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IsmMA BOUCHEMAKH

On the Konig and the dual Konig property of order-
interval hypergraphs of series-parallel posets

ABSTRACT. Let P be a finite poset. We consider the hypergraph H(P) whose vertices are
the elements of P and whose edges are the maximal intervals of P. We prove the Konig and

the dual Konig property of H(P) for the class of series-parallel posets.

1 Introduction

Let P be a finite poset. A subset I of P of the form [ = {v € P : p <wv < ¢} (denoted [p, q])
is called an interval. If p resp. ¢ is a minimal resp. maximal element of P, then [p,q| is
called mazimal interval. Let Z(P) be the family of maximal intervals of P. The hypergraph
H(P) = (P,Z(P)), briefly denoted by H = (P,Z), whose vertices are the elements of P and
whose edges are the maximal intervals of P is said to be the order-interval hypergraph of P.
The representative graph or line-graph L(H) of H is a graph whose vertices are points
e1,...,en representing the edges Iy,..., I, of H(P), the vertices e;, e; being adjacent iff
I;NI; # 0. The dual H* of the order-interval hypergraph H is a hypergraph whose vertices
ey, ...,em correspond to intervals of P and with edges X; = {e; : z; € I;}. The line-graph
L(H*) of the dual of the order-interval hypergraph of P is called the representative graph of
P. More precisely, the vertices of L(H*) are the points of P and two vertices are joined iff
they belong to the same interval of P.

Let a, v, p and 7 be the independence, matching, edge-covering, and vertex-covering number
of a hypergraph H, respectively. H has the Konig property if v(H) = 7(H) and it has the dual
Konig property if v(H*) = 7(H*) (or a(H) = p(H) since a(H) = v(H*) and p(H) = 7(H")).
Several interesting results exist about the matching, covering, independence and chromatic
numbers of H such as the algorithmic complexity and min-max relations (see [2, 3, 1, 5]).
Let P and @ be two posets. The disjoint sum P+ @) of P and (@ is the poset on the union
PUQ, such that x <y in P+ Q if either x,y € P and 2<py, or 7,y € Q and x<gy. The
linear sum P @ @ of P and @ is the poset on the union P U @, such that z <y in P ® Q
if either z,y € P and z<py, or z,y € Q and 2<gy, or x € P and y € Q. In [3], it is
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proved that for the class of interval orders, i.e. the posets which do not contain a subposet
isomorphic to the disjoint sum of two chains of length 1, H has the Konig and the dual Konig
properties. We are interested in this paper in another class of posets called series-parallel,
namely they can be constructed from singletons using the operations of disjoint sum and
linear sum. Series-parallel posets may be characterized by the fact that they do not contain
a subset isomorphic to N, [, 9] (N represents a subset of four elements {z,y,z,t} such
that = < y > z < t and these are the only comparability relations). We prove that if P is
series-parallel then H(P) has the Konig and dual Kénig properties.

Theorem 1 The representative graph L(H*) of a series-parallel poset is perfect.

Proof: We prove the perfectness of L(H*) by using Seinsche’s Theorem [7] which states that
every graph with no induced P, (elementary chain of 4 vertices without chords) is perfect.
Assume that there is an induced Py, say p = [z1,%2,23,24]. In P, 21 || 23, 21 || 4 and
To || 4.

Let I} = [p1, ¢1] be the interval containing both x; and x5, I = [ps, 2] the interval containing
both x5 and x3, and I3 = [ps, ¢3] the interval containing both z3 and z4. Let us distinguish
three cases.

Case 1. 1 < 2o.

Since the chain p is chordless and the vertices x5 and x3 belong to the same interval in P,
we have that py < o, 3 < go With xg || z3 or 29 > 3.

Case 1.1. 9 || 3.

Then the poset induced by {x1, Z, ps, 23} and N are isomorphic. It suffices to verify that
po || 1 which is true because otherwise x;x3 is a chord of p.

Case 1.2. 15 > 3.

Then the poset induced by {x1, x5, 3,24} and N are isomorphic if 3 < x4. In the other
situation, i.e. when w3 || x4, we have that {x1,zs,ps, 24} and N are isomorphic. Indeed,
p3 < X9 since p3 < w3 < x9 and 1 || ps since p3 < x; < x5 implies the existence of the chord
T1T3.

Case 2. 19 < 7.

By duality, this case is similar to the first case.

Case 3. 1 || #3. We have three possibilities:

Case 3.1. 3> x».

Then the poset induced by {z1, q1, 72, 23} is isomorphic to N since x5 is not a chord of p,
hence q; || x3.

Case 3.2. 13 < 1s.

Then the poset induced by {xs, 72, p1, 7} is isomorphic to N since p; < x3 implies p; <

r3 < w9 < qp, i.e. w3 is a chord of p.
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Case 3.3.  x3 | zo.

Because it is not possible to have simultaneously z; > ps and x; < ¢, we may infer that
the poset induced by {py, 72, p1, 71} is isomorphic to N if 1 # p, and the poset induced by
{x1,q1, 72, ¢} is isomorphic to N if z; & . O

Let H = (Ey, ..., E,) be a hypergraph. We say that H has the Helly property or is a Helly
hypergraph if every intersecting family of H is a star, i.e. for J C {1,...,m}, E;NE; # 0, for
1,7 € J implies ﬂjGJ E; # (. A good characterization of a Helly hypergraph, due to Berge
and Duchet [1], is given by the following property:

For any three vertices aq, as, az the family of edges containing at least two of the vertices a;

has a non-empty intersection. This characterization will be used in the following theorem:

Theorem 2 Let H = (P, ) be the order-interval hypergraph of a series-parallel order.
Then 'H is a Helly hypergraph.

Proof: Let Z = {Iy,...,I,} be the family of maximal intervals of P. We suppose that there
exist three vertices aj, as, az of P such that (\;.; I; = 0, where J = {j : |[;N{a1, a2, az}| >
2}.

Then |J| > 3 and there exist three edges, say w.lo.g., I1 = [p1,q], I = [ps,q] and
I3 = [ps, g3], such that

ag,az € Iy and ay €[4
ayj,az3 € I, and as € Iy
ai,as € 13 and as g ]3

Since not simultaneously p3 < ag and ag < ¢3 let w.l.o.g. p3 £ as.

Case 1. ay || as.

Then the poset induced by {ps, a1, p2,as} and N are isomorphic. It suffices to verify that
p2 # ps which is true because as # p3 but ag > ps.

Case 2. a; < as.

Then we have p3 < a; < ag, a contradiction.

Case 3. a3 < ay.

We distinguish three subcases:

Case 3.1. a1 < as.

Then a, € I, a contradiction.

Case 3.2. as < ay.

Then the poset induced by {ps, as, p1, as} is isomorphic to N. Indeed, we have a, || as since

as < as gives ag € I3 and a3 < as gives ag € I; p1 # ps since ag # p3 and az > p;.
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Case 3.3. ay || as.
Then the poset induced by {a1, g3, as, ¢, } is isomorphic to N. Indeed, we have a; £ ¢ because
p1 < az<a; <q gives a; € I1; ¢ # g3 since a1 < g3 and a; £ ¢. O

Theorem 3 The dual H* of the order-interval hypergraph H of a series-parallel order
has the Helly property.

Proof: A necessary and sufficient condition for a hypergraph H* to have the Helly property
is that for any three edges Iy, I3, I3 of H, there exists an edge (of H) containing the set
(LNL)U(L,NI3)U(I;N13) [1]. For our hypergraph, we claim that I; NI, C Isor [1NI3 C I
or I N I3 C I;. Suppose not. Then we have Iy NI, € I3, 1N I3 € Iy and I, N I3 € I. Let

a1, as and as be three vertices of P such that

ay € [2 N [3 and aq Q Il
a9 E]lmjg and (lgglg
az € [ NI, and a3z ¢ I3

ie.
as,az € Iy and a1 €[4
ay,as € ]2 and (05} ¢ [2
ai, Qg € ]3 and as g ]3.
But, we have already seen in the proof of Theorem 2, this leads to a contradiction. O

‘H is said to be normal if every partial hypergraph H’ has the coloured edge property, i.e. it is
possible to colour the edges of H' with A(H’) colours, where A(H') represents the maximum
degree of H'. The normality of H induces the same property for all its partial hypergraphs.
Several sufficient conditions exist for a hypergraph to have the Konig property [1]. One of
them is its normality. A hypergraph H is normal iff it satisfies the Helly property and L(H)

is a perfect graph. This enables us to present the following corollary:

Corollary If P is a series-parallel poset then every subhypergraph of H(P) has the dual
Konawg property.

Proof: The line graph L(H*) is a perfect graph by Theorem 1 and H* has the Helly
property by Theorem 3. Hence, H* is normal and consequently every partial hypergraph is
also normal. Since the dual of a partial hypergraph of H* is a subhypergraph of H, we may
infer that every subhypergraph of H has the dual Kénig property. O]
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Theorem 4 If P is a series-parallel poset then H(P) has the Konig property.

Proof: We are interested only in the case where P is connected, because if P has not this
property, it can be decomposed into k& connected subposets and the relations v(H(P)) =
v(H(P)) + ... + v(H(Py)), T(H(P)) = T(H(P)) + ... + 7(H(P%)) may be used.

Let P be a connected poset not reduced to a singleton. P can be decomposed into subposets

k
using only the linear sum, say P = @ F;, with k > 2.
i=1
The case k > 3 implies directly v(H) = 7(H) = 1 because each singleton with one element

of P, represents a vertex-covering of H.

Let k = 2. Denote by Py, ..., Pix, and Psy, ..., Poy, the connected components of P, and P,
respectively. We suppose w.l.o.g. that &y < ks.

Let jo € {1, ..., k1 } and a;j, (resp. b;j,) any minimal (resp. maximal) element of P;;,. Since
P,j, is connected and series-parallel, each maximal element (of P, ) is above every minimal
element (of P, ). It follows, p < by, for all p € min(P;,). Also, we have by the @-operation
bij, < p for all p’ € min(P). Hence, each edge of H(P,;, & P») contains the point by, and
more generally, for P = (P + ...+ Py, ) @ P», the set T' = {by;,j = 1, ..., k1 } represents a
point cover of H(P). On the other hand, it is not difficult to see that the family of edges
{la1,b95],7 =1,...,k1} forms a matching of H. It follows v(H) = 7(H) = min{ky, k2}. O

Remark An analogous reasoning produces another proof for the dual Konig property.
Indeed, let P = Q1 + ... + @ be a series-parallel poset where each component (); is con-
structed from a @-operation, say Q; = Qi ® Q;2. Denote by min(Q;) = {a;1, ..., ax} (resp.
max(Q;) = {bi1, ..., by}) the set of minimal (resp. maximal) elements of @); and consider the
family of edges Z." of H(Q;) such that Z" = {[a;;,b;], j=1,...,k}. Let R; be 7 if k =
L TP U [am, byg), = k+1,... 0} itk < land Z" U{[ai;, bu), j=1+1,...,k}ifl <k Itis
not difficult to see that R; is an edge-covering of H(Q;) of size max{| min(Q;)|, | max(Q;)|}.
It follows, a(H(Q;)) = p(H(Q;)) = max{|min(Q;)|, | max(Q;)|}. Since a(H(Q; + Q;)) =
a(H(Q)) + a(H(Q,) and p(H(Q; + Q))) = p(H(Q:)) + p(H(Q;), we deduce

a(H(P)) = X1, a(H(Q)) = iy max{| min(Q;)], | max(Q;)[} and
p(H(P)) = 320, p(H(Q:) = 33, max{| min(Qy)], | max(Qs)[}-
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LAURE CARDOULIS

Existence of solutions for non necessarily cooperative
systems involving Schrédinger operators

ABSTRACT. We study the existence of a solution for a non necessarily cooperative system
of n equations involving Schrédinger operators defined on IRY and we study also a limit case

(the Fredholm Alternative). We derive results for semilinear systems.

KEY WORDS AND PHRASES. Schrodinger operators, M-matrices, non necessarily coop-

erative systems.

1 Introduction

We consider the following elliptic system defined on IR":

(1) for 1 <i <n,
(12) Lqiui = (—A + qz)uz = Z?:l Q45U + fz in RN

where :

. nand N are two integers not equal to 0
. A is the Laplacian operator

(H1) for 1 <i,j <n, a;; € L=(IRY)

(H2) for 1 <i < mn, ¢ is a continuous potential defined on IR such that:
¢i(z) > 1, Vo€ RY and ¢;(x) — +oo when |z| — +oo

(H3) for 1 <i<n, f; € L*(IRY)

We do not make here any assumptions on the sign of a;;.
Recall that System (1) is called cooperative if a;; > 0 pp for i # j.
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Our paper is organized as follow:

- in Section 2, we recall some results about M-matrices and about the Maximum Principle
for cooperative systems involving Schrodinger operators —A + ¢; in RY .

- in Section 3, we show the existence of a solution for a non necessarily cooperative system
of n equations. After that we study a limit case (the Fredholm Alternative) and finally we

study the existence of a solution for a (non necessarily cooperative) semilinear system.

2 Recalls
2.1 M-matrix

We recall some results about the M-matrix([3]th2.3 p.134).
We say that a matrix is positive if all its coefficients are nonnegative and we say that a

symmetric matrix is positive definite if all its principal minors are stictly positive.

Definition 2.1 ([8]) A matriz M = sI — B is called a non singular M-matriz if B is a
positive matriz (i.e. with nonnegative coefficients) and s > p(B) > 0 the spectral radius of
B.

Proposition 2.2 ([5]) If M is a matriz with nonpositive off-diagonal coefficients, the
conditions (PO0), (P1),(P2),(P3),(P4) are equivalent.

(PO) M is a non singular M-matriz,

(P1) all the principal minors of M are strictly positive,

(P2) M is semi-positive i.e.. 33X >> 0 such that MX >> 0.
X >> 0 signify Vi, X; > 0 if X = (Xq, ..., Xy).

(P3) M has a positive inverse.
(P4) there exists a diagonal matriz D, D > 0, such that M D + D'*M is positive definite.

Remark: If M is a non singular M-matrix, then *M is also a non singular M-matrix.
So (P4) & (P5) with (P5) : there exists a diagonal matrix D, D > 0 such that ‘M D+ DM

is positive definite.

2.2 Schrodinger operators

Let D(IRY) = C°(IRY) = C=°(IRY) the set of functions C* on IRY with compact support.

Let ¢ a continuous potential defined on IR" such that :
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q(r) > 1, V€ RY and g(r) — +oo when |z| — +oo. The variational space is V,(IR") :
the completion of D(IRY) for the norm |||, where ||jul, = [f]RN IVl + glul?)z.

Vy(IRY) = {u € H'(RY), /qu € L*(R")}

(V,(IR™),|.||l) is an Hilbert space.([!] prop.I.1.1)

Moreover:

Proposition 2.3 ([1] propl.1.1; [21]propl, p.356)
The embedding of V,(IRY) into L*(IR") is compact and with dense range.

To the form :
alu,v) = /]RN Vu.Vo + /]RN quu,  Y(u,v) € (V,(IRV))?,

we associate the operator L, := —A + ¢ defined on L?(IR") by variational methods.
Here D(L,) denotes the domain of the operator L,.

D(Ly) = {u € V,(IRY), (—A + q)u € I(RY)} ([hL1, pd)

We have : Yu € D(L,),Yv € V,(IRY), a(u,v) = f]RN L,u.v.

The embedding of D(L,) into V,(IR") is continuous and with dense range.

([1], p-24;[5], p.5,6)

Proposition 2.4 ([1], p.25 to 27;[5]th1.1, p.4,p.6,8,11; [0], p.3, th3.2 p.45;

[14], p.488,489;[26], p.346 to 350; [28]thXII1.16, p.120,thXI11.47 p.207)

L,, considered as an operator in L2(]RN), 18 positive, selfadjoint, with compact inverse. Its
spectrum 1s discrete and consists in an infinite sequence of positive eigenvalues tending to
+00. The smallest one, denoted by \(q), is simple and associated with an eigenfunction ¢,
which does not change sign in IRY. We say that Aq) is a principal eigenvalue; it is positive
and simple.

Furthermore, we have:

(R1) Lygpq = MNq)pq in R"
¢g(x) — 0 when x — +00; ¢, > 0 in IR™; M(g) > 0

(R2) Yu € Vy(R™), A(q) /

P < /IRN[IWF T gluf?)

Moreover the equality holds iff u is colinear to ¢,.

If a € L®(IRY) let: a* = Sup__py a(x), a,= inf _ o a(z) and

S IVl + (g — a)¢?]

A(g — a) = inf{ f]RN $?

;¢ € D(IRY); ¢ # 1}
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The operator —A + ¢ — a in IRY has a unique selfadjoint realization ([6] p.3) in L*(IR")
which is denoted L, ,. (Indeed, ¢ is a continuous potential, a € L>(IR"), so the condition
in [0] (¢ —a)_ € L} (IRY) for a p > Jis satisfied.)

We note also that: A\(q — a) < A(¢) — a, and:
Vm e R, Mqg—a+m)=X\gqg—a)+m.

The following theorem is classical:

Theorem 2.1 ([1],[11],[28]p.204) We consider the equation:

(E) (=A + q)u = au+ fin IRY where a € R, f € L*(IRY), f >0

and q is a continuous potential on IR such that:

q > 1 and q(z) — 400 when |z| — +o00.

If a < Mq) then 3lu € V,(IRN) solution of (E). Moreover, we have: u > 0.

2.3 Cooperative systems

We consider in this section System (1) and we assume here that it is cooperative, i.e.:
(H1*) a;; € L>=(IRN); ai; > 0 pp for i # j.

We recall here a sufficient condition for Maximum Principle and existence of solutions for
such cooperative systems.

We say that System (1) satisfies the Maximum Principle if: Vf; > 0, 1 < i < n, any solution
u = (ug, ..., u,) of (1) is nonnegative.

Let E = (e;;) be the matrix n x n defined by:

VI<i<n, e;=MNg —ay) and V1 <id,j <n, i # j = e = —aj;.

Theorem 2.2 ([11]) We assume that (H1x), (H2), (H3) are satisfied.

If E is a non singular M-matriz, then System (1) satisfies the Mazimum Principle.

Theorem 2.3 ([11]) We assume that (H1%), (H2), (H3) are satisfied.
If E is a non singular M-matriz and if f; > 0 for each 1 < i < n, then System (1) has a

unique solution which is nonnegative.

3 Study of a non necessarily cooperative system

3.1 Study of a non necessarily cooperative system of n equations with bounded

coeflicients

We adapt here an approximation method used in [9] for problems defined on bounded do-

mains.
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We consider the following elliptic system defined on IR

(1) for 1 <i<n,
(12) Lqiui = (—A + qz)uz = Z;LZI Q35U + fZ in RN .

Let G = (gi;) the matrix n x n defined by: V1 <i <n, g; = M(¢ — ai;) and

V1<i,j<n,i#j= gj=—l|a;|" where |a;;|" = sup |a;;(x)|.
e IR

We make the following hypothesis: (H) G is a non singular M-matrix.

Theorem 3.1 We assume that (H1),(H2),(H3) and (H) are satisfied. Then System
(1) has a weak solution (uy,...,u,) € Vg (IRY) x ... x V,, (IRY).

First, we prove the following lemma:

Lemma 3.1 We assume that (H),(H1),(H2),(H3) are satisfied.
Let (uy, ..., u,) € Vo (RY) x ... x V, (IRN) solution of:

@) for1 <1 <n,
(22) Lqiui = (—A + qz)uz = Z?:l QiU m ZRN .

Then: (uy,...,un) = (0, ...,0).

Proof of the lemma 3.1: Let m € IR*" be such that:
Vi<i<n,m-—a;>0. Let ¢, =q+m—a; > 1.
For any 1 <17 < n, we have:

v s )= [+ [

JiJF#i
S/ mluf—i— Z/ ]aijujui\.
N N
R JiJF#i R
and by the characterization (R2) of the first eigenvalue \(q}) we get:

1 1

) = m) [l < 5, s s V(o )2,
So: (M) = m)(f v [ual®)2 < 3055 las [ (f v )2

Let )
(Jjp~ ui)?

(f]RN Ui)%
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We have X > 0 and GX < 0. Since G is a non singular M-matrix, by Proposition 2.2 we
deduce that X <0.So X =01ie. VI<i<n, u; =0.

Proof of Theorem 3.1: Let m € IR*' such that : V1 < i < n,m — a; > 0. Let
¢, = q; — a; +m > 1. (m exists because V1 < i <n, a; € L>®(IRN).)

First we note that:
(Uny ooy tp) € Vi (IRY) x ... x V, (IRN) is a weak solution of (1) if and only if (u, ..., u,) is a

weak solution of (1’) where:

for1 <i<n
<1’>{ =

(1)) (A4 q)u; = mu; + 3., aguj + fi in RY .

JiJ#
Let € €]0,1[, B. = B(0,%) = {z € R", |2| < 1} and 15, be the indicator function of B.
Let T : L*(IRN) x ... x L*(IRY) — L*(IRN) x ... x L*(IRY) be defined by: T(£y,...,&,) =
(W1, ...y wy) where for any 1 <i <mn,

/ 61
( + ¢)w; ms T

1Bs + Z aijg—]lge + fZ n RN.
jasi el

i) First we prove that T" is well defined:
Let: V(£1,...,&,) € L2(IRN) x ... x L*(IRY), V1 <i<n,

& §j

() =me—t Y ay et
Yi€1, -5 &n) Ttee] ® Z T+elgl "
JiJ#i
We have: ¢ 1 I3
i €S
RN TR T S
‘14—6‘51" be 6‘1+€\5i| P

Since 1, € L*(IR") and a;; € L= (IRY), we deduce that for any 1 < i <n (&1, ..., &) €
L2(IRM). By (H3), f; € L*(IRY) and therefore ;(£y, ..., &) + f; € L*(IRN).

