign than p;;. More precisely, if p;; > 0, wu; o 0, andif py <0 <0.
But the first eigenvector W is the first column of the change-of-basis matrix P : i; = p;; We

obtain, in the case A —¢§ < XA < A, where § = min; J;,

(o ~ 0 (fundamentally positive)

2/ Second case A > A = \* — p; and |\ — A| small:
there is 09 > 0 with A < A < A+ 09 < A — g <00 <N — .

First step

We transform System (2) into System (1) exactly as above.

Second step: study of the triangular system (1)

In the first line (2) Luy = Muy + pyug + fl,

we can apply the fundamental negativity results (Theorem 3.4): there is §; (F") > 0 such that
if A <A< A+ <A+, then 3 < —c(N)p*(q), and by Corollary 3.6: ¢(A) grows to +00
when A — A.
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In the other equations, Lu; = Au; + pu; + ﬁ we have A < A\* — ;. Hence by fundamental
positivity and corollary 3.2, as in the case A < A, we have by (6), > p;;u; bounded by a
j=2

constant times ™.

Third step: consequence for the initial system (2)

In w; = paus + ) piyu;, we have > p;;u; bounded by a constant times ¢* and u; <
=2 j=2
—c(N)¢*(q) tending to —oo when A tends to A.

So there is ¢’ > 0 such that : if A < A < A+ ¢ we obtain pjju; = ¢;u; fundamentally
negative: 1;u; <0. O

5.2 Proof of Theorems 4.3 and 4.4

Here we study System (1):

—A+gq(z) 0 up |\ Uy a(r) b(w) Uy fi
(0 —A+q<x>)<w)”<u2)+<cw> d@)(uz)*(ﬁ)-

1/ Proof of Theorem 4.3

First step : study of eigenvalues

By Hypothesis (Hp1), there exist two real numbers /l;, ¢ such that b = B(a —d) and ¢ =
¢(a — d). Since a > d, the two functions b and ¢ never change sign. Moreover D=1+4bc
is positive.

1 =
By calculation we obtain two eigenvalues : vt (z) = 5 (a@) +d(x) + (a(z) — d(m))@),

1 =
and v~ (x) = 5 (a(x) +d(z) — (a(z) — d@:))@).

Since a > d, a % d and D > 0, we have vt > v~ vt #Z v=. By (Hp), the two
functions a and d are continuous and bounded, so v and v~ are continuous and bounded.
Set v .. = sup, v (x).

By Remark 2.1, the set X is the same for the two potentials ¢t = ¢ + v;F . — vt and
¢ =q+v),,—v . Wehave ¢- > ¢" >0, with ¢~ Z ¢*.

The principal eigenvalue of L, - LAt q (z)e is

Jan [VulPdz + [on ¢ (@) |ul?dz
f]RN |u|?2dx

AN(¢) = inf

ueV, - (RN)
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and we know that
N(q) = / V(g™ 2de + / ¢l (q )|,
RN RN

where ¢*(¢7) is the ground state of —A + ¢~ (z)e , which is positive and normalized by

o=\ (|2
l¢*(q )HL2(RN) = 1.
By v~ (z) < v't(x), v~ £ v, and by continuity we have

| W= @) @) > [ (e =" @) I (@) P

.
SO

[ @l @ifde> [ at@le P
Therefore

X(q) > / IV )P+ / @l ()P

We obtain ¢*(¢~) € V + and

Jon [VuPPdz + [on ¢ (2)|ul?dz ]| Ao (ot
fRN |ul?dx =X

Second step: diagonalization of the system (1)

1+ VD —b
We choose the eigenvectors v = 9 associated with v+ andv™ = | 1 4 /D
c 5

2

associated with v—.

Let P the matrix with columns vectors v™ and v~. The inverse matrix is
2
pl— L 1+ \/5
VD —2C
1+VD

As before, we note: U= 131 —pi ™ and Jil = p! h .
Ug Uz Ja Jo

The components of P and P! are constants. So, if f, fo € X, then ]?1 and ]?2 are also in X.

1

By this change of basis, System (1)

o uy a(z) b(z) uy fi
ﬁUA(u2>+<c(:c) d(x)><u2>+<f2>7
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is written in two equations:
— AT+ qiiy = Ny + v+ i,
— Aiiy + qiiy = Nl + v il +
where ]71 >0, ]?1 = 0 by Hypothesis (Hpy1.)

Set ¢t =q+ v, — v, and ¢~ = g+ v}, — v, we derive
— AT+ qTa = (A vh,) @+ (8)
_A@—i_qi@:()‘_'—y;ax)@—i_ﬁ (9>

IfA< A (¢)—v)

max?

Equation (9) satisfies the Theorem of Fundamental Positivity, and by
Corollary 3.3 we have
@] < (N (07) = Vhaw = A Cr”

max

o If A< X\ (¢") — vl <N(qg)—vt

max max’
we obtain
C-

Uyl < (N(g7) = A—wvt o oLt < f *,
Bl < (V) ) Cre N (g) — Mg

Equation (8) satisfies the fundamental positivity result, so we have

and C(), f1) tends to infinity, when X tends to A*(¢*) — vF

max*

Consequently w5 is bounded,
and u; tends to infinity.

Now we can derive U from U = PU ; we have:

1+vVD .
-

1+ VD _
U9 :Cu1+TU2- (11)

So there exists a real number 6 > 0, depending on F' and M, such that for all
N(gT) =t —0 <A< XN(q") — v}

max max?

* *
u; > 0 and cuq > O.

o If \*(¢7) — vt <A< XN(q7)—vf

max max

By Theorem 3.4 in Equation (8) there exists ¢; (depending on F') such that for all A with
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oz < A(q7) 401, uy exists and Uy < 0. We can choose §; < A (q7) = A (q"),
and assume \*(¢*) — vt <A< XN(q") — vl 0 < XN(¢)—vt

max max max*

N (qt) < A+t

In Equation 9, by A < X\*(¢”) — vt we can apply the Fundamental Positivity Result. So

max

Uy exists, and

1
Wl < (V@)= A—vh,)  Crpt < g
| 2| —( (q ) maw) f2¢ —= )\*(qi)_)\*(qu)_(sl(p

We have 1z bounded by a constant times ¢*, and u; < —C(A, ﬁ)gp*, with C'(A, ]71) tending
to infinity when A tends to A*(¢") — v},
Relations (10) and (11) are always true. So there exists a real 0 < § < §; such that:

AN (¢7) — vt <A< X (¢") — vt +0 < XN(q7)—vt,., we have uy Z0and cuy < 0. O

max max max?

