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AKOS CSASZAR

Cauchy Structures and Covering Structures'

To Professor H. Poppe on his 65th birthday

0 Introduction

Let X be a set. A Cauchy structure G on X is a non-empty collection of filters in X such
that

r€&forreX, (0.1)
se€Gand s Cs € Fil X imply s’ € &, (0.2)
5,5 € G and sAs' € G, (0.3)

Here z = {S C X : x € S}, Fil X is the collection of all filters (proper or not) in X, and
sAs' iff S €5, S €6 imply S C 5" # D (see eg. [3]). If & satisfies (0.1) and (0.2), it is
said to be a screen on X (see e.g. [2]).

In [17], [18], [19], [20], K. Morita has considered a non-empty collection 8 of covers of X
such that ¢1, ¢y € B implies the existence of ¢ € B such that ¢ < ¢;,¢ < ¢o (i.e. ¢ refines
both ¢; and ¢2). According to W. Rinow ([23], [21]), a B of this kind is said to be a covering
strukture (Uberdeckungsstruktur) on X (generalized uniform structure in [17], [18], [19], [20],
or by H. Poppe ([21], [22])). In the terminology of [1(], this is clearly the same as a base for

a merotopy on X, composed of all covers refined by some ¢ € B.

In [23] or [24], a filter ¢ on X is said to be fundamental with respect to a covering structure
B iff, for every ¢ € B, there is C' € ¢ N s, i.e. iff s is a Cauchy filter with respect to the
merotopy generated by B (i.e. having 9B for base). The collection of these filters is clearly a
screen on X; in [1 1], conditions on B are given for this screen being a Cauchy structure. The

purpose of the present paper is to introduce and investigate more conditions of this kind.

'Research supported by Hungarian Foundation for Scientific Research, grant No. T 016094.



4 A. Csdszar
1 Preliminaries

We first translate the problem onto the terminologie of [11].

Let > (X)) be the collection of all non-empty subset of the power set expX of X. A loseness
on X is a set ¥ such that

0#TCd (X), (1.1)

0 eted (X)implies t € T, (1.2)
Nt=10forteg, (1.3)

teT t<t e (X)implyt €%, (1.4)
t,t' € T implies t({U)t € %; (1.5)

here t < t' means that, for T € t, there is 7" € t’ such that T > 7", and
tU ={TUT : TetT et}

The elememts of ¥ are called loose systems, those of Y (X) — ¥ tight ones. It is easy to see
that T is a looseness onX iff the collection of all covers {X —T : T € t}, where t € ¥, is a
merotopy on X, called the merotopy K(%) associated with ¥ (see [1], [5], [0]).

Given a looseness ¥ on X, a filter s in X is said to be T -compressed iff t € > (X)), tAs
implies t ¢ T (see [0]). It is easily seen that a filter is ¥ -compressed iff it is fundamental
with respect to the morotopy K(¥) (or to a base generating it). The collection of all T
-compressed filters is denoted by &(%); this is clearly a screen. Our question is: for which

loosenesses ¥ is the screen G(%) a Cauchy structure?

In [11], several properties of the looseness ¥ have been introduced for this purpose. In order

to formulate them, let us denote by < (%) the following relation on expX:
A< ®Biff {A, X -B}e% (1.6)

(see [11], 4); this is a (symmetric) topogenous order (cf. [1]) on X ([11], 4.2). In other words,
we have for <=< (%) and A, B,C,D C X

h<0, X <X, (1.7)
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A < B implies A C B, (1.8)

A < B implies X — B < X — A, (1.9)

AC B<CCDimplies A< D, (1.10)

A<Band C <D imply AUC<BUDand ANC <BND. (1.11)

Amapo : t — expX is, for t € > (X), said to be a T -swelling iff T < (T)o(T) for each
T et ois freeiff Nno(t) =0 for o(t) = {o(T) : T € t} nad T -loose iff o(t) € T (see [11],
3).

The looseness ¥ is said to be Efremouvich or strongly Efremovich iff, for every t € T, there

exists a free or ¥ -loose ¥ -swelling o : t — exp X, respectively.

By [11], 4.1, if ¥ is strongly Efremovich, then &(%) is a Cauchy structure. On the other
hand, &(%) can be a Cauchy structure without ¥ being Efremovich ([11], 4.11).

Let T still be a looseness on X. Define ¢ = ¢(%) to be the following mapping from expX

into itself:

c(A)={zeX : {{z}, A} ¢%}. (1.12)
Then ¢ is a closure on X (see e.g. [1], 3), i.e.
c(0) = 0, (1.13)
A C B C X implies ¢(A) C ¢(B), (1.14)
ACc(A) for AC X, (1.15)
(AU B) = ¢(A) Uc(B) for A, B C X. (1.16)

Aclosure ¢ on X is a topology iff ¢(c(A)) = ¢(A) for A C X.

A looseness T is Riesz iff c(t) = {c(T) : T € t} is free (i.e. Nc(t) = O)whenevert €
T and ¢ = ¢(%) (see e.g. [1], 4). If T is Riesz then the closure ¢ = ¢(%) is 51 (i.e. x ¢ c(A)
implies ¢({z} Nc(A) =0 for z € X, A C X) (see e.g. [1], 4.3).

If ¢ is an arbitrary closure on X, define ¥(c) by

te T(c) iff c(t) is free (t € Z(X)) (1.17)
Then clearly ¥(c) is a looseness and ¢ = ¢(%(c)) iff ¢ is Sy; in this case, T(c) is the largest
Riesz looseness ¥ satisfying ¢(%) = ¢ ([1], 4.9).

If ¥ is an Efremovich looseness then ¢(%) is a completely regular topology ([], 3; [11], 4.12
and 3.2).
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2 Morita Loosenesses

Let ¥ be a looseness on X, t, ¥ € > (X). We denote ' < (%)t iff, for any 7" € t', there
exists T € t such that 7" < (T)T.

Lemma 2.1 If ¥ is a looseness and A < (T)B then c(A) C B for ¢ = ¢(%).

Proof: {A, X — B} € Timplies {A, X — B} < {A, {z}}forz € X —B,s0 {4, {z}} €%
and z ¢ c¢(A) for these x.

Lemma 2.2 If T is alooseness on X, t, t' € Y (X) and ¥ < (%)t then ' < c(t) for
c=c(%).

Proof: If T'< (%)T" then ¢(T) C T" by 2.1.

Let us say that T is Morita or strongly Morita iff t € T implies the existence of a t' € > (X))
such that ¢ < (¥)tand Nt = 0 or t' € T, respectively.

The terminology is motivated by the fact that, in [17], [18], [19], [20], a regular convering
structure B is defined with the help of two properties, one of them precisely saying that the

merotopy generated by ‘B is associated with a strongly Morita looseness.

Lemma 2.3 If T is a (strongly) Efremovich looseness then it is (strongly) Morita.

Proof: If o : t — exp X is a ¥ -swelling then o(t) < (?)t.

Lemma 2.4 A (strongly) Morita looseness is Riesz (Lodato).

Proof: Let ¥ be (strongly) Morita and t € ¥. Then there is a free t' (' € T) with t < (?)t.
By 2.2, we have t' < ¢(t) and Nc(t) = 0 (c(t) € T) for ¢ = ¢(T).

Proposition 2.5 (cf. [17]) If T is a strongly Morita looseness then c¢(%) is a reqular
topology.

Proof: By 2.4, ¢ = ¢(%) is a topology. Assume z € X and let V' be a neighbourhood of z, i.e.
r ¢ c(X-=V), {{z}, X—V} € Z. Thereist € Tsuch that ' < (T){{z}, X-V} ie TNt
implies either {z} <T" or X — V < T for <=< (%). By 2.4 again, c(t) € ¥, so Nc(t) = 0,
and there exists 7" € t' such that = ¢ ¢(T”), consequently « ¢ 7', X -V <T", X =T < V.
Hence X — T" is a neighbourhood of = and ¢(X —T") C V by 2.1.

On the over hand, we can say:

Proposition 2.6 (cf. [17]) For an S; closure ¢, T(c) is a strongly Morita looseness
iff ¢ is a regular topology.
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Proof: Only if: 2.5. If: Let t € T = F(c); then c(t) is free by definition. For z € X,
choose T' € t such that = ¢ ¢(T) and let V, be an open neighbourhood of z satisfying
c(Vy)ne(T)=0. Put T, = X — V,; then t = {T,, : x € X} is a free system of closed sets,
hence t € T and T < T, for <=< (%), i.e. ¥ < (It

Consequently the converse of 2.3 does not hold:

Proposition 2.7 A looseness can be strongly Morita without being Efremovich.

Proof: Let ¢ be a regular but not completely regular topology on X. Then ¥(c) is strongly
Morita by 2.6, but it fails to be Efremovich because if it were, then ¢ = ¢(%(c)) would be

completely regular.

The following theorem generalizes a part of [11], 4.1:

Theorem 2.8 If T is a strongly Morita looseness then &(%)) is a cauchy structure.

Proof: Suppose s and s are ¥ -compressed filters and sAs’. Thens” = {SNS" : S €35, ' €
s'} is a proper filter finer that s and &', hence ¥ -compressed as well. Define s* = s Ns’ and
suppose t € T, tAs*. There is t' € T such that t < (T)t; given any 7" € t', there is T € t
satisfying T' < (¥)T". By hypothesis, we have T' € sec s*, so that either T" € secs or T' € secs’
and, s and s’ being ¥ -compressed, either 7" € s or 7" € &' (e.g. T € secs, X —T' € secs
would imply {7, X —T'}As and {T, X —T'} ¢ T, contrary to T' < (%)7"). In both cases
T €s”" DsUs. Now T’ € ¥ being arbitrary, we have t As”, hence t' ¢ T: a contradiction.
Therefore tAs* implies t ¢ T and s* is T -compressed.

Remark 2.9 a) The above proof is very similar to that of [11], 4.1.

b) In fact, a somewhat more general theorem, generalizing [11], 4.1, can be proved in the
same way. Let T; denote the largest looseness T’ such that &(T) = &(%); it is composed

of those t; € > (X) for which t;As does not hold for any s € &(T) (see [10], 10). Define ¥
to be super-Morita iff t € ¥ implies the existence of t' € T; such that t < (%)t. Clearly

strongly Morita = super-Morita = Morita.

Now, in 2.8, the condition if ¥ being strongly Morita can be replaced by that of being super-
Morita; in the proof, ¥ must be chosen from ¥; instead of ¥ , and then ¥ As” implies t' ¢ ¥;.
The hypothesis of [1 1], 4.1 clearly implies that ¥ is super-Morita.

c¢) The example [ 1], 4.11 shows that &(%) can be a Cauchy structure without the looseness
¢ being Morita.

Corollary 2.10 An Efremovich looseness need not be strongly Morita.
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Proof: In [11], 4.15, an Efremovich looseness ¥ is constructed such that &(%) fails to be a

Cauchy structure.

Proposition 2.11 For an S; closure ¢, Z(c) is a Morita looseness.

Proof: Let t € T =%(c). For x € X, put T, = X — {«}; there is T € t such that x ¢ ¢(T),
hence c({z}) Ne(T) = 0. thus ¢ = {T, : x € X} is free and T < ()T, for the above T.
Hence ' < ().

Corollary 2.12 A Morita looseness need not be Efremovich nor strongly Morita.

Proof: Consider a non-regular Sy topology (e.g. the cofinite topology on an infinite set) and
T = %(c). By 1.22, T is Morita; by 2.5, is it not strongly Morita, and it is not Efremovich

since ¢ is not completely regular.

Corollary 2.13 In the diagram
strongly Efremovich = Efremovich = Morita,
strongly Efremovich = strongly Morita = Morita,

none of the implications is reversible.

Proof: 2.7, 2.10, 2.12.

Remark 2.14 The example [11], 4.15 shows that Efremovich = super-Morita (cf. 2.10
and 2.9b)).

Problem 2.15 Is there a looseness that is super-Morita without being strongly Morita?
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J. CAO0 AND A. MOHAMAD; I.L. REILLY

Mapping Theorems of Some Topological Spaces*

* Dedicated to Prof. Harry Poppe on his 65th anniversary

Abstract: The aim of this paper is to study images and preimages of some topological
spaces under open finite -to-one (compact) mappings and perfect mappings. Some questions

of Gittings are answered negatively.

KEY WORDS and PHRASES. Open finite-to-one mapping, perfect mapping, Si-space,

quasi-metrizable, wA,.

1 Introduction

In the field of general topology, mappings and spaces are main themes. One of the main
problems is: What topological properties are preserved under certain classes of mappings?
Since the survey article [1] of Arhangel’skil in the 1960s, a lot of nice mapping theorems
have been established. Classification of spaces by mappings and classification of mappings
by spaces have been investigated by many topologists. Among all mappings, two interesting
classes are open finite-to-one mappings and perfect mappings. The main purpose of the
present paper is to study the behaviour of wAs-spaces, o#-spaces, spaces with the S)-
property, Gs-diagonal and first countability under open finite-to-one, compact open , or
perfect mappings. Several new mapping theorems are established.

Let X be a topological space, and let G be a collection of subsets of X. The topology on
X is denoted by Top(X) and St(z,G) stands for U{G : = € G € G}. We say that X has a
Gs-diagonal if its diagonal A(X) is a Gs-set in the product space X2, i.e. A(X) = Npey,Ga,
where G, are open sets of X?. It is well-known that a space X has a Gs-diagonal if and
only if there is a sequence {G,, : n € w} of open covers such that N,e,St(x,G,) = {z} for
each point x € X. A space X has a quasi-Gs-diagonal if there is a sequence {G, : n € w}

*The second author acknowledges the support of the Marsden Fund Awaard UOA 611.



12 J. Cao; A. Mohamad; I.L. Reilly

of open collections (not necessarily covers) such that N,e,St(z,G,) = {z} for each point
z € X, where ¢(z) = {n € w: St(z,G,) # 0}. Note that quasi-Gs-diagonals are called weak
Gs-diagonals in [11].

A collection G of subsets of a space X is semi-open [ 1] if for all x € X,z € Int St(z,G). In
addition, X is called a wAs — space [7] if there is a sequence {G,, : n € w} of semi-open covers
such that for each x € X if x,, € St(z,G,) for each n € w, then the sequence {z, : n € w}
has a cluster point (not necessarily x).

Recently, Hiremath [I1] introduced some properties similar to the Gs-diagonal property,
namely Si- and Sp-properties. Recall that a space X has the S; — property (resp. Sy —
property) [11] if there is a mapping g : w x X — Top(X) such that N,e,g(n,z) = {x} (resp.
Mnewg(n, ) = {z}) for each point = € X, and for all 21,2, € X and n € w, 25 € g(n, z1) iff
x1 € g(n, xs).

A cover C of a space X is called point-separating if for every pair of distinct points z,y € X
there exists a C' € C such that z € C and y ¢ C. A space with a o-closure-preserving
point-separating closed cover is called a o — space [13].

By a compact (resp. quasi-compact) mapping f : X — Y from a space X into a space Y,
we mean f~!(y) is compact (resp. countably compact) for each y € Y. Moreover, we say
f is a finite-to-one mapping if |f~!(y)| < w for each y € Y. A mapping is called perfect
(resp. quasi-perfect) if it is continuous, closed and compact (resp. quasi-compact). For other

undefined notations, refer to [4] and [5].

2 Open finite-to-one images

Recall that a mapping f : X — Y is pseudo-open if for y € Y,y € Int(f(G)) whenever
G is a neighbourhood of f~'(y). Clearly, both open mappings and closed mappings are

pseudo-open.

Theorem 2.1 Let f: X — Y be a continuous, finite-to-one and pseudo-open mapping
from a space X onto a space Y. If X is wlsq, then so isY .