By Theorem 2.1, we deduce the existence (and uniqueness) of (wi, ..., w,) € V,, (IRY) x
Vo, (IRN). So T is well defined.

i) We note that: V(& ..., &), [¢i(&1, - &)| < nmax,jz (m, ag|*) 115,
Let h = 2 max; j;zj (m, |a;;|*) 15, € L*(IRY).
h+ fi € L*(IR™), so, by the scalar case, we deduce that:
31¢Y € V,,(IRN) such that: (—A + )& = h+ f; in RY.
(€9, ...,€%) is an uppersolution of (1'): V1 < i < n,

(—A+¢)& > (&, &) + fi
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By the same way, we construct a lowersolution of (1'): V1 <1i < n,
3!&,0 S ‘/:h(RN) such that: (—A + qz{)&’o =—h+ fZ in ZRN.
(&1,0, ---,€ny0) 18 a lowersolution of (1'): V1 <1i <mn,

(=A+¢)&io < Wi&r, - &) + [

We note that: Vi, &o < & (because (—A + ¢)(&) — &) =2h > 0.)
We consider now the restriction of T, denoted by T*, at [£10,&}] X ... X [€n.0,&0]. We
prove now that 7™ has a fixed point by the Schauder Fixed Point Theorem.

iii) First we prove that [£10,&}] X ... X [n.0,&0] is invariant by T*.

Let (&1, .0, 8n) € [£10,€0] X oo X [€n0,&0]. We put: T*(&1, ., &n) = (Wi ey win).

We have: (—A + ¢)) (&2 —w;) = h — (&, ...,&) > O.

By the scalar case, we deduce that: &2 > w; pp.

By the same way we get: (—A + ¢})(w; — &io) = ¥i(&1, - 6n) +h > 0 and w; > &0 pp.
S0 [£1.0,&0] X ... X [€n.0,&0] is invariant by T

iv) We prove that 7" is a compact continuous operator.
T is continuous if and only if Vi, v} is continuous where ¢} is the restriction of 1; to
[€1.0, 7] % . X [€n0, 60
Let (&1, &) € [610,60] X o X [§00, €]
Let (&7,...,€7), a sequence in [£10,8)] X ... X [£1.0,&0] converging to (&1, ...,&,) for

H”(Lz(]RN))n
We have: V1 <1 <n,

” & 1, - & 1, . < 1” & €& -
L4€|le?] 7 T4elg] 7"2dRY) = "1 4+ €e?| 1+ el]"2dRY)
However the function [ defined on IR by: Vz € IR, I(z) = %Iz\ is Lipschitz and satisfies:

Va,y € R, |l(z) — U(y)| < |z —yl.

So:
& & 1 p
”1 +ele| - 1+ el ||L2(]RN) < ZHESZ - EfiHLz(]RN) = [I& _fiHLz(]RN)-
Hence:
& & 1p, — 0in L2(IRY) when p — +o0
L+ e Tl ™ P

So 97 is continuous and therefore 7*is a continuous operator.
Moreover, by Proposition 2.4, (—A + ¢/)~! is a compact operator.

So T™ is compact.

V) [£10,E0] X ... X [€00,&0] s a closed convex subset.
Hence, by the Schauder Fixed Point Theorem, we deduce the existence of (&1, ...,&,) €
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[£1,0,&7] X ... X [€n,0, €D] such that:
T (&1, oy &) = (E1y ey ).

Vi, & depends of €, so we denote: & = ;.

Ul e, ..., Up e satisfy:

(59)  (=A+q)uie =

Vi<i<n
N
1_|_,‘5|u16 1BE + Z] i az] 1+€|u 1BE + fz in IR

vi) Now we prove that Vi, (eu; ). is a bounded sequence in Vq;(]RN ).
Let [lully = [fp~ [Vul* + ¢/Jul?)z. We multiply (Si) by €2u;. and we integrate over

RN,
We get:
€U e €Uj .
Jew < m [ e+ S lal” [ I e
1,€ q; RN 1+€|U” 1,€ ;z i N 1+€|Uj€ 1,€
+/]RN |€fieu,;,e| .
But: Vj, || < 1.

1-€fuj,c|
So there exists a strictly positive constant K such that: [lew; |2, < K lewiell (R <

Klleu;e|ly and therefore: |leu; ||y < K.

vii) We prove now that eu; — 0 when e — 0 strongly in L?(IR") and weakly in ng(lRN ).
We know that the imbedding of %;(IRN ) into L?(IRY) is compact.
The sequence (eu; ), is bounded in ng(IRN ) so (for a subsequence), we deduce that
Ju; such that:
eu;c — uf when € — 0 strongly in L?(IR") and weakly in ti(]RN ).
Multiplying (S7) by €, we get:

<_A + qg)eui,e = e Be + Z Qij | 1+ 135 + sz in RN

1+6|u“ = | ]€|

But eu; . — u} weakly in V,, (IRY).
So: V¢ € D(IRY),

/ZRN [V (eui).Vo + gieu; p] — /]RN [Vu! .V + qul¢] when e — 0.

Moreover: V¢ € D(IRY), fRN efid» — 0 when € — 0.

Moreover we have: Vj

E'LL]"E
1+ €lu, |

) ) /[ Ui G
¢ 1+]u| 1+e\uj€\ 1+\u;]
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viii)

RY-p. 1+ |uj|

*‘ ELZ(]RN) hence f]RN ( Y )2 — 0 when € — 0.

+lujl

Since: < |uj]

|57
J
*
1+|uf] ) 1+|u

1+
€Uj €Uj ]

: <
Moreover fBE Ttelu.| 1+|u*\ f]R 1+E|’U,J€‘ 1+|u*\

< llewse = 12, v, -

But: eu;. — u} when e — 0 strongly in L*(IRY).

So: %136 1J:L|i*| when € — 0 strongly in L?(IR"Y).
jr€ j

Therefore we can pass through the limit and we get:

) Vi<i<n
} Qi)W = M jsizi Qg L [ur] m '

We prove now that for any i, u! = 0. We multiply (S') by u}, we integrate over IRY

and we obtain:

* |2 I, %21 |U|2
Aﬂm%|+MM]—Aw §j/ o
il
<

But: V7, 1+\ 7 <1

So we get:
1 w124 1
M) [P <m [P Y el ([ [ i)
Jig#i
Replacing u; by u;, we proceed exactly as in lemma 3.1 and we get that V1 < ¢ < n,

*
u; = 0.

We prove now by contradiction that V1 < i <n, (u;.)c is bounded in V,, (IR") .
g, — 00 when € — 0. Let: V1 <i <n,

We suppose that: Jig, ||u,.c

1
te = max (||u;llq) and v, = J Uie:
We have ||v;
Since the imbedding of V,(IR") in L?(IR") is compact (Proposition 2.3), there exists
v; such that v;. — v; when ¢ — 0 strongly in L?(IR") and weakly in ti(lRN).

In a weak sense, we have: V1 <1 < n,

o < 150 (v;). is a bounded sequence in V,, (IRY).

(_A + qZ{>vi,e =

]. . N
i Yje ¢
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We have: V¢ € D(IRY),
/]RN [Vvi .V + qui ] — /ZRN [Vv;.V¢ + qv;¢] when € — 0.
Moreover t, — +oo when € — 0 so:

Vo € D(RY), [jpv i fid — 0 when ¢ — 0.
We have also: V1 < j < n,

Uje 2 Uje 2 2
1n — 0. — I L 2
||1—|—€uj7e| Be U]HL?(IRN) /Bg[l—l—euj7e| vj] +/]RN_B€UJ
But: v; € L2(IRY) so : flRN_Be v} — 0 when € — 0.
Moreover:
Uj,e 2 Uje 2
—_— — ’U. < S — U.
I e R M
(Ve — v))? (evjluye])?
<2 e+ —2] )
N (1 + €luye]) Ry (1 +elujc|)

But: 1+ eluj| > 1. So: [pn %<IZR vie — vj)2

Since vj — v; in L2(IR"),we get: f]RN

(vj, e—v])
e,z 0 when € — 0.

Moreover: ,
—(EE—% LTZL;L)DQ — 0 pp when € — 0

(at least for a subsequence because eu;. — 0 when € — 0.)

By using the Dominated Convergence Theorem, we deduce that:

f]R (ff!r:j;‘ﬁ)z — 0 when € — 0.

So we can pass through the limit and we get: V1 <i <mn,

(—A + q;)@i = muv; + Z A5V in RN.
JiJ#e
By the precedent lemma, we deduce that: V1 <17 <n, v; =0.
However there exists a sequence (€,) such that Jiy, [[vi, ¢, [lg, = 1.

But v;, ¢, — v;; when n — +00. So we get a contradiction.

ix) There exists u) such that :
u; . — uf strongly in L2(IRY) and weakly in V,, (IR").

We have in a weak sense:

—A : ie — M 3 1 i RN-
( + q;)u;, 1+€|u“ BE+]§ZGJ1+ ] B, + fi in
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But u;. — uf when ¢ — 0 weakly in V,,(IR"). Hence V¢ € D(IR"),

/ZRN [Vu; . Vo + qiu; 9] — /]RN [Vul . Vo + qiulp] when e — 0.

We have also:

U; U;
i,€ 1n — 402 _ i,€ _ 072 / 02
It = o0, / Tl [l

By u! € L*>(IR") we derive: f]RN_B [u?> — 0 when ¢ — 0.
Moreover:
Ui 012 Ui,e 012
— —ufP< ey
/Bs[l+e\ui,€\ i _/lRN[l%—duM i

. ,0)2 0, )2
< 2[/ (uz,e u;) _ Jr/ (€uz‘uz,€‘) 2]'
RY (1 + €lui]) R (1 + €lui )

Since 1+ €|u;c| > 1 we get: [pv % < [y (uie —uf)?.

But: u;, — u in L2(IRY). So: fIRN % — 0 when € — 0.

Moreover: ( 0| |>2
€Uy | Uj e
m—ﬂ)ppwhene—ﬂ)

(at least for a subsequence because eu; . — 0 when € — 0)

Q 1,6 2
and —((quelrii’e"))Q < |[u?? and [0 € L*(IRY).

By using the Dominated Convergence Theorem, we deduce that:
eu?|u¢75|)2

flRN((l-I-G\TDQ—)OWhene_)O'
So we can pass through the limit and we get: V1 <17 < n,

Jij#i

So we get: (—A+ g)uf = azu + . aiul + f; in RY.

(u?, ...,ul) is a weak solution of (1).

3.2 Study of a limit case

We use again a method in [9]. We rewrite System (1), assuming V1 <i <mn, ¢ = ¢

(1) for 1 <i<mn,
(12) Lqui = (—A + q)uz = Z?:l CLiju]' + fi(:lr,ul, ,un) n BN .

Each a;; is a real constant.

We denote A = (a;;) the n x n matrix, I the n x n identity matrix, ‘U = (u;...u,) and
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Theorem 3.2 We suppose that (H1), (H2) and (H3) are satisfied.

We suppose that A has only real eigenvalues. We suppose also that \(q), the principal
eigenvalue of —A + q, 1s the largest eigenvalue of A and that it is simple.

Let X € IR such that: X (\(q)I — A) = 0.

Then System (1) has a solution if and only if f]RN tXF¢, =0, where ¢, is the eigenfunction
associated to \(q).

Proof of Theorem 3.2: Let P be a n X n non singular matrix such that the last line of P
is 'X and such that T'= PAP~! := (t;;) where:

tij =017 > 7 ; tp, = ANg) and V1 < i <n—1, t; < A(q).

Let: W = PU.

System (1) is equivalent to System (2) : (=A+q)W =TW + PF.

Let: "W = (wy...w,) and m; = (0;;) where: §;; = 0if i # j and 0;; = 1.

So System (2) is:

for 1 <i <n,
(2){

(2@) quz’ = (-A + q)wi = tiiwi + Zj;j>i tz-jwj + 7TZPF in ZRN .

We have: (2n) (—=A + @)w, = A(@Q)w, +' XF in IRY. Equation (2n) has a solution if and
only if fZRN I XF¢,=0.

If flRN tX F¢, = 0 is satisfied, first we solve (2n), then we solve (2.n—1) until (2.1) because
V1 <i<mn-—1, t; < Aq). Then we deduce U (because Matrix P is a non singular matrix).

3.3 Study of a non necessarily cooperative semilinear system of n equations

We rewrite System (1) :

(1) for 1 <i<n,
(17,) Lqiui = (—A + Qz)uz = Z?:l QU -+ fl(l', Uy oeny un) in RN .

We recall G = (g;;) the n x n matrix defined by:
V1 <i<n, gi=MNg — a;) and

V1<i,j<n, i#j= gy = —|ay|" where |a;|" = sup |ai;(z)].
zcIR

Let I be the identity matrix.

Theorem 3.3 We assume that (H1),(H2) and (H3) are satisfied.
We assume also that Hypothesis (H4), (Hb),(HG6) are satisfied where

(H4) 3s > 0 such that F — sl is a non singular M-matriz.
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(H5) V1 <i<n, 30; € L*>(IRY),0; > 0, such that :
V1 <i<mn, Yup,...u, 0< fi(z,uy,...,u,) < su; +6;;

(H6) V1 <i<mn, f; is Lipschitz for (uy, ..., u,), uniformly in x.
Then System (1) has at least a solution.
Proof of Thorem 3.3:

a) Construction of an upper and lower solution.

We consider the following system (5):

(S) Vi<i<n,
Ly = (—A+ q)u; = azu; + Zj;j# la;;|u; + su; +6; in RN .

By Hypothesis (H4), (H5) we can apply Theorem 2.3.

We deduce the existence of a positive solution U° = (u),...,u2) in V,, (IR") x ... x
V,,, (IRY) for the system (S). U° is an upper solution of System (1).

Let: Uy = —U" = (—uf, ..., —u)).

We have: V1 <i<n, (A4 q)(—u)) = —(—A + ¢;)u).
Hence: (—A +¢;)(—uf) = —auf — 3, |aijluf — suf — 6;.
So: V1 <1 <n,

(_A + Q1>( ) < a/zz + Z azg + fz — 0, ey —ug)
Jij#i

Therefore Uy is a lower solution of System (1).

b) Definition of a compact operator.
Let m € IR*" be such that : V1 <i <n, m —a; > 0.
Let: ¢} = ¢; — a;; +m.
Let T : (L?(IRN))" — (L*(IRM))" defined by: T'(uy,...,u,) = (w1, ..., w,) such that:

Tl Vi<i<n,
(8)  (=A+g)w; = mu; + D70y aiuy + fi(@,un, e, u,) in RN

We prove easily that T" is a well defined operator by the scalar case, continuous by
(H6) and compact (because (—A + ¢;)~! is compact).

We prove now that T'([Uy, U°]) C [Uy, UY.

Let U = (uy, ..., u,) € [Uy, U°].

We have: V1 <i <n, —ud <u; <.

We have: (=A + ¢;)(uf — wi) = m(ui —w) + 3., |
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— Zj;j# aijuj + sud + 0; — fi(z, ug,y .oy up).

We have: m(u) — u;) > 0.

By (H5), we have: f;(z,uy,...,u,) < su; +6; < sud + 6;.

Moreover: |a;;u;| < |a;j|u) so agu; < |ag;|u).

So: (—A + ¢})(u? — w;) > 0 and by the scalar case: u? —w; > 0.

In the same way, we have:

(=A+ ) (wi = (=) = m(ud +w;) + 32,5, laij|uj

Do Qi s A0+ fi(,un, ).

But —u) < wu;. So m(u + u;) > 0. Moreover: —a;ju; < |a;|u).

By using (H5), we conclude that: (—A + ¢})(w; +u)) > 0 and hence: w; > —u). So:
T([Us, U°)) € [Up, U”).

[Up, U] is a convex, closed, and bounded subset of (L*(IR))", so by the Schauder
Fixed Point Theorem, we deduce that T has a fixed point.

Therefore System (1) has at least a solution.

I thank Prof. Jacqueline Fleckinger for her remarks.
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LoTHAR BERG

On the Solution of Jordan’s System of Difference
Equations

ABSTRACT. By means of generalized Bernoulli numbers an explicit solution is given for

the homogeneous system of difference equations in Jordan’s normal form.

KEY WORDS. Difference equations, Jordan’s normal form, Bernoulli numbers.

1 Introduction

In U. Krause and T. Nesemann [1], Lemma 3.9, there was determined the general solution

of the system
it + 1) = Aai(t) + 241 (2) (1.1)
for 1 <i<n,teNand x,,1(t) =0. For A # 0 it reads
pi(t) = XFTLAT () (1.2)

where p is an arbitrary polynomial of degree < n — 1 and Ap(t) = p(t + 1) — p(t). The
system (1.1) corresponds to a homogeneous matrix difference equation in Jordan’s normal
form with upper unities. After simple modifications, the result can easily be transferred to

the system
yi(t +1) = Ayi(t) + yi-a1(t) (1.3)
for 0 < ¢ < n with y_;(t) = 0, where the solution turns over into
yi(t) = NTTATp(t) (1.4)

with an arbitrary polynomial p of degree < m. The system (1.3) corresponds to Jordan’s

normal form with lower unities.
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The solution (1.4) has the disadvantage that its shape depends on n. In the sequel we derive
a representation for the solution of (1.3) which is independent of n and in which, surprisingly,

the Bernoulli numbers appear. The result can be transferred to inhomogeneous equations.

Let us mention that (1.2) and (1.4) are also the general solutions of (1.1) and (1.3), respec-
tively, in the case t € R, if p denotes a polynomial in ¢ with arbitrary 1-periodic coefficients.

An analogous remark comes true for the latter solutions.

2 Solution of (1.3)

In order to solve (1.3) with y_1(t) =0 and A # 0 for i =0, 1,2, ... we make the ansatz

i

) 1 ,
yl(t) = )\t_Z Z f'ai,i_jt] . (21)
J

i=0 7
The homogeneous equation, corresponding to (1.3) with fixed 4, has the general solution
y; = ¢;\" with arbitrary ¢; so that in (1.3) a; must remain arbitrarily. Comparing

. 1 L
(E+1) = M (8) = MY T g tF
bt + 1) — wilt) S L, ;(k)

|
=17

with (2.1) for ¢ — 1 instead of i, equation (1.3) implies

7

1
Z mam‘—j = Qj—1,i—-1—k

Jj=k+1
for k=0,1,...,7 — 1 and therefore
k L = 2.2
DB e AT 22
]:

for the same k. Defining auxiliary coefficients a,; also for j > 7, we introduce the generating

functions
filz) = Z a2’ (2.3)
=0

as formal power series. Choosing the new a;; for ¢ = 0 arbitrarily and for ¢ € N in a suitable

way, the equations (2.2) are equivalent to the recursions

e? —1

z

fi(z) = fisa(2)
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with the solution

50 = () 56 2.4)

(ef_ 1) = by (2.5)
j=0

so that (2.3)-(2.4) imply the relations

Now, we define coefficients b;; by

J
Q5 = Z bi, Qo,j—k » (2-6>
k=0

which, in view of (2.2), are valid for 0 < j < i — 1. But we can use (2.6) also for j = i,
if we take ag; as arbitrary constants instead of a;. The foregoing considerations can be

summarized as follows:

Proposition For A\ # 0 the equations (1.3) with i € Ny and y_,(t) = 0 have the general
solution (2.1) with (2.6), the coefficients by, defined by (2.5), and arbitrary constants ay;.

Usually, the coefficients in (2.5) are written in the form

0
bl] — ;Bj 5
where Bj(-i) are the generalized Bernoulli numbers, cf. [2], p. 145 or [3], p. 4. The generalized

Bernoulli numbers are polynomials in ¢ of degree j. For 0 < j < 12 they are listed in [2],

p. 459, from which we obtain in particular

bip =1, bilz_i, bi2:ﬂ(32_1)’ bi3:——(l_1)-

These results can be checked by means of the recursions
- J o
bi+1,j = <]. — ;) bij — bi,j—l (Z,] € N) >
cf. [2], p. 145, and the initial values by = 1, by; = %Bj for i,j € Ny, where B; are the
ordinary Bernoulli numbers.
3 The inhomogeneous case

The foregoing considerations also allow to solve the inhomogeneous equation

y(t +1) = \y(t) + 1N\, (3.1)
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i € N, if we interprete (3.1) as equation (1.3) with y(¢) = y;(t) and 7'\t = y;_(¢) with
(2.1), i.e. in particular a;—10 = (i — 1)IA"! and a;_; = 0 elsewhere. Now, instead of (2.4)

we only need the relation
z

filz) = o fira(2),
and since f;_1(z) = (i — 1)!I\", we obtain
~ i-1 1
7!
for j =0,1,...,7—1, whereas a;; is an arbitrary constant. Hence, we have found the solution
y(t) = y;(t) of (3.1) with (2.1) and (3.2).
The solution of
y(t+1) = Ay(t) + p(t)\", (3-3)

where p is a polynomial of degree i — 1, can be reduced to the solution of (3.1) by means
of linear combinations. Successive application of the solution of (3.3) for i = 1,2,3,...

again leads to the solution of the system (1.3) constructed in the foregoing preposition.
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LAURE CARDOULIS

Existence of solutions for some semilinear elliptic
systems

ABSTRACT. We obtain results on the existence of solutions for the semilinear elliptic

equation (—A + q)u = Apu + f(z,u) in RN under the hypothesis that N > 3, q(z) —
N N . . .

+o0o as |z| — 4+ocand p € L2 ([R"™). Similar results for semilinear systems of n equations

are also established.