2/ Proof of Theorem 4.4

By Hypothesis (Hp2), a = d and there exist two real numbers /b\, ¢ such that b = ebr and
¢ = ecr, with e = £1. The function r € L>®(R") is continuous, positive and bounded.

The matrix M(z) has two eigenvalues, v*(z) = a(z) + Vber(z) and v=(z) = a(z) —
Ve r(z). The function r is positive, bounded and continuous so the function v* — v~ =

—vtand ¢ = g+t

2 ?)\/c\r(x) is positive, bounded and continuous. Let ¢* = ¢+v;} )

ax az V-

We have, as in the first step of the proof of Theorem 4.3, A(¢7) > A(¢™").
b —eVh
Eigenvectors associated to v and v~ are v* = and v~ = :
Ve Ve

With these eigenvectors, we obtain

‘ -
™

Pl =

(]

S

[\
S

=
5

2

The components of P and P! are constants.

We always denote 111 —p| ™ and Jil = p! h . Functions :fvl and
Us Us fa f2

fg are in X, and by Hypothesis (Hpy2), ]?1 > 0, and ]?1 % 0. We obtain the same equations
as above:

(8) —Aur+qtu = (AN +v,,)w + fi,

() —AG+q @ = (At Vhy,) @ + fo.
where f; >0, fi; 2 0 by Hypothesis (Hpyp1)-
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The study of the comparison with the ground state is the same as in Theorem 4.3. So usy is
still bounded in X. For u;:
o if A\ < \*(¢7) -yt ., then uy > C (A, F)¢*, where C(\, F) — oo when A — X (¢*) — vt .,

o if A\ > \*(¢") —vt,, and [N — (N (¢") — v} ,.)| small, we have u; < —C(\, F)p*, where

max max

C(\, F) — 0o when A — \*(¢") — v |

But now the change of basis gives:
w = Vo — Vo, (12)

uy = eV + Vei. (13)

By similar arguments, we obtain

- the existence of ¢ such that: if \X*(¢7) — vt . —0 <A < X(¢") — v}, < XN(q7) — v}
then u; ; 0 and euqy ; 0,

- the existence of ¢’ such that: if \*(¢7) —v),. <A< X(q") — v}, +0 <X(q¢7)—v}
then wu, 20 and €Us Z0.m
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TAMAS GLAVOSITS, ARPAD SzAz!

The infimal convolution can be used to easily prove the
classical Hahn-Banach theorem

ABSTRACT. By using a particular case of the infimal convolution, we provide an instructive

proof for the dominated Hahn-Banach extension theorem.
Former proofs have only used this convolution rather implicitly.

KEY WORDS. Infimal convolution, Hahn-Banach theorem

1 Hahn-Banach extensions and the infimal convolution

Notation 1.1 Suppose that X is a vector space over R and p is a positively homoge-

neous, subadditive function of X to R.

Moreover, assume that V' is a subspace of X and ¢ s a linear function of V' to R such that

¢ is dominated by p on V' in the sense that ¢(v) < p(v) for allv € V.

Under the above assumptions, the subsequent dominated extension theorem was first proved
by Banach in |1, pp. 227-29] with reference to his former paper in 1929. At some later pages,
he also mentions the pioneering works of Riesz in 1907, Helly in 1912, and Hahn in 1927.

See the reliable historical notes of Saccoman [10].

The term Hahn-Banach theorem has been coined to the following theorem of Banach, or
an important consequence of it proved earlier by Hahn, after a paper of Bohnenblust and
Sobczeyk in 1938 who proved a complex form Hahn’s theorem independently of the works of
Murray in 1936 and Sukhomlinov in 1938. See the excellent surveys of Buskes |5] and Narici

and Beckenstein [9].

Theorem 1.2 There exists a linear function f of X to R that extends ¢ and is dom-
wnated by p on X.

!The work of the authors has been supported by the Hungarian Scientific Research Fund (OTKA) Grant
NK-81402.
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This theorem is usually proved with the help of an elementary, but tricky computation and
some important, non-direct consequence of the Axiom of Choice such as the well-ordering
principle or transfinite induction, and Zorn’s lemma or Hausdorff’s maximal principle. See

Bridges [3, pp. 261-262] for a nice instructive treatment.

In the present note, we shall show that the computational part of the proof can be put into
a proper perspective with the help of the p * ¢ particular case of the infimal convolution.
The latter notion was already intensively studied by Moreau [$] and Stromberg [11] with

several applications. See also [13], [0] and [11] for some further results.

However, up till now, it has only been implicitly used in the proofs of the Hahn-Banach
theorems. Unfortunately, the second author in [12]| considered the intersection convolution
to be a more convenient tool for proving linear extension theorems than the infimal one.
Though, he observed that the former one is only a particular case of an obvious extension

of the latter one.

In the sequel, in addition to Notation 1.1, we shall only need the following two fundamental

definitions.

Definition 1.3 If U is a linear subspace of X containing V', then a linear function 1
of U to R, that extends ¢ and is dominated by p on U, will be called a Hahn-Banach

extension of ¢ to U.

Remark 1.4 By using this definition, the assertion of Theorem 1.2 can be briefly expressed
by saying that there exists a Hahn-Banach extension f of ¢ to X.

Definition 1.5 The function g = p * ¢, defined by

¢(z) = inf (p(z—v)+p())

veV
for all z € X, will be called the infimal convolution of p and .

Remark 1.6 The above definition can be put a more instructive form by observing that
g(z)=inf{pu)+¢v): uveX, veV, z=utv}
for all x € X. Note that the latter form can be applied to more general situations.

The close relationship that exists between the Hahn-Banach extensions and the infimal

convolution can already be nicely clarified by the following

Theorem 1.7 If ¢ is a Hahn-Banach extension of ¢ to U, then for any u € U we

have
—q(—u) < ¢(u) < q(u).
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Proof: For any v € V, we have

Pu) =¢(u—v+v)=(u—v) + ) <plu—v)+¢v).

Hence, we can already infer that

U(u) < inf (p(u—v) +¢(v)) = q(u).

veV

Now, by writing —u in place of u, we can see that

—Yu) =¢(-u) < q(-u), andthus —q(-u)<¥(u)

also holds.

Now, as an immediate consequence of this theorem, we can also state

Corollary 1.8 If ¢ is as in Theorem 1.7 and q is odd on U, then q is an extension
of V.

Proof: In this case, for any u € U, we have
g(—u)=—q(u), andhence —q(-u)=q(u).

Therefore, by Theorem 1.7, ¥ (u) = g(u) is also true.