Proof: Let {G, : n € w} be a sequence of semi-open covers of X satisfying all conditions
in the definition of a wAs-space. For each b € w, define f(G,) = {f(G) : G € G,,}. For each
y € Y and n € w, since St(y, f(G)} = f(St(f~'(y),G)) and f is a pseudo-open mapping,
St(y, f(Gn)) is a neighbourhood of y. Thus, {f(G,) : n € w} is a sequence of semi-open covers
of Y. In addition, if y,, € St(y, f(G,.)), then there is a G,, € G, such that y,y, € f(G,) for
each n € w. Choose z,, z, € G, such that f(z,) =y and f(z,) = y,. Since f is finite-to-one,
there is an z € f~'(y) and a subsequence {z,, : i € w} of {z, : n € w} such that x,, =

for all i € w. Furthermore, we have z,, € St(z,G,,) for each i € w. Since X is a wAs-space,
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{zn, 1 @ € w} has a cluster point, and so does the sequence {z, : n € w}. It follows that

{yn : n € w} has a cluster point. Hence Y is a wAy-space. O

Corollary 2.2 Let f: X — Y be a continuous and finit-to-open mapping from a wA,-

space X onto a space Y. If f is either open or closed, then Y is a wls-space.

It is well-known that the Gs-diagonal is an invariant under open finite-to-one (not necessarily
continuous) mappings. Xia [15] proved that the quasi-Gs-diagonal property is preserved by
open finite-to-one mappings. Next we show that the Si-property is also preserved by open

finite-to-one mappings.

Theorem 2.3 Let f: X — Y be a finite-to-one and open mapping from a space X onto
a space Y. If X has the Si-property, then so doesY .

Proof: Suppose that X has the S-property. Then there is a mapping g : w x X — Top(X)
such that

(1) {z} = Npewg(n,x) for each z € X;

(2) for all 1,20 € X and n € w,z9 € g(n,x7) iff 1 € g(n, z2).

Without loss of generality, we may assume that g(n + 1,z) C g(n,x) for all n € w and all
xr € X. For each y € Y and each n € w, define h(n,y) = U{f(g(n,x)) : x € [~ (y)}.

We first show that N,e, h(n,y) = {y} foreach y € Y. If z € Y and z # y, then f~1(2) N
fYy) = 0. Since f~1(2) and f~!(y) are finite subsets, there is an n € w such that f~1(z)N
(U{g(n,z) sz € f~Y(y)}) = 0. Tt follows that z & h(n,y).

To complete the proof, we show that for all y;,y2 € Y and each n € w, y; € h(n,ys)
iff yo € h(n,y1). By the definition of h, y; € h(n,ys) iff there exist 5 € f~(y2) and
x1 € g(n,xs) such that y; = f(x;) which is equivalent to: there exist xo € f~!(y2) and
x1 € f71(y1) such that x5 € g(n,x;). The last statement is equivalent to y» € h(n,y;). O

By an argument similar to that of Theorem 2.3, we have the following result.

Theorem 2.4 Let f: X — Y be a finite-to-one, open and closed mapping from a space
X onto a space Y. If X has the Sy-property, then so does Y .

In [7], Gittings asked whether the Gs-diagonal property and o#-spaces are inverse invariants
under continuous, open finite-to-one mappings. The following simple example provides neg-
ative answers to these two questions. It also shows that the quasi-Gs-diagonal property and

the Si-property are not inverse invariants under continuous, open finite-to-one mappings.
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Example 2.5 A continuous, open (and closed) two-to-one mapping from a non-7; space
X onto a metrizable space. Let Z be the set of all integers. Let X = Z be the space with
the topology generated by B = {0} U{{2n —1,2n} : n € Z}. Let Y be the space of all even
integers with the discrete topology. Define a mapping f : X — Y by f(2n—1) = f(2n) = 2n
for each n € Z. It is easy to check that f is two-to-one, open and continuous, and Y is
metrizable. Since X is not 71, it is not a o#-space, and does not have the quasi-Gs-diagonal
nor the Sj-property. Since f is closed, this example also shows that the Sy-property is not

an inverse invariant under continuous, closed and open finite-to-one mappings. U

Remark 2.6 In [15], Xia proved that all quasi-perfect mappings preserve o#-spaces. Note
that the mapping defined in Example 2.5 is perfect. Therefore, o7 -spaces are not inverse

invariants under perfect mappings.

3 Perfect preimages of some spaces

It is easy to give an example to show that first countability is not an inverse invariant of
perfect mappings. Our next theorem, which generalizes some classical results, claims this
problem has an affirmative answer under the additional hypothesis of having a domain with

a quasi-Gg-diagonal.
Lemma 3.1 [3, 1] A countably compact space X with quasi-Gs-diagonal is metrizable.

Theorem 3.2 Let f: X — Y be a quasi-perfect mapping from a reqular space X onto
a first countable space Y. If X has a quasi-Gs-diagonal, then X 1is first countable.

Proof: Let g:w xY — Top(Y) be a mapping such that for each y € Y, {g(n,y) : n € w}
is a local base for y. Since X has a quasi-Gs-diagonal, then for each y € Y the subspace
f~Y(y) has a quasi-Gs-diagonal. By Lemma 3.1, each f~!(y) is a metrizable subspace of X.
Thus, there is a mapping k, : w x f~*(y) — Top(f~*(y)) such that for each z € f~'(y),
{ky(n,z) : n € w} is a local base for z in f~'(y). By the regularity of X, we can construct

a mapping h : w X X — Top(X) such that

(1) h(n,z) € f~(g(n, f(2))) for each x € X;
(2) z € h(n,z) N f71(f(z)) C ki@ (n,x) for each z € X;
(3) h(n+1,z) C h(n,z) for each 2 € X and each n € w.
We show that for each point x € X, {h(n,x) : n € w} is a local base for z. Suppose the

contrary. There are a point € X, a neighbourhood U of z and a sequence {z,, : n € w} with
z, € h(n,z)\U for all n € w. Since Npe,h(n, x) C kypy(n,x), then Nys>1{zm, : m >n} C
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Nes1h(z,n)\U C (Nnewkf@)(n, 2))\U = 0. This implies that {z, : n € w} is a discrete
subspace of X . Since f is closed, {f(z,) : » € w} has no cluster points in Y which contradicts
the fact that f(x) is a cluster point of {f(x,) :n € w} in Y. O

Corollary 3.3 [12] Let f: X — Y be a perfect mapping from a regular space X onto a
first countable space Y. If X has a Gs-diangonal, then X is first countable.

For a topological space X, let nw(X) stand for the network weight of X (see [1]).

Corollary 3.4 [1] Let f : X — Y be a perfect mapping from a reqular space X onto a
first countable space Y. If nw(X) < w, then X is first countable.

Proof: If nw(X) < w, then X is a o-space (see [J] for definition). Since every o-space has

a (s-diagonal, it follows immediately from Theorem 3.2 that X is first countable. ([l

Recall that a quasi-metric (resp. non-Archimedean quasi-metric) [5] on a set X is a mapping
d: X xX — R" such that (1) d(z,y) = 0 iff z = y for all z,y € X; (2) d(z,2) <
d(z,y) + d(y, z) (resp. d(z,z) < max{d(z,y),d(y,z)}) for all z,y,z € X. A space X is
called quasi-metrizable (resp. non-Archimedeanly quasi-metrizable) if it admits a compatible
quasi-metric (resp. non-Archimedean quasi-metric). In [2], Borges showed that a perfect
preimage of a metrizable space is metrizable if and only if it has a Gs-diagonal. Next we
provide an example which says that there are no such analogues for quasi-metrizable spaces,

non-Archimedeanly quasi-metrizable spaces and y-spaces.

Example 3.5 A non-v-space with a Gs-diagonal which is a perfect preimage of a non-
Archimedeanly quasi-metrizable space. Let X = R2. Each point (z,y) € X with y # 0 has
the usual neighbourhoods. Each point (x,0) € X has basic neighbourhoods of the form

U= {(z,0)} U{(z1,11) €ER?: (1 — 2)® + (yy £ €)® < }.

Let Y be the Niemytzki upper half tangent plane. Since Y has a o-interior-preserving base,
it is non-Archimedeanly quasi-metrizable. Define f : X — Y by f((z,v)) = (z,|y|). Tt is
easy to see that f is a finite-to-one, continuous and closed mapping. Therefore, X is a perfect
preimage of a non-Archimedeanly quasi-metrizable space. It follows from [5, Example 7.10]
that X is a semi-stratifiable and non-development space. Since any semi-stratifiable y-space

is developable, X has a Gs-diagonal, and it is not a ~y-space. O]
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ABSTRACT. We give necessary conditions for normality of A-topologies, where A is stable
under closed subsets. We have a complete solution of metrizability of proximal topology in

uniform setting.
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1 Introduction

Hypertopologies, i.e. topologies on thr hyperset C'L(X) of all closed and nonempty subsets of
a topological space X, are intensively studied in the last decade, since they are a fundamental

tool in some aspects of optimization theory and convex analysis.

Following the papers [0, 7, 9, 10, 11, 13, 21, 24] we will continue the study of hit-and-miss
hyperspace topologies, more precisely the so called A and proximal A -topologies, where A
is a fixed subfamily of C'L(X). The Vietoris topology and the proximal topology are the

prototypes for hit-and-miss and proximal hit-and-miss topologies.

The Vietoris topology ([19], [8]) is the largest hit-and-miss topology and was very thoroughly
studied since 1951, when the seminal paper of Michael ([19]) appeared.

The proximal A -topologies were deeply investigated in the last years, when their applica-

bility to convex analysis has been found.

The proximal hit-and-miss topology parallels thr Vietoris topology (i.e. is the finest proximal

hit-and-miss hypertopology) and has been studied in ([11], [3]).

The Vietoris topology and the proximal topology are too strong for many applications be-
cause they fail to work properly especially in metric spaces when sets under analysis are

unbounded.
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Partially in response to these shortcomings have been constructed on metric spaces the
bounded Vietoris ([18], [1]) and the bounded proximal topology ([22], [7]).

Furthermore, the totally bounded proximal hypertopology is now recognized as a fundamen-
tal tool in the construction of the lattice of all hypertopologies on the matric space (X, d).
In fact, its upper part is the infimum of all upper Wijsman topologies corresponding to all

metrics uniformly equivalent to d ([10]).

In our paper we study a large class of A and proximal A -topologies: those determined by
subfamilies A of C'L(X) stable under closed subsets, i.e. families which contain all closed
subsets of every its member. Notice that all the above mentioned topologies fulfill this
condiction. We give necessary conditions for normality of such A and proximal A -topologies.

We have the complete solution of matrizability of proximal topology in a uniform setting.

2 Preliminaries

Let X be a Hausdorff topological space. If F C X, we set:

E-={AcCL(X): AnE # 0},
Et={AcCL(X): ANE}={AcCL(X) : AnE° =},

where E° denotes the cmplement of E.

The lower Vietoris topology 7, on C'L(X) is generated by the sets of the form G, where
G is open in X.

If A is a nonempty subfamily of CL(X), then the upper A -topology X is generated by all
collections of the form (B¢)*, where B € A.

By the hit-and-miss topology determined by A | we will mean the topology 7o = 7, V 7X.

The topologies 7, and 71 are the lower and upper part of 7a.

If A = CL(X) we obtain the familiar Vietoris topology 7y, if A = K(X), the family of all
compact subsets of X, we have the Fell topology 75.

Now, let (X, U) be a uniform space. If B C X put
BTt ={A e CL(X) : 3U € U whith U[A] C B}.
We say that two subsets A and B are far if A € (B°)*" (or what is the same B € (A°)*™)

[20].

Let A be a prescribed nonempty subfamily of CL(X), the upper proximal A -topology o
has as a subbase all the sets of the form (B¢)*", where B € A. The proximal A -topology
oan =1, Voi. If A =CL(X) we have the proximal topology o = 7, V UJCFL(X), the finest

proximal hit-and-miss topology.
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Since (K¢)*™ = (K¢)™* for K compact, the Fell topology coincides with its proximal version.

We refer to [1] and [17] for all undefined terms.

3 A-topologies

In what follows let X be a Hausdorff topological space and let A be a nonempty subfamily
of CL(X). If A e CL(X) put A(A) = {B € CL(X) : Be€ Aand B C A} By 7awa) we
mean the hit-and-miss topology on CL(A) = {D € CL(X) : D C A} associated to A(A),
i.e. the topology which has as a subbase all sets of the form U™, where U is an open set in
A, plus all the sets (B°)*, where B € A(A). We declare the family A to be stable under
closed subsets iff it contains each closed subset of its members, i.e. if for each B € A and
A e CL(X) with A C B we have also A € A.

Observe that the most familiar and well studied topologies are associated to subfamilies

which are stable under closed subsets:

CL(X), K(X), in metric spaces the family of all closed totally bounded sets TB(X), and
the family of all closed bounded sets CLB(X).

We start with a simple but useful Lemma.

Lemma 3.1 Let X be a Hausdorff topological space, A C CL(X) be a nonempty family

stable under closed subsets and A € CL(X). Then (CL(A), Ta(a)) coincides with CL(A)
equipped with the relative topology of (CL(X), Ta).

Proof: Let U be A-open; there ia an open set V in X with U = V N A. We have
{FeCL(A) : FNU#0} = {FeCL(A) : FNV #0} = V- NCL(A).

Now, suppose K € A(A). Then {F € CL(A) : FNK = 0} = (K°)" N CL(A), and
(K°)* € 7a, since K € A.

On the other hand, suppose K € A and consider the set (K°)* N CL(A). If KN A = 0,
then (K¢)" N CL(A) = CL(A) € Taw). f KNA # 0, then KN A € A(A). Thus
(K)"NCOL(A) ={F € CL(A) : FN(KNA)=0} € 7aca). |

Lemma 3.2 Let X be a Hausdorff topological space and A C CL(X) be a nonempty
family stable under closed subsets. If (CL(X), Ta) is normal or second countable, then

every B € A must be compact.

Proof: Let B € A. By Lemma 3.1 (CL(B), 7a(s)) coincides with CL(B) equipped with
the relative topology of (CL(X), 7a). Hence (CL(B), Ta(p)) is normal since it is a closed
subspace of the normal spyce (CL(X), 7a). Now, notice that 7o(p) coincides with the
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Vietoris topology on C'L(B) because B € A and A is stable under closed subsets. By the

result of Velicko [23], B must be compact.

Similarly, if (CL(X), 7a is second countable, then (CL(B), Ta(p)) is second countable and
again 7a(p) coincides with the Vietoris topology on C'L(B). Hence B must be compact by
the result of Michael [19]. |

The following corollary shows that in the class of A -topologies, where A is stable under

closed subsets, there is one, and only one, normal element: the Fell topology.

Corollary 3.3 Let X be a Hausdorff topological space and A C CL(X) ba a nonempty
family stable under closed subsets. If (CL(X), Ta) is normal, then Tao = Tr.

Proof: By the previous Lemma 7o C 7p. Since 7a is Hausdorff, it is finer than Fell topology

([1])- n

Let (X, d) be a metric space. If A = CLB(X) is the family of all closed and bounded
subsets of X, the corresponding 7a topology is called the bounded Vietoris Topology ([4],
[18]) and is denoted by 7. Furthermore, if A = TB(X), the family of all totally bounded
sets of X , we have the topology 7rp studied in [10].

Some efforts have been done in the literature to discribe metrizability of the bounded Vietoris

topology 7y ([18]) and of the totally bounded topology 775 ([10]) in metric setting.

By applying the previous Lemma we give a deeper and more transparent description of

metrizability of the above mentioned topologies: it is equivalent to normality.