1 Introduction

In the present paper we will study the maximum principle and existence of solutions for the

following elliptic equation:
(E,) Lgu:=(—A+qu=\pu+ f(z,u) in R,

where 0 < p € L2 (RY), A € R, and ¢ € L. (IRY) U L2 (IRY) U C(IRM) is such that
q > constant ¢ > 0 and ¢(z) — 400 as |x| — +o0. Such topic has been studied already
in [3] for the case that p € L®(IRY) using the first eigenvalue \(¢) of the operator —A + ¢
in L2(IR"). Here we obtain results on existence of solutions to (E,) in terms of the first

eigenvalue A(p) of the following problem studied in [6]:

—Au = Mpu in RN
o |

u(z) — 0 as |r| — 400
We study also the following elliptic systems on IR":

J=Lj#i

Under mild assumptions we have obtained the existence of solutions to the above systems.
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2 Recalls

2.1 About one equation

Let D(IRY) = C°(IRY) = C*(IR™) be the set of C* functions on IR" with compact support.
Let 3< N € IN;0 < p e L2(IRY),p # 0. Let D*2 be the completion of D(IRY) under the
norm [f]RN V|22,

We recall from [6] that the following equation

—Au = \pu in RY
(Ep)
u(z) — 0 as |z] — 400

admits a simple and positive eigenvalue A(p), called the principal eigenvalue, associated with

a positive eigenfunction ,, such that
Ap) - /ZRN pu’ < /BN Vul?>  (Yu € D"?).

2.2 Schrodinger operators

Let ¢ € L} (IRN) U L} (IRY) U C(IRY) be such that: ¢ > constant ¢ > 0 and ¢(z) —
+oo as |z| — +oo, cf. [2, 3, p.3, 44, 68] and [15, Theorem XII1.47, p.207]. The variational
space is the Hilbert space V,(IR") which is the completion of D(IR") under the norm ||ul, =

i~ [Vul? + qlul?]2.

Proposition 2.1 (see [I, Prop.I.1.1])
The embedding of Vy(IRY) into L*(IRN) is compact and has dense range.

Proposition 2.2 (see e.g. [1, p.25 to 27])

—A + q, considered as an operator in L*(IRYN), is positive, selfadjoint, with compact in-
verse. Its spectrum is discrete and consists of an infinite sequence of positive eigenval-
ues tending to +00. The smallest eigenvalue, called the principal eigenvalue and denoted

by A(q), is simple and has a nonnegative eigenfunction ¢,. Moreover, there holds: Vu €

Vo(RY), Ma) [ [ul* < [pv[IVul® + qluf?].

2.3 M-matrix

We say that a matrix is positive if all of its entries are positive.

Definition 2.1 A matriv M = sI — B is called a non singular M-matriz if B is a
positive matriz and s > p(B) > 0, where p(B) denotes the spectral radius of B.
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Proposition 2.3 (see [1, Theorem 2.3, p.134])
If M is a matriz with nonpositive off-diagonal entries, then the following conditions (P0),
(P1), (P2), (P3), (P4) are equivalents:

(P0) M is a non singular M-matriz.

(P1) All the principal minors of M are strictly positives.

(P2) M is semi-positive i.e.. 3X >> 0 such that MX >> 0.

Here X >> 0 means that the entries of X are strictly positive.

(P3) M has a positive inverse.

(P4) There exists a diagonale matriz D, D > 0, such that M D + D'*M is positive definite.

3 The scalar case
3.1 Case of a linear equation

We consider the following elliptic equation:
(E,) Lgu:=(—A+qu=\pu+ fin RY

where N >3, f e LA(IRY),0< pe L= (IRY),p#0, A€ Rand g € LL (IRV)U L2

loc loc

(RM)U
C(IRM) is such that ¢ > constant ¢ > 0 and g(x) — +o00 as |z| — 4o0. We say that u is a
weak solution of (E,) if u € V,(IR") and

u. u = u N .
/]RN(V Vo + que) A/]RNP ¢+/1RNf¢ (v € D(RY))

Theorem 3.1 Assume A < A(p). Then (E,) admits a unique weak solution u € V,(IRY).
Moreover, if f > 0, then u > 0.

The proof of Theorem 3.1 is elmentary and thus the details are omitted.

By using a theorem obtained in [%] we can derive the following result for the asymptotic
behaviour of the solutions.

Theorem 3.2 Let u be a weak solution of (E,). Then there holds the convergence that
lim|g| oo u(x) = 0 under each of the following conditions a)-b):

a) N =3.

b) N >3 and either |f| € H™(IR") withm > 5 —2 or f € L% (RN) with d > N.
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3.2 Case of a semilinear equation

Of concern is the following semilinear elliptic equation
(By) Lyu(z) = (—A + q(z))u(x) = Ap(x)u(z) + f(z, ulz)) for = € RY.

In [8], in case the coefficient p is bounded, we have established already the existence of
solutions for (E,) by the sub and supper solutions method combining with the Schauder
fixed point Theorem. Here we are interested in the more general case p € L%(]RN ) to
which the above method fails and thus we have to use the approximation method due to
L. Boccardo, J. Fleckinger and F. de Thlin [7].

Theorem 3.3 Let the following conditions (h1) — (h4) be satisfied:

(M) N >30<pe LE(R")NLE(RY),p # 0; A € R; and g € L (IRV) U L2, (IRV) U
C(IRM) is such that ¢ > constant ¢ > 0 and q(z) — 400 as |z| — oo.

(h2) 30 € L2(IRN),Yu € L*(IRN),|f(x,u)| < 6.

(h3) f is Lipschitz respect to u, uniformly in x.

(hd) A < A(p).

Then (E,) has a weak solution.

Proof: Let € €]0,1[ and B, = B(0,%) = {z € R", |z| < 1}. Let 15 be the indicator
function of B,. Let m € IR*" be such that A +m > 0.
Let T, : L*(IRY) — L?*(IR") be defined by T.(u) = v, where u, v are determined as follows:

pU

— 15 + f(z,u) in R".
e+ )

(E1) (“A4q+mp)v=(A+m)
i) First we prove that T, is well defined.
By (h2) and the scalar case, since —m < 0 < A(p), we deduce the existence (and
uniqueness) of the weak solution v € V,(IR") of (E1).

ii) Construction of a sub and supper solution for (E£1).
We have: (A +m)ilp + 6 € L?(IRY) so by the scalar case, we deduce that: 31&0 €
Vo(RY), € > 0 such that: (—A+ ¢+ mp)® = (A+m)ilp +60in RY. £ is a
suppersolution of (E1). By the same way, { o = —&° is a subsolution of (E1). Note
that T.(o.) C 0. where 0. = [£.0, &Y.

iii) We prove that 7T, is continuous.
Let (un), . pv be a sequence in o = [£ 0, ] converging to u in ||.||L2(]RN). Set T,(uy,) =
v, (n € IN) and T¢.(u) = v. We have in a weak sense:
(=A+g+mp)(vy —v) =(A+ m)[1+pezrun| - 1+iZ|u\]1Be + (@, un) — f(2,u).
Multiplying by v, — v, integrating over IR" and using the Cauchy-Schwartz inequality,
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vi)

vii)

we get:
U, U 1
o = 24y < O+ 1) (20 — 1+zp|u|>212 [ = ol o
L) = £ g o — Ol
But the function [ on IR deﬁned by l( ) = T (Vz € IR) is Lipschitz and satisfies:
Va,y € R, |l(x) —(y)| < |x —y|. So, by (h3), we deduce that
1

[0 = e < [+ m) i, 02 — w3 + Kl — ], o Lo = ol o v, Tor
some positive constant k. Since p € Li< (IRY) we find that ||v, — v|grmp < K(€)|un —

||L2 (RY) for some positive constant K (e). Hence (v,), is a sequence converging to v
in |||, 2(IRY)

Let (v,), be a sequence such that: T, (u,) = v,.

We want to prove that there exists a subsequence of (v,) converging in L*(IR"). We
have: Vn, (=A+q+mp)on = (A +m) =15, + f(2,u,) in RY.

By the Cauchy-Schwartz inequality and by (h2), we obtain:

[0aZ4mp < )2, 30l + 161 g, 0 g
So the sequence (v,) is bounded in V,(IR"). Since the embedding of V,(IR") into

L*(IRM) is compact, we can find a subsequence of (v,,) which is convergent in L(IRY).

Therefore T,(o,) is compact.

By the Schauder Fixed Point Theorem, we deduce the existence of u, € o, such that:
T.(u.) = u.. Moreover, there holds

Pl : N
—A c=(\ — e 9 Lu.) in RN,

Now we prove that (eu,). is a bounded sequence in V,(IRY).
Multiplying by €%u,, integrating over IR", using the Cauchy-Schwartz inequality and

since < 1 we deduce that

1+ plu |

ety < Ot m) [ o+ 101 g e

2y < S €2 + 160 o g el

by
It follows that 0 < A((;’))+m||eu5||q+mp < ||9||L2(RN)||€U,6||L2(RN). Hence: 3K > 0, K

independent of € such that [|euc||g4m, < K.

Therefore, ||eu.||?

We prove now that eu, — 0 as € — 0 strongly in L2(IR") and weakly in V,(IR"). We
know that the imbedding of V,(IRY) into L?(IR") is compact. The sequence (eu,).
is bounded in V,(IR") so (for a subsequence), we deduce that Ju* such that: eu. —
u* as € — 0 strongly in L2(IR") and weakly in V,(IR"). Multiplying by ¢, we get:

(—A+q+mp)eu. = ()\+m)1f§;“;e|136 + ef (2, u.) in RY.
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We have: Vo € D(RY), | [jpv ef (z,ud)d| < ¢ [pn 0]¢].
We deduce that: f]RN ef(z,uc)p — 0 as e — 0.
We have also: [ljf;ne‘lBe — %]d) — 0ase—0.

3 epluc| < plu*| <
Since Trepla] < 1 and Tl < 1 we get

EPUC pU* 1 N
—— 1 — ————|o| < 2|¢| € L*(IR™).
Using the Dominated Convergence Theorem, we deduce that

*

€PU, U
—]_ — — @ asS € — 0
/JRN T elud 7 T gl

So u* is a weak solution of the equation (—A 4 ¢ + mp)u* = (A + m)ﬁ‘;*| in IR,

We prove u* = 0. Multiplying by «* and integrating over IRY yields
2

Vu* > + (¢ + mp u*2:>\+m/ p’u—ﬁ )\+m/ pu*?.
[ VR mp = ey [ < ) [

Since A(p) [pv pu? < [ppn [Vu|? we have (A(p) +m) [ppn pu*® < (A+m) [y pu™.
But A(p) — A > 0, we find that f]RN pu*? = 0 and thus u* = 0 a.e.

We prove now by contradiction that (). is bounded in V,(IR") .

We suppose that (for a subsequence): ||uel|g4mp — +00 as € — 0. Let z. = TaTr Ue-
ellg+mp

Then ||z 4+mp = 1 and thus (z.). is a bounded sequence in V,(IR"). There exists z
such that z. — 2z as e — 0 strongly in L?(IR") and weakly in V,(IR"). Furthermore:
3h € L*(IRN),Ve, |z| < h a.e (for a subsequence) (see [7, p.58]) In a weak sense, we
have:

(=D + g+ mp)ze = R 2L, + g f (e, ue) in RY.
We have: V¢ € D(IRY), I mf(x, u)p — 0 as € — 0.

We have also: [1+ZZTue\ 1, — pzlgp — 0 as e — 0 a.e.

5251, — p216] < lp(zLs, — )61+ |12l 26| < [p(1z] + k)| +]p=6| € LA (IRY)

since p € LS (IRY). Using the Dominated Convergence Theorem, we deduce that

f]RN Toled — f1RN pz¢ as € — 0. So z is a weak solution of the equation (—A +
q)z = Apz in IRY. Since A < A(p) we find z = 0. Using HZ€||L2(BN) =1— ]|zHL2(RN) =

0 as € — 0, we get a contradiction.

There exists u® such that u, — u° strongly in L?(IR") and weakly in V,(IR").
We have in a weak sense:

<_A +q+ mp)ue = ()\ + m) 1+T;|€u€\ 1Be + f(wa ue) in RN'

But u, — u® as € — 0 weakly in V,(IR"). Furthermore: 3n’ € L*(IRY), Ve, |u| <

h' a.e (for a subsequence.) By (h3) we have also:

1 100) = ()2, g, < comst - lue = w2, o
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Therefore: V¢ € D(IRY), Sy (@ u)d — [pn fz,u’)¢ as e — 0.

. PlUe 0
Moreover: [1+e—p|u€|136 — pu’]p — 0 as € — 0 a.e. and

25y 1e — pullol < p(IW'] +2u°])|g| € L' (RY).

1+epluc|
Using the Dominated Convergence Theorem, we deduce that [ R~ ﬁ%l B¢ —

f]RN pul¢ as € — 0. So u® is a weak solution of the equation (—A + q)u® = A\pu® +
f(z,u°) in R,

4 Study of a system

The system which we will study has the form
J=Lj#i

We assume N > 3 and impose the following conditions (H0)-(H3) for each index ¢ :

(HO) \; € IR.
(H1) 0 < p; € LY2(RN), p; # 0.

(H2) ¢; € L} (RY)UL? (IRYN)UC(IR) is such that ¢; > ¢; for some positive constant ¢; and

¢i(x) — 400 as || — oo.

(H3) f; € L*(IR").

We say that (up,...,u,) € Vi, (IRY) x ... x V, (IRY) is a weak solution of System (1) if:
V1 <i<n,Vé € D(IRY),

fZRN (Vu; Vo + quip) = \; me Pilli® + flRN E}Ll;#i ;Ui P + fBN fio.

We call System (1) cooperative if a;; > 0 for all i # j. We say that System (1) satisfies the

maximum principle if: Vf; > 0, 1 < i < n, each solution u = (u4, ..., u,) of (1) is nonnegative.

4.1 Study of a linear system

Theorem 4.1 Assume conditions (H0) — (H3) and the following ones
Let D = (d;j) be the n x n matriz given by d; = X(p;) — i and d;; = —k;; otherwise. If D

is a non singular M-matriz, then System (1) satisfies the maximum principle.
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Proof: Assume that: V1 < i < n,f; > 0. Let (uq,...,u,) be a weak solution of (1) and
u; = max (0, —u;). Using (H4) and the Cauchy-Schwartz inequality, we obtain

vk vl
) =N [ o= S ([ ot )Y <
JigFi
Let ‘X = (21,...,,) be such that: V1 < i <n, a; = ([jp~ pilu; [2)z. We have DX < 0.
Since D is a non singular M-matrix, by (P3), D has a positive inverse. Hence, X < 0. Tt
follows that u; = 0 for all i.

Theorem 4.2 Assume conditions (HO) — (H3) and the following ones

(H4x) Yi, j i # j = |ag| < kij\/piy/p; with ki € R

If D (given in Theorem 4.1) is a non singular M-matriz, then System (1) has a unique weak
solution (uy,...,u,). Furthermore if System (1) is cooperative and if f; > 0 for all i, then,

by the maximum principle, we have that u; > 0 for all i.

Proof: By (P4), there exists a diagonale matrix F such that ‘DE + ED is positive definite,
with: E = (e;;) where V1 < i < n, e; = ¢; > 0. Let Vi, m; € IR"" such that: V1 < i <
n, \i +m; > 0. Let 11 (V,(IRY) x ... x V, (IR"))? — IR be defined by

LUty ooy )y (U1, oy 0)) = D0 fRN (Vu; Vv; + (q; + mip;)uv;]

=y el +my) fRN PilliV; — Zm.#j e; fIRN ;U5

[ is a bilinear continuous form. By (H4x) and the Cauchy-Schwartz inequality, we prove that

[ is coercive. So, using the Lax-Milgram Theorem, we obtain a unique solution for System

(1)

4.2 Study of a semilinear system

Theorem 4.3 Keep conditions (HO) — (H3) and (H4x) and assume that the condition
(H1) is strengthened as follows: p; € LS (IRN) N L*(IRYN) for each i. Assume further the
following conditions (H6) — (HT):

(H6) Vi, 30; € L*(IRN), Yuy, ...,u, € L2(IRY), |fi(z,u1, ..., u,)| < 6;.

(HT7) Yi, f; is Lipschitz respect to u;, uniformly in .

If D (given in Theorem 4.1) is a non singular M-matriz, then System (1) has a weak solution

(Upy ey Up,)-

Since the proof of Theorem 4.3 is very similar to that of Theorem 3.3, we omit the details.



Existence of solutions for some semilinear elliptic systems 37

References

1]

[12]

[13]

Abakhti-Mchachti, A. : Systémes semilinaires d’équations de Schroedinger. These

numero 1338, Université Toulouse 3, 1993

Agmon, S. : Bounds on Exponential Decay of Eigenfunctions of Schroedinger Opera-
tors. Schroedinger Operators Como 1984, Springer-Verlag

Agmon, S. : Lectures on exponential decay of solutions of second-order elliptic equa-
tions : bounds on eigenfunctions of N-body Schroedinger operators. Mathematical Notes
29, Princeton University Press, 1983

Bermann, A., and Plemmons, R.J. : Nonnegative matrices in the mathematical

sciences. Academic Press, New York 1979

Boccardo, L., Fleckinger-Pelle, J., and Thelin, F. de : Existence of solutions for
some nonlinear cooperative systems. Differ. Integral Equ. 7, No.3-4, 689-698 (1994)

Brown, K.J., and Stavrakakis, N. : Global Bifurcation Results for a Semilinear
Elliptic Equation on all of IR™ . Duke Math. J. 85, No.1, 77-94 (1996)

Brezis, H. : Analyse fonctionnelle. Theorie et applications. Masson, Paris 1993

Cardoulis, L. : Problémes elliptiques : applications de la théorie spectrale et études

de systemes, existences de solutions. These, Université de Toulouse I, 1997

Edmunds, D.E., and Evans, W.D. : Spectral Theory and Differential Operators.
Oxford Science Publications, Oxford 1987

de Figueiredo, D.G, and Mitidieri, E. : A maximum principle for an elliptic system
and applications to semilinear problems. SIAM, J. Math. Anal. 17, 836-849, (1986)

Fleckinger, J., Hernandez, J., and Thelin, F. de : On maximum principles and ex-
istence of positive solutions for some cooperative elliptic systems. Differ. Integral Equ. 8,
No.1, 69-85 (1995)

Hernandez, J. : Maximum principles and decoupling for positive solutions of reaction-
diffusion systems. In: K. J. Brown and A. A. Lacey (eds): Reaction-Diffusion Equations.
pp. 199-22/. Oxford 1990

Kato, T. : Perturbation Theory for Linear Operators. Springer-Verlag, Berlin 1980



38 L. Cardoulis

[14] Protter, M.H., and Weinberger, H.F. : Maxzimum Principles in Differential Equa-
tions. Prentice Hall 1967

[15] Reed, M., and Simon, B. : Methods of Modern Mathematical Physics. Vol. 4 Analysis
of operators. Academic Press, New York 1978

received: April 12, 2001

Author:

Laure Cardoulis

Univ. Toulouse 1
pl.A.France

31042 Toulouse Cedex

e-mail: cardouli@math.univ-tlsel.fr


mailto:cardouli@math.univ-tlse1.fr

Rostock. Math. Kolloq. 56, 39-48 (2002) Subject Classification (AMS)
35J10,35J60,35J30

NASREDDINE MEGREZ

A Nonlinear Elliptic Eigenvalue Problem in Un-
bounded Domain

KEY WORDS. Nonlinear eigenvalue problem, Schrédinger equation, P-Laplacian, Un-
bounded domain.
1 Introduction and main result

We find a localization of A such that the problem

~Agu+ V(@)|u 2= A (2, u)

(P)\) : Ujpn = 0
| ‘lim u(z) =0

has a solution, where  C RY is an unbounded domain, N >p > 2, f: QxR — Ris a

p

e(§2) is a continuous potential on € satisfying

continuous function, and V' € L

liminf V(z) > min V(z) > 0.

|z|— oo z€Q)

Several authors for example P. FELMER, M. DEL PINO [1] and P. H. RABINOWITZ [1] have
studied the problem (Py) when p =2 and A = 1 under the following assumption:

H): 30 >2/0<0F(s) < f(s)s, whereF(s):/Sf(t)dt.

They proved that the Palais-Smale sequence given by the mountain-pass lemma for the

functional J(u) = i||ul|} — [, F(u)dz, has a convergent subsequence, where the limit is a

weak solution of the problem.

In [5], I. SCHINDLER has studied the problem (P,) when p = 2 and lim V(z) = +o0,

|z|—o0

without assumption H). He gave an interval I such that (P,) has a solution for almost every

A satisfying % el
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In this paper, we will follow the ideas in [5], and prove two existence theorems under weaker
assumptions on the potential V. The first result uses conditions on V' similar to those in [1],

the second uses conditions similar to those in [3].

We denote by B the Banach space defined by the closure of C§°(£2) under the norm

fulls = ( [ 1V + Violu@pr)”
We use the following notations:
. F(x,s) = /S f(x, t)dt.
0
Sp={ueB: |ulp=t}.

. g(u) = /QF(x,u)dx, and y(t) := sup g(u).

UESE
1o g 22,y 2O 220Y).
t#s t—s ts t—s

We will use the following assumptions:

H1) There exist a bounded subset K of 2, and a real « such that

Vre Q\ K, Vs eR: f(z,s)s < aV(x)|s|F.

. f(z,s)
H2) hin_S}ép o1 =0
H3) lim Jla,s) = 0 uniformly in x.

|s]|—00 |S|p*_1
H4) V belongs to the reverse Holder class A,,.