Thus, in particular, we can also state

Corollary 1.9 If U is a subspace of X such that V. C U and q is odd on U, then
there exists at most one Hahn-Banach extension 1 of ¢ to U.
2 Further inequalities for the function ¢
Theorem 2.1 For any x € X, we have
—p(=z) <q(r) < p(z).
Proof: For any v € V, we have

0=p(0) =¢(-v)+ o) <p(-v)+ )
=p(—z+z—v)+ o) <p(—z)+p(x—2)+p0),

and thus
—p(—z) <p(z—v)+e@).
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Hence, we can already infer that

—p(=a) < inf (p(z—0v)+ () =q(z).

Moreover, we can at once see that

¢(x) = inf (p(z—v) +¢(v)) <p(z—0)+(0) =p(z)

also holds.

Now, as an immediate consequence of this theorem, we can also state

Corollary 2.2 g is a real-valued function of X such that q(0) =0.

From Theorem 2.1, by writing —z in place x, we can also immediately get

Corollary 2.3 For any z € X, we have
(=) < —q¢(=z) < p(z).

In addition to the above results and Theorem 1.7, it is also worth proving the following

Theorem 2.4 For any x € X, we have
—q(=x) < q(x).
Proof: For any v, s € V we have

—p(z—v) =) =—p(z—v)—=p) - e(s)+ols)
=—p(z-v)+o(-v—s)+¢(s) < —p(z—v)+p(-v—-s)+p(s)
=-—plz-v)+p(r-v—r=s5))+¢(s) <—p(z-v)+p(r—v)+p(-r—s5)+p(s)

=p(=r—s)+p(s).

Hence, we can infer that

—p(z—v)=p() < nf (p(—z—s)+@(s)) = q(-z).

Now, we can already see that

—q(—z)<p(z—v)+e),

and thus

—¢(=2) < inf (p(z —v) +¢(v) = q(x).

also holds.

This theorem makes the less obvious part of the proof of Theorem 2.1 superfluous. Moreover,

it immediately yields the following
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Corollary 2.5 ¢ is a superodd function of X in the sense that —q(z) < q(—x) for
all x € X.

Remark 2.6 Later, we shall see that the function ¢ is not, in general, odd. Therefore, in

contrast to Corollary 1.8, it cannot usually be a Hahn-Banach extension of ¢ to X.

Moreover, we shall also see that ¢ is not, in general, even. Therefore, it cannot usually be a
seminorm even if p is so. However, due to the linearity of ¢, it will turn out to have some

better additivity and homogeneity properties than p.

3 Additivity and homogeneity properties of ¢
Theorem 3.1 Forany x € X and v €V, we have

¢(z+v)=qx)+e(v).
Proof: For any s € V', we have

g(x) = inf (p(z—t) +o(t) <p(z—(s—v)) +¥(s—v),

and thus
9() + o) <p(z—(s—v))+e(s—v)+p@) =plztv—s)+p(s).
Hence, we can already infer that
q(z) + () < inf (p(z+v—35))+¢(s)) = g(x+v).
Now, we can easily sce that
q(z+v)=q(r+v)+90)=q(z+v)+e(=v)+ ) <q(r) + o)

also holds.

From this theorem, by using Corollary 2.2, we can immediately derive

Corollary 3.2 ¢ is an estension of ¢.

Proof: Namely, by Theorem 3.1 and Corollary 2.2, we have

q(v) =q(0+v)=¢q(0)+p(v) =0+p(v) =p)
for all v e V.

Now, as an immediate consequence of Theorem 3.1 and Corollary 3.2, we can also state
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Corollary 3.3 ¢ is an X xV -additive function of X in the sense that

q(z+v)=q(x)+q(v)

forall x € X and veV.

Concerning the function ¢, we can also easily prove the following

Theorem 3.4 ¢ is a subadditive function of X.

Proof: If x,y € X, then by Definition 1.3 and Corollary 2.2, for any ¢ > 0 there exist
s, t €V such that

plz—s)+e(s)<q(z)+e and  p(y—1)+elt)<qly)+e.

Now, we can already see that

¢(v+y) = inf (p(z+y—v)+e()

<p(zt+y—(s+t))+e(s+t)<plz—s)+p(y—1t)+o(s)+ o)
<q(x)+q(y) + 2¢.

Hence, by letting ¢ tend to 0, we can infer that

¢(z+y)<qx)+q(y).
Remark 3.5 This theorem makes the proof of Theorem 2.4 superfluous. Namely, by The-
orem 3.4 and |1, Theorem 4.3|, the function ¢ is superodd.
Moreover, by the above theorems, we can also at once state that ¢ is N-subhomogeneous

and {0} U N~!'-superhomogeneous.

However, the latter facts are of no particular importance for us now since we can also prove

the following

Theorem 3.6 ¢ is a positively homogeneous function of X .

Proof: Forany z € X, veV and A € R, with A > 0, we have

¢(z) = inf (p(z—s)+¢(s)) <p(z—270) +o(A ),

and thus
Ag(z) < Ap(z—A") +Ap(A ) =p(Az —v) + o).
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Hence, we can already infer that

Aq(x) < inf (p(Az —v) +p(v) = q(Az).

veV

Now, we can easily see that
g(Ax)=AX"qg(Az) < Ag(AN'Az) = Ag(2)

also holds.

Now, as a useful consequence of Theorem 3.6 and Corollary 2.5, we can also prove the

following

Corollary 3.7 ¢ is an R-superhomogeneous function of X in the sense that
Ag(z) < q(Aw)

forall A€ R and x € X.

Proof: By Corollary 2.5 and Theorem 3.6, for any z € X and A € R, with A <0, we also

have

Ag(z) = (=A)(—q(x)) < (=X)q(=z) =q((=A)(—z)) =q(Xz).

From this corollary, by writing —A and —z in place of A and =z, respectively, we can

immediately infer

Corollary 3.8 Forany A € R and x € X, we have

—q(Az) < Ag(—z).

4 An instructive proof of the Hahn-Banach theorem

We first state the following basic theorem whose proof may be left to the reader.

Theorem 4.1 If a € X such that a ¢V and
U:Ra—i—V:{)\a—i—v: AeR, UEV},

then
(1) U is the smallest linear subspace of X such that a € U and V C U;
(2) for each w € U there exists a unique pair (Ay, vy) € RXV  such that uw= Aya+wv,;

(3) the mappings u +— X\, and u +— v,, where u € U, are linear functions of U to R
and V', respectively, such that A, =0 and v, =v forall veV.
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Now, by using this theorem and our former results on the infimal convolution, we can quite
easily prove the following simple, but important particular case of a slight improvement of
Theorem 1.2.