Theorem 3.4 Let (X, d) be a metric space. The following are equivalent:
1) (CL(X), myv) is second countable;
X

, Tpy) 1S metrizable;

X

(X), mov)

CL(X), myv) is paracompact;
(X), v) is normal;
(X), mov)

X)), mpv) is Polish;

X, d) is boundedly compact.

Proof: (1)=(2) my is a Tychonoff topology (Lemma 4.4.7 in [1]), thus second countability
of 7y implies its metrizability.

(2)=-(3) and (3)=-(4) are clear, (4)=(6) by Lemma 3.2.

(6)=(5) If (X, d) is boundedly compact, then the bounded Vietories topology 7, coin-
cides with the Fell topology 77 on CL(X). (CL(X), 7r) is Polish since X is locally compact

and second countable (Theorem 5.1.5 in [1]).
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(5)=(1) is clear. |

The following theorem completes a result in [10].

Theorem 3.5 Let (X, d) ba a metric space. The following are equivalent:

(1) (CL(X), Trp) is second countable;

(2) (CL(X), mrp) is metrizable;

(3) (CL(X), mrg) is paracompact;

(4) (CL(X), 7rp) is normal;

(5) (CL(X), 7rg) is Polish;

(6) (X, d) is complete, second countable and locally compact

Proof: (1)=(2), (2)=(3) and (3)=(4) are clear.
(4)=-(6) by Lemma 3.2 every closed totally bounded subset must ba compact, hence
(X, d) is complete. If every D € TB(X) is compact, then 7rg = 7 on CL(X). Thus the

normality of 7rp guarantees the normality of 77 which in turn implies both local compactness

and Lindelofness of X by a results of [14]. Thus X is second countable.
(6)=(5) If (X, d) is complete, then 77 = 7rp on CL(X). But (CL(X), 7r) is Polish
since X is locally compact and second countable ([1]). |

4 Proximal A -topologies

Let (X, U) be a Hausdorff uniform space and A € CL(X). We denote by o4 the proximal
topology on C'L(A) which has as a subbase all sets of the form U~ and (B°)*", where
B € A(A) and U is open.

Lemma 4.1 Let (X, U) be a Hausdorff uniform space, A C CL(X) be a nonempty
family stable under closed subsets and A € A. Then (CL(A), oa(a)) coincides with CL(A)
equipped with the relative topology of (CL(X), oa).

Proof: Only the upper part of the involved topologies needs some comments. Let B € A
and F € (B°)™ N CL(A). If there is U € U with U[B]N A = 0, then F € CL(A) C
(BC>++ N CL(A) and CL(A) € OA(4)-

On the contrary, suppose that we have V[B]N A # () for every V e U. F € (B)*TNCL(A)
implies that there exists U € U with U[B]N F = (). Let G € U be such that G* C U. Then
clG[BJNF =0 and F € [(clG[B]NA)°|™. Since A is stable under closed subsets and A € A
also H = clG[B]NA € A(A). We claim that {C' € CL(A) : C € (H)*"} C (B°)"*NCL(A).
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By contradiction suppose that there is L € C'L(A) such that L € (H°)™" but L ¢ (B)*™.
Thus G[B]NL # () and G[BJNL C H = clG[B] N A, a contradiction. On the other hand,
let D € A(A) C A. Observe that (D)™t NCL(A) C {C € CL(A) : C € (D°)"*}, and the

claim. [ |

We now prove our main lemma of this section.

Lemma 4.2 Let (X, U) ba a Hausdorff uniform space and A C CL(X) be a notempty
family stable under closed subsets. If (CL(X), oa) is normal or second countable, then every
B € A is totally bounded.

Proof: Let B € A. By the previous Lemma (CL(B), oa(p)) coincides with C'L(B) equipped
with the relative topology of (CL(X), oa). Hence, it is normal as a closed subspace of a
normal space. Suppose B is not totally bounded. There are a symmetric U € U and an
infinite subset D = {a,, : n € Z*} of B, with (a,, a,) ¢ U for every n and m, n # m. Of
course D is a closed subset of B and since A is stable under closed subsets also D € A. Thus
(CL(D), oa(p)) is a normal subspace. There are at most 2\° real valued continuous functions
on C'L(D) since it is separable. Now we use some ideas from the papers [15] and [16] by
Keesling. For every B C D set B = {agn : a, € B, ne Z "} U{ag, 1 : an ¢ B, n€ Z"}.
The family B = {B :C A} is called the Keesling family relative to D. Note that B has
cardinality 2% and it is oap)- discrete and oapy-closed. By Tietze’s Theorem there are at

least 22" real valued continuous functions on C'L(D), a contradiction.

To prove that also the second countability of (C'L(X), oa) implies that every B € A is
totally bounded it suffices to observe that if total boundedness fails, then the constructed

Keesling family has cardinality 2% and it is oa(p)-discrete. [ |
We apply the above Lemma to the families CL(X) and CLB(X) in metric spaces.

For A = CLB(X), the family of closed and bounded subsets of X, we obtain proximal
bounded Vietoris topology ow = ocrpx) ([5], [18])-

We improve results from [3] and [5] concerning the proximal topology ¢ and the bounded
proximal topology oww = ocrB(x)-

Theorem 4.3 Let (X, d) be a metric space. The following are equivalent:

(1) (CL(X), o) is second countable;
(2) ( ), o) is metrizable;

(3) (CL(X), o) is paracompact;
(4) ( ), o)
() (

, 0) 1s normal;



Notes on . .. 25

Proof: (1)<(2) and (2)<(5) are in Theorem 4.3 of [3].

(2)=(3) and (3)=-(4) are clear.

(4)=(5) By the previous Lemma normality of the hyperspace (CL(X), o) guarantees
total boundedness of X. |

Theorem 4.4 Let (X, d) be a metric space. The following are equivalent:

1) (CL(X), o) is second countable;

)
2) (CL(X), opy) is metrizable;
(CL(X), opy) is paracompact;
4) (CL(X), opy) is normal;

Proof: (1)<(2) and (2)<(5) are proved in [5].

(2)=(3) and (3)=(4) are clear.

(4)=(5) By Lemma 4.2 normality of (CL(X), o) implies that every closed bounded set
is totally bounded. [

To state an analogue of Corollary 3.3 for proximal A-topologies we need an extra condition
on the family A . we recall that > (A) denotes the collection of all finite unions of elements
from A .

If A =TB(X), we denote by orp the corresponding proximal topology o introduced and
studied in [10].

Definition 4.5 Let (X, U) ba a Hausdorff uniform space. A nonempty subfamily of
CL(X) is declared a uniformly local family if there exists U € U such that clU[z] € > (A)
for every x € X.

Corollary 4.6 Let (X, U) be a Hausdorff uniform space, A be a nonempty uniformly
local subfamily of CL(X) stable under closed subsets. If (CL(X), oa) is normal, then

OA — O0TB.

Proof: Since o is normal and A is stable under closed sets oo C org by the provious

Lemma.

To prove the opposite inclusion orp C o, it suffices to show o5 C oX. Now, let B € TB(X)
and (BS)™* € ot 5. We prove that (B)™ € of. Let F € (B®)™™", then there exists V € U
such that V[B]NV[F] = 0. Let W € U such that W* C V and let U ba the entourage which
guarantees that A is a uniformly local family. Set U = W N U. Since B is totally bounded,
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n

there exist by,---,b, € B such that B C |J Ulb;]. Put T = | clU[b;]. Since A is stable

i=1 i=1

under closed sets and U C U, it follows clU[z] € S (A) for every 2 € X. Hence T € 3 (A).

But U Cc W, b; € Bfori=1,---,n. So | WI[b] C W[B] and T € W?[B]. So, we have
i=1

F e (Tt C (Bt . ]

Remark 4.7 Example 4.16 in [10] shows that (CL(X), org) can be even metrizable,
without the family T'B(X) being a uniformly local family.

We have seen that second countability, metrizability, paracompactness and normality are
all equivalent for the proximal topology ¢ and bounded proximal Vietoris topology oy
constructed on the hyperset of a metric space. It is very easy to verify that also Lindel6fness

is equivalent to the above mentioned properties.

We do not know whether paracompactness and normality are equivalent for the proximal
totally bounded topology org. But, from the following we can argue that Lindel6fness and

paracompactness are equivalent for orp

Lemma 4.8 Let (X, d) ba a metric space. If (CL(X), org) is normal, then X is

separable.

Proof: Suppose X fails to be separable. There are a positive n and an uncountable set D
such that d(a, b) > 2n for every a, b € D, a # b. Of course D is a closed set. The normality
of (CL(X), orp) implies that C'L(D) is normal as a closed subspace of (CL(X), orp).

We show that the relative topology on C'L(D) coincides with (CL(X), orpmy). Let F €
(BY)*""NCL(D), where B € TB(X). There is a positive ¢ such that cIS.[B]NF = () (where
Se[B] ={z € X : d(z, b) <e for some b € B}). Put @ =min {§, 2}.

We clain that H = clSa2[B] N D is finite. Suppose that H is infinite. For every a € H
there is ap € B with d(a, ag) < a. Let a, b € H two different elements. Let us compute
d(ag, bg). We have d(a, b) < d(a, ag) + d(ap, bp) + d(bp,b) < 2« + d(ap, bp) and
n<2n—27 <d(a, b) —2a < d(ap, bp).

So there are infinitely many elements in B such that the distance between any two of them
is greater than n. This is a contradiction because B is totally bounded. Thus H is finite,
i.e. H € TB(X) and it is very easy to verify that FF € {G € CL(D) : G € (H*)""} C
(BE)*"T N CL(D). Tt is also transparent that if L € TB(D), we have (L°)*™* N CL(D) C
{GeCL(D): Ge (L)}

Consequently, (CL(D), orpp)) is a normal space. Realize now that orppy is just the Fell

topology on C'L(D). By a results of [11] D must be a Lindelof space, a contradiction. W
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Theorem 4.9 Let (X, d) be a metric space. The following are equivalent:

(1) (CL(X), orp) is paracompact;
(2) (CL(X), orp) is Lindeldf.

Proof: (2)=(1) Is clear.
(1)=(2) By Lemma 4.8 we derive that X is separable and so the hyperspace is separable
too. But every separable paracompact space is Lindelof by Corollary 5.1.26 [12]. |

5 Second countability and metrizability of proximal A -topologies

In this part we complete results from [7] and [9] concerning second countability and metriz-
ability of proximal A -topologies. Corresponding results for A -topologies can be found in
[13]. Using some ideas and tools from [9] is possible to improve Theorem 3.10 of [7], where

the attention is restricted to uniformizable hyperspace topologies.
Theorem 5.1 Let (X, U) be a Hausdorff uniform space and A be a subfamily of CL(X).
The following are equivalent:

(1) (CL(X), oa) is second countable;

(2) X is second countable anfd there is a countable family A" C A such that for every B € A
and U € U there is S € > (A") with B C S C U[B].

We extend proposition 5.18 of [9] to uniform space.

Theorem 5.2 Let (X, U) be a Hausdorff uniform space and A C CL(X) containing
the singletons. The following are equivalent:

(1) (CL(X), oa) is metrizable;

(2) (CL(X), oa) is second countable and regular.

The condition equivalent to regularity is described in [7], where it is shown that the regularity

of o is equivalent to the condition that A is a uniformly Urysohn family.

Definition 5.3 ([7]) Let (X, U) ba a Hausdorff uniform space and A C CL(X) be a
family containing the singletons. A s called a uniformly Urysohn family provided whenever
B e A and A € CL(X) are far there exists S € Y (A) and U € U with U[B] C S C A°.

Thus we can rewrite Theorem 5.2 as follows.
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Theorem 5.4 Let (X, U) be a Hausdorff uniform space and A C CL(X) be a family
containing the singletons. The following are eqivalent:
(1) (CL(X), o(A) is metrizable;

(2) there is a countable family A" C A such that whenever D € A and A € CL(X) are far,
there is S € Y (A") and V € U with V[B] C S C A°.

To investigate metrizability, we need some background material.

Let F be a family of real functionals defined on a set E. The weak topology O(F) induced by
Fon FE is the weakest topology on E making each function in Fcontinuous. The uniformity

W(F) on E determined by Fhas as a subbase for its entourages all sets of the form:

{(e1, e2) : |f(e1) = f(e2)| <€},

where ¢ > 0 and f € F. This uniformity not only is compatible with the weak topology

O(F) determined by F, but also makes each element of Funiformly continuous.

Now, given a uniform space (X, U), UC(X, I) denotes the family of uniformly continuous
functions defined on (X, U) with values in [0,1]. If f € UC(X, I) and A € CL(X), then
mys(A) = inf{f(z) : x € A} is called the infimal value of f on A. For any a € [0,1]
we write slv(f, a) = {z € X : f(x) < a} for the sublevel set of f at height a. We
may associate to every nonempty subfamily A C CL(X) a subfamily of UC(X, I), namely
Ra={fe€UC(X, I) : whenever inf f <a < <supf, 35 € > (A) with slv(f, a) C
S C slv(f, B)}. The main result of [7] shows that if A is uniformly Urysohn family then oa
is the weak topology determined by Ry = {m; : f € Ra}. Thus, W(R}) is a compatible
uniformity for oa.

We analyze the uniformity W(R}) to create a better picture of (CL(X), oa). First, we

need an introductory Lemma.

Theorem 5.5 Let (X, U) be a Hausdorff uniform space and A C CL(X) be a fam-
ily containing the singletons. If A is a uniformly Urysohn family, then i: (X, U) —
(CL(X), W(RY)) defined by i(x) = {x} is uniformly continuous.

Proof: Let V be a subbasic element of W(R}). So there are a function f € Ra and a

positive € such that
V={(A, B) e CL(X)x CL(X) : |ms(A) —ms(B)| < e}.

Since f € UC(X, I), there is U € U with |f(z) — f(y)| < € for every (z, y) € U. Thus
)

for every (z, y) € U, we have (i(z), i(y)) € V(|lm;(i(x)) = ms(i(y))| = [f(x) = f(y)| < ).
Hence, the map ¢ is uniformly continuous ([17]). |
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Remark 5.6 Let (X, U) be a Hausdorff uniform space and A € C'L(X) be a uniformly
Urysohn family containing the singletons. We can identify X with the set {{z} : z €
X}. Under this identification we can consider X as a subset of (CL(X), oa), since oa is
an admissible topology. If we denote by Wx (R} ) the relative uniformity for X, then by
Theorem 5.5 we have Wx (R%) C U and of course Wx (R} ) generates the orginal topology
on X (induced by U) since o is an admissible topology.

If moreover o is metrizable, A must satisfy the condition (2) from Theorem 5.4. Let A’ be
a countable subfamily of A described in (2) of Theorem 5.4. In the coincidence whith the
proof of Theorem 3.10 in [7] put:

P = {(51, Sy) € Z(A') X Z(A’) : U[S:] C Sy for some U € Z/l} :

Let p = (S1, S2) € P. By Lemma 3.1 in [7] there is f, € Ra such that f,(S;) = 0 and
[p(clS5) = 1. Set Ha = {f, € Ra : p € P}. Then Ha is a countable subfamily of Ra
and it is shown in [7] that oa is the weak topology determined by Hi = {my : f € Ha}.
Thus W(H} ) is a compatible metrizable uniformity ([17]). Hence Wx (H} ) is a metrizable
uniformity for X weaker than U.

The following theorem shown that if (X, U) is a uniform space and o(0c = o(CL(X)))
is metrizable, then Wx (H?% ) is a metrizable uniformity compatible with &. Thus if ¢ is a
metrizable topology there is a totally bounded metric o on X compatible with the uniformity
U such that the proximal topology generated by o(o,) and the proximal topology generated
by U(oy) coincide. So, we have a complete and attractive solution to the metrization problem

for the proximal topology o.

Theorem 5.7 Let (X, U) be a Hausdorff uniform space. The following are equivalent:
(1) (CL(X),0) is metrizable;

(2) there is a totally bounded metric o on X compatible with U.