We recall that a nonnegative locally Li-integrable function V on R¥ is said to belong
to the reverse Holder class A, (1 < ¢ < 00) if there exists C' > 0 such that the reverse

(ﬁ/}glv(x)\qu)é <C (%/;V(x)!dx) (1)

holds for every ball B in RY; and we say that V € A, if for any o, 0 < a < 1, there
exists a 3, 0 < 3 < 1 such that for all balls B C RY and all subsets E C B,

B > a|B| — /EV(x)dx zg/wa)dx. 2)

Note that if V€ A, then V € A; and if V € A, then there exists a ¢, 1 < ¢ < 00
such that V € A,.

Holder inequality
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H5) | lim m(z,V) = 400, where m(z,V) is an auxiliary function defined by:

x| —00

1 1
= >0, — Viydy <1 5.
V) sup {r " N-p /B(x,r) (y)dy < }

B(x,r) is the ball of RY of center z and radius r.

The function m(x, V') was introduced by Z. SHEN in [8] for p = 2, to study the Neu-
mann problem for the operator —A + V' (x) on the domain above a Lipschitzian graph.
Recently, K. KURATA [3] has used this function to prove the existence of least energy
solution for a Schrodinger equation with magnetic potential.

1
Note that 0 < m(z,V) < +oo Vo € RV, and if r = ———, then

m(z, V)
rN-p /($7r) (y) Y

1
The problem (Py) is equivalent to finding the values of p = X for which there exists u such
that

g (w) = plluls%u. (3)
Let G,(u) := j—;nunfg — g(u).

Our main results are:

1
Theorem 1.1 IfH1 and H3 hold, then for almost every \ satisfying 3 € IN(a,+00)
the problem (Py) has a solution in B\ {0}.

If each critical sequence of G, is bounded, then (Py) has a solution for every X\ satisfying

1
X € InN(a,+00).

Theorem 1.2 If H2-H5 hold, then for almost every \ satisfying % € I the problem
(Py) has a solution in B\ {0}.

If each critical sequence of G, is bounded, then (Py) has a solution for every X\ satisfying
1

s €l

)

2 Mountain pass and impasse lemma

We use a modification of the usual Palais-Smale condition:

Definition 2.1 We say that G, satisfies the property (P) if any sequence (u,) C B
satisfying
[unlly ——t#0 (4)
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G(tn) —— 0 (5)

has a converging subsequence.

Remark 2.1 If a sequence (u,), satisfying (5) and

Gp(u,) —— b#0 (6)

n—oo

is bounded, then modulo a subsequence we have (4).
We recall mountain pass results due to K. TINTAREV [11].

Definition 2.2 We say that G, has the mountain-pass geometry if:

. G,(0) =0.
. Jto >0, 6 > 0 such that for ||ullz = to, G,(u) > 9.

. Jde € B\ {0}, |lelliz > to such that G,(e) < 0.

We have the following mountain impasse lemma:

Lemma 2.1 Assume that G,, has the mountain-pass geometry and satisfies the property
(P). Then either there exists ug € B\ {0} such that G/,(up) = 0, or there erists a sequence
(Un, hy) € B\ {0} x R such that:

0<h, —0

lunll = tn /00
o (un) = c(tn) N

;70+hn (un) = 0
Using results from [11] we have the following lemma '

Lemma 2.2 Let py € R such that G, satisfies the property (P), and has the mountain-
pass geometry. Then for a dense set of p in a neighborhood of py, there exists u, € B\ {0}
such that

Glp(“p) =0

1Using a technique used by M. STRUWE in [10] page 60, one should be able to improve the statement in
lemma 2.2 to almost every p in a neighborhood of py. I. SCHINDLER attempted to prove this in [5], but the

proof is not complete.
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3 Proof of the main results

The critical sequence converging to the solution of (P)) is given by the following lemma

which is proved in [5] when p = 2. The proof for general p is similar and will be omitted.

Lemma 3.1 Under assumption H3, if p € I, then G, has critical sequence (uy,), which
tends either to a local minimizer of G,, or satisfies equations (6) and (5), and is of mountain-

pass type. If the sequence tends to a local minimizer of G,, then 3ty # 0 : ||u,|lg — to.

To prove Theorem 1.1 and Theorem 1.2 it suffices to prove that G, satisfies property (P):

Lemma 3.2 Assume H1 and H3. Then G, satisfies property (P) for p > a.

Proof: Let (u,), be a sequence satisfying (4) and (5). By (4), the sequence (u,),, is bounded,
which means that there is a renumbered subsequence converging to a weak limit u. In fact,
this convergence is strong. To prove this, it suffices to check that for each € > 0 there exist
R > 0 such that:

lim sup/ {IVu, [P + V(x)|u, | }dx < e.
O\Bg

n—oo

Let R be chosen such that K C Bpg/s, and let

OODBR/Q . C
= th 0 < <1 d |V < —.
MR {1onQ\BR Wi ~Nr > 1 an | 77R|_R

Since (u,), is a bounded sequence of Palais-Smale type, then

/

< G, (un), nrUn >=0(1)
i.e:
/{|Vun\p+v(if)!un!p} ?7Rdx+/un!Vun\p2Vun-V77Rd:v = / A (2, un ) unnrde + o(1)
Q Q Q

Using H1 we obtain

/{|Vun]p+V(x)\un|p}an:c+/un|Vun|pQVun.Van:c < Aa/ V(z)|un|Pnrdzx
Q Q OQ\Br/2
+o(1)
< /\a/{|Vun|p—|—V(x)
Q
Jun|P}nrdr + o(1).
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_ 1
Since p = 3 e have

(p— a)/{|Vun|p+V($)|un|p}an:)s < —p/ U |Vt [P~2Vu,. Vrdz + o(1)
Q Q

IN

’p/un|Vun|p_2Vun.Vanx
Q

+o(1)

IN

%
p—1/|mﬂvmﬁpldr+oﬂ)
R Jq

C P
< p (luallo | Vinl gy ) + 1),

1,1 _ )
where ’ + i 1. Thus:

pC z
V[P + V(x)|u,|P de < —— ( ||un|| e[| V|| 7p +o(1
L 090+ V@) < ol (o Vo) + o)

which completes the proof.

Lemma 3.3 IfH2-H5 hold, then G, satisfies the property (P) for all p € R.

For the proof, we use the concentration-compactness method. We recall the concentration-

compactness lemma used in [5]:

Lemma 3.4 Let (¢,), be a sequence of non negatives functions in L*() such that
|®nll 1) = t. Then either:

1. VR < 0o, lim sup / ¢n(x)dx =0,
Br+y

n—00 yeRN
or

2. there exist a renumbered subsequence (¢p)n , a B € (0,t], and sequences of nonnegative
functions (1), (@), (¢2), in LYRY) such that (¢l), is tight up to translations,

and
On = G + & + T,
¢n — (00 + &2) ||l 2ri@) = Irallir@) — 0,
[6nll1 () — b 1671l 1 () ——t=0
dist (Supp(¢,,), Supp(¢;)) —— oo,
Qfﬂ”n =0a.e 1=1,2.
Furthermore, if there exists R < oo such that lim Opdxr = 6 > 0, then we may

n—oo BR

assume the ¢l to be tight.
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Using the preceding lemma one can prove the following smooth version of concentration

compactness:

Lemma 3.5 Let (u,) be a sequence in Sy, and let ¢, := |Vu,|P + V(x)|u,|P. Assume

(hn)n is as in lemma 3.4 case 2. Then there exist two sequences (ul),, (u?), in B such that
e = (u, + wn) |15 —— 0,

dist (Supp(u), Supp(2)) — oo,

n—oo
lunlly = 8, Ilunlly =t — 5.

Moreover, 1} = |Vul|P + V(z)|ul|P is tight up to translations.

We also recall

Lemma 3.6 Let (u,), be a sequence in S;, and assume that H2 and H3 hold.
]f/ | (x)[Pde —— 0, then
Q n—oo

(¢'(un), tn) —— 0.

n—oo

We need also the following lemma originally proved for polynomial V' by C. FEFFERMAN
and D. H. PHONG in [2], and extended to V € A, with 1 < ¢ < co and p = 2 by Z. SHEN in

7, 5.

Lemma 3.7 Let ue CHRY). Then:

/RN lu(z)|Pm(x, V)Pdx < C/ |Vu(x)|P + V(x)|u(z)[Pde

RN

To prove this result, we need the following lemma which is the first statement of Lemma 1.8
in [8]. Its proof is based on the fact that V' € A,,.

1
Lemma 3.8 Forz,y e RY, m(z,V) ~m(y,V) if |z — y| < @V
The proof of Lemma 3.7 is similar to that for p = 2 in [7, 8]. It is included for completeness

without the confusing typographical error in [7, 8].

Proof of Lemma 3.7: Since V € A, then V' € A,. Hence, according to (2), there exists
e €]0, 1[ such that for each ball B C RY, we have

HyeB: V(y)2’%| BV(w)dw} 2%\31.
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1
Let RN =—— B=1EB d F:= B: V) >— [ V(z)d
€t o S , To m(l’o,V), (%’0,7”0), an {y € (y> - ‘B| /; (%’) .’L’},

where ¢ is chosen such that —— < 1. (wy =|B(0,1)]).
wN

For y € E we have V(y) > c

N / V(z)dex = 0—2, where ¢y = £
B "o

WNT

Thus, / min {C—g,V(y)} dy > / min {C—g, V(y)} dy > Cry P
B To E o

On the other hand we have

| IVut@pis > T;N | [ ute) = atw)pazay
/BV(:L‘)|u(x)|pd:L’2%/B/BV(I)]u(xﬂpdxdy.

Summing those two inequalities, we obtain:

/B Vu(z)Pdz+ /B V() u(z)Pdz > QN / / {C—g|u(x)—u(y)|p—|—V(y)|u(y)|p}dxdy
-5/ / win {9, V0) b (ul0) = u)l + ulo)P) dcy
> S [ [ win{ S v b urasy

/B Flu(@)Pde

and

| \/

Using Lemma 3.8 we obtain:
/B|u(a:)|pm(x, VPdz < C’/B {IVu(x)|? + V(z)|u(z)[P} dx.
Multiplying this last inequality by m(zq, V)" and using Lemma 3.8 we obtain:
[ @ P VP i ()
< C’/RN {|Vu()|” + V()|u(@) P} m(z, V)N X B (@) dz .

Remarking that X (zo,r)(%)=XB(a,0)(%0), and integrating in x,, we obtain:

/R i lu(x)[Pm(z, V)P ( /B - d:zco) dr < C { /R N \Vu(z) [P m(z, V)V ( /B - da:o) dx
+ /RN V(@) |u(x)[Pm(z, V)V (/B(m) dxo) dx} :
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With Lemma 3.8, we deduce that

which completes the proof.

Proof of Lemma 3.3: Let (u,), be a sequence satisfying (4) and (5). We may assume
that ||u, ||z =t for every n. Let ¢, := |[Vu,|? + V(2)|u, |’ which we claim to be in the case 2
of Lemma 3.4. Suppose this were not the case, then there is a relabeled subsequence (uy,),
such that

n—o0

/B |V, ()P + V(x)|u,(x)|Pde —— 0VR < 00 (7)

According to lemma 3.7, there exists M > 0 such that / m(x, V)P|u,(z)Pde < M.
RN

M
Since lim m(z, V) = +o00, then Ve > 0, 3R > 0 such that m(z,V)? > — on {z: |z| > R}.
£

ja] o0
Hence
/ lup (z)|Pdx < e Vk. (8)
{lz|=R}
From (7) and (8), we conclude that
/ |un(x)|Pde —— 0. 9)
Q n—oo

According to lemma 3.6 we have:

(9'(un), un) —— 0.

n—oo

Furthermore, (5) and the fact that (u,), is bounded implies that

pllunllz = (g'(un), un) —— 0.

n—oo
Thus |lu,|y =t =0, a contradiction. This completes the proof, see [5], [0].

Proof of Theorem 1.1 : By Lemma 3.1, Remark 2.1, and Lemma 2.2, we deduce the first
statement. The second one is a consequence of Lemma 3.1 and the fact that G, satisfies
property (P).

The proof of Theorem 1.2 is similar.

Acknowledgment: I acknowledge IAN SCHINDLER for useful criticisms and conversations

on some questions treated in this paper.
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IAN SCHINDLER, KYRIL TINTAREV'

A nonlinear Schrédinger equation with external
magnetic field

ABSTRACT. The paper presents an existence result for a nonlinear Schrédinger equation

with magnetic potential on unbounded domains.

1 Introduction

In this paper we study a Dirichlet boundary value problem for a nonlinear Schrodinger

equation
2
(lv + A(x)) u+V(x)u = |ulf u (1)
i

with a subcritical ¢ on Q C R3 an open, possibly unbounded, set. Equation (1) is a mod-

ification of the linear Schrédinger equation for standing waves ¥(z,t) = e "F'u(z) with a

magnetic potential and an energy term dependent on the magnitude of the wave function.
The problem (1) has been studied by [2], where existence was proved for the constant mag-
netic field B = curlA on RN, N = 2, 3. In the case of variable magnetic field [2] gives only an
implicit condition in terms of asymptotic values of the functional. The problem on RY was
also studied by [3]. This paper provides existence under explicit conditions on the electric
and magnetic fields only in part overlapping with those [3], and for problems on more general
domains than RV,

The proof of existence is variational: convergence of a critical sequence is obtained by applica-
tion of an abstract concentration compactness framework (|7, 8]) which provides a functional-
analytic generalization of original concentration compactness ([5, (]).

2 Concentration compactness in Hilbert space and in Sobolev space

In what follows we quote results from [3].

"Research supported by a grant from NFR, partially done at University of Toulouse 1
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Definition 2.1 Let H be a separable Hilbert space. A bounded set D of bounded linear

operators on H is called a set of dislocations if the following properties are satisfied:

(I) 9ge D=g'eD, I€D;

(IT) if gx, hi. € D and gkhlzl does not converge weakly to 0,
then there exists a renamed subsequence of gkhgl such that
up, — 0= gkhgluk — O,’

(ITI) g € D, u, — 0 = gjgrur — 0.

Definition 2.2 Let u,u, € H. We will say that u;, converges to u weakly with concen-
tration which we will denote as

cw
U — U,

if for all p € H,

lim sup(g(ue — ), 9) = 0. (1)
k—o0 geD

Theorem 2.3 Letw, € H be a bounded sequence. Then there exists w™ € H, g,in) €D,

k,n € N such that for a renumbered subsequence

-1
w™ = w-lim g,gn) Uy (2)
n -1 m
g’ g =0 forn#£m, (3)
> lwt™]* < limsup || (4)
neN
and
w =Yg w2 0. (5)
neN

We now specify the implications of the theorem above for the case when H = H*(R") and

D is a group of shifts:

D ={ga:uru(- +a)tees (6)
Let N > 1 and let 2* = 22 (for N = 2 we set 2* = co). It is proved in [] that D is a
set of dislocations, so that Theorem 2.3 applies. Moreover ([3, 1, 6]), for bounded sequences

concentrated weak convergence is same as LP — convergence

Lemma 2.4 Let H,D be as above, let 2 < p < 2* and let uy be a bounded sequence in
H. Then u, € H'(RY) = 0 if and only if ||ug|| 1oy — O.
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An easy corollary from the above lemma is the following statement.

Lemma 2.5 Let u;, w™, and g,in) be as in Theorem 2.5. If F': R — R is a continuous
function and for every € > 0 there is a C. < 0o and a p. such that 2 < p. < 2* and

[F(s)] < e(Js]” + [s1”) + Cels

Pe (7)

then, on a renamed subsequence

iim | F(|uk|):Z/RN F(lw™)). (8)

k—oo

Definition 2.6 An open set Q@ C RN will be called asymptotically contractive if for every
sequence uy € Hy(Q) and every sequence oy, € RN such that ug(- + i) converges weakly in
HY(RY) to some w, there exists a v € RY such that w(- — ) € HL(Q).

A sufficient geometric condition for asymptotic contractiveness can be formulated in the

terms of lower limit for sequences of sets,
liminf O == | J () Q. (9)
neNk>n

namely,

Lemma 2.7 Let Q C RY be an open set such that 9Q = (RN \ Q). It is asymptotically
contractive if for every sequence oy € ZN there exist a set Y C RY of zero measure and a

convergent sequence v, € RY such that, on a renumbered subsequence,

lim mf(Q + oy — ’)/k) CcCQuUY. (10)

3 A nonlinear magnetic Schrodinger equation

Let 2 C R® be an open set. Let V € L}, (Q) and assume that

loc
n = 11615f2(V(:17) + Xo) >0, (1)

where Ao = inf,ce(q).f ju2=1 [ [Vul?. Note that Ao might be positive even for unbounded €.
Let A € L} (Q;R?) satisfy

loc

3¢ € HL (Q) : |A(x) — Vo> < liminf V(y) — V(z),z € Q. (2)

ly|—o0

Theorem 3.1 Let ¢ € (1,5) and assume that A,V satisfy (2, 1). If Q@ C R? is an
asymptotically contractive set, then there is a solution uw € Hy(;C) \ {0} satisfying the

equation

(%V+A(m)>2u+ V(z)u= [u|""u. (3)
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Proof: It suffices to prove existence of the minimizer for the following variational problem.
Let

c=, linlf I(u), p=q+1, (4)
Jo lulP=1
where 1
I(u) = / Pu-Put V), P = 2V + A(x). (5)
Q

Without loss of generality we can assume that ¢=0 in (2), since the value of ¢ does not
change when one replaces A by A+ V¢. For smooth ¢ this is verified by replacing u by e*u,
for general ¢ one can replace a minimizing sequence u;, by e*®*u;, with appropriate smooth

approximations ¢y of ¢.

Let u; be the maximizing sequence and let u(® := w-limu,. The weak limit here is un-
derstood with respect to the metric of the quadratic form /(u). We will make use of the

following inequality (cf. [2]):
Y ©)

that together with (1) implies that ¢ > 0 and that vy, := |u; — u(?] € H}(Q). We apply
Theorem 2.3 in H'(IR?) to the extensions of functions vy, (by zero on the complement of ).
Since Q is asymptotically contractive, the dislocated weak limits of v, w™ (redefined by
appropriate constant shifts) lie in H}(€2). Moreover, since v, — 0, one has ]a,(cn)| — oo for

all n.

From Lemma 2.5 we have -
lim/vz = Z/w(”)p (7)
n=1

and, since all [a\™| — oo,

1 zlim/]uk!pz/|u(0)|p+2/w(")p. (8)
n=1

To continue with the proof we need the following inequality:

2

/|Puk|2+V(x)|uk|2 > /|Pu(0)|2—|—V(x)|u(0)|2—|—Z/(|Vw(”)|2+limian(m)w(”) ). ()
n=1

|x|—o00
We start with:
/ | Pug|* = / |Pu®|? +/ |P(uy, — u™) % — /P(uk —ul?) . Pyu© — / Pu9 . P(uy, — u©)
(10)

Passing to the limit we have

liminf/]Puk|2 > /|Pu(0)|2+liminf/|P(uk—u(o))|2. (11)
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Applying (6), we get

nmm/mwz/mwwﬂmm/wm% (12)

which in turn can be estimated from below by (4) if we apply Theorem 2.3 to the sequence

vy as a bounded sequence in D2, so that

c:liminf/\Pu;A2 2/]Pu<0)|2+2/|Vw(”)|2. (13)

A similar argument allows also to show that

o0

[v@lulz [ve AP+ D iV [ut. (14)

|z|—o00

This and (13) yield (9). Using the notations

m—/@wﬂm—/w@w (15)

n =1 2/p/|Vw |2+hm1an( )/ (”)2,00:taz/p/]Pu(o)]2+V(93)|u(0)|2, (16)

.Z’AOO

one has from (8), (9)
Ztn: Lchti/p <c. (17>
n=0 n=0

However, due to (2), ¢, > ¢, while ¢g > ¢, so it is possible to satisfy (17) only with tq = 1,

t, = 0, N = 1,2... This also implies that the minimizing sequence converges to u(®) in
norm.
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LoTHAR BERG

On Polynomials Related with Generalized Bernoulli
Numbers

ABSTRACT. The generalized Bernoulli numbers are connected with a sequence of polyno-
mials, which are defined recursively and which can be represented by means of a generalized
Rodrigues formula. A relation between the coefficients of a polynomial and corresponding

moments is derived. A generating function with an unusual shape is constructed.

KEY WORDS. Bernoulli numbers, recursions, Rodrigues formula, moments, generating

function

The generalized Bernoulli numbers B are defined by

w : =1
=Y —B@y™ (zeC 1
(ew_l) mzom! mw (Z )7 ( )

cf. [1], [2], they contain the ordinary Bernoulli numbers B,, as special case with z = 1. The

generalized Bernoulli numbers satisfy the difference equation

y4

m m—1

from which they can be calculated recursively for natural m, z subject to the initial values
B(gz) — 1 and BY = B,,,. They are polynomials in z of degree m, the first of them are listed
in [1, p. 459] for 0 < m < 12.