Theorem 4.2 If a € X such that a ¢ V, then there exists a linear function 1 of the
subspace U =Ra + V to R that extends ¢ and satisfies

—q(=u) <¥(u) < q(u)

forall weU.

Proof: Note that if 1 is as above, then under the notation of Theorem 4.1, for any u € U,

we have
P(u) = (Avatou) = Autp(a) + ¢ (vu) = Autp(a) + ¢ (va).
Moreover, we also have
—q(—a) < ¥(a) < q(a).

Therefore, to prove the theorem, we may naturally define a function ¢ of U to R such that

P(u) = Augla) + ¢ (va)

for all w € U. Now, by using Theorem 4.1, we can easily see that ¢ is a linear extension of
Q.

Therefore, by Theorem 1.7, we need only show that ¢ is dominated by p on U. For this,
note that by Corollary 3.7 and Theorems 3.1 and 2.1 we have

Y(u) =Auqla) + @(ve) < qg(Aua)+ o(vy) = q(Aua+v,) =q(u) < pu)

for all we U.

Remark 4.3 Note that, in the above proof, instead of ¢(a) we may take any number
b€ R with

—q(—a) < b < q(a).

Therefore, the required extension 1 of ¢ is unique if and only if the function ¢ is odd at

the point a.

Now, as a slight improvement of Theorem 1.2, we can also prove the following

Theorem 4.4 There exists a linear function f of X to R that extends ¢ and satisfies
—q(-z) < f(z) < q(z)

forall x € X.
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Proof: Denote by ¥ the family of all Hahn—Banach extensions v of ¢. Then, it is clear

¥ is a nonvoid partially ordered set with the ordinary set inclusion.

Moreover, if @ is a nonvoid totally ordered subset of ¥, then it can be easily seen that
¢ = U is an upper bound of @ in ¥. Thus, by Zorn’s lemma, there exists a maximal
element f of V.

Now, by Theorem 1.7, it remains only to show that the domain Dy of f is X. For this,
note that if for some a € X we have a ¢ Dy, then by Theorem 4.2 and 2.1 there exists a
Hahn-Banach extension ¢ of f to the subspace U = Ra + D;. However, this contradicts
the maximality of f.

Remark 4.5 Note that if f is as in the above theorem, then by Theorem 2.1 f is, in

particular, a Hahn-Banach extension of ¢ to X.
Now, as a useful consequence of our former results, we can briefly prove the following

Theorem 4.6 The following assertions are equivalent :

1) g s odd X;

2) q 1is a Hahn-Banach extension of ¢ to X;

(1)
(2)
(3) there exists a unique Hahn-Banach extension f of ¢ to X;
(4)

there exists at most one Hahn-Banach extension f of ¢ to X.

Proof: By Corollary 1.9, it is clear that (1) implies (4). Moreover, from Theorems 4.4
and 2.1, we can see that there exists a Hahn-Banach extension f of ¢ to X. Therefore,
(4) implies (3). Moreover, if (1) holds, then by Corollary 1.8 we necessarily have f = q.
Therefore, (1) also implies (2).

Now, since the implications (2) = (1) and (3) = (4) trivially hold, we need only show
that (4) also implies (1). For this, note that if (1) does not hold, then there exists a € X
such that

¢(—a) # —q(a).

Hence, by Corollary 3.2 and Theorem 2.4, we can infer that
ag¢V and —q(—a) < q(a).

Now, by Remark 4.3 and Theorem 2.1, we can construct two Hahn-Banach extensions 1/
and 1y of ¢ to U =Ra+ V such that ¥,(a) # ¥2(a). Moreover, by Theorems 4.4 and
2.1, we can state that there exist some Hahn-Banach extensions f; and f5 of ¢ and 95 to

X, respectively. Thus, (4) does not also hold. This proves the required implication.
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Remark 4.7 Sections 7 and 11 of [9] and [5] respectively, show that the question of the
uniqueness of the Hahn—Banach extension has also been intensively studied by several au-
thors. Moreover, some further uniqueness results can also be found on the MathSciNet.

However, the above simple convolutional characterization seems to be new.

5 A simple illustrating example to Theorems 4.2 and 2.4

Example 5.1 Take
a=(—-1,1) and V=R(1,1).
Moreover, define
o(s,s)=s and p(s,t)=max{|s]|, |t]}

forall s, teR.
Then, it is clear that V is a linear subspace of R? such that a ¢ V. Moreover, for any
(s,t) € R? by taking
Ms,t)=2"1(t—s) and v(s,t)=2""(s+t)(1,1),
we can easily check that
(5,8)=A(s,t)a+uv(s,t).
Therefore, R?2 = Ra + V. Moreover, we can also at once state that ¢ is a linear function
of Vto R and p is a norm on R? such that
o (s, s)|=1]s[=p(s,s)
for all s € R. Thus, in particular, ¢ is dominated by p on V.

Therefore, by Theorem 4.2, there exists a linear function 1 of R? to R that extends ¢ and
satisfies

—q(—S,—t)SQ/J(S,t)Sq(S,t)
forall s, te R, with ¢ =px*¢. Moreover, by the proof Theorem 4.2, we can take
(s, 1) =A(s, t)ala) + o (v(s, t)) =27 (t—s)q(a) +27 (s +1)
forall s, teR.

Now, by drawing pictures of the functions involved, we can also easily see that
a(a) = inf (p(a—v)+¢@)) = if (p((~1, 1) = (5. 5)) + (s, 5))
= inf (max{|1+s], |1—3|}+3):$11€1£(1+ |s| +s)=1.

seR
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Therefore,
(s, t)=2"(t—s)+27 (s+t) =t
forall s,teR.

Remark 5.2 Quite similarly, we can also see that ¢(—a) = 1. Therefore,

—g(~a) = -1 < 1=q(a).

Thus, the superodd function ¢ fails to be odd at the point «.

In this respect, it is also worth noticing that, by Corollary 3.2, ¢ is an extension of ¢ . Thus,

it is also not even.

Remark 5.3 Now, by using our former observations, we can also state that if ¢ is a
Hahn-Banach extension of ¢ to R2, then there exists b€ [—1, 1] such that

w(s,t):)\(s,t)b—i-go(v(s,t))
=27 MNt—s)b+2 (s+t)=2"(1-b)s+27 (1 +0b)t
for all s, t € R. Hence, by taking
c=2"1(1-b),
we can already infer that 0 < ¢ <1 such that
(s, t)=cs+(1—c)t

for all s,teR.