Proof: Only (1)=(2) needs proof since (2)=-(1) is known ([3]).

(1)=(2) Put H = Herx) and H* = He,p x)- From Remark 5.6 we know that Wx (H*)
is a metrizable uniformity with Wx(H*) C Y. We show that also the opposite inclusion
U C Wx(H*) holds.

Let {B, : n € Z*} be a countable base of Wx (H*). Without any loss of generality we may
suppose that B,;; C B, for every n € ZT. Suppose by contradiction that the inclusion
U C Wx(H*) fails. So there is a symmetric element U € U with B,, ¢ U for every n € Z+.
Let (xn, yn) € B,\U for every n € Z™ nad V € U be a symmetric element with V* C U. By
Efremovic Lemma there is an infinite set J C Z* such that (x,, y,) ¢ V for every p, ¢ € J

([20D).
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Set C' ={z, : n€ J}and D ={y, : n € J}. We claim that D and C' are closed. It suffices
to show that they are sequentially closed (Wx(H*) and U induce the same topology on X
and Wx (R*) is metrizable). Suppose that C is not sequentially closed and let z € ¢l(C)\C.
Let {z,, : ny € J'} be asubsequence of C' converging to Z, where .J' is an infinite subset of J.
Since (Tn,, Yn,) € Bn, for any ny € J', it follows that also the subsequence {y,, : ny € J'}
converges to Z, a contradiction since C' and D are far sets (infact V[C] N D = ). Similarly,

also D ia a closed set.

By (2) of Theorem 5.4 and Remark 5.6 there is p = (S, S3) € P such that C' C S; and
D C cl(S5). Thus f,(C) =0 and f,(D) = 1. Since the countable base {B,, : n € Z*} is a

nested family, there exists ng € Z* such that
1
B, C {(A, B) € CL(X) x CL(X) : |my,(A) —my, (B)| < Z} NX x X

for every n > ng. This is a contradiction, since for k € J we have (xy, yx) € By and
Imyg, ({2i}) — my,({ye})] = 1, frequently.

Finally, we observe that if we apply Lemma 4.2 to C'L(X) we derive that &/ must be totally
bounded. Thus also Wx (H*) is totally bounded. |
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A note on the uniform perturbation index!

ABSTRACT. For a given differential-algebraic equation (DAE) the perturbation index
gives a measure for the sensitivity of a solution w. r. t. small perturbations. If we consider,
however, classes of DAEs (e. g. all DAEs that arise as semi-discretizations of a given partial
DAE by the method of lines) then the error bound in the definition of the perturbation
index may become arbitrarily large even if the perturbation index does not exceed 1. We
illustrate this fact by 2 examples and define as alternative the uniform perturbation index
that gives simultaneously error bounds for all DAEs of a given class. We prove that in one
example each individual DAE has perturbation index 1 but the uniform perturbation index
is 2. Another example illustrates that the class of all finite difference semi-discretizations
may even have no uniform perturbation index if the given partial DAE has perturbation

index 2.

KEY WORDS: ifferential-algebraic equations, perturbation index, Baumgarte stabilization,
partial DAEs, method of lines

1 Introduction

One main difficulty in the numerical integration of initial value problems for higher index

differential-algebraic equations (DAEs)
F(2'(t),z(t),t) =0, x(0) =z, t€[0,T] (1)

is the fact, that the solution does not depend continuously on small perturbations in the
equations. The discrete analogue is the amplification of small errors during the numerical
integration. Such errors arise e. g. as round-off errors or because of stopping the itera-
tive solution of nonlinear equations. A quantitative measure of this effect is given by the

perturbation index

!This paper is an extended version of a talk presented at the conference “DAEs, Related Fields and

Applications” Oberwolfach (Germany), November 1995.
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Definition 1 ([8, p. 478f]) The DAE (1) has perturbation index m along a solution
x(t) on [0,T], if m is the smallest integer such that, for all functions (t) having a defect
F(2'(t),z(t),t) = 6(t) there exists on [0,T] an estimate

12(2) = 2@ < Colll2(0) = ()] + max [|9(r)][ + - + max [ =D ()11 (2)

whenever the expression on the right hand side is sufficiently small.

If appropriate discretization methods are used then the error that is caused by the amplifica-
tion of perturbations in the numerical solution is bounded by Cj - 75 A . Here A denotes
an upper bound for the errors that arise in one single step of integration, h is the stepsize
of integration. This term can be interpreted as discretization of the error bound (2) for the

analytical solution (see e. g. [7], [1]).

As long as the constants Cy and Cf are of moderate size the sensitivity of the solution
w. . t. perturbations can be completely characterized by the integer m in (2), i. e. by the
perturbation index. These constants Cy and Cj depend in general on bounds for partial
derivatives of F' in a neighbourhood of the analytical solution x(t), for many applications
they are O(1), [8, p. 480f]. The situation changes if we consider a class of DAEs with a
parameter that may be arbitrarily small. Such a class appears e. g. if a partial DAE ([1], [7])
is discretized in space by the method of lines. The resulting semi-discretized DAEs depend
on the space discretization. If the space discretization is refined then the constant Cy in (2)
may become arbitrarily large. Thus for practical computations the error bound Cj - hm%lA

does not give any useful information about the amplification of errors during integration.

In Section 2 we study this effect in detail for a Baumgarte-like stabilization of differen-
tial-algebraic systems of index 2. For large values of the Baumgarte coefficient « the error
bound of Definition 1 is useless since lim, .., Cy = oo . That is why we introduce in Section
3 the uniform perturbation index for a class of DAEs. In Section 4 this concept is applied
to a system of 2 linear partial differential equations [5, Example 1]. This partial DAE has
index 2 but the semi-discretization by finite differences on an equidistant grid is a DAE of
perturbation index 1. The main result of Section 4 is that for this example — depending on
the coefficients of the partial DAE — either

e the uniform perturbation index of the class of all these semi-discretizations is 2 and

coincides thus with the index of the underlying partial DAE or

e the class of all these semi-discretizations has no uniform perturbation index at all.
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2 A perturbation analysis for stabilized differential-algebraic sys-

tems of index 2

In this we consider the differential-algebraic system

y'(t) = fly(d),=(1)

, t€[0,T] , y(0)=vyo , 2(0) =2z (3)
0 = ) e

that is supposed to have a solution y : [0,7] — R™ | z : [0,7] — R"* . We assume that in
a neighbourhood of this solution functions f and g are sufficiently differentiable and satisfy

the index-2 condition “[g,f.](n, () non-singular”.

The differential-algebraic system (3) has (perturbation and differential) index 2 [2, p. 480f]:
We have

19(t) = y@®I+12(t) = @) <

) (4)
< Co([[9(0) = y(0)[| + max [|6(7)| + max [[6(7)|| + max [|6"(7)]])
T€[0,t] T7€[0,] T€[0,t]

forall ¢te€[0,T] if 7(t)= f(9,2)+d(t) and ¢(y(t)) = 6(t) . Here the constant Cj de-

pends on the length T" of the time interval and on upper bounds for ||[(g,f.)"'](n,¢)| and

for partial derivatives of f and g.

Similar to the stabilization of model equations for constrained mechanical systems that was
introduced by Baumgarte ([3]) the index of (3) can be reduced to 1 if the algebraic constraints
g(y) = 0 are substituted by

0= S oult) +gly(r) 5

with a constant «a > 0. With this substitution the analytical solution of (3) remains un-
changed since g(y(t)) =0 implies <g(y(t)) =0 and thus also (5). On the other hand
consistent initial values for (3) satisfy g¢(y(0)) =0 such that (5) results in g(y(t)) =0,
(t €10,77).

As for (3) we study the sensitivity of the solution of the stabilized system w. r. t. small per-

~

turbations comparing (y(t), z(t)) with functions (7. (t), 24(t)) that satisfy for ¢ € [0,T]
Jot) = [(Galt), Za(t)) + 0(1)

1d A (6)
o) = a%g(ya(t))Jrg(ya(t))

The key to these error bounds are the following estimates:
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Lemma 1 o) Let functions 6 € C[0,T], 6 € C'0,T] and a constant « >0 be given.

The solutions of the linear differential equation
w'(t) + aw(t) = 6(t) + ab(t) (7)
satisfy

wl(®) 60| < fw(0) = 60)le + - max (5] + (7)) .

a  7€[0,t]

W] < (Ol + max (3(7)|+ (7))

b)If 6(t)=0, 0(t)=0Ocost and w(0)=:220/(1+c%a?) with (small) positive pa-
rameters O, e then the solution w(t) of (7) is

1 t e

ot
wa(t)—(l—m)@cosg—l—i@sm— : (8)

1+ e2a2 €

Proof: The solution of (7) is given by
t

w(t) = w(0)e ot + /0 e U= (5(r) + af(r)) dr . 9)

Integration by parts results in

and finally we have

fot et dr =L(1—e) <

Q=

1. e.

|/ A (r) = 0'(r)) dr | < l-maX(|5( )| +18'(7)]) -

o T€[0,t]

The estimate for |w/(t)| is obtained from w'(t) = () — a(w(t) — B(t)) . To prove part b)

of the lemma the given functions 6,  are inserted into (9). W

We now return to Eqs. (6). Because of

L 0(u(0) = 0,0 (1) = g, (1), =(1)
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Egs. (5) can be solved w. r. t. the algebraic components z and the stabilized system is of

(differential and perturbation) index 1 ([3, p. 480]), we get
19(8) =yl + [12a(t) — 2(D)]] <

< Coa([19a(0) = y(0)[| + [|2a(0) — 2(0) || + max [[6(7)|| + max [|6(7)]]) -
T€[0,t] T€[0,t]

(10)

In general, however, this estimate can be satisfied for large values of a only, if Cj, — 00,
(v — 00). This is not surprising since (5) approximates for large values of « the algebraic
constraint ¢g(y) =0 of the index-2 system (3) and there is (per definitionem) no estimate

like (10) for systems of perturbation index 2.
Example 1 The system y; =y,=2, 0=y +y2 is of index 2. The solution of the
initial value problem y;(0) =10 is constant:

O=yity = 0=yi+y=22 = 2(t) =0, y(t) =yi0, (1) = —y10 -

Consider now functions g,, 2, that are defined by

X 1 _ X .

Jan(t) = yro+ 5 (wat) = wa(0)) , Ja2(t) = walt) = Jaa(t) . Z(t) =
with we(t) from (8). These functions satisfy  g(a(t)) = Ja1(t) + Ya2(t) = w,(t) and we
get in (6) d(t)=0, 6(t)=0Ocost (see Lemma 1), i. lo(t)]| =0, |0@)] =0(0O),
16/(t)|| = O(LO) . Straightforward computations give

1 2 t t
2a(t) = 2(0)] = S (0] = 5] — T mysin £ + ﬁcosg X
and for « > 1 the constant Cy,, in (10) has to satisfy Cp, > a since the special choice
e = = results in §u,1(0) = 41(0), [Ja,2(0) — y2(0)] = [wa(0 )I = 1+a@ < 0, [2(0) = 2(0)] =

~ T T a3/2
310 <0, () <O and  |Za(5e) — 2(5e)| = 5550 > 1O .
I. e. standard perturbation index theory gives with (10) an error estimate for the stabilized

system that grows rapidly for a — oo . If m[ax} |0'(T)|| is of moderate size and > 1
T7€|(0,t

then (10) overestimates the influence of small perturbations on (y(¢), 2(t)) substantially,

(see Example 2).

It is known from the literature (e. g. [2]) that neither differential nor standard perturbation
index is an appropriate measure for the difficulties that one has to expect in the numerical
solution of Baumgarte-like stabilized differential-algebraic systems with large Baumgarte
coefficients. Baumgarte stabilization reduces the index (in our example from 2 to 1) but
because of boundary layers (see the terms ...e * in Lemma 1) the numerical solution of
the index-reduced system might be even more complicated than that of the original higher
index system if the Baumgarte coefficients are large. Furthermore for large Baumgarte
coefficients the index-reduced system is less robust against perturbations than the (low)

perturbation index suggests.
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3 The uniform perturbation index

The results of Section 2 motivate the extension of the perturbation analysis to classes of
DAEs

Fo(2'(t),z(t),t) =0, z(0)=x¢, t€[0,T] (11)

where « € M, denotes some free parameter. In this note we restrict ourselves to scalar
parameters «, the dimension of z (and thus also the norm || - || in (12)) may vary with «

(see Section 4).

Definition 2 The class of DAEs (11) has uniform perturbation index m along solutions
zo(t) on [0,T], if m>1 is the smallest integer such that, for all o € M, and for all
functions T,(t) having a defect F, (&) (t),Z4(t),t) = (t) there exists on [0,T] an estimate

|1Za(t) = za(t)]| < Colll2a(0) — 2a(0)[| + max [6(r)][ + ... + max | V(7)|))  (12)
T€[0,] T€[0,t]

whenever the expression on the right hand side is sufficiently small. Here Cy denotes a

constant that is independent of o and 6(T).

Remarks 1 a) The condition m > 1 in Definition 2 can be relaxed to m >0 if for
m =0 the term 6" ~Y(7) is interpreted as [ d(w)dw (cf. [3, p. 479]). L e. the class
of DAEs (11) has the uniform perturbation index m = 0 if instead of (12) the (stronger)
estimate

[Za(t) = za()]| < Co([|2a(0) = 2a(0)]| + max II/ w) dw|)

T€0,]

is satisfied.

b) The idea of error bounds that are independent of a (small) parameter is extensively used
in the analysis of singular perturbation problems. As an example we refer to the work of
Hairer et al. [0] and Lubich [9] who investigate in close connection to DAE-theory singularly
perturbed ordinary differential equations (ODEs) that all have perturbation index 0 (]2,
p. 479]). In terms of Definition 2 the class of singularly perturbed ODEs in [(] has uniform
perturbation index 1. The class of singular singularly perturbed ODEs that is considered in
[9] has even uniform perturbation index 3, i. e. the uniform perturbation index exceeds the

classical one by 3.

c) Mattheij [10] and Wijckmans [12] analyse linear DAEs that are “close to a higher-index
DAE” ([12, pp. b3ff, 73ff]) and study the sensitivity of the solution w. r. t. small perturba-

tions. The present paper is closely related to their approach and uses with Lemma 1 the



A note on the uniform. . . 39

same basic tool in the proof of uniform error estimates. The extension of the well estab-
lished concept of perturbation index from individual DAEs to classes of DAEs gives a unified

framework for various case studies from the literature.

Example 2 Consider the class of all Baumgarte-like stabilized differential-algebraic sys-
tems of index 2 with parameter « > ag > 0 that was introduced in Section 2. If the
parameter « is fixed then these stabilized systems have the classical perturbation index 1.
If we consider, however, the class of all these systems then estimate (12) can not be satisfied
with m =1 and a constant Cj that is independent of «a (see Example 1).

Applying componentwise Lemma 1 to  £g(fa(t)) + ag(fa(t)) = af(t)

d

29(0a (1)) + ag(da(t) = ab(t)

we get g(fa(t)) = 0(t) with

6() =60 < (1903 (0)) — B(O)] - =" + ~ - max ()] .

- o T€[01]

N/ d ~ —« !
1OI < Nl 9(@a(®)| _ II-e™ + max [|f'(r)]

- t=0 T€[0,t]

Because of £g(fa(t)) = g,(5a(t)i4(t) = [9,1(5a(t), 2a(8)) + 9,(5a(£))3(t) and
9(4(0)) = [9,/](4(0), 2(0)) = 0 we have

Ua(t) = f(fa;2a) +6(t)
0(t) = g(a(t))
with
N 1 A
191 < N6 + - max 16"(7)] + O(1)([1§a(0) = y(O)1| + 601
1@l < max 10/ ()1 + O ([19(0) = y(O)I + [12a(0) = 2(0) [ + [6"(0)]| + [[5(0)])
(the constants in the O(.)-terms are independent of «). Following the lines of standard
perturbation index theory (see (4)) estimate (12) with m =2 is proved. I. e., the class

of all Baumgarte-like stabilized differential-algebraic systems of index 2 with parameter

a > ag > 0 has uniform perturbation index 2.