The substitution

transfers (2) into the simpler recursion

dp(z+1) —dp(2) = 2dp_1(2) . (4)
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Under the initial values do(z) = 1, d,,(1) = 0 for m € N the last has polynomial solutions of
the form

dp(2) = Xm:% (mi M) (5)

p=1

from which, conversely, B can be calculated by means of (3). Using the identity

(i) =)o)

substitution of (5) into (4) yields the recursion

Crptt = (M A 1) (Cn-1 + Co1 1) (M > 2) (6)

for p=0,1,...,m—1with ¢;; = 1 and ¢;y0 = ¢ m+1 = 0 (m € N). From (6) and the initial

values we immediately obtain the values of ¢,,, (1 < p < m) in form of a Pascal triangle

m Crmp
1 1
2 2 3
3 6 20 15
4 24 130 210 105
5 120 924 2380 2520 945
6 | 720 7308 26432 44100 34650 10395
and, moreover,
Crm = (2m — D, ¢ppme1 = ;(m —1)(2m — D, ¢y =ml. (7)

In order to learn more about the coefficients c¢,,, we introduce the polynomials

n

fn(Z) = ch+1,V+1ZV (n € NO) . (8)

v=0

The recursions (6) and the corresponding initial values imply
) =((n+2)z4+n+1)f1(z)+2(z+1)f_1(2) (neN) (9)
and fo(z) = 1. These equations yield immediately
fu(0) = (n+ 1)L fu(=1) = (=1)". (10)

Equation (9) can also be written in the compact form

2 falz) = (" + 1) fama(2)) (nEN) (11)
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from which, introducing the operator D = “[2?(2+1)(.)], the generalized Rodrigues formula

ful2) = Z—lnDnl (n € Ny) (12)

can be derived. Using Rolle’s theorem, formula (11) shows that f,, has exactly n simple zeros
n (0,1), and that the zeros of f,,_; separate those of f,,.

For the next considerations the moments

0

Tk = /zkfn(z)dz (n,k € Ny) (13)

-1

are a crucial remedy. Using (11), partial integration yields
Jok = (N — k) (Jn—1 k41 + Jnc1k) (n €Nk € Ny) (14)
with the special cases
Jn =0, Jpgin = Jnmtt, Jnpin—1 = 2Jpn1 (n €N) (15)

whereas Joy = 1. Substituting (8) into (13) we see that

(k) (16)

Jpp = (=1)"HF———
¢ =(=1) (n+k+1)!

with certain polynomials p,, of degree n, and by means of the DERIVE system it follows

po(k) =1, pi(k) =k —1, pao(k) = (k —2)(k — 3), ps(k) = (k — 2)(k — 3)(k — 11),
pa(k) = (k= 2)(k — 4)(k — 5)(k — 31), ps(k) = (k — 4)(k — 5)(k* — 90k + 1019k — 1770),
pe(k) = (k — 4)(k — 6)(k — 7)(k* — 202k + 4267k — 8490).

These special cases suggest:

Proposition 1 For n > 3 the moments (13) vanish in the following cases:

n odd and k € {n — 1,n},
n even and k € {n — 2,n,n + 1}.

Proof: In view of (15) we only have to show that .J,,1 = 0 for positive even n. For this
reason we introduce the abbreviations ¢(z) = 2%(z + 1) and @,(2) = 2"f,.(2) (n € Np), so

that (11) turns over into

(I)n = (@(Dn—l),a (17)
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and (13) for k =n+ 1 into
0

I+l = /z@ndz.
21

Using (17) and ¢ = 0 both for z = 0 and z = —1, partial integration yields

0
Jn’nJ’»l = —/()O(I)nldz (18)
-1

and k — 1 further partial integrations yield

0
Jn,n—i—l = (_1)k/90q)k—1q)n—kdz

-1

For k = n we obtain, in view of (18), Jyn41 = (=1)""'J,,41. This proves the

assertion W

From (15) and (16) we obtain the relations

Pnii(n) =+ Vpp(n+1), ppri(in—1)=—M4n+2)p(n—1) (n €N).

According to Proposition 1 the first of these are only interesting for n odd, and the last for

n even.

Proposition 2 The coefficients in (8) can be expressed by means of the polynomials in

(16):
— e 1 19
Cn+lup+l = (— ) ﬁ y pn(—’/— ) ( )
Proof: Substituting (8) into (13) we find
g ()
Ink = ch+1,u+1m ;

v=0
and decomposition of (16) into partial fractions immediately yields (19) B
According to (19) the relations (7) transfer into

pa(=1) = (=1)"nl(n + D)L, pu(—n) = g(—l)”n!(Zn L),
pul=n —1) = (=1)"nl(2n + )11

Remark Here, we are interested in formula (19) only concerning the coefficients ¢,,, from
(5). But Proposition 2 is even valid for an arbitrary polynomial (8) with the moments (13)

and polynomials p, (k) defined by (16).
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Finally, we introduce the function

wzln(1+1)—l, (20)

z V4

which is analytic for z ¢ {—1,0}. Both for z < —1 and for z > 0 the function % is real,
whereas 1(z) = In|1+ 1| =1 —ir for =1 < 2z < 0, cf. Figure 1. Differentiation of (20)
yields ¢ = é where ¢ = 2%(z + 1) as before. Hence, for z ¢ {—1,0} there exists the inverse

function F with
F(v) == (21)
We want to determine the generating function

G(z,w) = Z %fn(z)w" : (22)

which will have an unusual shape.

2 p
Figure 1: R (In (1+ 1) — 1) Figure 2: abs [zIn (14 1) — 1]

Proposition 3 With the function F defined by (21) and (20) the generating function
(22) has the representation

Glow) = —— )F’(w_1+ln(1+%)) (> ¢ {~1,0}), (23)

22(z+1 z

and (22) converges for |w| < |21(z)|, cf. Figure 2.

Proof: We give two proofs of this proposition, the first will be a constructive one.

The recursion (9) can be transferred into the partial differential equation
2(z+ DG, + (w(z+1) —1)Gyp + 32+ 2)G =0. (24)

The corresponding characteristics satisfy the system

dz dw dG

2z+1) wie+1)—1  (32+2)G
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with the integrals
w—1

C1 =

1
—i—ln(l—i——) . c=2(z+1)G.
z

z

Hence (24) has the general solution

G = mfb (% + @/J(z))

with (20) and an arbitrary differentiable function ®. The initial condition G(z,0) = 1 yields

®()(2)) = 2*(z + 1).

Differentiation of (21) yields ® = F” which proves (23).

Second we want to check (23) directly. The function F' is singular only in the point 0. Hence,

the Taylor expansion (22) converges for |w| < |zt(z)|. Comparing it with (22) we find that

1
fn = —F(n+1)(¢)
pz"
for n € Ny and therefore F(™ (1)) = @2z""'f,_; for n € N. Differentiation with respect to z

yields
d 1
n+1 / _ _F(n) _ _F(n+1) _n
(6" ) = ZLFP W) = FOV@) = 2",
i.e. equation (11) which, together with fo = }OF’(@D) =1, defines f,, uniquely l

In the excluded cases z € {—1,0}, where (23) is not applicable, the formulas (10) imply the

special values of (22)
1

G(O,U)) = m,

G(—1,w)=e"".
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LOTHAR BERG, MANFRED KRUPPEL

On Discrete Solutions of Two-Scale Difference
Equations

ABSTRACT. Two-scale difference equations are considered at dyadic points. The corre-
sponding solutions are called discrete solutions. They are calculated explicitly and accom-
panied by generating functions. As intermediate step there are also derived formulas which

are valid for distributional solutions.

KEY WORDS. Two-scale difference equations, discrete solutions, distributional solutions,
two-slanted matrices, generating functions
1 Introduction

Two scale difference equations

o(5)- nzNocnso@ — ) (L1)

(t € R) with N € N, ¢, € C, ¢cocy # 0, appear in wavelet theory and subdivision schemes,
where nontrivial L'-solutions are sought which are necessarily compactly supported, cf. [7],

[9], [12]. A necessary condition for the existence of such solutions is

> e, =2" (1.2)

with M € N (cf. [9]). Here, we require the two boundary conditions (cf. [3]):
(i) o(t) =0fort <0,
(ii) ©(t) is equal to a polynomial 7(t) for ¢ > N.

Then in (1.2) the foregoing condition M € N weakens to M € Z and, for M < 0, the

polynomials 7 in (ii) are of degree m = —M, whereas they vanish identically for M > 0.
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Vice versa, under the condition (1.2) with M € Z there always exists a distributional solution
of (1.1) with (i) and (ii), i.e. a solution which is a derivative of finite order of a continuous
function. This solution is a simple one, i.e. it is nontrivial and uniquely determined up to a
constant factor. For M < 0 the polynomial 7 in condition (ii) can be calculated explicitly,

and the natural extension of it to the whole set R is itself a simple solution of (1.1), cf. [0].

The case N = 1 in equation (1.1) is closely connected with de Rham’s singular function
which already is well investigated, cf. [1] and the literature quoted there. Hence we require

in this paper
(iii) N >2and M € Z in (1.2).

The natural domain for the solutions of (1.1) is not necessarily the whole set R but a subset
containing with a number ¢t also ¢t — 1, t + 1, % and 2t. For this reason we introduce discrete
solutions of (1.1), which satisfy this equation at dyadic points ¢ = ﬁ (j € Z,0 € Ny)
and which satisfy the boundary conditions (at dyadic points) in the corresponding closed

intervals, i.e.

i) @(t) =0 for t <0,

(ii") ©(t) is equal to a polynomial for t > N.

Discrete solutions determine uniquely corresponding continuous solutions and vice versa, but
we do not require the existence of a nontrivial continuous solution. However, in the case
of a discontinuous or even distributional solution there is in general no connection between
such a solution and a discrete one. For discrete solutions it is convenient to restrict the
arguments automatically to dyadic points. According to [0] it is also possible to calculate

discrete solutions at the points ¢ = 577 with a fixed £ € N, but we are not concerned

7T
with this modification.

Our aim is to establish formulas for the explicit calculation of discrete solutions without
claim that they are more effective than the usual subdivision algorithms. It suffices to
determine the solutions in the interval 0 < ¢ < 1, since for ¢ > 1 they can be extended by
means of (1.1). The main result in this direction is the later formula (2.25). Preliminarily,
we derive consequences of (1.1) which are even valid for distributional solutions, and if we
speak about such solutions we tacitly assume that the sufficient conditions (i), (ii) and
(iii) for their existence are satisfied. The main result concerning distributional solutions
is contained in Theorem 2.4. Finally, discrete solutions are connected with corresponding

generating functions.
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Remark 1.1

1. Equalities in open intervals (with integer endpoints) for distributional solutions are valid
for discrete solutions also in the endpoints. This follows from the differences in the boundary

conditions.

2. Under the condition (i) equation (1.1) implies

©(0) = cop(0).

This means for discrete solutions that the sharpening (i) of (i) is quite natural in the case
co # 1. In the case ¢y = 1 it would be possible to generalize the notion of a discrete solution
allowing ©(0) to be an arbitrary constant. An analogous generalization concerning p(N)
would be possible in the case ¢y = 1. We come back to these generalizations in Example

In this paper we refer to polynomials z; = zx(p, ¢), which are recursively determined by the

system of two discrete two-scale difference equations

Zok = D2k, Zokp1 = Q2+ 2k (B EN) (1.3)

and the initial condition

These polynomials are intensively investigated in [2], and concerning their properties we

refer to this paper. In particular, the polynomials z; have the explicit representation

k—1

J=0

where o and (§ are determined by

p=a+f, q=af (1.6)

and where v(j) is the binary sum-of-digits function, i.e. the number of "1s” in the dyadic

representation of j.

2 The main results

We begin with some notations. Equation (1.1) is connected with the polynomial

Q(z) =Y cn" (2.1)
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which we term characteristic polynomial of equation (1.1) in order to distinguish it from the

so-called symbol in such cases where it is used with a factor  or 11/2. By means of (2.1)

2 o1 3
we can write condition (1.2) as Q(1) = 2. Moreover, we introduce the infinite vector

U(t) = (p(t), ot +1), 0t +2),...)" (2.2)
and the infinite two-slanted matrix
A=(cjr) (U k=1) (2.3)

with ¢; =0 for j ¢ {0,..., N}, so that the solution of (1.1) is equivalent to the solution of

w(%;>:Aww (2.4)

for ¢ < 1, both equations subject to (i), cf. [10], [5] and the literature quoted there. In the

case (1) equation (1.1) is equivalent to (2.4) for ¢ < 1. We also introduce the vector

P(t) = (p(t), ot +1),...,0(t+ N =2))T (2.5)
and the matrix
A = (coj-k) (1<j,E<N-1). (2.6)

In the following existence theorem a simple eigenvalue means an eigenvalue with geometric

multiplicity one:

Theorem 2.1 Let (iii) be satisfied. For M > 1 in condition (1.2) let 1 be a simple
eigenvalue of A whereas for M < 0 let 1 be no eigenvalue of A. Then (1.1) has exactly one

simple discrete solution.

Proof: Introducing suitable block matrices B, C, O where O is a zero matrix, we can split

¥ and A into
B o(1) (A B
\I]@_(\IJ(tJrN—l))’ A‘(o C>'

Choosing t = 1 in (2.4), this equation turns over into the two equations
¥(1) = AY(1) + BU(N),  T(N) = CU(N). (2.7)

In the case M > 1 we have to look for a discrete solution with ¢(¢) = 0 for ¢ > N. Hence
U(N) =0, and ¥ (1) can be determined as a simple right eigenvector to the eigenvalue 1 of
A out of the first equation in (2.7). In the case M < 0 there exists a simple polynomial
solution of (1.1), cf. [6], Theorem 6.1, which determines W(/N) as a simple vector satisfying

the second equation of (2.7), and (1) can likewise be determined out of the first of these



On Discrete Solutions of Two-Scale Difference Equations 67

equations. Hence, in any case, we have a simple vector W(1), satisfying (2.4) for ¢ = 1, and
the values of W at the dyadic points and therefore also the values of the discrete solution ¢,
follow recursively from (2.4) and (i") for —1 < ¢ < 1. Finally, the simplicity of W(1) transfers
to ¢ which finishes the proof |

Remark 2.2 If 1 is an eigenvalue of A with the geometric multiplicity » > 1, then there
exist r linearly independent eigenvectors and, in the case M > 1, therefore r linearly inde-
pendent discrete solutions, but at most one of these can be extended to a continuous solution.
Concerning the choice of the correct eigenvector (1) cf. [6]. If we speak about a discrete
solution of (1.1), we tacitly assume that besides of the conditions (i’) and (ii’) either the
conditions of Theorem 2.1 are satisfied or in the case of a multiple eigenvalue that a fixed

eigenvector ¢(1) is chosen for the construction of the discrete solution.

Concerning the multiplication of the matrix from the right A has always the eigenvalue cy,
since cy # 0 is the entry of A for j =k = N, and ¢y = 0 for j > N,k < N provided that
(4, k) # (N, N).

Proposition 2.3 7o the eigenvalue cy of A there belongs a left eigenvector

Tr = ([L’l,l‘z,ﬂfg,...) (28)
withx1 = ... =xn_1 =0, xy = 1. The generating function
G(z) = ZxN+kzk (2.9)
k=0

with G(0) = 0 has the product representation

G(z) = H

and both representations converge for |z| < 1.

szN 0 (z_2j> : (2.10)

Proof: The components of the left eigenvector (2.8) must satisfy the equations

Z Coj—kTj = CN Tk (211)
j=1
for k € N. In the case k < N these equations are satisfied for 1 = ... =zy_1 =0, zny = 1,

and in the case £ > N they are recursions, which determine x; uniquely. By multiplication

with 2~ and summation over k we obtain formally

enG(z) = 2NQ (2) G(2). (2.12)
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A continuous solution of this equation with G(0) = 1 must have the form (2.10) for |z| < 1.
Vice versa, (2.10) converges uniformly for |z| < o < 1 and satisfies (2.12), hence also (2.9)

is convergent for |z| < 1 [

The next three values of z; after xy =1 are

2

CN-1 CN—1t+CN_2 CN-1 CN-3

Tnpr = L gy, = LN = + S (213)
CN CN CN

Besides of « from (2.8) we introduce the vector y = (y1,y2,ys, . . .), the components of which

are determined by the initial values

y1=...=yn-1=0, ynv=1 (2.14)
and the recursions -
ZCN-i-k—Qj Y;j = CoYk (k? € N) (215)
j=1
These recursions mean that
CN—1Ye + CN-3Ye41 + ... = CoY2u—1,
(¢ € N). (2.16)
CNYe +CN—2Ye41 + ... = CoY2,
The vector y arises from « if ¢; is replaced by cy_; for j =0,..., N, ie. if (2.1) is replaced
by the reversed polynomial z2¥Q(2), cf. [3]. Hence for |z| < 1 we see from (2.10) that its
generating function
F(z) = Z YN 2 (2.17)
k=0
simplifies to
Fiz) =TI~ (+*) 2.1
@ =T1-e (=), .19
7=0
and (2.12) simplifies to
1
F(z) = —Q(2)F (2°). (2.19)
Co

Extending the components of the vector y by y; = 0 for j < 0 we can state:

Theorem 2.4 For ¢ € N, the matriz A has the entries

Cé Yoty N—15 Cg Yoty N—2--- (2.20)

in the first row, and the first 2 + N — 1 entries of the N row read

¢ ¢ 0
CN T1, Cn T, .., Cy TotyN_1- (2.21)
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Moreover, for non-negative integers k < 2° the distributional solution of (1.1) satisfies the

equations

k+t S .
o\ 50 =)D unikge(i ) (E<1). (2.22)
=0

Proof: The statement about (2.21) is valid for £ = 0 (and in view of (2.13) also for £ = 1).
If it is valid for a fixed £ € N, then A’A = A" and (2.11) with k& < 21 + N — 1 as well as
27—k < N,ie j <2+ N — 1, show its validity also for £ + 1 instead of £. Analogously,
the statement about (2.20) is valid for £ = 0 and proved in general, if

o0

Zc2j—k Yoty N—j = Co Yot+14N—k (k € N).
j=1

But this equation is equivalent to (2.15).

The equation (2.4) implies that

m(ﬁ%;i>:A%@ (t < 1). (2.23)

Replacing t by ¢t + k + 1 — 2¢ with k < 2° — 1 and considering the properties of (2.20), we

obtain for the first component of ¥

k+t = ,
¥ ( ol ) = Z Yor n—jp(k+t+j—2°) (2.24)
j=1
and therefore (2.22) in view of y, =0 for n < N [

Using equation (2.22) for ¢t = 0 and according to Remark 1.1/1 also for ¢t = 1, we obtain

Corollary 2.5 The discrete solution of (1.1) (cf. Remark 2.2.) has the representation

() =4St o

(0 <k <2f 0 € Ny), where the sequence y; is defined by (2.14) and (2.16).

Remark 2.6

1. Usually, one works with the matrices To = (coj—k-1), Tt = (c2j-k), j, kK = 1,..., N,
instead of A, cf. [10]. The products of these matrices turn out to be submatrices of A’
Namely, if K € Ny with K < 2¢ has the dyadic representation K = dydy_; ...dy, d; € {0,1},
i=1,...,0 (d, = 0 is allowed), then the product 7y,Ty, , ...Ty, is equal to the submatrix
of A with1<j< N, 20— K<k<24+N-K-—1.
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2. In the case 0 < t < 1 the terms ¢(j +t) with j > N in (2.22) can be replaced by the
polynomials 7(j + ¢) known from condition (ii), so that we obtain for &k > N

N—
kE+t
90( )— ﬁE Ynth—jP(j +1) +COE YN+k—T(J + 1) (0<t<1). (2.26)
7=0

j=N
For t = 0 we get a modification of (2.25).

3. By means of a suitable interpretation, the foregoing results are also valid in the excluded
case N = 1. In particular, (2.18) and (2.19) yield for N = 1 that yp41 = (i—é)l’(k) with v as
at the end of Section 1, and (2.26) turns over into [1], (3.16).

Again for N > 2, the equations (2.22) have the disadvantage that they contain values of ¢
with arguments greater than 1. However, we can eliminate these values out of the first NV
equations or out of NV arbitrary equations of (2.22) (in the version (2.26) for k£ > N). The

result simplifies if we use additional equations as

N-1

Y Get+i) =51t (0<t<1) (2.27)

J=0

with known coefficients §; and known polynomials S(t) (Concerning the existence and the
number of linearly independent equations (2.27) cf. [1]). We only want to point out this in

the most important case that we use only one additional relation, namely
et)+et+1)+... +ot+N-1)=K (0<t<]l), (2.28)

which is valid in the case M = 1 in (1.2) almost everywhere for locally Lebesgue-integrable
solutions of (1.1) where fON p(t)dt = K # 0, cf. [5], [I1]. In the case M = 1 equation (2.28),
with a certain constant K # 0, is valid even for distributional solutions if and only if () in
(2.1) has a representation of the form Q(z) = 1;((’25)) P(z) where R and P are polynomials with
R(0)P(0) # 0, R(1) # 0 and P(—1) = 0, cf. [3], Theorem 7.2. In this case it is Q(1) =
and therefore M =1 in (1.2), too.

Proposition 2.7 Let ¢ be a distributional solution of (1.1) such that (2.28) is satisfied.
Then for fized k € Ny there exist constants Y; (j = 0,1,..., N —2), depending on k, such
that for arbitrary ¢ € N with 2° > k it holds

N-2 .
1 [(k+t 1 +t
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Proof: In view of M =1 we have ¢(t) = 0 for t > N. On the other side, y,, = 0 for n < N
and yy = 1, so that for k = 1,2,..., N — 2 and an arbitrary fixed k the equations (2.22),
divided by ¢, together with (2.28) yield the system

Co ‘P(Ht) = ynpe(t) + p(t+1),

olo (B = ynpep(t) +  ynuapt+1) + ot +2),

O ( Q%H) = Ynop(t) +  Yonsp(t+1) +...+ t+N-2),
K = o(t) + et+1) + ... + p(t+ N —1),
Y4

oo (B) = yniee) + ynprae(E+1) + . Ayt + N —1)

with a Hessenberg matrix as coefficient matrix on the right-hand side. Choosing
(Y1,Ys, ..., Yy_1,—1) (2.30)

orthogonal to the last N — 1 columns of this matrix, which is always possible, we obtain by

multiplication from the left

J+t k4t
EZY < )+KYN 1= Co 90( ol )Z—Y()Sp(t)

where

Yo=ynir — Z Yiyny; — Yn-1. (2.31)

Since cj ‘(L) is independent of ¢ for j < 2° — 1, we finally obtain (2.29) for 1 < k < 2¢,
but this equation is also valid for k¥ = 0 with Y; =0 for j > 0 and Yy =1 |

Though k was fixed in Proposition 2.7, the result (2.29) is valid for arbitrary k € {0, 1,...,2~

1}, where the constants Y; are depending on k, but not on /.