Conversely, we can also note that if ¢ is of the above form for some ¢ € [0, 1], then ¢ is

a linear extension of ¢ to R? such that

V(s t) < [v(s, t)] =les+(1-c)t] <cl[s|[+ (1—c)[t]
<cp(s,t)+(1=c)p(s,t)=p(s,1)
for all s,t € R. Thus, we have obtained all the Hahn-Banach extensions of ¢
to R2.
Remark 5.4 Now, if s,¢ € R such that A(s,t) >0, ie, s < t, then by using

Theorems 3.1 and 3.6 we can also easily see that

q(s, t)=q(X(s,t)a+v(s,t))
=A(s,t)gla)+e(v(s, t))=2""(t—s)+27"(s+t)=t.
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Hence, because of the symmetry of s and t in the formula

q(s,t) zgrelﬂg(p((s,t)—(r,r))—i-go(r,r)) :31613% (max{|s—r|, [t—7r|}+71),

we can already infer that
q(s,t)=max{s,t}
for all s,teR.

Thus, in particular

q(s,s)=¢(s,s) and  q(s, —s) = [@(s)]

and
g(ls], [t])=p(s,t)
forall s,teR.

The value ¢ (s, t) can also be computed directly by observing that

max{|s—r|, |[t—r|}+r=[r—2""(s+t)| + 27" |s—t| +r
=|r—2""(s+t)| +r—2"(s+t)+ 27 (s+t)+27 " |s—t] =
= |r—2""(s+t)| +r—2""(s+t) + max{s, t}

forall r,s,teR.
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MANFRED KRUPPEL

Functional Equations for Knopp Functions and Digital
Sums

ABSTRACT. The well-known Delange formula expressed the usual sum-of-digits function
to a basis ¢ > 2 by means of a continuous, nowhere differentiable function. The aim of this
paper is to clarify the actually reason for this phenomenon. For this we show that specific
Knopp functions satisfy functional equations which allow to calculate, for any positive integer
n, the number of times of digits in the g-ary representation of n which are equal to a fixed
m € {1,...,q — 1}. By linear combination for arbitrary Knopp functions we get functional
equations contained certain digital sums. These functional equations imply sum formulas for
certain digital sums. Simple examples are the formula of Delange for the usual sum-of-digits

function and a formula for the number of zeros

KEY WORDS. Knopp functions, functional equations, digital sums, Fourier expansion.

1 Introduction

Throughout in this paper let ¢ be a fixed integer with ¢ > 2. For an integer £k € N we

introduce the g-ary representation
o0

k= Zajqj (1.1)

=0
with a; € {0,1,...,¢— 1} and a; = 0 for j > log, k. It is known that the sum

n—1
S(n) =Y s(k), (1.2)
k=1
where s(k) = ag + a1 + ..., can be represented by the Delange formula [3]
1 —
—S(n) = a log,n + F (log, n) (1.3)
n
where F'(u) is a continuous, nowhere differentiable function with the period 1, cf. [9] for

q = 2. In the case ¢ = 2 this function can be expressed by

Flu) = —g - 2u1+1T(2”) (u < 0)
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where T' is Takagi’s function, cf. [(]. Takagi’s function 7" is defined by

T(x)=>

where A(z) = dist(x,Z), and it was introduced in 1903 by T. Takagi |¢] as an example of a

A (2"z)
2

n

(0<z<1) (1.4)

continuous, nowhere differentiable function.
In this paper we investigate so-called Knopp functions ([7])

14

x)

G(x):ig(q

v
v=0 q

(z €R) (1.5)

where the function g(x) is continuous, l-periodic with g(0) = g(1) = 0 and linear in the
k okl
7’ q

which form a basis for all such g(x), i.e.

intervals | |, (k € Z). First we consider g— 1 specific functions g,,(x) (m € {1,...,q—1})

00) =Y Aognlz)  (z€R) (16)

with suitable coefficients A,,. By means of certain functional equations for the corresponding
Knopp functions

Glz) = W (z €R) (1.7)

we are able to express the number s,,(k) of exactly those digits of the integer k in the g-ary

representation which equal m. We show that

—_

3

SRS

1
sm(k) = alogq n+ F,, (log,n) (1.8)

B
Il

1

where F},,(u) is a continuous nowhere differentiable function with period 1 which is connected

with G,, by
U 1 "
Fn(u) = - WGm(q ) (u<0).
The coefficients of the Fourier expansion of F), can be expressed by means of the Hurwitz

zeta function (s, a) which for Res > 1 is defined by

((s,a) = (n+a) (1.9)

n=0

where a is a fixed real number, 0 < a < 1. When a = 1 this reduces to the Riemann zeta
function, ((s) = ((s, 1), cf. [1], p. 249.
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Next for arbitrary numbers Ay, ..., A\,—1 we consider the Knopp function G from (1.5) with

g from (1.6) and the function

s(k) = ‘Ii AmSm (k) (k € Np). (1.10)

For the sum (1.2) with s(k) from (1.10) we show that it holds the formula

1 1

ES(n) = 55((]) log, n + F(log,n) (1.11)
where F'is a 1-periodic continuous nowhere differentiable function. Moreover, we can express
the Fourier coefficients of F' by means of the zeta function ((s,a). The connection between
F in (1.11) and G from (1.5) with g from (1.6) is given by

Flu) = —ES(q)u _ qu1+1G(q") (u < 0). (1.12)

As application we get formulas for several digital sums. In particular, for A\,, = m (m =
1,...,q—1) we get the formula (1.3) of Delange for the sum-of-digits function and for A, = 1
a formula for the number of all digits which are different from zero. Finally, we also give a

formula for the number of zeros.

2 Functional equations for specific Knopp functions

Throughout in this paper let ¢ be a fixed integer with ¢ > 2. In this paper for m €
{1,...,¢ — 1} we need the function G,, defined by (1.7) where the generated function g,, is

given by
z for ngﬁ%,
gm(z) = m—(¢— Dz for =2 ngmT“, (2.1)
z—1 for ™ <z <1

q )
and by gm(x + 1) = gm(z) for z € R. This function can also be written as

T
m-+1

gm(x):x—[%] (qm—m)—l—{ }(qx—m—l) 0<z<1). (2.2)

In particular, for £ € {0,1,...,¢} we have

2 g for 1<k<m,

4 % for m<k<qg-—1.
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Obviously, the function G, from (1.7) is continuous with G,,(0) = 0 and it holds G,,(z+1) =

G (z) for € R. The function G,, satisfies the functional equation

X

x 1
Gm | — :gm(—>—|——Gmx r € R). 2.4
(2) =0 (2)+:6n0)  Gem 2.4)
The function s,,(k) which counts the digits m in (1.1) is given for k € {0,1,...,¢ — 1} by
1 for k=m,
Sm(k) = (2.5)
0 for k#m
and for arbitrary & € Ny and r € {0,1,...,¢q— 1} by