Remarks 2 a) The uniform perturbation index remains unchanged if the class of DAEs
that is considered in Example 2 is extended by the index-2 system (3), i. e. by the limit case

o — OO .

b) The discrete analogue of the uniform error bound in Example 2 is an error bound

Cooo - %A with a constant Cj , that is independent of «. I. e., if appropriate discretization
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methods are used then the amplification of small errors A during integration is bounded
by min(Ci A, Ch - +A) with  lima_o Cf, =00 and  Cj, = O(1) . For large values
of o and stepsizes h of moderate size the uniform error bound Cf - +A is substantially

smaller than the error bound (g ,A from standard perturbation index theory.

c) If the class of DAEs in Example 2 is restricted to systems with « <@ and a fixed @
then the uniform perturbation index of the class is 1 since (12) with m =1 can be proved
with Cp = Cpz -

d) The analysis for the index-2 case is straightforwardly extended to prove that the classical
Baumgarte stabilization for constrained mechanical systems ([2]) results in a class of index-1

DAESs that has uniform perturbation index 3.

4 Semidiscretizations of partial DAEs — a case study

Uniform error bounds found our special interest since recently partial DAEs and its semi-
discretizations have been considered (e. g. [1]). With one example we illustrate in this that
uniform error estimates in the sense of Definition 2 usually describe correctly the sensitivity

of semi-discretized DAEs w. r. t. small perturbations.

Example 3 [5, Example 1] Consider the system of 2 linear partial differential equations

1
Up — = Vg + 0V = fu(x>t)
4 (13)
g g+ = fo(z,t)
4um 4vm vo= x,
for 0<zx<L, 0<t<7T with initial conditions
u(z,0) =g"“(x), v(z,0)=¢"(x), 0<x<L)

and homogenous Dirichlet boundary conditions, f:= (f*, f)¥', ¢g:=(9%9¢°)'. 0€R
denotes some (fixed) parameter, we will consider the cases ¢ =0 and p= —2 in detail
We suppose that functions f and g are sufficiently differentiable and that ¢ satisfies the

boundary conditions. Furthermore we suppose that u, v, f and g have series expansions

u(z,t) = Zgzﬁn(x)un(t) , v(x,t) = Zgbn(l’)vn(t) :

with ¢y () := sin(*f*) . Under suitable smoothness assumptions the coefficients w,(t),

vn(t), (n > 1) are the solutions of the initial value problems

un(0) = gr, v,(0) =g
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for the linear constant-coefficient DAE

ul (1) + (0 + 1Ai)vn(z‘) = fA(1)
i)\iun(t) +(1- iki)w(t) = fa®)

with A, (= 2C

Consider now the discretization by finite differences on an equidistant grid 0=z < 2; <
<..<ay<wzyu=L, x:=ih, h=L/(N+1).Let U(t)= (ul¥(t),...,u¥)T,
V()= (v1'(t),... .oy (®)"

U(t) = (uy' (t),... .uy(@)", V()= (' (t),... ,ox(®)"
with  ul(t) ~ u(x;,t), vN(Et) ~v(z,t), (i=1,...,N) and

Fu(t) = (fu(xlat)a'-- vfu(vat))T ) FU@) = (fv(l‘l,t),... afv(xN’t))T y

G" = (g"(x1),...,9"(xn))", G" = (g"(x1),...,9"(xn))" .

The finite difference approximation satisfies U(0) =G*, V(0)=G",

U()——Ah V(t)+o-V(t) = F“t)
——Ah Ul(t) + Ah V(t)+ V() = FU(t)

(15)

with the symmetric tridiagonal matrix

-2 1 0 0
1 -2 1

h= 3 .

1 -2 1
0 1 =2
that has eigenvalues ; = —75 sin%%) and eigenvectors
: 0 Ni
O, = (sin(NZ:TL 1), sin(NTI), e sin(N:/zrl))T , i=1,...,N).

We rewrite vectors U(t), V(t), F“(t), F¥(t), G*, G as linear-combinations of eigenvectors
of Ap:

N N
2% Uit) gcbnz ’
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Multiplying the equations (15) subsequently by ®1 &I ... = &% we get the equivalent

system of equations

UL(E) + (0 + pADVi(E) = FE()
1 : (16)
TNU) + (1= 2ADVit) = F(1)

with A; == /—u; = 2sin(%) ,(i=1,...,N)since A,®; = p;®; = —A?®; and

h
0 ifi#7.
This change of coordinates has no influence on the sensitivity of the solution w. r. t. small
perturbations. For the perturbation analysis we prefer Eqs. (16) since they are quite similar
to the corresponding equations (14) for the coefficients w, (t) of the solution of the partial
DAE (13). If i < N is fixed then we get
i

Am A=A =

and in the limit case N — oo Egs. (16) are transferred to (14).

For =0 this analysis is carried out in [5]. They observe that (14) has (differential and
perturbation) index 1 if A2 #4 and index 2 if A2 =4. Up to now there is no widely
accepted index concept for partial DAEs (see [1] for a comprehensive study of this subject).
But for the special example (13) it seems to be natural to call (13) a partial DAE of index
1 if the DAEs (14) have index 1 for all n € N and a partial DAE of index 2 if there is one
n € N such that (14) has index 2 (]!, Example 2]). Since A, depends on L the index of the
partial DAE varies with the length L of the domain.

If o€ {0,—2} and L is fixed then the finite difference approximation (16) has always index
1 if the discretization is sufficiently fine (i. e. h is sufficiently small): this follows in the case
A #£4 from limy .. A; =\, and in the case A =4 from A; # ); . In this sense “the
method of lines approximation ... acts like a regularization” ([5]) if the partial DAE (13)
has index 2. However, in view of the results of Section 2 we do not expect that the class
of all semidiscretizations (15) has uniform perturbation index 1 if the partial DAE (13) has

index 2, i. e. if there is an  ng € N with A2 =4.

Therefore the most interesting case is given by DAEs (14) with A2 ~ 4 and A2 # 4 . These
problems can be interpreted as perturbations of an index-2 DAE (Eqgs. (14) with A2 =4),
they were studied in great detail by Soderlind ([11]). He proved that the stability of the
lower index system (i. e. (14) with 0 < |\2 — 4] < 1) depends strongly on the sign of the
perturbation. To analyse this phenomenon we solve the second equation in (14) w. r. t.

v, (t), insert this expression into the first one and get (if o € {0,—2})
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up (1) +aun(t) = fi() + a5 i)
1 anm (17)

n(t) = ————(Ff () —u (t

Un(t) QﬁA%(n() U, ()
with

o —1)\29—{_%)\%

47" 11— 32

10 f - 10
5 5
0 0

-5 -5

Figure 1: Coefficient o in (17) vs. A, for two values of p. The asterisks at the abscissa
mark the eigenvalues Ay, Ag, ..., Ag of the semi-discretized problem (15) with N =6 and
L=m.

The way in that errors are propagated in (17) is determined by . If « >0 then these
equations have the same basic structure as the Baumgarte-like stabilized systems of Section
2 (un(t) — g(y(t)), wa(t) — 2(t)), the perturbation analysis of Sections 2 and 3 can
be carried over straightforwardly. If, however, « < 0 then errors may grow like e,
This is still acceptable if 0> a > —ay with a positive constant aqg of moderate size (i. e.
et < e ) but if A2 — 4 then o may become arbitrarily small. Fig. 1 shows a vs. \,
in the two cases =0 (left) and o= —2 (right). Depending on ¢ we get the following

results:

Lemma 2 Let a positive constant Ay € (0,1] be given.

a) If o€ {0,—2} then the class of all DAEs (14) with |)\2 — 4| > Ay > 0 has uniform
perturbation index 1.

b) If o0=0 then the class of all DAEs (14) with )2 € (0,4 — A, U [4,00) has uniform
perturbation index 2.

c) If o= —2 then the class of all DAEs (14) with X2 € (0,4] U [4 + Ay, 00) has uniform
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perturbation index 2.

d) Neither for o0=0 nor for o= —2 the class of all DAEs (14) (with arbitrary N\2) has

a uniform perturbation index.

Proof: If |\2 —4] > A, then « > —qq with a constant aq that is independent of A,
but depends on A . Following standard perturbation index theory estimate (2) with m =1
is proved ( Cy = O(e™?) and Alilllo Co = o0 ). In the stripe  {\, : |A\2 —4] < A, } the
way in that errors are propagated depends on the sign of « (and thus on p, see Fig. 1): if
a > 0 the results of Sections 2 and 3 can be applied to prove the uniform error estimate (12)
with m =2, in the case « < 0 there is no estimate (12) at all since Cy = O(e~*) and

a— —oo.

Séderlind [11] points out that DAEs of the form (14) with A2 =4 are not isolated higher-
index problems that are difficult to solve numerically but these problems separate a class of
index-1 DAEs that are in the limit case A2 — 4 very similar to index-2 DAEs from another
class of index-1 DAEs that exhibit an essential instability. This statement is carried over
straightforwardly to partial DAEs (13) if the length L of the domain is such that the index
of the partial DAE is 2.

Remarks 3 a) For the partial DAE (13) we consider the set of all DAEs (14) and for the
semi-discretized DAEs the set of all DAEs (16), the dimension of U(t), V/(t) varies with N.
Uniform error estimates make sense only, if the norms in (12) are compatible for varying
N. Throughout this we use the £>-norm on [0, L] in the partial DAE case and the discrete

1/2
analogue ||Ul|z.n = <% Zﬁil(UiN)Q) for the semi-discretized DAEs, i. e.

o= (3 xv0) "

==
™
=
?

lo@l = (

b) Because of limy_ A; = A; Lemma 2a proves that for a given partial DAE (13) of index
1 with o € {0,—2} the class of all (sufficiently fine) finite difference approximations (15)

has uniform perturbation index 1.

c) If the partial DAE (13) has index 2 (i. e. 22 € N') then the class of all (sufficiently fine)
finite difference approximations (15) has either uniform perturbation index 2 (if 0= —2 , see
Lemma 2c) or no uniform perturbation index at all (if o= 0, see Lemma 2d). This follows
from limy_.A; =X and A; <X\, (i=1,...,N), see also the asterisks for N =6 in
Fig. 1. If 0o=0 and A2 =4 then errors in (16) may be amplified by exp(3(X)%)
sinh)? = 4(1 — 3h?) + O(h*) .

- 2 _ (2
since A7 = (7
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5 Summary

Classes of DAEs may consist of DAEs that all have perturbation index 1 but a (in some
sense well-defined) limit is of higher index. We illustrated with 2 examples that the numeri-
cal solution of such indez-1 DAEs may cause problems that are typical of higher index DAEs.
Furthermore, the error bounds from standard perturbation index theory do not give useful
information about the sensitivity of the solution w. r. t. perturbations. The uniform pertur-
bation index describes for DAEs close to the higher index DAE the influence of perturbations

on the solution correctly.

In the case of partial DAEs with an index that depends on the domain the existence of
a uniform perturbation index can not be guaranteed. In one example the analysis of an
index-2 partial DAE results in an (ordinary) index-2 DAE that separates a class of DAEs
with uniform perturbation index 2 from a class of DAEs that has no uniform perturbation
index at all. The same phenomenon is found analysing the sensitivity of the solutions of the

semi-discretized systems w. r. t. small perturbations.
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G. 1. BALIKOV

Notes on the continuous linear extension operator
and the basis in some DFS—spaces of ultradifferen-
tiable functions on interval'

ABSTRACT. We consider relation between a basis and continuous linear extension oper-

ator of the functions from outside a interval.

This work considers DFS-spaces® of ultradifferentiable functions on interval. Unlike the
results of R.Meise’s and A.Taylor’s works [3, 9], we give a method for concretely construction
of continuous linear extension operator. We also considered the relations between a basis

and a continuous linear extension operator of the functions outside an interval.

1 Introduction

Let M = {Mp};5—, be a matrix of positives numbers satisfying the following conditions:

1 < My, < Mppyr for any p,k=0,1,... (1)
M2 < My Myeyr  for  p=0,1,...;k=1,2,... (2)

For any p there exists ¢ such that
Sgp(kkMpk/qu) < +00. (3)
For any p there exists ¢ such that

s%p(Mpgk/qu) < +o00. (4)

An example of a matrix, satisfying the conditions (1-4) is M = {k"*}> _;. We shall use the
following spaces, connected with the matrix M :

Let K be compact set regular according [6] (further we consider only such compact sets),

IPartially supported by BNSF,contract MM409/94
2An inductive limit of F spaces with compact embedding operator.
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contained in R, and p is a non-negative number.
Let

E{p, K, M} = {f € C=(K), [ fll» = sup |FE 6]/ Mys< oo} (5)

It is easy to see, that the space E{p, K, M} is a B-space and it is known that for p < ¢, the
space E{p, K, M} is embedded in the space F{q, K, M} with a nuclear embedding operator

(see [1]).

Let
E{K,M} =lim ind E{p, K, M }, (6)
p

it is known that F{K, M} is a nuclear DFS-space. Let K and L are compact sets and let
Kc IntLCR.
Let

E{L7K7M}:{feE{L>M}7f|KEO} (7)

considered with relative topology induced by the space E{L,M}. From the conditions,
imposed on the matrix M, it follows that the space E{L, K, M} is not trivial. From the
theorems of the Whitney type for ultradifferentiable functions (see [5]), it follows that the

sequence (8) is exact.
0 — BE{L,K,M} — B{L,M} =5 E{K,M} —0 | (8)

where [ is the operator of embedding and J is the operator of restriction.

2 The main result.

Theorem 1 Let in the evact sequence (8) the space E{K, M} has an absolute basis
{fs}2y - The continuous linear right inverse of the operator J ezists then <= to exist

functions { fs 2o satisfying the following conditions:

fo€ B{L,M}and fyx = f,, 5=0,1,2,...;

and for any q exist p and a constant C that depends on p and q, but does not depend on s,
for which

sl egrary < C sl rnny: =012, (9)
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Proof: The spaces E{L, M} and E{K, M} as DFS-spaces are regular inductive limits
(see [1]). Let J ! be a continuous linear right inverse for J of the exact sequence (8) and
let f, = J ' fs. From the regularity of the spaces E{L, M} and E{K, M}, it follows that

for any ¢ there exists p, such that J ! is a continuous operator.

-1 E{q, K, M} — E{p,L, M}

It easily follows that for any ¢ > qo, fs € F{q, K, M}.

On the other hand, let { f;}32, be an absolute basis in the space E{K, M} and the functions
{ fs}gio are with the indicated characteristics. Let f € E{K, M} then exists py > 0, so that
f € E{po, K, M} ie. [[f|l, <-+oc. Let’s f =23 &fs. From this that the functions {f;}32,

are an absolute basis in the space E{K, M} and it is a regular inductive limit, it follows that

3¢, Y L&l Flla < Cullfllpo- (10)

We define f = Jf=3, & fs and p(q) by the condition (9), then

1l < Z 1 Nl < Co Y L& filly < Csllf N (11)

From (10) and (11) it follows that the operator defined in this way is a continuous linear

right inverse for the operator J from (8).

3 Note I.

Upper bound of the derivatives of one useful function.
Let 0<a<1 and b>0 and

0 when —1<t< —a |,
B(a,b,t) = exp(—ﬁ(l’%m) when —a<t<0, (12)
0 when 0<¢t<1 .
Let define the useful function
[t B(abt)dt
T Babo when —1<t<0 ,
Afa,b,t) = A(a,b,—t) when 0<t<1, (13)

0 when t¢[—1,1] .