Proposition 2.8 In the case { > my_o the system (2.29) of 2° equations with 0 < k <

2¢ — 1 determines its distributional solution ¢ uniquely.

Proof: The system (2.29) is an inhomogeneous one, since K # 0 and Yy_1 = y41 is equal
tolfor k=N —1,anditis N —1 < 2¢in view of N —2 < 2™~-2 < 2/ After n integrations
with suitable great n (and arbitrary constants of integration) it defines a contractive opera-

tor in C[0, 1]. Hence, the corresponding operator equation has a unique continuous solution,
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and the n'* (distributional) derivative of this is ¢ |

As in the discrete case the solution ¢ can be extended from the interval (0,1) to greater ¢ by
means of (1.1) (only the integer values of ¢t require an additional consideration). Note that
the equations in (2.29) are nearly trivial for 0 < k& < N — 2, since then we have Y, = 1 and
Y; =0 for j # k.

3 Four-coefficient equations

The foregoing results shall be illustrated by means of the equation

t

© (§> =ap(t)+ (1 —=d)p(t—1)+ (1 —a)p(t —2) +dp(t — 3) (t € R) (3.1)

(ad # 0) with the characteristic polynomial
RQz)=a+(1—-dz+(1—-a)2+d* =1+ 2)(a+(1—a—d)z+d?), (3.2)

cf. (2.1), so that N =3 1in (1.1) and M =1 in (1.2). Colella and Heil have determined the
conditions for real a, d under which (3.1) has a nontrivial integrable compactly supported

and, in particular, such a continuous solution, cf. Example 2 in [3]. Here we look for discrete

A:(l—d a )7
d 1—a

cf. (2.6), has the eigenvalues 1 and 1 — a — d, and a right eigenvector (1) to the eigenvalue

e(1) \ [ a
(w%>‘<d>' &9

It is simple and remains simple also in the case d = —a (# 0). Hence the conditions of

and for distributional solutions.

The matrix

1 reads

Theorem 2.1 are satisfied for arbitrary complex a, d and there exists a simple discrete solution
of (3.1) without additional restrictions to the coefficients. According to (2.25) and (3.3) it

has the representation

k
@ (y) = a’(ayrso + dyrpr), (3.4)
ke€{0,1,...,2} (¢ € Ny), and the recursions (2.16) specialize to
1-a d 1—-d

Yor—1 = Yk + Yk+1, Yok, = 2 Yr + Yk+1 (k €N). (3.5)

a

The initial values (2.14) imply in particular y, = =2,

a
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Moreover, equation (3.1) possesses a distributional solution. In view of Q(1) = 2 and
Q(—1) = 0 it satisfies (2.28) with a certain K, so that we can apply Proposition 2.7. Since
the components of the vector (2.30) with N = 3 determine to

Yi = Yryo — Ynt1, Yo = Yy,

and since (2.31) turns over into

1—d l—a—-d
Yk + Ty/ﬁ—la (3.6)

Yo = Yrys —
we obtain the

Corollary 3.1 Fork e {0,1,...,2° — 1} (¢ € N), the distributional solution ¢ of (3.1)
with (2.28) satisfies the equations

t+1

@ (k; t> =a [K Y1 + Yop(t) + é(ymz — Yrr1)p (T)] (0<t<1) (3.7)

with y, from (3.5) and Yy from (3.6).
It is possible to simplify the recursions (3.5) by means of the substitution

2k = Yk+2 — Yk+1, (3-8)

so that zo = 0, z; = 1. A short calculation yields

l1—a—d

Rk = T Rk Zok41 = — Zk + Zp41- (3.9)
a a
This means that we have the special case 2, = z,(p, q) of (1.3) and (1.4) with p = 1=2=¢,
g = 2. Since (3.8) implies
k—1
Ye+1 = Z Zj, (310)
j=1
and (3.6) that Yy = 241 — =222, we obtain from (3.7)
k+t — l1—a—d 1 1+t
, —a—
) ( 25 ) =qa [K ;ZJ‘ + (Zk+1 — TZIC> (p(t) + Ezmp (T) (311)

for 0 < ¢t < 1. According to Remark 1.1/1 the equations (3.11) can be used for a discrete
solution also in the cases t = 0 and ¢t = 1, where in view of 4,0(%) = a? and (3.9), if we choose

K = a+ d (matching to (3.3)), we obtain the representation

k
k
¢ (7> = a1y 2, (3.12)
j=1
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k€ {0,1,...,2¢ (¢ € N), which is equivalent to (3.4) owing to (3.10). For k = 2° a simple

consequence of (3.12) is
ot
(p+q+1) = Z 22j-1(P, q)
j=1

since (1) = a and £ = p+ ¢+ 1. Further properties of zj, are contained in [2].
Remark 3.2
1. In the case d = —a we have K = 0, but (2.28) with this K is only satisfied at dyadic

points, i.e. on a set with Lebesgue measure zero (whereas for a nontrivial distributional
solution we recall that K # 0 there). The representation (3.12) simplifies to ¢(27) = a“'z.

2. In the case d = a equation (3.1) is symmetric (or self-reversed) so that ¢(t) = ¢(3 —t)
for all t € R (cf. [3], Corollary 8.6). Hence, (3.1) and (2.28) with N = 3 and K = 2a yield

the relation

7 (%) =2a*+ (1 —2a)p(t) —ap(l —t) (0<t<1)

which can be substituted into (3.11) with d = a.

Example 3.3 The case

o (%) — o) +o(t—3) (teR) (3.13)

is a specialization of (3.1) with @ = d = 1. The recursions (3.5) read

Y20—1 = Yo+1, Y20 = Yo,

and subject to the initial values (2.14) they have the solution

Yz = 1, Yak—1 = Ysk—2 = 0 (k € N).

According to (3.3) we have ¢(1) = ¢(2) = 1, and (2.25) turns over into

L 0 for k=0 mod 3
® (?) = Yk+2 + Yk+1 =
1 for k0  mod 3.

Equation (3.13) does not have a nontrivial continuous solution, but it has the discontinuous

solution )

c for t=0
1 for 0<t<3
1—c for t=3

0  elsewhere,
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with an arbitrary c. On the other side, it has a generalized discrete solution with conditions
()-(ii), ¢(0) = ¢, ¢(1) = ¢(2) = 1 and arbitrary ¢(3), which is interesting only in the case
p3)=1-c.

Examples 3.4 Finally, we consider two examples with N = 2, which formally arise from

the case N = 3 as limit case ¢3 — 0.

1. The three-coefficient equation

. (—) —apt) et~ 1)+ (1—a)p(t—2)  (t€R)

is the limit case of (3.1) as d — 0. For 0 < a < 1 it has a nontrivial compactly supported

continuous solution, cf. [13]. According to (1.5) with (1.6) the system (3.9) has the explicit
solution
1 v(k—1)
2 = (— — 1) .
a
The corresponding representation (3.12) is already known from [1] and [13], disregarding one

factor a which stems from a different normalization.

2. The three-coefficient equation

- (%) — () + (1= 2a)p(t — 1) +ap(t—2)  (tE€R) (3.14)

is neither a limit case of (3.1) nor it can be treated by means of Proposition 2.7 according
to M =0 in (1.2), but we can apply Theorem 2.4. Equation (3.14) possesses the constant
solution ¢(t) = 1, which we only use for ¢ > 2 according to condition (ii’). For ¢t = 2 we find

from (3.14) and condition (i’) that (1) = 5 and therefore ¥(1) = (3,1,1,1,...)". From

(2.25) we obtain the discrete solution

k 1

and the recursions (2.16) read

1
Yor—1 = (5 — 2) Ye, Yoo = Yo + Yot

with the initial values y; = 0, y, = 1. In this case we also have a connection to the sequence
defined by (1.3) and (1.4), namely y,1 = z¢(p, q) with p = % — 2 and ¢ = 1. Let us mention
the curiosity that zx(p, 1) has the property

zgn = (p+1)" for n=0, 1,2, 3 and 6,

whereas for other integers n such a relation is unknown.
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For the solutions of (3.14) we do not have a relation of the form (2.28). However, in view of
the symmetry of (3.14) as well as (i), (il) we have o(1 4+ t) + p(1 —t) =1 for t € R (cf. [3],
Corollary 8.6), so that we immediately obtain

© <%) =a+ (1 —=2a)p(t) —ap(l —1)

and after replacing ¢t by 1 —¢

@ (1 - %) =a—ap(t)+ (1 —2a)p(l —1).

By means of these two equations and (3.14) for 0 < t < 1 it can iteratively be shown
for fixed k € {0,1,...,2° — 1} (¢ € N) that p(5) is a linear combination of 1, ¢(t) and
(1 —t). But it is not necessary to carry out this procedure, since it is easy to see that
3(t) = alpa(t) — pa(t — 1)] for all ¢ € R, where ¢y shall be the solution of (3.14) and ;3
the solution of (3.1) with d = a. This means that ¢a(t) = L¢3(t) for 0 < ¢ < 1, so that the
formulas (3.7) in the case d = a immediately yield the formulas in question. In particular,

the formulas (3.12) and (3.15) are modifications of each other.

4 Generating functions

Let ¢ be a discrete solution of (1.1). Condition (i) implies ¢ (%) = cop(t) for t < 1. We
define a function ¢* by
©*(t) = p(t) for t<1, (4.1)

and for t > 1 we extend ¢* successively in the intervals (271, 2] (¢ € N) by ¢*(t) = 2% (%),

co

so that the equation

¢ (5) =ar® (4.2)

is satisfied for all real (dyadic) t. Obviously, for ¢ < 2¢ (¢ € Ny) we have
o (1 «
o elg ) =¥ (), (4.3)

and equation (2.25) can be written as
k

o (k) =Y yne—yeli) (k€ No). (4.4)
j=1

In the following we consider the generating function

O(z) = 3 (k) 2 (4.5)

k=1

[e.9]
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of the values p(k) (cf. [3], Lemma 2.9), as well as the generating function
¥ () = 3 gt (k) (46)

of the values ¢*(k) defined by (4.1) and (4.2). If M € N in (1.2), then ¢(t) =0 for t > N,
and (4.5) is a polynomial of degree N — 2. Otherwise, (4.5) converges for |z| < 1 in view of

(ii’). The convergence of (4.6) for the same z will follow from the next proposition.

Proposition 4.1 The generating function (4.6) is representable in the form

O*(2) = B(2)F(2) (4.7)

(4.8)
with (2.1).

Proof: By multiplication of equation (4.4) with 2*~! and summation over k we find (4.7)
with the functions (2.17) and (4.5). In view of ¢(t) = 0 for ¢ < 0, equation (1.1) with t = 2k

implies that
2%k

p(k)=> cujeli)  (keN).

i=1

22 summation over k, and by means of

oo /4
)= ) ol

/=1 j=1

By multiplication with z

we obtain (4.8) after short calculations [

Remark 4.2

1. The generating function ®* satisfies the equation

lq)*(ZQ) _ (I)*(Z) — (I)*(_Z)

4.9
Co 2z (4.9)

which is equivalent to the specialization

" (k) = co " (2F)

of (4.2) for t = 2k, but which also follows directly from (2.19), (4.7) and (4.8).
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2. Note the connection of the product representation (2.18) for the generating function

(2.17) of the coefficients in (2.24) with respect to the product representation

1

cler =" 5m@ (6‘5)

7j=1
(cf. [9], p. 175) for the Laplace transform of the solution ¢ of (1.1) satisfying (2.22).

Example 4.3 In the simple case Q(z) = 2 (%)mH with m = N —1 € N we have y; = x;
(7 € N) in view of the symmetry of the coefficients. Formula (2.18) yields

F(z) = ﬁ (1+ Z?")’”“ _ ﬁ (4.10)

Jj=0

Using the normalization ¢(1) = 1, the solution of (1.1) is ¢(t) = m! N,,(t), where N,,(t) is

the B-spline of degree m. Hence, (4.5) turns over into the Euler-Frobenius polynomials

O(z) =m! Y Ny(k)2"! = Ep(2), (4.11)
k=1
cf. [7], [11]. On the other side, we have p(t) = t™ for 0 < ¢ < 1 and therefore ¢*(t) = ¢™ for
all £ > 0 so that (4.6) turns over into
d*(2) = Z kMRt (4.12)
k=1

According to (4.10) and (4.11) the relation (4.7) expresses the well known fact that for |z| < 1
the series on the right-hand side of (4.12) has the sum

Em<z)
(1 —z)mt+t
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EGBERT DETTWEILER

Characteristic Processes associated with a
Discontinuous Martingale

1 Introduction

In [5] the following embedding theorem was proved (cf. [2] for a detailed and complete
proof). Let (My)gso be an L-martingale on a probability space (2, F,P). Then there
exists an extension (Q, F, P) of Q, a Brownian motion (B;);>o relative to a filtration (G;);>0
on ), and an increasing sequence (T},),>1 of (G;)-stopping times, such that the following

properties hold:
(i) M, = Br, foralln>1,

(i) E{T,|Mo, My, -} =

%ZZ:I(MIC - Mk—l)z + %ZZ:I E{<Mk - Mk—l)z |M07 e 7Mk—1} 5

(iii) Var{T, |Mo, My, -~} =
23 (M — M) + E570  B{(My — My_y)* | Mo, -+, My_1}
+ (=o)X, (B{(My, — My_1)? Mo, -+, My, })”
+eSp (Mg, — M1 )*EB{(M}, — My_1)? | Mo, -+ , M1}
— Xy (My — My )E{(M} — My_1)* Mo, -+, My_1} .

The constant ¢ > 0 in (iii) depends on the embedding and can be explicitely computed (cf.
2] and [5]).

In [5] a corresponding result is stated (without proof) for continuous time martingales. The

roughly outlined idea in [5] is the approximation of a continuous time martingale (M;)¢>o by

the discrete time martingales (M » );>o. But this raises the following problems, which are
2m -

the subject of the present paper.
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(A) In which sense do the expressions

o
> E{(M — Mw1)* Mo, My}
k=1

up to

2

k=1

converge for m — oo ?

It seems that convergence only holds under additional assumptions on (M;);>o. The reason
is that the above conditioning is a conditioning relative to a filtration depending on m.
If F = (Fi)i>0 is a given filtration on Q such that (M;):>o is an F-martingale, then the
following, slightly changed problem only depends on the fixed filtration F':

(B) In which sense do the expressions

2
2
; E{(Mx —Mc.)*| Frs}
up to
2
;(M;n ~ Mo )E{(My — M1)* | Fe )

converge for m — oo 7

It turns out that (B) has a quite general solution. Convergence always takes place for the
topology o (L', L>). An inspection of the proof of the embedding theorem for continuous

time martingales in [2] shows that this o(L', L>)-convergence is sufficient.

2 Statement of the Problem

Let IT denote the set of all partitions 7 = (0 = ¢ty < t; < ---) of Ry for which limy,_ tx = 00
and || := supys(tx — tk-1) < oo. We will tacitely identify such a partition m with its
associated point set {tx|k > 0}. A sequence (7,),>1 in II will be called a null-sequence of

partitions, if m,, C m, for m <n and lim,, . |7,| = 0.

Now suppose that M = (M;);>o is a right continuous martingale relative to a filtration
F = (F:)t>0. More shortly, we will also say that (M, F) is a martingale. (M, F) is called a
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discrete time martingale, if there exists a partition 7 = (0 = ¢ty < t; < ---) € II such that
M, = M,, and F, = F;, for t, <t < ty4; and k > 0. More shortly, we will also say that
((My,), (Fi,)) is a discrete time martingale. If (M, F) is a general right continuous martingale
and m = (0 =ty < t; < ---) € II, and if we set m(M) = (M, )k>0 and ©(F) = (F, k>0,
then clearly (m(M),n(F)) is a discrete time martingale. Moreover, for every filtration H =
(M4, k>0 such that
o(M, -+, M) CHyy CF,

for all k£ > 0, also (w(M),H) is a discrete time martingale.

If (m,)n>1 is a null-sequence of partitions, where 7, = (0 = t§ < t} < ---), then we will
call a sequence (H"),>; of discrete filtrations H" = (Hfz)kzo an approrimating sequence of

filtrations for the given martingale (M, F), if (i) M, is H}-measurable for every ¢t € m, and
n > 1, (i) H* C Hf for t € Ty, and m < n, and (iii) - C V/, 5, H} C F; for all £ > 0.

Motivated by the embedding result stated in the introduction, we give the following definition

for discrete time martingales.

Definition 2.1 Let (M,F) = (M), (F:,)) be a given discrete time martmgale
(1) If (M, F) is square mtegmble, then the processes (M, F)® and (M,F)® defined by

(M F Zl[Ot] tk (Mtk Mtk 1) ) and
k>1

(MF Zl[Ot] tk E{ Mtk Mtk 1)2|ftk 1}7
k>1

will be called the first order characteristics of (M, F).
(2) If (M, F) is in addition even an L*-martingale, then the processes

(M, F)D (M, F)D (M, F)? (M, F)?2 (M, F)*)

defined by

(M F)Y =" L g(te) (M, — My, _,)*,
k>1

(M, F)) = D logt)E{(M,, — My )" | Fy )
k>1

(Ma F)§272) = Z 1[0,t] (tk)(Mtk - Mtk—1)2E{(Mtk - Mtk—1)2 | ‘Ek—l} )
k>1

(M F)(2 2 Z 1[O,t]<tk) (E{(Mtk - Mtk—1)2 ‘ ‘Ek—l})z ’ and
k>1

(M7 F)gL?’) = Z 1[0,75] (tk)<Mtk - Mtk—l)E{<Mtk - Mtkq)g ’ ftkq} )

k>1
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are called the second order characteristics of (M, F).

Now we can formulate more precisely the problem which is the subject of the present paper:
Let (m,) be a fixed null-sequence in IT and (M, F) be a given right continuous L*-martingale.
Suppose that (H"),>; is an approximating sequence of filtrations for (M, F). Does there
exists a “reasonable” topology, for which the processes (m,(M),H")®  (m,(M),H")®),
(ma (M), B (m, (M), HY)D | (1, (M), HY) D) | (1, (M), HY)E2) | and (r,(M), H?) 0
converge for n — oo?

In case that H" = m,(F) for all n > 1, we will simply write (m,(M))@, (m,(M))? ete.
instead of (1, (M), 7, (F))@, (m,(M), 7, (F))? etc.. Then the main result of this paper is the

following theorem.

Theorem 2.2 The limits

@ = lim (m, (M), (M) = lim (m,(M))?,

n—oo

)

= dim D), D = Tim (m (M),
)

)

[\l
DO

@2 (0P = Tim (m, (M) and

n—oo

exist for all t > 0 for the topology (L', L*>).

Definition 2.3 The limit processes (M)® and (M)? are again called the first order
characteristics of (M, F), and the limit processes (M)®, (M)®, (M)2D | (M)E2 | (M)13)

are called the second order characteristics of (M, F).

The first order characteristics (M)® and (M)® are of course just the optional and the
predictable quadratic variation [M] and <M>, and we will use later also these more usual

notations.

In the next section we present first some known results on the first order characteristics and
give in that case also solutions for the above stated general approximation problem. In the

last section we will finally prove theorem 2.2.

3 Compensators of increasing Processes

The existence of [M] = (M)® for the L'-norm is well known and will not be discussed here.
Since <M >= (M )(i) is the so-called compensator of the increasing process [M], we first

recall some known results on increasing processes and their compensators.
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Suppose that F = (F;);>0 is a fixed standard filtration on €2, i.e. F is assumed to be
right continuous and every JF; is assumed to contain all P-null sets of the P-completion of
Foo := V5o Ft- Let X = (Xy)i>0 be a given increasing, right continuous, F-adapted process,
and denote by X = (Xt)tzo the compensator of X (also called the dual predictable projection
of X). X is the (up to P-equality) unique increasing, right continuous, F-predictable process
with X, = 0 such that X — X is a local martingale (see e.g. [1], theorem 15.2 for the existence

and uniqueness of X).

The process X has the following general structure (cf. [1], ch.VI): there exist
(i) an increasing, continuous, F-adapted process X¢, and
(ii) sequences (S,)n>1, (Tn)n>1 of predictable resp. totally inaccessible stopping times with
pairwise disjoint graphs,
such that
X = X+ ) AXg, Lg,of + Y AXg, Ip, o -

n>1 n>1
Let G, (n > 1) denote the (necessarily continuous) compensator of the jump process

AX7, 11, 0 Then the compensator X of X has the structure

X = X°+ ) B{AXs, | Fo—} Lol

n>1

with X¢ = X°¢+ 2@1 G,. As a consequence, one has the following equivalent assertions:
(a) X is regular (or quasi-left-continuous),
(b) X has no jumps at predictable stopping times, and

(¢) X is continuous.

The following result on the topological relations between increasing processes and their
compensators can be found in [1] (ch.VII, Th.18 and 20).

Theorem 3.1 Suppose that (X™),>o is a sequence of right continuous, increasing, F-
adapted processes, which belongs uniformly to class (D). If for every stopping time T
lim X} = X% for o(L', L),

n—oo

then also

lim Xp = X§ for o(L', L),
where (5(71)”20 denotes the associated sequence of compensators. If (X™),>o is a sequence
such that X° is reqular (so that X0 s continuous), and if (X™)p>1 is increasing with limit

X, then even

. vn . vO
lim X7 = X7
n—oo

for the L*-norm.
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As a consequence of the above theorem one gets that the compensator of an increasing
process can be obtained as the limit of compensators of discrete increasing processes (cf. [1],
Th.21). We give a different proof than in [1], which seems to be more elementary. Moreover,

our proof can serve at the same time as an existence proof for the compensator.