Sm(qk + 1) = spm(k) + sm(r). (2.6)

Proposition 2.1 Form e {1,...,q— 1} the function G,, from (1.7) satisfies the func-

tional equations

k+x k C— qspm(k 1

where { €N, k=0,1,...,¢" — 1, x € [0,1]. Moreover, forn =0,1,...,q" we have

G (ﬁ) _nt_ L T s (k). (2.8)

1 1
q ¢ ¢

Proof: Since g,,(r) =0 for r € Ny we get from (1.7) that

and this implies

. <k+x> e (E) e 9@ — gm(a ) . i": ACral

qé

For v > { we find with = v — £ > 0 that g,,(¢""2%) = g (q¢"k + ¢"z) = g,n(g"z) so that the

qZ
last sum in the last equation is equal to q—lgGm(x). For v =0,...,¢ — 1 there is no integer in

vk+1 vktz

the open interval (q”q%, q" ), and hence the both numbers ¢ and q”q% belong to the

qZ
same interval of the form [r + Tt %] with r € Ny and s € {0,1,...,¢g — 1}. Since g,, is

linear in each of these intervals we find that

9n(0"55) = gm(a” 37)
ql/

T
e 51/_

0
q
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where €, = —(¢ — 1) when q”q% eElr+2r+ mT“] and where ¢, = +1 elsewhere in view of
(2.1). If k has the representation (1.1) then we write shortly q—kz = ag, Gp—1 . ..0p with ap =0
since k < ¢* and then q”q% =gy, gy ...00 for 0 <v <l—1. Hencee, = —(q—1)
when ay_,_1 = m which happens for s,,(k) elements, and ¢, = +1 when a,_,_1 # m which

happens for ¢ — s,,(k) elements. This implies

iey =—(q—Dspm(k) + 0 — sm(k) =€ — qsm(k)

and hence (2.7) is proved. Equation (2.8) follows from (2.7) with z = 1 and summation over
k in view of G,,(1) = 0. O

3 The number of occurrences of a single digit

The equation (2.8) can be considered as sum formula for

Sn(n) =S s (k) (3.1)

which is equal to the number of digits m in the ¢g-ary representations of the integers 1,2, ...,

n — 1. For this sum we have according to (2.8)

Sn(n) = %‘g — "G (%) (3.2)

where n < ¢* and G,, is given by (1.7). In particular, for n = ¢* we find from (3.2) in view
of G,,(1) = 0 that the special sum S,,(q%) = £¢*~! is independent of m.

In order to obtain a representation of S,,(k) (m € {1,...,q — 1}) which does not contain ¢

we introduce the function

() = —% {iem@;) + logqx} 0<z<1). (3.3)

For 0 < z < 1 equation (2.4) simplifies to

G <5> _ 2 o @),
q 4

and therefore the function f,, has the property

fm <£) = fm(zr) (0<z<1).
q
Hence, we can extend the function f,,(z) for all z > 0 by

fm(qr) = fm(x) (2> 0). (3.4)
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Theorem 3.1 For the number of digits equal to m (m € {1,...,q — 1}) in the g-ary

representation of the integers 1,2,...,n — 1 we have
1 1
ESm(n) = Elogqn + fm(n) (3.5)

where fo, is given by (3.3) and (3.4).

o= -4 ()

By means of (3.3) the term in brackets can be written as

¢ ¢
q n q n n n
l— EGm (¥> = log, n — EGm (?) — log, i =log,n+ qfm <?) )

Proof: From (3.2) we get

In view of the property (3.4) we have

so that the representation (3.5) follows. O

4 Periodic functions and Fourier expansions
According to (3.4) the function

Fun(u) = fm(q")  (u€R) (4.1)
is periodic with period 1 so that in view of (3.3) Theorem 3.1 implies the

Corollary 4.1 Let m be a fized integer with 1 < m < q— 1. Then for the sum (3.1) we

have . .
ESm(n) = p log, n + F,(log, n) (4.2)
where F, is a continuous function of period 1 which is given by
Fulw) == = —5Guld")  (w<0) (4.3
q qg

with Gy, from (1.7).

In order to determine the Fourier expansion of the periodic function F,(u) we need the zeta
function ((s,a) defined by (1.9) for Res > 1 and 0 < a < 1. The only singularity of {(s,a)
is at the point s = 1, cf. [10], p. 265.
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Lemma 4.2 Letbem e {1,...,q—1} and 0 < a < . Then for the periodic function
Gm from (2.1) we have for Res > —1, s # 0,1

) 1 s, mELy _ (s, ™
/ Inl@) g L qC< )=y (4.4)
o Tt sa® s(s+1)
Moreover, for the excluded values s =0 and s = 1 we have
g ( ) m+1
Ay =11 1 4.
/a e = oga + qlog F(q) (4.5)

and

[P~ | a0

Proof: The integral (4.4), denoted by I,,(s), converges absolutely for Res > —1. In view
of (2.2) we have

E|E
=

(o) = [ = () (o)

o) = [ [ (o e - )

m

where

For Re s > 0 the first integral can be computed by

/°° dz 1
+1
o TP sa®

and - . 1
x X
/a —eadr = /1 T = m((s +1),
cf. [3] (see also [1], p. 246). Moreover, for Res > 1 we have
0 n+1 dx 00 n+1 d$
Imls) = q/ 1T (nwm)/ 8
neo Jntm/q ¥ = nZ:O ntm/q T2
v 11 - mtm  ngtm
= 3;<(n+%)5 (n+1 ) s+1z%< s+1 (n+1)s+1>
1 < + q¢(s, )
- s+1 Z (7?3_ 1):711 + 3(3+611> - g((s)
n=0
so that y H) » |
1 7m_ — 57m
m m = 1 q q
Tms1(s) = Im(s) = —C(s+1) +4 T
Hence,
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which proves (4.4) for Res > 1. Since ((s,a) is analytic for s # 1 it follows that (4.4) is
valid for Res > —1 excluded s = 0 and s = 1. In order to determine I,,(0) we let s tend to

zero and by means of the rule of de I’ Hospital we get

I,(0) = lim/[,(s)

s—0
= log} +q¢’'(0,™H) — q¢’(0, %) — ¢¢(0, ™) + q¢(0, %)
= —loga+1+qlogl'(™=) —qlog (%),

since ((0,a) = 3 — a and ¢’(0,a) = logT'(a) — 1log (27) (cf. [10], p. 271), and so we get