We shall bound the derivatives of the function A(a, b, t). A Function like A, for the first time

was used by Dzanasija (see [3]).
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First we shall lower bound fjl B(a,b,t)dt in the follow way. From this that the function
B(a,b,t) is increasing when —1<¢< —% and decreasing symmetrically when —§ <t < 0 it
follows that

1
/ Bla,b,t)dt > SB(a,b,—%)
» 2 4

and

1
/ Bla, b, 1)dt > § exp(~36) (14)
-1
For the bound of |B™(a,b,t)| we shall use, by analogy with [3], that B(a,b,t) is analytical
in a interval (—a,0) and we shall use the Cauchy’s formula for contour with a center in the

point ¢ € [—%,0) and radius ht, where 0 <h <1

' [*" B(a,b,t — hte'¥)
B™(a,b,1) = l/ i d 1
(a,,7) 2m Jo (—htev)n L (15)
| 27
B™ bt<L/ B(a,b,t — hte'?)|d 1
B00.0] < 5 [ 1Bt~ e (16)
|B(a,b,t — the™)| = |exp ( — b’ (17)
7 TP\ TR he)(a 1t — thiv)?
a*bcos(2y + 203)
S erp | =5 2 2 | 212 gin2
t2(1 4+ h% — 2hcos ¢)((a +t + thcos )% + t2h%sin” p)
where
sin §f — hsin ¢ 7
V(1 —2hcosp + h?)
siny = thsin ¢ (18)
v/ ((a+t 4 thcos )2 + t2h2sin? )
When A is small and fixed, we have:
cos (2v + 20) - 1 (19)
(1+ h2 —2hcosp)((a+t+ thcosp)? + t2h2sin®p) ~ 18a2
From the last it follows that
: a®b
|B(a,b,t(1 — he?))| < exp (—@) . (20)

From (16) and (20), we have:

! a?b
B™(a.b.t)] < —=_ _2%) 21
| (CL, > )l = h”‘t’nexp 1842 ( )
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It is easy to see, that

1 a’b 3"me
— —— < — . 22
m?X(|t|”mp( 18t2)) = anbs (22)

From (21) and (22) we get

n

N gy % — 2
B (a,b,t)] < 2022 (23)
hra™b2

From (13), (14) and (23) we get the following bound for the derivatives of the function
A(a, b, t):

3 n n(nfl)n(’ﬂgl)
A0 a0 < 2exp(-300) (3) (24)
a"b 2
when t € [—1,1].
4 Note II.
In the exact sequence (25)
0— B{[-2,2), [-1,1], M} — B{[-2,2, M} == B{[-1,1, M} — 0 (25)

the operator J has a continuous linear right inverse and the sequence is split. In fact, in [2]
it is proved that Jacobian’s polynamials J;" s (t), when o, § > —% are fixed, form an absolute
basis in the space E{[—1, 1], M'}. We shall define the functions

) = P OA®)  tel-2,2] (26)
where Ag(t) =1 when k =1,2,...

A(k™2,1,t+1) when te€[-2,—1],
Aty =< 1 when te[-1,1] , (27)
Ak 1,t —1) when te€[1,2] ,

where A(.,.,.) is the functions from (13). We shall show that the functions J° satlsfy the

conditions of the Theorem 1. For this, we shall bound the derivatives of the functions Jk (1).
As Ay(t) =0 when ¢t ¢ [-1 — 5,1+ 5], then

<3 (el s
: Z ( ) 1—L A+ %]

g

JPw)| a0 )] (28)
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To bound max ‘Jo‘ﬂ o) (¢ )‘ when t € [—1— 5,1+ /5] we shall use the Chebyshev’s inequal-
ity (see [11] p.79), if p(t) is a polynomial with degp < k and |zo| > 1, then

[p(x0)| < (o] + 4/ — 1)* e |p @) (29)

As above from Markov’s inequality (see [11] p.179), i.e. if p(¢) is a polynomial with degp < k
then

max [p/(t)| < 2k*max |p(t)] /(b — a) (30)
t€la,b] t€(a,b]
and from the bound
af < G+l
max. ‘Jk (t)’ < ko (31)

where 0 = max(«, #) and Cy > 0 is a constant which does not depend on k (see [12]). From
(29), (30) and (31) we have

k—s
ap(s) 3 af(s)
max J t‘g 1+ - max |J, t’
e e (1+3) [0
< max |0 (0)] < || My, . 32
< et e O SR g ™ (32)
Let be as above ayy = 1,
apr, = suplog(k* My /M,s) , k =0,1,2,... (33)
Then (see [7]) from (2) it follows that
C
sup(k?/e*) ~ —2 M. (34)
k MpO

From (34), (30) and (31) it follows that for any natural number p; there exist natural number

po and a positive constant C'; > 0 such that :

|

and for any natural number ¢, there exist a natural number ¢, and a positive constant Co
such that

JoP

< Chereb | =0,1,2,. (35)
B{p1,[~1,11,0M}

’ U ’ > Cyetat
E{gz,[-1,1],M}
From (28) and (32) and when t € [—2, 2], we have :
<o o] <
o] <3 (1) s 1

C3Tzk2z+a+§ 2 (36)



Notes on the continuous linear extension operator . .. 53

where C3 and T are positive constants which do not depend on k and [. From last and (35),

for any natural number p we have :

(37)

Jk

. P!
Jkﬁ(l (t )‘ < CsTH sup (l ) 197k < Cy TP M, ’E{p i

And from (3), (4) and (37) it follows that for any natural number p there exist a natural

number ¢ and a positive constant Cj such that :

Jos (”’ < CsM,, ie.

JoP

‘E{p,[—l,l],M}
J, < Cs

38
E{‘])[_2’2LM} o ( )

E{p,[-1,1],M}

From (38) it follows that the functions {j,‘: g }OO satisfy all the conditions of the Theorem
L.

5 Note III.

In the exact sequence (39), the operator J has a linear and uninterupted right inverse and

the sequence is split.

0 — B{[~1,1]. {0}, M} E{[~1,1], M} = E{{0}, M} — 0 . (39)
In fact, the space E{{0}, M} is a space of sequences
B0} M) = {€ = (6. 30+ I¢l, =sup &l /M < 400} (40
o 0 i#k
In the space E{{0}, M} the sequences e; = {0;x};4_o, Where d; = R form a
k) /L e
basis. Let
my, = max M;;.
0<i,j<k
We shall define the functions é;
e =A(m ,mL )t /k! k=0,1,2,... ,a . (41)

A(.,.,.) is the function from (13). We will bound the derivatives of the functions éj(t). As

supp A (mi ', mi,t) € [-m; ', m; '], so that

I
L () (1—s) 1
é (t)’g ()’Am ,m;,t — <
B P P
! (I=s) (7 _ N(U—s=1)(] _ \:=5=L, (=9)
< C l*36mi Z (l) <%) (l 8)21_3_1 (l S) mk‘ S
s=0 \° m, * m" (k= s)!

(1+1)
>\ Rl

< ot~ ,
kkk
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where (5, Cs and T are positive constants that do not depend on £ and [.
If we take under consideration that [lex||, = ]\4;{1 then by (42) and a fixed natural number

p we have :
[.LWhen k =1

¢, 0 (t)‘ < C7lf3ﬁmz2m112lTllMpe /M, <

CgmlMpllmTll 1
< ———————= < CoM,,;— 43
= leMpl — 9 q1l Mpl 9 ( )

where ¢ is a natural number such that

MPZZQZTll>
su E— < 0
lp ( Mthl

I[I.When k > [

0]
ék (l)(t)‘ < le—SGmim_k <

my
C’llm,]zkll]ﬁp&pk ]l\l/[jjl Mg, <
Cha sup kkll+2 E—;Mqll < Cy %‘;j (44)
[TI.When k < 1
&, (1) (t)‘ < Clsl—36m§m2—k+1kl—kllelz <
Crat T} < 0y P M1, (45)

Mpk Mq2l

where g5 is such that

sup (1T} /M) < 00
l

As [736mimlt < Oygl2TL by (43),(44) and (45), it follows that for any natural number p

there exists a natural number ¢ such that :

ekl prg -1,y < Coollexll,

i.e. the conditions of the theorem are fulfilled and it follows that the continuous linear and

continuous extension operator exists.
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6 Note IV.

If we use that [E{{0}, M}]* = E{{0}, M} and the results of Note III, then it follows that:

E{R, M} = lim indE{[-N, N], M} = ﬁE{[—l, 1], M},

s=1

and as E{[—1,1], M} has a basis, it follows that E{R, M} has also a basis.
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FRIEDRICH LIESE; ANDREAS WIENKE

A note on the Hajek-Le Cam bound

Abstract: Using Riischendorf’s approach to the uniform weak compactness lemma for tests
under the LAN-condition a simplified approach to the Hajek-Le Cam bound is given if the

decision space is compact.

1 Notations and results

The concept of convergence of statistical experiments is a basic notion in the asymptotic
decision theory. This convergence is defined by a suitable metric in the space of all experi-
ments. But it turns out that this type of convergence can be equivalently characterized by
the weak convergence of the finite dimensional distributions of the corresponding likelihood
processes. If the limit experiment is a Gaussian shift experiment then the convergence of
experiments may be reduced to the weak convergence of the one dimensional distributions of
the likelihood processes. The convergence of experiments is then also called LAN-property
(local asymptotic normality). To formulate the LAN-property we recall to the notion of the
likehood ratio. Let P, @ be probability measures, say on (2, F). We set u = %(P + Q) and
f= fl—]:, g= %. The likelihood ratio 3—5 is defined by

g—g = gf{g>0} + 001 50,4=0}
where [, is the indicator function of the event A and we used the convention 0 - co = 0.
Note that % takes on values in [0, 00| and In % has values in [—o00,00]. Let ¥ be a fixed
positive definite symmetric £ x k£ matrix and denote by Nj,, h € R¥ the normal distribution
on (R*, B¥) with expectation h and covariance matrix 3. Then the log likelihood ratio is
given by
n Z—]]\\Zl(x) =h'y e — %hTE‘lh.
To simplify the notation we introduce a suitable scalar product (-, -) by (z,y) = 27X 1y and

set ||z]] = (x,2)2. Then

1

ANy, 1
In S5 @) = () = 5IAI
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Assume Hy C H, C ... C R* and set H = U H,,. The sequence of experiments

n=1

gn - (mem Pn,ha h € Hn)

is called asymptotically normal or {P, ;,h € H,} has the LAN-property if for every fixed
h € H the logarithm of the likelihood ratio admits the following representation

dP,

1
Y dP,

1
= (Zu, 1) = SIIBIP + R,

where the remainder term R, tends P, ¢-stochastically to zero and the distribution £(Z,|P, )
of Z, under P, tends weakly to /Ny. We suppose that the decision space D is a Polish space
and D is the g-algebra of Borel sets.

By a stochastic kernel K : (2, F) = (D, D) we shall mean a mapping K : Q@ x D — [0, 1]
such that w — K(w, B) is F — D-measurable for every B € D and K (w,-) is a probability
measure on (D, D) for every w € €. Denote by P the set of all probability measures equipped
with the topology of weak convergence. A metrization of this topology is given by Prokhorov
metric p (see Prokhorov [5], p. 167). (P,p) is again a Polish space. Let P be the o-
algebra of Borel sets of P. Then obviously for every bounded and continuous ¢ the mapping
p— [du, p € P, is continuous and consequently P — B'-measurable. By a pointwise
approximation of the indicator function I of a closed set B one can see that p+—— p(B) is
P—B!'-measurable. Let 9 be the set of all A € D such that p — pu(A) is P—B'-measurable.
It is easy to see that 91 is a Dynkinsystem which contains the N-closed system of closed sets.
Hence D = 9 which means that for every Borel set A € D the mapping u —— pu(A) is
P — Bl-measurable. Using this fact we can say that a mapping K : Q x D — [0,1] is
a stochastic kernel iff the mapping w — K(w,-), also denoted by K, from  into P is

JF — P-measurable.

Let &€ = (, F, Py, h € H) be any experiment. By an randomized decision we shall mean a
stochastic kernel K : (2, F) = (D, D). By the distribution of K under P, we shall mean
P, o K~! which is defined on (P, P). In this sense every randomized decision with decision
space (D, D) can be identified with a nonrandomized decision with decision space (P,P).
Let now M : (2, F) = (P, P) be a randomized decision with decision space (P, P). We set
forweQ AeD

K(w,A) ::/M(A)M(w,d,u). (1)
It is easy to see that K : (Q,F) = (D, D) is a stochastic kernel. Consequently every
stochastic kernel M defines a randomized decision K.

If the sequence {P, n,h € H,} has the LAN-property then this family is an approximativ

exponential family so that the central sequence is asymptotically sufficient. The main idea
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of Riischendorf’s approach (see Riischendorf [(]) to the hypothesis testing problem under the
LAN-condition is a suitable version of this asymptotic sufficiency. We generalize this idea
to more general decision spaces. To be more precise we denote by & = (R* BX N, h € RF)
the standard Gauss shift experiment. Let K : (R* B*) = (D, D) be a stochastic kernel.
Denote by Z the projection of R*¥ x P onto R*.

Proposition: Suppose the family {P,n, h € H,} has the LAN-property, the decision space
D is a Polish space and K, : (Q", F") = (D, D) is a sequence of randomized decisions for
the experiments &E,. If the distributions L((Z,, K,)|Pno) converge weakly to L((Z, K)|FPy) as
n — oo then L((Zn, K,))|Puyn) converge weakly to, say Qp, for every h € RE. The statistic
7 : RF x P — R* is sufficient for the family {Qn, h € R*}.

Assume now L : H x D — [0, 00) is a bounded and continuous loss function. We introduce
the risks by

R, (h, K,) :/(/L(h,t)Kn(w,dt))th(dw) (2)

and

R(h, K) :/(/L(h,t)K(w,dt))Nh(dw).

The next lemma is an essential step in the proof of the Hajek-Le Cam bound. This lemma
states that under the LAN-condition every sequence of randomized decisions is sequentially
compact. It is a generalization of Theorem 2.7 in Riischendorf [6].

Lemma Suppose the decision space D is compact and L : H x D — [0, 00) is bounded
and continuous. If {P,, h € H,} has the LAN-property and K, : (", F") = (D, D)
is a sequence of randomized decisions for &,, then there exist a subsequence {n;} and a
randomized decision K : (R* B*) = (D, D) for the experiment & = (R¥, B¥ Ny, h € RF)
such that

lim R, (h, K,,) = R(h, K)

l—o00

for every h € R¥.

Now we are ready to formulate the main result of this paper.

Theorem Assume the decision space D is a compact Polish space and the loss function
L is bounded and continuous. If {P,, h € H} has the LAN-property and K,, : (1", F") =
(D, D) is any sequence of randomized decisions then for every subset Hy C R¥

liminf sup R,(h, K,) > inf sup R(h, K).

n—00 heHoNHy, K heny
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Remark 1 The value i%f sup R(h, K) is called the Hajek-Le Cam bound. It is the minimal
heHy
value of the maximum risk which can be asymptotically attained by a sequence of decisions.

Therefore a sequence {K,} is called asymptotically minimax if { K,,} realizes equality in the

above inequality.

Remark 2 A similar statement can be also derived if the sequence of experiments &,
converges to a limit experiment which is not a Gaussian shift. For this more general statement
we refer to Le Cam [3]. But the intention of this note is to give a simplified approach which
can be used in lectures. A simplified approach to Le Cam’s result was given in Liese, Steinke

[1] in the general situation. The methods there are completely different from that in this

paper.