Theorem 3.2 Let X = (X;);>0 be a given increasing, right continuous, integrable and
F-adapted process. Let further (m,)n>1 be a null-sequence of partitions of R, and define for
everyn >1 andt >0

C"(X) = > Loyt E{Xp — Xen [ Fir }.
k>1
Then there exists an increasing, Tight continuous, integrable and predictable process C(X)
such that
lim C"(X); = C(X); for o(L',L™)

n—oo

for all t >0, and such that C(X) is the compensator X of X.

Proof: Let Z € L*>(Q) be given and suppose that (Y;);>o is a cadlag-modification of
(E{Z|F:})t>0. Then we get for every fixed t > 0

E{Z C"(X)}
= E{Z) 1oyt)E{Xp — Xy | Fip }}
k>1
= D> lpg(E{ ZE{Xy — Xy | Fy }}
k>1
= D LoyOE{E{Z|Fy_ } Xy — X )}
k>1
= Z 1[0715} (tZ)E{Y;271(XtZ B thf1)}
E>1
= E{) Lot} Yy, (Xy — X )} -
k>1

If we define

= > L)Y, Ly s

k>1

the above equation just reads

E{Z C"(X E{/ $)dX,) |

By the definition of F,, and Y we have lim,,_,, F},(s) = Y;_ for every s > 0, and Lebesgue’s
theorem yields

lim E{Z C"(X E{/ Y,_dX,}.

n—oo
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Especially, this implies that (C™(X);),>1 is a o(L', L>)-Cauchy sequence. Because of
ECR(X)t S EXt = Tt

we have that (C™(X);),>1 is contained in the L'-ball {X € L'| E|X| < r;}, which is weakly
sequentially complete (cf. e.g. [6], p.121). This now implies that there exists a C'(X); € L*
such that

lim E{ZC"(X),} = E{ZC(X),}

n—oo

for all Z € L*°.

Now consider the so obtained process (C'(X);)i>o. It is easy to see that (C(X))s0 is F-
adapted and that
C(X), < C(X),

P-a.s. for all s <t. Clearly, (C(X):)i>0 is in general not necessarily right continuous. So let

us show that (C'(X):):>0 has a right continuous, increasing modification.

We choose a null set N such that for all w ¢ N and all s,t € Q4 with s <t we have

C(X)s(w) < C(X)i(w).
Then we define
C(X); := 1ye inf C(X),.

u>t,ueQ
It follows from the properties of F that the process (C(X)¢)i>0 is an F-adapted, increasing
and right continuous process. Furthermore,

B{ZC(X0} = infurueB{ZC(N} = inf B{[ Yioax)

u>t,ucQ

= B{[,Y._dX.} = B{ZCO(X)}
forallt > 0 and all Z € L*™ with Z > 0. It follows that

P{C(X), = C_'(X)t} =1

for all t > 0, i.e. (C(X)¢)i>0 is a modification of (C(X))i>o0-

Altogether we have proved up to now that there exists an increasing, right continuous,
integrable and F-adapted process (C'(X););>0 such that

lim E{ZC"(X),} = E{ZC(X)}

forallt > 0 and all Z € L.

It is an easy exercise to show that X — C(X) is an F-martingale. This follows from the

o(L', L*°)-convergence and the observation that for every n > 1 the process
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(Xip — C™(X)ip k>0 is a martingale relative to the filtration (Fip)x>o. Hence for the proof
of the theorem it remains to show that C'(X) is predictable. We do this by proving the

equivalent assertion that C'(X) is a natural process. This means that we have to show that

t
B(Y,C(X)} = B{| Yido(x).)
0
holds for every ¢t > 0 and every non-negative, bounded cadlag F-martingale (Y;):>o.

The idea is to apply to C(X) the same procedure which we applied to X. For n > m > 1

we have the following simple relation:

C™(CM(X))e
= > Loa(B{CM(X) — C" (X, | Fip, }
Jj>1
= 3" voatB{ 3 BN — Xy 1 5y} A, )
Jj=z1 kel
(I o= {k|er, <ty <t}
Y ) X B - )
j=1 kel
= D log(t7)E{ Xy — Xop | P}
Jj=1
= C"(X):.

Now let (Y;):>0 be a given non-negative, bounded F-cadlag-martingale. Then we have for

every t > (0 on one side
(i) limy, oo E{Y; C™(X)1} = E{Y, C(X).},
and on the other side we get
E{Y,C"(X):} = E{YiC™(C"(X))i} (n=m)
= B{%Y 1oy (8)E{C"(X)p = C"(X)up, | Fip }}

j>1
= B{Y oY, (O — (X))}
j>1
which gives for n — oo
E{Y, C™(X {Z Lo (t7)Yer, (C(X) e — C(X)t;?zl)} :
j>1
and hence
(id) limpn oo B{Y; C™(X),} = B{[; Yoo dC(X).},

and we have proved that C'(X) is natural. O
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Remark 3.3 If X is continuous, then one can prove that lim, .., C"(X), = C(X); =
X, even for the L'-norm. But in general this is not true. There is a counterexample of

Dellacherie and Doléans (cf. [1] for a reference).

Let (H"),>1 be an increasing sequence of filtrations H” = (H}');>o. Define H>* by H® :=
V,»1 Hi for t > 0 and let F be the standard filtration generated by H*. In analogy to the-
orem 3.2 one could ask the following question (which is related to the general approximation

problem stated in section 2):

Let X = (X;)i>0 be an increasing, right continuous, F-adapted process. Define for every
n>1
C(X) == Y log(IE{ Xy — Xy | Hp }.
k>1
Is it again true that
lim C™(X), = X,

n—oo

for every t > 0 for the topology (L', L°°)?

Looking at the proof of theorem (3.2), there is the following problem. If Z € L™ is given,

and if the function F;, is now defined as

Fn = Z 1[0’t](t2)E{Z | H?Zfl} 1]t271’tz],
k>1
then clearly
Fo(s) — Y, = E{Z|F,_}

P-as. (!) for every s > 0. But it is not at all clear (and probably not true) that outside
one fixed null-set one has the convergence F,,(s) — Y,_ for all s > 0. The reason is a kind

of regularity problem for two-parameter martingales: Consider

(E{Z|H}'})

1<n<o0,t>0 *
This is a two-parameter martingale. Does there exist a modification (Y}, +)1<n<cot>0, sSuch

that

lim Yn s = co.t
n—oo,s,/'t ’

for all ¢ > 07

The following result indicates that even in case that X is a continuous process the situation

differs from the situation, where just one filtration F' is involved.

Theorem 3.4 Let (m,)n>1 be a null-sequence of partitions and H" (n > 1), F filtrations

as above. If X is an increasing, continuous, F-adapted process, and if

Cm<X)t = Z 1[0,t}(tZ)E{XtZ - Xﬁ;il |H%€L_1}

k>1
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formn>1andt >0, then for everyt >0

n—oo

for the topolgy o (L', L*).

Proof: (1) For every integrable process Y = (Y;);>0 we set

CM(X)e ==Y log(tE{Yey = Yip | [ Hf }.

k>1

Now assume that Y is even square integrable. Then we will first prove an elementary

inequality for E{C"(Y)?}. For a shorter notation we set
m(t) := m(t,n) == max{k > 1|t; <t}.

Then we get

m(t)

E{C"(V)}} = B(D_EB{Yp — Yy  |Hp 1)

(t)
— B (B{Yy Yy My })
k=1

PR B(B{Yy - Vi, M JE(Yy Y |7 )
k<j
m(t)

= E Z (E{Yip — Y | |H?;g,1})2
k=1

+2) EB(B{Yy Yy, My JE{Ye —Ye |HL })

k<j
< 2 BE{Yy Yy, [Hy JE{Yy Yy |H; })
k<j

m(t)

= 2 B(B{Y, - Yy, M JB{Ys,

k=1

y Ytﬁ_l | H?Z_l})

m(t)
= 2) B((Ye, — Yy JE{Yy - Yy  [Hp }) .
k=1

and we have obtained the inequality

m(t)

E{C"(V)}} < 2B( max (Vi =Yl 3 [B{Yy — Yy |75 }). (3.4.1)

0<k<m(t) .
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If Y is increasing we have especially

E{C"(Y){} < 2E((Y;-Yy)C"(Y),)
< 2(B(Y - Yo)?)* (BCM(YV)D)*
which implies
E{C"(Y)}} < 4E(Y, —Y,)%. (3.4.2)

Now suppose that Z7 = X — Y, where X and Y are increasing and square integrable

processes. Then we get from (3.4.1)
E{C"(Y);}

< 2E( max |Zpm
0<k<m(t) ™

= Zy (C™(X) + C™(Y)))

N|=

< 2(E{ max (Zn —Ztg)Q})%(E{C%X)t+Cn(Y)t}2) )

0<k<m(t)  ™®

and (3.4.2) gives
E{C"(Y);}
<4 (E{ max (Zp

0<k<m(t)  ~™®

— Zy P17 (B = X0)))* + (B, —Y)?)?).  (343)

This inequality will be used in the next step of the proof.

(2) Now let X be the increasing, continuous, F-adapted process, for which we want to prove
the assertion of the theorem. In this step of the proof we also assume in addition that X is

square integrable. For every m > 1 we define the process X™ = (X/")i>0 by

Xm = ZXt;_n_l ]'[t;ﬁ,lﬂf;ﬂ[ .
Jj>1
To prove the asserted o(L', L>)-convergence, let Z be an arbitrary given element of L.
Then
E{ZC"(X)} = E{ZC™(X™)} + R""(t), (3.4.4)

where

R{™(t) = E{Z(C™(X), — C"(X™)y)}
First we compute E{Z C"(X™),}:

E{ZC"(X™),}

m(t)

= B{Z ) B{Xy - Xy |Hy }}
k=1

m(t)

= E{)_E{Z|H} }Xy - Xy )}
k=1
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and with the definition “
m(t
= Y E{Z| My Yy
k=1
we have an F-predictable function such that
E{ZC"(X™), E{/ )dXT"} . (3.4.5)

The increasing process X™ corresponds to the measure

> (Kep = Xup ) by

i>1
Hence, if k(j) denotes that integer for which

iy = £ (= m),

then

¢
/ F.(s)dX"
0

Z Fo () (X — X )

>1
Z 1[0 t] E{Z|Ht" . }(thﬂ - Xt;,n_1> .
j>1
Thus we have
E{Z C"(X™)} = B( D 1ou(t)B{Z|Fp H(Xep = X)) + BE(1),  (3.46)
ji>1

with

RIM™M(t) = E(Z Lo () [B{ZIH,  } = B{Z|Fp }] (Xip - Xt;n_1)> .

j=1

The continuity of X implies that every X, is F;_-measurable. This gives
E(E{Z|Fm }(Xin — Xim ) = E{Z (Xim — Xim )},
and we get from (3.4.6) that
E{ZC™(X™)} = E{Z (X; — Xo)} + Ry™(1)
and altogether we have proved that

E{ZC"(X)} = E{Z (X, — Xo)} + R{""(t) + Ry""(t) (3.4.7)
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for m < n. So we have to prove for the asserted o(L', L°°)-convergence that for every & > 0

there exists an m > 1 such that for every n > m we have
|RT"™(t)] <e and |Ry""(t)| <e.
For R{""(t) we use the inequality (3.4.3). With D := || Z||« we get

[RP™M1)] < DE|C™(X); — C™(X™),]
= DEC™(X —X™),
< D(B{C"(X = X™),}?)

N|=

and hence
Ry (1)
< D' (E{C"(X — Xx™),}?)’
< 2B max (X = XM, = (X = X")e)}
([B(X: — Xo)%)% + [B(X]" — X5)?7]2)”

6 M4 2 m m 2

< 2D'E(X, — Xo) E{Ogr]g?%((t) (X =X = (X = X))’}
7 4 2 m 2

< 2'D'E(X; — Xo)* E{ og%?f(t) (X =X™)m)"}

< 2'D'E(X; — Xo)*E{ max Lo, (7)) (Xem — X )%}
Since X is assumed to be continuous, it follows easily that

lim E{ max Log (t7) (Xep — X )*} = 0,

and thus we have proved that there exists an m; = my(¢) such that for all n > m > m; we
have |R""(t)] < e.

For Ry""(t) we get from the definition
m,n 2 2 m n 2
R (1) < B(X, — X0 B max (10 () (B{Z My} — B{ZIFy-))) }.

3 n m
Since th()—1 /" ¢ for n — oo, we have
Hn — (o)
\/ te—1 b=
n>1

and it is easy to show that E{Z|H>®} = E{Z|F,_} for all t > 0. Hence

lim E{Z[H, |} = E{ZIFp-)

n—o00 G-
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P-a.s. forall j > 1. Since Z € L*, it follows from Lebesgue’s theorem that lim,, .., Ry""(t) =

0. Hence for a given € > 0 and m > 1 there exists an n(e, m) > m such that
[By"" ()] < e

for all n > n(e,m).

So let & > 0 be given. Then first we can choose an m(e) such that |R]""(¢)| < ¢ for all
n > m(e). Then we choose an n(e) := n(e,m(e)) > m(e) such that |Ry"©"(t)| < & for all
n > n(e). Then we obtain from (3.4.7)

| E{ZC™"(X):} — B{Z(X; — Xo)}| < 2¢

for all n > n(e). Since ¢ > 0 and Z € L* were arbitrarily chosen, we have proved the

asserted o (L', L°°)-convergence under the assumption that X is square integrable.

(3) Now just suppose that X is integrable. For Z € L*™ and € > 0 given we choose a constant
¢ > 0 such that

9
E{X; — (XA —_.
W= RO < o

Then we have
E{ZC"(X):} —E{Z (X; — Xo)} = E{ZC"(X AN )i} — E{Z((X N ) — (X ANc)o)} + R,
where
R = B{Z(C™(X), — C"(X Ac))} + B{Z (X, — (X Ae)) — (Xo— (X Ac)))}.
Then
|7 <2 Z||E(X — (X Ao < €.

This proves finally the assertion of the theorem for the general case that X is only assumed

to be integrable. O

One special application of the theorem is formulated in the following corollary.

Corollary 3.5 Let M = (M;)i>o be a square integrable martingale and let F be the
standard filtration generated by the canonical filtration of M. Let as before (m,),>1 denote a

null-sequence of partitions and define for every n > 1 the filtration H" = (H})i>0 by
M= o({My |ty <t}) .
If the predictable quadratic variation <M> of M is continuous, then

lim > logOE{(My — My )* | Hp } = <M>,

k>1

for every t > 0 in the topology o(L', L*).
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To get convergence in the L!'-norm, it seems that in general one has to assume a stronger
condition on the limit process X than just continuity. In principle, it will be a condition
implying that there is a kind of uniform nearness of the conditional expectations E{X;» —
Xip M} to E{Xyp — Xyn  [Fin  }. The condition which we impose on X in the following
theorem is a condition which is usually fulfilled in applications (survival analysis, queuing
theory, risk theory etc.).

Theorem 3.6 Let (H"),>, and F be given as before, and let X be an increasing, right
continuous, F-adapted and integrable process. Suppose that in addition X has P-a.s. a

density Z relative to a non-random measure p on Ry, i.e.

t
Xy = / Zs u(ds)
0
for every t >0 P-a.s.. Then lim, .., C"(X); = X; in the L*-norm for every t > 0.

Proof: (1) We will denote by P the predictable o-algebra on Ry x € for the filtration F.
For every n > 1 we define then P, as the sub-o-algebra of P generated by the sets {0} x A,
where A € Hg and by the sets Jt;_;,¢;] x A, where A € Hjn and k > 1. Furthermore, we
define a sequence (M,,),>1 of maps M, : Ry x Q — R, by

E{Xyp — X |HE }
M, ;::Z - o kt" S T (3.6.1)
M(] k—1> k])

k>1

with the (admissible) convention that
E{Xyp — Xp [Hi }
)

in case that p(Jt7_;,t7]) = 0. Now let ¢ > 0 be given. We set P' := P N ([0,¢] x Q) and
Pl =P, N([0,¢] x Q) for n > 1. Then we define the probability space

=0,

Q= ([0, x QP - _oP).
( o © )
In the following we will view (M,,),>1 as a process on Q. By definition, every M, is P:-
measurable, i.e. (M,),>1 s a (P!)-adapted process. It is also clear that (M,,),>; is integrable.

We will prove now that (M,),>1 is even a (P!)-martingale.

We set u; = u_([(),Lt]) For m < n we take a set A € H%}ll' Furthermore, we set I := {k >
e, <tp <t} and

E{X — Xin | |H?Z_1}

Y =
g p(t 1, t3])
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Then

/ M, d(p, © P)
It X A

N /1“5"—1’@1“(2 Y ) d(p © P)

kel
e / / 1A Y 1]t" tn] d,ut dP
kel Ry
= 3wl ) [ vedp
kel A

we(Jt 1, 7] n
= Z t\Ub%—15 "% /E{XZ_XtZ_lthl}dP

k:EIm tZ 17tn])

= ll0.8) [ BLXy ~ Xop, 3 )P

u(]t;”l,t;”]) / E{Xey — Xop M}
A M(]tT 17t;n])

= / / 1A 1 tm tm d,ut dP
Ry

_ / M, d(jy & P).
e XA

dp

Since the sets J¢]" 1, t]'] x A (j > 1, A € Hjn ) together with the sets {0} x A (A € Hg') form
m
a N-stable system generating P,,, it follows from the just proved equation that (M, ),>1 is a

(PL)-martingale.

Since in addition, (M,),>1 is non-negative, the martingale convergence theorem implies that

(M,)n>1 is a.s. convergent.

(2) Now we prove that (M,),>1 also converges in L'([0,¢] x Q). By (1) it is necessary and
sufficient to show that (M,,),>1 is uniformly integrable. We prove this under the momentary
extra condition that the process (Z,)o<s<: belongs to L*([0,t] x ). Then it is sufficient to
prove that

sup/M,fd(,ut(X)P) < o0

n>1
For every s €]t}_,,t}| we have
E{Xy — Xy M},

Mils) = =g el

f]t;;_l,tg} E{Z, |H?;;_1} pu(dr)
plltin 1)) ’

}
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and hence

iy (BAZe 1R )7 pa(dr)
= (e, t7])
f]t;;_l,tg] E{Z? |H?;;_1} p(dr)
(e, 7))

Therefore we obtain
JRE

< /M (;M(] R ) ey (w) /w 1tmE(E{Zr My }) u(dr)) 1y (du)

1

= /M (Zu(]tz_ptZ])_llwzl,tz}(U)(/

k>1 Jte_1:tk]

E 22 pu(dr)) ) jo(du)

= / Z2 d(:ut & P) )
[0,7]

and it follows that (M,),>1 is uniformly integrable. Since (M,),>1 is also (u; ® P)-a.s.
convergent, there exists an L'([0,¢] x Q)-limit M of (M, ),>;. Because of

E| [ Mduy — M dyy | gE/

| My, — M| dp
[0,t] [0,t] [0,¢]

and the observation that
Mn d/lt
[0,¢]
= p((0,)7Y N n(tE{ Xy — Xip | [Hp }

k>1

= ([0, ¢)7 CM (X,

we have especially proved that

n—oo

in the L'-norm for every ¢ > 0.

(3) Finally, if (Zs)o<s<t is not assumed to be square integrable, we set for every constant

c>0
Xi = / (Zs N c)u(ds) .
[0,¢]

For any given ¢ > 0 it is then possible to find a ¢ = ¢(¢) such that

EX, - EX{ < ¢.
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If we denote by M¢ the map of step (2) associated with X¢, then (MS),>; converges in
LY([0,t] x Q) by step (2). Furthermore, we have

/ (M, — M) d(y ® P)
[0,t]x2

< /[ ](Zuatzhtm)—llhg_l,tm(u)
i

k>1

/ / . |E{ZT|H?271} — E{Z. A C|H?z71}| w(dr) dP) g (du)
i

< // (Z, — Zp N c) p(dr)dP
[Ot]
- IE(X, — X¢).

Now it follows easily that (M,,),>1 is a Cauchy sequence in L' ([0, ¢ x€2) and hence convergent.
As in the last part of step (2) one finally gets lim, .o, C"(X); = X; in L*(2). This finishes
the proof of the theorem. O

4 Existence of the Second Order Characteristics

In this section we will prove that in the sense of theorem 2.2 all second order characteristics
exist for every Li-martingale. So let M = (M;);>o be in the following a fixed cadlag F-
martingale such that M; € L) for all t > 0. We will often make use of the following
structure of M (cf. [3], ch.4). First we have the decomposition

M = M°+ M*
into two L*-martingales. M€ is a continuous martingale, called the continuous part of M.
The martingale M9, called the purely discontinuous part of M, has the structure

MY = MP + M,
where the martingales M? and M" are called the predictable and the totally inaccessible part
resp. of M. We have

= Z X 1[577700[ )

i>1
where the S; are predictable stopping times and X; = AMg,. M* has the structure
M= (Ve — A).
Jj=1
Here the T} are totally inaccessible stopping times, A7 denotes the (continuous) compensator

of Y i, oo and Y; = AMy,. Moreover, the family
{T|T=8 o0 T=T;ijeN}
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may and will be assumed to have pairwise disjoint graphs. Then the following orthogonality
relation holds:

EM = E(M;)’ + ) B(X Lis<q) + Y BV 1<y — A)°.

i>1 >1

Theorem 4.1 (Existence of (M)W) For every t >0,

(M) = Tim ™ Lo (t) (M — My ,)*

k>1

exists in L' and (with the notations introduced above)

(4) ZX41[S<t +ZY Lir < -

i>1 j>1

Proof: (1) First we assume that M¢ and M¢ are bounded by some constant C' > 0. For
every n > 1 we set as before

m(t) = my(t) = max{k > 1|t} <t}.