(4.5). Finally, in view of

lim (g(s,a) -

s—1

(cf. [10], p. 271), we obtain

1 ) I'(a)

s—1

lim (C(s,a) = ((s,b)) = T'(b) I(a)

and therefore (4.6). O

Proposition 4.3 The continuous 1-periodic function F,,(u) has the Fourier ezpansion

F(u) = Z Cope ki (4.7)

keZ
with
I'(7) 1 1
o = log [ =t ) -2 : 4.8
C S 7m _C S ,m_+l 2mik
Cmk = (k q) (k . )7 Sk = i ) k#o (49)
sk(sk +1)logq log ¢
Proof: In view of the periodicity of F,,(u) we have from (4.3)
1 1 B
Fulw) = 21— w) = ~Gu(@™)  (0<u<1)
q q"

As in [3], p. 44, for the Fourier coefficients

1
cmk:/ Fo(w)e 2 dy
0

we put ¢k = Ami + bmp With
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ie. amo = %} and a,,; = % for k # 0, and

1 0 1
1 - —2kmiu 1 u+v— —2kmiu
b= = [ Gl e = =3 [ g g e
0 v—0 0

qu
As in [3] we get by means of the substitution v = 1 — v 4 log, = that

v

! 1 u+tv—1 —2k7riud _ 1 1 1 —2mik log zd
i ng(q Je u = 11080 s ﬁgm(x)e a*dx

— / In(@)
1

o q lOg q /a p2+2kmi/logq

we get the assertion.

and hence

1
q

By Lemma 4.2 with a =

5 General Knopp functions

Now we consider the general Knopp function

Glx) = i 9@’ ey

v
v=0 q

93

(5.1)

where the function ¢ is continuous, 1-periodic with g(0) = 0, and linear in each interval

[@ k+1
q’ q
can be written as linear combination

9(@) =Y Angm(x)  (r€R)

with certain coefficients A, (m € {1,...,¢ —1}). From (2.1) we get

8- E

q m=1 m=k

G (3) o (25)

According to (5.2) the Knopp function G from (5.1) can be written as

and it easy to see that

G(r) =) AnGum(z)  (zE€R)

with G, from (1.7).

B2 (k € Z). Since the functions g,, from (2.1) form a basis for these functions, every g

(5.2)

(5.4)

(5.5)
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Now for k € Ny we consider the function

s(k) = Amsm(k) (5.6)

with s,,(k) from (2.5) and (2.6). By (2.5) we have s(0) = 0 and s(m) = A\, for m =
1,...,q— 1, and (2.6) implies

s(kq+r) =s(k) + s(r) (5.7)
for k € Ng and r € {0,1,...,q — 1}.

Proposition 5.1 FEuvery function s(k) with the property (5.7) can be written in the form
(5.6) with
Am = s(m) (m=1,...,q—1). (5.8)

so(k) = s(k) — s(m) s (k). (5.9)

In view of (2.5) it holds so(k) = 0 for k = 0,1,...,q — 1. Moreover, according to (5.7) and
(2.6) we have for k € Ng and r € {0,1,...,q — 1}

so(qk + 1) = so(k) + so(r).

It follows s¢(k) = 0 for all & € Ny so that (5.9) implies the assertion. O
Let
n—1
S(n)=">Y s(k) (5.10)
k=1

g(ﬁ) :ES(q)—S(k) (k=0,1,...,q). (5.11)

In particular, g(0) = g(1) = 0 and g(%) =13(q).

T q

In view of (5.5), (5.6) and (5.10) we get from Proposition 2.1 the
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Theorem 5.2 For¢ e N, k =0,1,...,¢" — 1, x € [0,1] the Knopp function G from
(5.1) with g from (5.2) satisfies the functional equations

k+x k S(q)l — qs(k 1
G(7) e (b) S, gy oy
Moreover, forn=0,1,...,q" we have
n S(q)nl — qS(n)
G (?) — 7 (5.13)

with S(n) from (5.10).

It is known that in case g(x) # 0 the Knopp function G from (5.1) is nowhere differentiable,
cf. [2] and [5]. In [5] it was shown even that in the case g(z) # 0 the function G from
(5.1) does not have anywhere a finite one-sided derivative. We show that this property is a

consequence of (5.12) where we need the following simple lemma, cf. [1].

Lemma 5.3 Let f: [0,1] — R have a finite right-hand derivative f)(xz) at the point
xo € [0,1). Let further (ug) and (ve) be sequences in [0, 1] with xy < uy < vy for all ¢ € N
and vy — xg as { — oo. If there exists a p > 0 with u; — xo < p(ve — uy) for all ¢ € N then
f(ve) — fw)
Vp — Uy

Proposition 5.4 Ifg(z) # 0 then the Knopp function G from (5.1) has nowhere a finite
one-sided derivative.

— [ (o) (0 — o).

Proof: Assume, at 2y € [0,1) there exists the finite right-hand derivative G’, (x(). For
(e€Nand k =0,1,...,¢" =1 we put 23y = k/¢" and N,y = {k € N:a < k < b}. If
Ty < To < w41y then for every k € Nppg piog—1 We put upy = 2y and vgy = Tpp1,0 SO
that zo < ury < vge and uge — o < p(vge — uge) With p = 2¢. Applying (5.12) with x =1

we get

G(vke) — Glure)  Glukire) — Glukiy)

Vi — Uk Vk41,6 — Uk+1,0

= {S(a)l — gs(k)} = {S(a)l — gs(k + 1)}
and Lemma 5.3 implies that for &k € Ny 1 17424—1 We have
s(k+1)—s(k) =0 (0 — 0).

The set Ng414/424—1 contains a section of the form Nyg4i, o with d = gk < k' + ¢. For
k € Nygyq—2,ie. k=qko+r withr =0,1,...,¢—2, we have in view of (5.7) and (5.8) that
s(k) = s(qgko + 1) = s(ko) + s(r) = s(ko) + A\, with A\g = 0 and hence

s(tk+1)—s(k) =X i1 — A —0 (0 — o0).

This implies A, =0 forall r =1,...,¢ — 1 since A\g = 0. ([l
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6 Digital sums

From Corollary 4.1, Proposition 4.3 and Proposition 5.4 we get for the sum S(n) from (5.10)
in view of \,, = s(m) for m =1,...,¢—1 and A\ + ...+ X\,—1 = S(g) the main result

concerning digital sums.

Theorem 6.1 For S(n) from (5.10) with s(k) from (5.6) we have the formula

%S(n) = ? log, n + F(log,n) (6.1)

where F'(u) = M Fy(u) + ...+ A1 Fy—1(u) is a continuous, nowhere differentiable function
of period 1 which is given by

S(gu 1
B q qu+1

G(¢") (<0 (6.2)

with G from (5.1). The Fourier coefficients of F' read

q—1
m=1
with ¢y from (4.8), (4.9).