2 Proofs

Proof of the Proposition: At first we have to show that there exists a distribution @}, on
(R* x P, B¥ @ P) such that for every bounded and continuous ¢ : R* x P — R

/QO(ZnaKn) dPn,h m/%deh

Assume ¢ has compact support. By assumption
1
[ oK) dPus = [ 2o B exp{(Zus ) = P + Ro) AP
As ¢ has compact support the function 1 : R¥ x P — R! defined by

0l 1) = (o, 1) expl (e, ) — IAI%)

is bounded and continuous. As R, — 0, P, ¢-stochastically we get from the weak conver-
gence of L((Z,, K,)|P,0) to Qo and the LAN-property that

1
lim [ p(Z,,K,)dP,, = lim [ ¢(Z,, K,)exp{(Z,,h)— §||h||2} dP,,

- / o, 1) Qu(dr, dy), (3)

where the measure )y, is defined by

() = [ Lato ) exp{(o, 1) = 511bIP)Quld, )

As @y, is the limit of £((Z,, K,)|P,x) only in the vague topology we have to show that
Qn(R*xP) = 1. As the sequence { P, h € H,} has the LAN property the sequence { P, 5} is
contiguous with respect to { P, o}. Consequently the tightness of £L((Z,,, K,,)|P,0) implies the
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tightness of L((Z,, K,,)|P,.). But tightness and vague convergence imply weak convergence
of L((Z,, K,,)|Py1) to Qp which is therefore a probability measure. If Z : RF x P — R” is

the projection onto R* we see that the density

dQy, 1 9
— = Z.h)y ——||h
o = exp{(2,) — 5l
is only a function of Z. Hence Z is sufficient which completes the proof. [

Proof of the Lemma: Let (), be the distribution £((Z,,, K,,)|Pnx). Set h = 0 and note
{Qno} is tight as L(Z,|P.o) = No and P is compact. Let {n;} be a subsequence such
that @, 0 converges, say to o. Then by the Proposition for every bounded and continuous
¥: RF x P — R!

i [ 0 ) Qualdz,di) = [ 62,10 Quldz, d)

l—00

where

th o _1 2
Tor = esol(Zh) = 5lIAlPY.

The weak convergence of £(Z,|P, o) to Ny implies that Qoo Z~! = Ny. Furthermore by the
third lemma of Le Cam L(Z,|P, ) = N}, so that N}, is the marginal distribution on R* of

Q@n. As P is a Polish space there is a desintegration of )y w.r.t. Ny, i.e. a stochastic kernel
M : (R¥ B = (P, P)
with
/AM(x, B) No(dr) = QoA x B)

for every A € B*, B € P. By the sufficiency of Z established in the Proposition the kernel
M is also a conditional distribution for (). Consequently,

/AM(:U,B) Ni(dz) = Qu(A x B).

Hence for every bounded and measurable ¢ : P — R!

[ etmar.awmica) = [ [ ot @tz aw. (4)

Similar as in (1) we introduce K : (R* B*) = (D, D) by

K@A%j/MmM@JM- (5)
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Note that by the continuity and boundedness of L the function

or(hop) = / L(h,t) ()

is bounded and continuous on R* x P. Consequently by (2), (4) and (5)

l—o00

=t [ [ L) 205, P )

|—o0

=t [ [ [ L0 Old £ Za Ko Por )
=t [ onlhn)Quinldz,di

— [ erth.wanaz.aw

_ / / (b 1) M (2, dp) Ny (d2)

_ / / / L(h, t)p(dt) M (=, dpt) Ni(dz)

_ / / L(h, ) K (=, dt) Nu(d>)
R(h, K)

This completes the proof. |

lim Ry, (h,K,) = lim / / L(h 1)Ky, (1, dt) Py (d2)

Proof of the Theorem: There exists subsequence {n’'} C {n} with

liminf sup R,(h,K,)= lim sup Ry(h, Ky).
n—00 heHoNH, n'—00 he HyNH,

By the Lemma there exists a subsequence {n”} C {n’} and a randomized decision K, such
that for every h € R¥
/l/im Rn//(h, Kn//) = R(h, K)

Fix € > 0. Then there exists a h, with

R(h.,K) > sup R(h,K) —e¢.

he€Hy
Consequently
liminf sup R,(h,K,) > liminf R,(h., K,)
n—00 peHoNH, n—oo
— ,lllm Rn”<hayKn”)
= R(h, K)

> sup R(h,K) —e¢.
heHy
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Take the infimum about K and then ¢ — 0 to complete the proof. |

References

Billingsley, P. : Convergence of Probability Measures. New York 1968
Billingsley, P. : Probability and Measure. New York 1986
Le Cam, L. : Asymptotic Methods in Statistical Decision Theory. Berlin 1986

Liese, F., and Steinke, 1. : A simplified approach to the Hajek-Le Cam bound. Ky-
bernetika (to appear) 1996

Prokhorov, Y. V. : Convergence of random processes and limit theorems in probability
theory. Theor. Probab. Appl. 1, 157-214 (1956)

Riischendorf, L. : Asymptotische Statistik. Stuttgart 1988

Strasser, H. : Mathematical Theory of Statistics. Berlin 1985



64

received: January 20, 1997

Authors:

Friedrich Liese

Universitdt Rostock
Fachbereich Mathematik
Universitéatsplatz 1

18051 Rostock
Bundesrepublik Deutschland

F. Liese, A. Wienke

Andreas Wienke

Max Planck Institut

for Demographic Research
Doberanerstrafie 114

18057 Rostock
Bundesrepublik Deutschland

email: friedrich.liesec@mathematik.uni-rostock.de


mailto:friedrich.liese@mathematik.uni-rostock.de

Rostock. Math. Kolloq. 52, 65-84 (1998) Subject Classification (AMS)
60G60,62G20

P. DENCKER

A Limit Theorem for empirical processes from
planned experiments

ABSTRACT. In this paper the data Y7,...,Y,, have the following structure. The mea-
surements are taken at ¢; € (0,1)? and there is a family of distributions @,, n € (a,b) and
go : [0,1]7 — (a,b) such that L£(Y;) = Qg,,)- The main results of this paper is a limit

theorem for the sequence of random fields

1 m
—Z 5= 90(t)) Lo (ts) -
Vim 4~

S

Limit theorems for functionals of W, are used to construct an asymptotic a-test for H :
g = go versus Hy : g # go. For a regression model the asymptotic power is investigated

under local alternatives.

KEY WORDS. Random fields, Limit Theorems, Wiener field, Goodness of fit test.

1 Introduction

We consider a sequence of independent random variables Y7, Y5, ... ,Y,, whose distributions
depend on covariables t1,... ,t,, from (0,1)? in the following way. Assume there is a one

parameter family @,, n € (a,b) C Ry and some function ¢ such that

E(Y;) = Qg(ti) :

We suppose that @), has finite second moments and is parametrized by its expectation, i. e.
it holds

[aQuan =n.

If @ is a distribution with mean zero and finite variance then @, (B) = Q(B — n) leads to

the regression model
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where ¢; are i. i. d. with Eg; = 0 and V(g;) = 0? < c0.

Let @, be an exponential family on (R;, ;) with mean value parametrization and dominating

measure v. Then

dq
02  exp {eln)e — )
v
and [z Q,(dx) =n. If go : [0,1]7 — (a,b) is a function which links the covariables ¢; with

the parameter values 7; then the model

Qgot1)s -+ > Qgotm)

is nearly related to the generalized linear model in which it is assumed that go(t) = h ({5, t))
where h : Ry — R; and [y is some unknown parameter vector. (-,-) is the scalar product,

I, is the indicator function of the set A.

We are interested in testing the hypothesis Hy : g = go versus Ha : g # go. To prove limit

theorems for a suitable sequence of test statistics we introduce random fields

1 m
Win( Z 7= go(t I(Ot]( i)

m
Jj=1

Note that W, is a random variable taking values in (D,, D,). D, := D[0,1]? is the Skohorod
space of all functions w : [0,1]? — R; which are continuous from above in the sense of
Neuhaus [0]. D, ist the o-algebra of Borel sets generated by the Skohorod topology, which
is defined in Neuhaus [6]. The main result of this paper is a limit theorem for sequences of
random fields W,,. The continuous mapping theorem then implies for continuous functionals
a limit theorem which is used to construct asymptotic a-tests for the hypothesis Hy : g = go

versus Hy @ g # go.

2 Results
To each random field
W(t), t € [0,1]
we assign a set function on the set of all g-dimensional intervals (s,t] C [0, 1]? by

1 1 g
q— 3 €p
= E E (1) 7= Wistterlts = s1),- . 5 5q +eq(tg — 59))

e1=0 gq=0
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We say that W vanishes on the lower boundary of W (t) = 0 if a least one ¢; is zero. In this

case we have
W(t) = W((0,]) .

Assume now v is a finite measure on the Borel sets of [0,1]9. It is called continuous if the

corresponding distribution function
B(t) = v([0,1])

i1s a continuous function.

Denote by N(u,0?) the normal distribution with expectation y and variance o? > 0 where

N(p,0) =6, is the d-distribution concentrated at p.

A random field Wig(t), t € [0, 1]? with continuous paths is called a Wiener field with variance
B if W vanishes on the lower boundary, B is continuous, £ (W((s,t])) = N (0,v((s,])) and
for every disjoint (s1,t1],... , (Sm, t,y] the random variables W ((s1,t1]) ... , W (($m, tm]) are

independent.

A simple calculation shows that the covariance function
K(s,t) = cov (W(s), W(t))
of a Wiener field is given by
K(s,t) = B(sA\t)

where s At = (min(sy, 1), ... ,min(s,, t,)) for s = (s1,...,5,),t = (t1,... ,ty).

Let Y, ;,1 < j <m,,n=12,... adouble array of random variables and ¢,; € (0,1)?,
1<7<m,n=1,2,... is an associate array of covariables. We assume that for every fixed

n the r. v.
Yoi1,...,Yym, are independent and EYn%i <oo,t=1,...,m, . (1)

Set V(Y,;) = E (Y, ; — EY, ;). Introduce the random fields W,, by

1

n

We suppose that there is a continuous function B : [0,1]? — [0, c0) such that

JRR oo
m—ZV(Yn,ﬂI(o,ﬂ(tn,j) — B(t) (2)
n j=1

for every t € [0, 1]9. Let Wg be a Wiener field with variance B.
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Theorem 1 Assume the conditions (1), (2) are fulfilled. If the Lindeberg condition

RS 2
7&&;;§;EOQW_EKM)ﬁnwﬂmﬂkﬁﬁfzo (3)

j:
for every € > 0 s fulfilled then
in the sense of weak convergence of distributions on (D, D,).

Remark 3 The existence of a Wienere field, i.e. the existence of a Gaussian field with the

properties formulated above follows from the proof of Theorem 1 (see Lemma 1).

We now ask under which assumptions the condition (1), (2), (3) are satisfied if the r. v. Y, ;

belong to a model from the introduction. To be more precise we assume that

L(Yy;) = ng(tn,j) (4)

where @), is a family of distributions with

/IQAmﬁzn

and

lim sup / 2% Q,(dzr) =0 (5)
N—=00 gy <n<ay
{lz[>N}

for every finite a;,as with [a1,as] € (a,b). Condition (5) implies that EY;?; < oo and
moreover that the Yn% ; are uniformly integrable. We suppose that ), depends continuous

on 7 in the sense of weak convergence, i. e.

an = Qm as Ty, — 1 . (6)

To describe the asymptotic behaviour of the sequence of experimental designs {t,,.1, . . , tnm., }

we introduce the corresponding empirical measure p,, by

and suppose that
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Theorem 2 Assume the conditions (4), (5), (6), (7) are fulfilled. If go and p are con-

tinuous then

where

50 = [ ([ (o= 0 Queotn) i)

[0,¢]

Now we give an example which shows that the conditions (5), (6), (7) are fulfilled in many
situations. Let @) be a distribution on (Ry, By) with

/Q?Qu@<ix> (8)
and
/ +Qdz) = 0 .

Set @,(B) = Q(B —n). Then

/ () Q, (dt) = / o(t + 1) Qdt)

for every bounded ¢. Moreover, ¢ is continuous then

n—oo

i [ o(t)Qy, (dt) = / () Q)

if n, — n by the Theorem of Lebesgue. Hence (6) is fulfilled. To show (5) we note that
[ 2o [ wrreanzz [ @),
{lz|>N} {lz>N—[n} {lz>N—[n}

Hence with ¢ = max (|al, |b])

o [ 2@ <200, (el > N=+2 [ Q) S5
a<n<b
>y (2|5 N e}

for every fixed a,b by condition (8) and the Theorem of Lebesgue.
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3 Applications

Suppose the 1. v. Yy 1,... , Y, m, are independent and L(Y,;) = Qgyt,,)- Then under the

assumptions formulated in Theorem 2 we have

LWy) = L(Ws)

L

Wn(t) = i Z (Yaj — 90(tng) Lo (tn,s)

B = Jim S VO () = [ ([0 0060 Quio () i)
[

My, 4
7=1 0,

We introduce the sequence of test statistics 7, by

T, = /Wj(t) dt .
The continuous mapping theorem yields
L(T) = L(T) (9)
as n — oo where
T = / WE(t)dt .

Note that the covariance function of Wp is given by K(s,t) = B(s A t). As the function B

is continuous the kernel K is a Hilbert-Schmidt operator, i. e.

//K2(s,t) dsdt < oo .

If B is not identical zero which is assumed in the sequel we have

//Kz(s,t) dsdt >0 .

Let fo, f1,... be denote the complete system of orthogonal eigenfunctions belonging to the

eigenvalues Ao, A1, Ao, ... of K. Then
W) = > Xiv/Nfi(t) (10)
1=0

where the X; are independent and standard normal and 2 is the symbol for equality in

distribution. The representation (10) yields

/Wg(t) dt =3 NXE .
=0
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The characteristic function of [ WE(¢) dt is given by

H (1 —2iNs) 2.
1=0

Let F' be the corresponding distribution function and denote by z;_, the (1 — a))-quantil of

-

F'. Note that z;_, is uniquely determined.

To test the hypothesis Hy : g = g versus Ha : g # go we introduce a sequence of tests ¢,
by

Pn = I(Zl—ouoo) (Tn) .

The statement (9) yields that the sequence {p,} is an asymptotic a-test.

Now we consider a situation in which the sequence of eigenvalues can be explicitely evaluated.
Let

Y= go(t:) +¢i

be the nonparametric regression model with i. i. d. errors g; which fulfill Fe; = 0,0% =

V(g;) < oo. Using the notations above we get

B(t) = lim —Zv tni) = /JQ;L(dS) = o2 u([0,1]) (11)

n—oo mn -
= [0,¢]

and K(s,t) = o?u([0,s A t]). We now assume in addition that u is the Lebesgue measure.
Then

K(s,t) = [[(si Ati) .