Then we have

(]
=
>3
|
=
>3
AR
N—
i
Il
ng
S
Tt
S

+ > AN

k=1 k=1
where
m(t)
n - c c d d 3
Ap(t) = 4y (Mf — Mg (Mg — My, )?,
m(t)
An(t) = 62 (Mg — M, (M — Mg, ),
m(t)
AR(t) = 42 Mgy — Mgy ) (Mg — Mg ), and
m(t)
Ap(t) = ) (M — Mg, )t
k=1

We assert that lim,, ., A?(¢

) = 0in L*(Q) for i = 1,2, 3,4. Since the proofs are very similar,
we only show that lim,, ., A}(t)

= 0 in L'(Q). For the proof of that assertion we will use
the obvious inequality
m(t)
A7 (£)] < 8C max | My, — M, | > (Mg — Mg )
k=1
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Now let € > 0 be given. Since

m(t)

Jim >0 v = ()
in L'(Q), we can find an n; € N such that
d d 2 d
E|Z Mt" Mtn 4 - [M :It‘ < - 5
for all n > ny. For every m > 1 and n > 0 we set

Q1= {w | max | M (w) = My (w)] < nforalln >m } .

Then the sequence (£, 5))m>1 is increasing with (J, 5, Q. = Q. We choose

1
T 24CE M,

Then there exists an m € N such that

£
E{lo, M} < ==

With ng := max(n;, m) we have for all n > ny
E[A7(?)]

m(t)
< 16C°E|) (M — Mg, )* — [MY)] + 8 C E(max|Mg — Mg, |- [M),)
=1

< 4 80/ max | Mg, — MG |- [M%,dP + 1602/ (MY, dP
3 QD k k k—1 .
€
< g+ 8CnE[MY, + 16C*E{lg, MY} < ¢
by the choice of ny. Since € > 0 was arbitrary, we have proved that lim,, . A}(t) = 0 in

LY(Q) and lim,, ., A?(t) = 0 (i = 2,3,4) follows similarly.
It remains to prove the existence of

m(t)

lim (Mg — M,

k=1

)4

—1

in L'(2). This is proved similarly to the proof of the existence of [M?] in [3] (th. 18.6). So

let us assume first that the number of jumps of M on [0, ] is bounded, which means that

kl k2
Mg = ZXl Lis,<q + Z(Y; lir<q — A)
i=1 =1
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for k1, ko € N and s < t. Since (M?),<; is now a process of finite variation having only finite
many jumps, one can prove that even pathwise

m(t)

kl k2
Hm > (Mg - Mg ) = Y X Lssn + DY mn

and the boundedness assumption on M implies that this convergence also takes place in the

L'-norm.

If the number of jumps of M on [0, ¢] is not bounded, we set

ME™ = i Z;.
=1

where every Z; is either of the form X1, [ or of the form (Y17, o[ — 121]) For a shorter

notation we will write
m(t)

(N o= 3 (N — Ny )
k=0

for every L*-martingale N = (N;);>0. Now set

M = M — M

Then )
4),n my(4),n n,m
(MNP — (P =B
=1
where
m(t)
n,m L d,m d,m “rd,m —rd,m
By (t) T 4Z(Mt;; _Mtz_l)?)(MtZ _Mt;;_l>v
k=1
m(t)
n,m X d,m d,m “rd,m rd,m
By ™ (t) = 6Z(Mt;g _Mt271)2<Mt2 _Mt;gfl)Q’
k=1

m(t)
n,m X d,m d,m Trd,m rd,m
By(t) = 4y (ME™ — Mg™)(Mg™ — My™)*, and
k=1

—1 k—1
m(t)
n,m o rd,m —rd,m
Byt = S (M — M)
k=1

and we prove that lim,, .., B"™ = 0in L' for i = 1,2, 3,4 uniformly in n. By the bound-
edness assumption we have
m(t)
n,m d,m d,m \2 rd,m rd,m
By < 4C(Z(Mt;; - Mtg_l) )m,?X |Mtg - Mt;;_1|
k=1
m(t)

< 8C sup |[MI™| Y (ME™ — MG™)*.

1
s<t 1
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It follows from the Burkholder-Davis-Gundy-inequality (applied to M%™) that
E|B""| < K (E sup(M™)")* (E sup(M™)?)
s<t s<t
for some constant K > 0. Since

lim E sup(M%™)? = 0,

m—00 s<t
we have proved that lim,, ... B{"" = 0 in L' uniformly in n. Similar proofs show that
also lim,, .o B"™ = 0 (i = 2,3,4) in L' uniformly in n. Hence under the boundedness

assumption on M we have proved altogether that the sequence ((M )154)’")”21 converges in

L' and has the asserted limit.
(2) If M€ and M? are not necessarily bounded, we introduce for every C' > 0 the set

Fo = {w]|sup|M(w) < C and sup|Miw)<C}.

s<t s<t

Similar as in (1) one can prove that

lim 1p, (M)

n—oo

exists in L'. Since lime oo P FE = 0, it follows that the sequence ((M )§4)’")n21 con-
verges in probability. For the asserted L!-convergence it is therefore sufficient to show that

(M )§4)’n)n21 is uniformly integrable. Now, for every A € F we have

B(1a (Mg — Mg )"

m(t)
< 2E(1A sup M? Z (M — M- 1)2)

s<t 1

< 2K (B14 sup M?)? (E sup M*)? |

s<t s<t

where the last line follows again from the Burkholder-Davis-Gundy-inequality. The uniform

integrability is now obvious and the theorem is proved. O

Theorem 4.2 (Existence of (M)®)  For every t > 0,
m(t)

(M)P = lim ZE{ (Myy — My

n—oo k—1

) Fo b

exists for the topology o(L', L>). Moreover,

= Y E{X!| Fs_Hsoe + B,

i>1 j>1

where the processes B are the (continuous) compensators of the Yj4 L7 0] -
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Proof: We take an arbitrary, fixed Z € L*™ and denote by (Y};):>0 a cadlag-modification of
(E{Z|F:})t>0. Then we have

EZ (M)(4)’”

= EZZE{ My — My )| F )

m(t)
= E) Yy (My— My )"
k=1
As in the proof of theorem 4.1 one can now show that

m(t)

Ji, 3 Yig, (Mg = My_)*
=1
m(t)
= Jim DYy, (M — M )
k=1

= / Y, d(M)
[0.,2]

in L'. The process

= ZE{X?|FSi_}1[Si700[ + ZBJ

i>1 j>1

is the compensator of (M), and hence

E/ Yo d(){ = E/ Yo d(M)®,.
[0.¢]

[0,4]
From
EzOnD" - EZ ()0, |
— Bz — E / v, d(M)®, |
0,4
< E\ZYw My =y )t = [ e dan®
[0,2]
we get that ~
lim (M){V" = (M)®),
for o(L', L>°) and the theorem is proved. O

Theorem 4.3 (Existence of (M)22)  For every t > 0,

N m(t)
(P = m Y (My - My PE{(My - My | Fy )
k=1
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exists for the topology o(L', L>), and

(@D = 37 XER{XE | Fo st

i>1

Proof: We set M? := M — MP. Then we have

(M)§2 2),n
mo)
= D (My = My )E{(My — My_)* | Fy_,}
k=1
m(t)
- - 2
= ) (M = Mg )+ (M — My )
k=1

where

Cy

E. Dettweiler

CB{ (M, — Mp, )+ (M — Mp, )| Fg )

S (0~ My FE{ <M - <

k-1

+ O+ O 4 20T,

m(t)

\ [P
> (M},
k=1
m(t)

— Mitl)QE{ <M>p — <M>p

k—1

k=1
m(t) - ~

= Y (M — Mp )(Mp — ME E{ <M>p — <M>
k=1

First we prove that lim,, .., C" =0 in L' (i = 1,2, 3). We have

|Fo, }

|ft2—1} ’

D (Mp = My E{ <MP>y — <M">y | |Fy,}, and

|‘7:f271} )

k—1

Fip (<M = <M>y )

E|CT|
m(t) - -
= E(ZE{ <MP>p — <MP>p
k=1
< E(ml?x E{ <M">4p — <M">4p  |Fn } <M>t>

IN

[E(max (BE{ <MP>p — <MP>
k

k—1

Fz 1))

N|=

[E <M>,?}%.
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Now

k-1

E m]?X (E{ <Mp>tg — <MP> |~7:t2,1})2
m(t)
< BY (B{ <>y — <MP>y  |Fy })

k=1
m(t)

< EZ (<MP>p — <MP>p )2,
k=1

and the last expression tends to zero for n — oo, since <MP> is continuous. So we have
proved that lim,, .., C7 = 0 in L!.

Again using the continuity of <M?>, one can prove similarly that also lim,,_., C5¥ = 0 in
L'
For the proof that lim,,_.., C§ = 0 we first show that one can reduce the problem to the case

where the number of jumps of M on [0, ] is bounded. Then
Cy = DY + D}

with

3

(®)
Dy =) (M — Mg ) (M — Mt’%il)E{ <M>p — <M>p | Fn }
1

b
Il

and
m(t)

Dy i= ) (My = My (Mg = My, VB <M>yy = <M>y_ | |y}
k=1

k—1

Then lim,, .., ED} = 0 because of the continuity of M¢, and lim, .., ED} = 0, since the
finite many jumps of M* and MP have pairwise disjoint graphs.

(2.2)

As far we have proved that for the existence of (M) we only have to prove that

(MP)PD = Tim (M7)P"

n—oo

exists for o(L', L), where

)
Q)P = Y (M = Mpy P E{ <MP>y — <M>q | |Fy_}.

k—1
k=1
Again, one first proves that this problem can be reduced to the case that MP? has only finite

many jumps. We omit this proof and assume now that
MP =" Xilis, o0 -
i=1

To prove the assertion for an MP? of the above form, we need the following lemma.
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Lemma 4.4 Let X = (X;)i>0 be an increasing, right continuous, integrable, F-predictable

process. For every stopping time T' we set

k
Xp o= Y (D E{Xuw — Xt7 4| F }) Ly (), and

k>1 j=1
k—1

Xpoo= Y (D By = Xt5 | F }) g ap(T)
k>1 =1

for every n > 1. If T is predictable, then

lim (X7? — X2) = AXp

for the topoloy o (L', L>).

Proof of the lemma: It follows from theorem 3.2 that lim, .., X% = Xp for o(L!, L>).

Hence it remains to prove that lim,, .., X? = Xp_ for o(L, L*).

Let (7;)i>1 be an announcing sequence for 7. From theorem 3.2 we have lim,, . )N(% = Xr,

for o(L', L*°) uniformly in ¢ € N. Moreover, the (L', L*)-convergence of (X7, ),>1 implies
(cf. [1],p.20) that for every fixed non-negative Z € L the sequence (Z Xﬁ)nz1 is uniformly
integrable for every i > 1. Hence for every ¢ > 0 there exists a § = d(g, 1) such that

Elypr< Z X5 < c.
Now, for every w € [T — T; > §] there exists an n(d) such that
N%(w)(w) < Xp (W)
for n > n(d). Therefore,
EZX} < Elgpr=nZXp +e <EZXE+ ¢
for every n > n(d). It follows that

EZXr, = lim EZX} <limsupEZ X} + ¢.

n—0oo n—00

On the other side, we have for every fixed n > 1

EZX} = limEZ X7,
and hence
EZX! <EZX: <EZX} +¢
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for all i > i(n,e). Since
lim EZ X}, = EZ X,

n—oo

uniformly in ¢ > 1, there exists an n(e) such that for n > n(e) and for an i(n),

EZXf < EZXp, +¢.

i(n)

Hence we have
limsupE Z X7 < limsupE Z Xr,,, + 2¢.

n—oo n—oo

So far we have proved

EZXr. = lmEZXyp

1—00

IA

liminfEZ X} + ¢
limsupE Z X7 + ¢
limsupEZXTi(n) + 3¢,

n—oo

IN

IA

or

EZXr — ¢ < liminfEZ X}

< limsupE Z X7

n—oo

EZ Xy + 2¢.

IN

Since € > 0 was arbitrarily chosen,

lim EZ X2 = EZ Xy

n—oo
and the lemma is proved. a

Now we complete the proof of theorem 4.3 using the above lemma. We set

Mj == X] 1[Sj’w[.
Then MP = Z;n:(? M. For a fixed j =1,--- ,m we set T := S} and X :=<MP>. Then
m(t) ' '
> (M = My PE{ <M">y — <M'>y_ |Fy }
k=1

m(t)
- ZXE 1]t2—1vtm (T>E{Xz - th,ﬂftzil}
k=1

= X7 (X} — XP) lpy -
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Suppose first that the jump height X is bounded. Then we get from the lemma that

lim X2 (X2 — X1 lir<g = XJ2 AXr <y

- X?A <MP>s; lig;<q = ng E{X92|‘7:5j—} Lis;<q)
for (L', L>®). By a uniform integrability argument, this limit relation also holds, if X; is
not necessarily bounded, and we have thus proved that for o(L!, L*°)

lim (M) ZX?E{XQWS Flisi< -

n—oo i—1
This finishes the proof of the theorem. O
Theorem 4.5 (Existence of (M)( 22))  For every t > 0,

m(t)

2
(M), (22 hmZ( Mtn—Mtn 1) | Fip_ 1})

exists for the topology o(L*, L) a

2

(M3 = Z(E{Xflfsi—})zl[si,oo['
i>1

Proof: With similar arguments as in the proof of theorem 4.3 one first shows that the
o(L', L>)-convergence of

m(t)

AOFI™ = 3 (B{ (M — Myg_)* | Fy 1})2

k=1
can be reduced to the problem of the o(L!, L>)-convergence of

m(t)

)= ST (Bl - My 1 Fy })

k=1

and that one can even assume that M? has only a finite number of jumps, i.e. we assume

that .
=1

Now let Z be a fixed non-negative element of L>(2) and denote by (Y:);>0 a cadlag-
modification of the martingale (E{Z|F;});>0. Then we have
E Z (M)
m(t) 9
= EZ Z (E{ <Mp>t'fkl — <Mp>t'1271 |ft271}>
k=1

= E) Yo (<MP>p — <MP>p VE{ <M>p — <M">y | Fp }.
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Since .
<MP> = Z E{Xﬂfsl_} 1[5i7oo[ ,
i=1
we have to prove for the convergence of the sequence (E Z (M p)ii’i)’")nzl that for every fixed
1=1,---,m the sequence

m(t)

(E D Yo B{XPIFs Y L (SOB{ <MP>y — <MP>y Vftz_l})
k=1

n>1

converges. As in the proof of the last theorem we show the convergence of that sequence by

proving that the sequence
m(t)
( ZYtLl 1]t7$_11t21(5i>E{ <MP>p = <MP>4 |ft;;1}>
k=1 n>1

converges for o(L', L*>).

We set T := S; and X :=<MP> and define for every ¢t > 0,

k
}/;n = Z (Z K?ﬁlE{Xt;l - Xt;l71|ﬂ;l71}> 1}t271,t;’;](t) .

E>1 j=1

Then we assert that the sequence (Y;*),>; converges for o(L', L>°). We take an arbitrary
V' € L* and a cadlag-modification (U)o of (E{V|F:})i>0. Then
lim EV Y}
m(t)
=lim E) Uy Yy E{Xy - Xy [Fyp }
k=1
m(t)

=lim E) Uy Yy (Xg—Xg )
n—oo Pt
t
=E / Us_Y,_dX,
0
t
= E/ Us_ dW,
0
t
(where W is the predictable process given by W, = / Y, dXy)
0

t
:EUt/ }/:g_dXS
0

t
:EV/ Y, dX,,
0
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and we have proved that

t
lim Y* = / Y,_ dX,
0

n—oo

for the o(L', L>)-topology. more general, if T is a stopping time such that X7 € L', then
B S
n—oo 0

for o(L', L>°) uniformly on the set of all stopping times S with S < T.

Now we define for every n > 1 and t > 0,

k—1
Y;n = Z (Z K?flE{Xt? - thlfl‘ ft;L71}> 1]15271’132] (t) .

E>1 =1

Then one can prove exactly as in the proof of lemma 4.4 that

T T—
lim (Y} — Y}) = / Y, dX, — / Y, dX, = Yr_ AXr
0 0

n—oo

for o(L', L>), using the predictability of T. So we have proved that
m(t)

lim > Y L g (SOB{ <MP>y — <MP>p | Fy}
k=1

k—1

= Yo O <MP>g, lis,<y

for o(L', L>). Assuming first that the jump X; is bounded, the just proved relation implies
m(t)

lim E ( > Y B{X]|Fo Y g (S - B{ <MP>p — <MP>y | Fip_ })

NS -
= E(YS,._ (B{X?|Fs,-}) 1[5@])
—E(Z (B{XZF5 ) lisi<0)

Again, one can prove by a uniform integrability argument that the last limit relation also

holds for general X;, and the theorem is proved. O

Theorem 4.6 (Existence of (M) For every t > 0,

m(t)

k=1
exists for the o(L', L*®)-topology, and
(M)(Lg) = Z XZE{XE | Fsi-} IERSE

i>1
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Proof: Partially,we just indicate the ideas of the proof, since the arguments are often similar
to those in the proofs of the foregoing results.
(1) First one shows that

m(t)

(M) := lim y " (My — My ,)°

exists in L' and that

3 3 3
M)® = ZXi L 000 + ZY}' Lz 00] -

i>1 >1

The proof is similar to the proof of theorem 4.1. Now let C7 denote the continuous compen-

sator of Y 17, o Then the compensator of (M)® is given by

D= B{XP|Fs s + D C

i>1 §>1

(2) For every n > 1 and ¢t > 0 we set

m(t)

ZE{ tn_Mtnl |En 1}'

Let Z € L™ be given and denote again by (Y;);>0 a cadlag-modification of (E{Z|F;}):>o.
Then

m(t)

EZ (M EZYt . My ).

As in the proof of theorem 4.2 it follows that

lim EZ (M)P"

n—oo

= lim EZ(MHP"

n—oo

t
= E/ Y, d(M*H®

= /Yde

= EZMd

and hence we have proved that

lim (M) = (M) = lim (MHP" = (M)

n—oo n—oo
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for o(L', L>). )
Consider now the sequence ((M )£1,3),n)n21 defined by

m(t)

1,3),n
O™ o= 3 (M — My JB{(Myy — My )°| Fy )}
k=1
It is not difficult to see that the o(L', L>)-convergence of that sequence is equivalent to the
o(L', L*)-convergence of the corresponding sequence ((M d)f"’)’")nzl, where M is replaced
by M?. For analyzing the limit behaviour of the last sequence, let us first assume that M9
is of the simple form
M* = X 1jgeof + Y liroef
with X,Y € L* and S, T stopping times. We get

1,3 n
(M)

m(t)

= > [(X g )(8) + Y T, (7))

k=1
B{X Ly (S) + YLy (T | Foy )
A

where

3

0
A = [(X g1 (8) + Y L1 (D))

1

e
Il

CB{3(XY? + XY )y (S) g en(T) | oy}

For A™ we get (with Z := 3(XY? 4+ X?Y))
E|A"|

m(t)

< E) {(’X| Lip  m1(S) + [Y] 1}t;:,1,t;g](T)>
k=1

E{1Z] iy, 1(9) L1 (T) | Ft?-l}}

m(t)

= B [B{IX1 () + V]l D) 5}

k=1
(1211, 1(9) 1}t::_17t7;1(T))} :

If the stopping times S and T' have disjoint graphs, it is not difficult to conclude from the

above inequality that
lim E|A" = 0.

n—oo
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Suppose now that S is predictable and T is totally inaccessible and denote by Di (1=1,2)

the continuous compensators of Y| 17 and |Y?| 17, resp.. Then we have

(MO — A

m(t)
= Y Xl a(E{X Ly (S) | Fp |}
k=1

+B" + C"
with
m(t)
B = 3 (Y g, g (DE{X* Ly (8) + V¥ Ly ()| iy, })
k=1
and
m(t)
C" =) Xy g (SIE{Y Ly ()| Fy, }-
k=1
We get
E |B"|

m()
< E), (|Y| Lgp_, ey (T)
k=1

CE{X D (8) + 1V (D) | F,})
m(t)

= B (V11 ()

s
: E{E{|X‘°’|\5ES—}11t7;_1,t7;1(5> + (D = Diy ) |ft2‘—1}>
_ E 7:2(1) (E{|Y| Ly eny(T) | Fop_ }
B{X Fo-} g (S) + (D - DE )])
— E g (E{(Dtlg — Dy )| Fi ,}

[ B{X F ) g (9) + (D3 - D3 )])
Using the continuity of D', it is now easy to show that

lim E|B"| = 0.

n—oo

Similarly, one can show by using the continuity of D? that

lim E|C"| = 0.

n—oo
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We assumed that M9 had just two jumps mainly to avoid overburdening of notation. If
M? has more than two jumps, similar arguments as above give that the convergence of the

sequence ((M d)ﬁl’g)’n)nzl is equivalent to the convergence of the sequence
m(t)
(3 (X b SV E S Xy ar(5) 5 })
k=1 i>1 i>1 n21

Now we can proceed as in the proof of theorem 4.3 (cf. especially lemma 4.4) to obtain that

the last sequence is convergent for o(L!, L) and has the limit

> X B{X]|Fs} < -

i1

This finishes the proof of the theorem. O
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