We want to point out this for two examples.

1. The sum-of-digits function. For the sum of digits in the g-ary expansion of the integer
k we have \,, = s(m) = m for m € {1,...,q — 1}. Theorem 6.1 for \,, = m yields the
well-known formula (1.3) of Delange where F' is a continuous nowhere differentiable function
which is given by
q—1 1 u
F(u) = U prves G(q") (u <0) (6.4)

where G is given by (5.1) with ¢ from (5.2). The Fourier coefficients of F(u) are

qg—1 g+1 ¢—1
= log, (27) — —
—1 2kme
o = —2 ) , k=t k#0
logq sk(sp +1) log q

which follow from (6.3) with A,, = m in view of the relations

= Lg) " _ . r (ﬂ) _ (2m)'z
m=1 ;‘ m=1 q \/a
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and
(e -cem) = 2 - -0
= (¢® — q)¢(s).

2. The number of digits different from zero. For the number of digits which are
different from zero in the g-ary representation of the integer k& we have (5.6) with A,,, = 1 for
m € {1,...,q— 1} and the function (5.2) for 0 < x < 1 reads

1
(q—1z for 0<z <,

g(@) =Y gm(x) = (6.5)

1—=x for % <xr<1.
Theorem 6.1 for A\, = 1 yields:
Corollary 6.2 Let S(n) denote the numbers of digits different from zero in the g-ary

representations of the integers 1,2,...,n — 1. Then it holds

Ls(n) =11

n

log,n + F(log,n) (6.6)

where F'(u) is a continuous nowhere differentiable function of period 1 which is given by

qg—1u 1
q - qu+1

Plu) = - Glg")  (u<0) (6.7)

where G is given by (5.1) with g from (5.2). The Fourier expansion of the periodic function
F(u) has the coefficients

| F(l) g—1 ¢g—-1

co = log o — ,

’ 7 \q 2¢  qlogq
C(sks ) — Csk) 2kmi

C. =

, Sk = , k#£N0.
sp(sk +1)logq "7 logq 7

7 The number of zeros

In Corollary 4.1 we have given a formula for the number of a fixed digit m € {1,...,q— 1}.
Now, we consider the digit m = 0. In order to determine the number of zeros in the g-ary
expansion first we compute the number of all digits. Let a(k) denote the number of all digits
in the g-ary expansion of k, i.e. a(k) = ¢+ 1if ¢* < k < ¢"*1. We state a formula for the

sum

An) = " alk). (7.1)



98 M. Kriippel

Proposition 7.1 For the number of all digits in the q-ary representations of the integers

1,2,...,n— 1 we have

1
EA(n) = log, n + - + H(log, n) (7.2)

1
(¢—1)
where H 1s a continuous function of period 1 which is given by

Hu)=1-u-— ﬁql_“ (0<u<1l). (7.3)

Proof: We have a(k) =1fork=1,...,q—1,a(k) =2fork=g¢,...,q*—1 and so on. Since
for k£ > 1 the first digit may be 1,...,¢ — 1 and the following digits may be 0,1,...,q — 1
we get for the sum (7.1) the special values A(q) = q — 1, A(¢*) = ¢ — 1+ 2q(q — 1),
A(@®)=q—1+4+2q(q— 1)+ 3¢*(q — 1) and in general

Al =(g—1)(1+2¢+3¢>+...+0¢").

In view of
C4+ Dt (t—1) — (¢ =1
YRV N ((t_>1)2( ) (t#1)
we get
V4
-1
Algh) = tg' — T —.
(¢) )

It follows for 0 < k < ¢! — ¢ that

a
1
A(q£+k):€q‘—q—1+(€+1)k

i.e. qg—l
Al + k) ="+ k) — i + k.

Writen:qe+k:q€(1+x)With0§x<q—lwegetinviewof%:H%,%— —H%
and ¢ = log, n + logq(%e) = log,n —log, (1 + )
1 ¢ -1 k
ZA — - 7
n () n(q—1)+n
1 + ! +{ log, (1 + ) ! +1 }
= log,n+——— —lo r)— —————— -
8a n(qg—1) Sa (¢ —1)(1+x) 1+
1 q
= logn+——+<1—-log(l+2)— —F—7.
SAEIUESY { Bl + o) <q—1><1+x>}

This yields the assertion since in view of the periodicity of H we have for n = ¢‘(1 + )
H(log, n) = H(log,[¢'(1 + 2)]) = H(log,(1 + x)) = H(u)
with1+2z=¢" (0<u<1). O

The following result is a generalization of Theorem 3.2 in [6].
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Proposition 7.2 Let so(k) be the number of zeros of k in the g-ary representation of
k. Then it holds

logq 1
- Z so(k - e + Fo(log, n) (7.4)
where Fy is a continuous nowhere differentiable function of period 1 which is given by
1—wu 1 gl
Fy(u) = + —G(¢" Y - 0<u<l 7.5
() = 4 Gl = ) (75)

where G is given by (5.1) with the 1-periodic function g given by (6.5). The continuous

periodic function Fy(u) has the Fourier expansion

u) = Z copeF (7.6)

keZ
with
2q — 1 1 1
oo 2q glogg o (q) ’
1—C(sk) + C(sks ¢ omik
Cor, — ( k) ( , q) y S = UK I{Z # 0

sk(sk + 1) loggq logq ’

Proof: We have sy(n) = a(n) — s(n) where a(n) counts the number of all digits of n in
the g-ary expansion and s(n) counts the number of all digits different from zero. Hence
Proposition 7.1 and Corollary 6.2 imply the assertion. Formulas (6.6) and (7.2) imply (7.4)
with Fy(u) = H(u) — F(u). Since the Fourier coefficients ¢, of F' are known, we have to

compute the Fourier coefficients h;, of
_ Z B2,
keZ
We put hp = ai + by with X
ap = / (1 —u)e 2y,
0

ie. ag= —andak— — for k # 0, and

bk / q—ue—kaudu.
qg—1

Substitution x = ¢* yields that

! . 1 a1 ,
/ q—ue—2kmudu — / _26—2mk log,, T dr
0 logg J1 =

by = —

and hence

log q /1 $2+2km/logq
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So b, = Wl%m‘ and by hy = ag + b, we get h[]:%— loéq and
1 2kmi
hy = , Sp = , k#DO.
* 7 sk(1+ i) logg ““logg 7
This completes the proof. O
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