=1

Set K (r,y) =x Ny, 0<z,y <1 Itis well known that the eigenvalues and eigenfunctions

1\ %1
)\z—(l+§) =

and (1) = v/2sin (l + %) mt, respectively. Due to the product structure of K the system of

of K are given by

eigenvalues and eigenfunctions are given by

)\a = 02)\l1"'>\lq
alt) = i, (t1) o, (ty)
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where a = (ly,...,[,). The characteristic function ¢ of T has the respresentation

1
p(s) =] (1 —2iras) 72
[e%
Now we investigate the asymptotic power of the test under local alternatives for the regression

model. More precisely we suppose that

Yn,j = go(tn’]) + h(tn’]) + gn’j, j — 1’ . 7mn

1
V1M
where h : [0,1]7 — Ry is a continuous function. Note that

Walt) = = 3 i = oltn) Hohn)

1 & ( 1
- =Y Yn,j—go@n,j)——h(tn,j)) Toalta) + [ Bs) palds)
VM £ Vv 1Mn
=1 [0,1]
1

- S enilion(tg) + / h(s) ja(ds) -
\/mn -
J [0,¢]

As p is supposed to be continuous we get that for the boundary 0[0,t] of [0,¢] holds
©(0[0,t]) = 0. Hence for every fixed t the function h(s)Ij4(s) is continuous p-a. s. . Hence

by pin = p
/ h(s) jn(ds) — / h(s) pu(ds) = H(t)
[0,¢] [0,¢]

Assume the €, ; are 1. 1. d. with Ee, ; = 0,0° = Ee}, ; < oo. Then the application of Theorem
1 yields that £L(W,,) = L(Wg+ H), where B is given by (11). To investigate the asymptotic

power we note that

We+H 2> V(X + e
=0

where §; = ﬁ [ H(t)pi(t)pu(dt). Consequently

oo

T > X+ 6)

=0

and the asymptotic power of the sequence of tests ¢, is given by

lim Epp, =P (T > z1-4) -

n—oo
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4 Proofs
Given ty,... ,t; € [0,1]7 we denote by m;, 4 : D, — R! the projection defined by

Ty, (2) = (2(t1), ... ,z(t)) -

If P is a distribution on (D,, D,) and t1,... ,t;, | =1,2,... are arbitraryly choosen then the
system of distributions P o, 4 is called the family of all finite dimensional distributions.
For x € D, the modul of continuity is defined by
we(0) = sup |z(s) —z(t)], 0<d<1.
|s—t|<d
The following criteria for weak convergence can be found in Neuhaus [0]. Given x € D, we
set
2] := sup |z(7)] .

T€[0,1]4

Lemma 1 Let P, Py, ... be a sequence of distributions on (Dy,D,) such that for every

fized ty,... ,t; the distributions Py, .. 1, converge weakly say to Py, 4. If

l

limlimsup P, ({z : w,(0) >¢}) =0

0 n—oo

for every e > 0 then there exists a uniquely determined distribution P with finite dimensional

distributions Py, . 4 such that
P, = P asn— 0.
Moreover P(C,) = 1.
Given t = (ty,...,t,) €10,1]7 and 0 < 7; < 1 we set
@) = a(ti,... bty Titprts - o tg) (12)
o~ = s 10~ 0)
0<t;<1
J#p

and for0 < <m <<l

() = min ()] o~ 2

M(z) = max sup my (71, To, T3, ) .

1SPSq0<r <rp <3<l
Suppose that (¢, ... ,t,) = 0 if at least one at the ¢; is zero. Set u, = (1,... ,1,tp41,... ,1y),
u,=(1,...,1,0,tp42,...,t,) and note that
[2(up—1)| < min (Jo(up—1) — @ (up-1)|, [2(up) — x(up-1)]) + [2(up)]

< M(x) + |z(uy)]| -
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Hence
2|l < gM(z) + |2(L,... . 1)]. (13)

To each x € D, we associate a set function on the system of ¢-dimensional intervals (s, t] =
(s1,t1] X -+ X (84, t4) (Where s = (s1,...,5,),t = (t1,... ,t,)) by

9= ¢p
p((s,t]) = Y - Y (=1) T Tw(siteilti—s1), .. s+ gty — ) -
e1=0,1 gq=0,1
Assume now S is a stochastic process with paths in D,. The estimation of M(S) in the next
Lemma is crucial for all further considerations. The statement formulated below is a special

case of a more general result established in Bickel, Wischura [1].

Lemma 2 Ify >0 and

E1S((s, ) S ((u, o))" < py.5((5, 1]) ph,5((u, 01]) (14)

for every disjoint (s,t], (u,v] with some finite measure ji, g on the Borel sets of [0,1]¢ then

there is a constant K depending only on v such that

P(M(S) > \) < KM (u,5([0,1]9)* . (15)

Assume &, 1, ... ,&um,, n=1,2,..., is a double array of random variables which are inde-
pendent for every fixed n and fulfill E¢,; = 0,07, = ES; < oo. If in addition E¢,; < oo
then we set s,,; = Efﬁhi. Let tp1,. . stomn, n =1,2,..., t,; € [0,1]? the corresponding
double array of covariables. Denote by ¢, ;1,... ,t, 4 the components of ¢, ;. Introduce the

sequence of stochastic processes W,, by

1 &
Wi (t) = Zﬁn,z‘f(o,t] (tn,i) - (16)
=1

We suppose that ¢, ; € (0,1)? for every n, j,i. Hence W,,(t) = 0 if a least one component of

t is zero and W, is random element of D,. The definition of W, yields

Wa((s,1]) =

JR
Z Sn,i[(s,t] (tn,i) .
=1

Note that by the independence of &,,1, . .. , &,.m,, the random variables W, ((s, t]) and W, ((u, v])
are independent again for disjoint (s, t], (u,v]. To describe the moments of W,,((s, t]) we in-

troduce the following measures on the Borel sets of (0, 1]

1 &
Yw, = m—nzo—i,iétn,i (17)

=1

1 &
rxw, = m_%;%n,iétn,i' (18)
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Note that for every independent random variables X1, ...X,, with £X; = 0 it holds

E <i XZ-> = iEXf (19)

and for EX} < oo

E <Zm: X,-) = zm: EX!+3 <Z EXEEX§> : (20)

i=1 i#j
The application of (19) and (20) to W, ((s,]) yields
EWS((S,t]) = VWn((Sﬂt])
EW,((s,1]) < saw,((5,1]) +3 (v, ((5,1]))" . (21)

Lemma 3 Let W, be defined by (16) and assume Ef’fm < 00, B¢, ; = 0. Suppose that
0< tn,j,i <1 and

c1 = sup vy, ((0,1]7) < oo. (22)

n

For every A > 0 there is a constant dy(c1, \) such that
P([Wall = A) < di(er, Mvw, ((0,1]7)
If in addition E€, ; < oo and

co = sup sy, ((0,1]7) < oo (23)

n

then there is dy(cy, ca, \) such that

P ([[Wall = ) < da(er, e2, ) (s, ((0,1]%) + 3 (v, ((0,1]9))°) -

Proof: We obtain from inequality (13) that
[Wal < gMWy,) + [Wi(1,...,1)] .

Hence
A

Pl =0 <P (Miv) = 2

)+POW@W”JHZ4L>. (24)

qg+1

Set v = 2. Due to the independence of W, ((s,t]), W,,((u,v]) for disjoint (s,t], (u,v] the
condition (14) in Lemma 2 is fulfilled with

Hew,, = Vw,, -
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Hence by (22)

s
/g
S
Vv
’»
N————
IN IN
= =
7 N N
|
N———
W~
2
S
S
=
e

Moreover, Chebyshev’s inequality yields

POWML”.JN> v, ((0,1]7) .

2
A )< (q+1)
g+l

STy
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The last two inequalities yield the first statement. To prove the second statement we set

~v = 4 and note that by (21) the condition (14) is fulfilled with

/‘L47Wn((s7t]) = %Wn(('s’t]) + 3vw, ((07 1]q) I/Wn(($7t]) :

The rest of the proof is similar as for the first statement.

To investigate the modul of continuity of W, we study differences W, (u;) — W, (u2) if the

two vectors uy,us are different only in one component. More precisely we suppose that

0 < 81 < s9 < 1 are fixed. Then

Sup |Wn<u1’ 7ui—17t7ui+17"‘ 7Uq)_Wn(U17-.. s Ui—1, S1, Uity - - -
ozijg,?#
1
- Sup . Z gnvlj(sl’ﬂ (tn,l,i) H [(O,uj] (tn,l,j)
0<S71¢]<i§15]2¢z Mn =1 i
R
= sup — Z £n,lj(sl,32} (tn,l,i)I(O,t} (tn,m') H [(O,uj} (tn,l,j)
0<Slu]<i§1,512¢z M =1 i
1o
B fflﬁlﬁz NS lzl Snil 1_[1 T(0,u;) (tnij)

= [Ai(Wh, 51, s2)|

where gn,l = &nid(s1,50] (tny,i) and the process A;(W,,, s1,s2) is defined by

AZ(WTL, S1, SQ)(U) =

R
Zé.n,lj(o,u] (tn,l) .
Vil 2

7Uq)| (25)

If ¢ is a measure on the Borel sets of (0,1]? we denote by o the i-th marginal measure

defined by

0 ((a,b]) = 0((0,1] x --- x (0,1] x (a,b] x (0,1] x --- x (0,1])
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where 0 <a <b<1.

Now we estimate the measures va,w, s,.s,) a0d 27, (W, 51.50)- Lhe definitions (17), (18) and
the definition of &, ; provide
VW) (0,19 = 1D ((s1,52])

HA;(Wh,s1,82) ((Oa 1](1) = %I(/Iz/)n ((317 52]) .

The application of Lemma 3 to the process A;(W,,, s1, s2) yields

Lemma 4 IfE¢,; < oo, (22) and (23) are fulfilled then
(i) (i) ?
P srsoll 2 3) < dafersen, V) (4 (onsa) + 3 (4 (ons2)) )

To get precise estimates of the modul of continuity we apply a truncation technique. To be

more precise we set for a > 0

Eni = Snil{ien1<aymmy — Eénil{je, | <ayimm} -

Note that Egm =0,

72 2 2
Eé.n,i S Efn,z = Jn,'

)

and by (a +b)* < 8(a* +b1), |[EX|* < EX*

—4
E¢,, < 8(a’m,EE., + E&, I, |<aymn})
< 8 (a2mnaiﬂ- + azmnaiﬂ») = 16a2mnai,i .
Set
Woalt) = S 8 L (1)
n,a = n,iL(0,t]\bn,i)-
Mn i=1
Then
VWn,a((87t]) S yWn(<87t])
and
1 &
sw, . ((s,1]) < mZ ; 16a°my 0, ;6y, ,((s,t]) = 16a’vw, ((s, 1])

and ¢y = sup s, , ((0,1]7) < 16¢; if a € (0,1]. The application of Lemma 4 to W, , yields

n
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Lemma 5 If (22) is fulfilled then for a € (0,1]

. , 2
P ([ Ai(Waa, s1,82)|| > A) < da(cr, 16¢1, M) (16a2u§9n((sl, s2l) + 3 (W) ((s1,52])) ) .
We now show that under the Lindeberg condition the modul of continuity of the processes

W, fulfills the assumptions in Lemma 1.

Lemma 6 Assume that vy, = v asn — oo where v is some continuous measure on
(0,1]9. If the Lindeberg condition

1 &
fm - BE; 1 |>eymnty =0 26
nl—{go My, ; gn,l {lén,il>ev/mn} ( )

15 fulfilled for every e > 0 then
1}%1 lim sup P (ww, (§) >¢) =0

for every € > 0.

Proof: The proof is devided into several steps
1) We show that W, can be approximated by the process W, , in the uniform metrik. To
this end we note that by F¢,; =0

_ 1 &
Wn(t) — Wn(t) - Wn,a(t) = \/m— Z (fn,il{|§n,i|>a\/m_n} - Egn,zlﬂfnzba\/m_n})
" oi=1
I K=
= Eni
NS

The inequality

E(E,,)? < E& Lie, i>aymn}
implies

n—oo

1 &
v, ((0,1]7) < m—ZEﬁiiI{mn,ipa\/m—nn — 0
noi=1

by the Lindeberg condition. Hence by the first statement in Lemma 3

limsup P (||W,, = Wyl >A) =0. (27)

n—oo

2) To estimate the modul of continuity of W, , we remark that
(Wha(s) = Wao®)] = [Wha(st,...,8q) — Whalts, ... t,)]
S |Wn,a(517 s 7Sq) - Wn,a(tla 8§25 .- 7Sq)|
+...+ |Wn’a(t1, [N ;tq—la Sq) — Wn,a(tla ce ,tq)‘ B
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Hence by the definition of A;(W,, 4, s1,s2): for fixed s = (s1,...,s,) and 6 >0

sup |Wn,a( - na |<Z||A nm —5)\/0,(81-4-5)/\1)” (28)

t: |s—t|<d

where a A b = min(a,b),a V b = max(a,b). From the representation of ||A;(W,, 4, s1,82)|| in
(25) we see that

1A (Waa, ur, ug) | = ([ Ai(Wa,a, v1, 02) (29)

if u; < wy,us > v9. Then for every m =1,2,...

sup ||[A; (Wha, (si —0) VO, (s; +0) A1)[| < sup
0<s;<1 1=0,1,...,m

A, (W L M) H
m m

and

P(sup I1A; ( na,(i—5)v0,(si+§)/\1)H>a>

0<s;<1
~a) |

S ([ o, 24

where k(m,0) is the integer which fulfills the inequality

k(m, ) S 95 > k(m,d) —1

m m

Applying this inequality to (28) we get

P ( sup [Wia(s) = Waa(t)] > A) < iip (H ( - % %(7”5)) H > 2) |

|s—t|<d

The assumption vy, = v implies
¢1 = sup vy, ((0,1]7) < oo

Hence by Lemma 5

P ( sup [Woa(s) = Woa()] > A)

|s—t|<8
q m
Z Z dy(c1,16¢1, A) (16@2%(/‘/)” (<—, 7] )
i=1 1=0 m m

o (55 ]) )
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The assumption vy, = v in conjunction with the continuity of v yields

lim w3y ((a,8]) = v ((a,8])

n—oo

for every 0 < a < b < 1. Hence

al0  n—oo |s—t|<d

q m 2
< 3dy <01, 16¢4, i) Z (V(i) <(L7 M})) _
q i=1 [=0 m m

Taking § | 0 we get

lim sup lim sup P < sup [Wia(s) — Wia(t)| > )\)

lim lim sup lim sup P ( sup |[Wh.a(s) — )

0 alo  n—oo |s—t|<8

< 3@(0171661’ )ZZZ( ((% LD)

m
A o (! ()(

< 3dy | c,16¢;,— | max max v — ZV (0,1])
q /) i=1,..., 1<I<m—1 m

The continuity of the ) implies that

(i)((z ZHD S
sup v —_— — 0,
1<i<m—1 m.m

lim lim lim sup P (ww, , (6) > \) =

510 al0  pooo

which yields

3) It holds

PG, ()2 ) < P (10, = Wil 2 5 ) 4P (w02 3 )

P. Dencker

(30)

Taking in this inequality at first n — oo then a | 0 and finally § | 0 we get from (27) and

(30) that

llfgl limsup P (wyw, (0) > ) =

n—oo

which completes the proof.

Lemma 7 If the Lindeberg condition (26) in Lemma 6 is fulfilled and vy, = v then the

finite dimensional distributions of W, converge weakly to the corresponding finite dimensional

distributions of a Wiener field W with variance B where B(t) = v((0,t]).
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Proof: Note that both W, and W vanishes on the lower boundary. Hence W, (t) =
W,((0,t]), W(t) = W((0,t]) and instead of proving the weak convergence of the finite dimen-
sional distributions of W,, we may equivalently prove that for any disjoint (s, 1], ... , (Sm, tm]
the distribution of

Wn((sla tl]); s 7Wn<<3ma tm])
converges weakly to the distribution of
W((s1,t1]), - s W((Sm, tm]) -

Due to the independence of W, ((-,-]) and W((-,]), respectively, on disjoint intervals it

remains to prove that for any fixed s, ¢
L(Wal((s.t])) = LW ((s.1])) - (31)
Consider first the case v/((s, #]) = 0. Then
V (Wa((s,t])) = v, ((s,t]) — w((s,t]) = 0.

W, ((s,t]) converges in probability to 0 = W((s,t]) and hence (31).
Consider now v((s,t]) > 0. Set

b, = Z 0121,2‘1(5715} (tn,:)
=1

and 1y,; = &n,il(s4(tni). We obtain

b—n - LV <zn: nn,i> - VWn«Sat]) 72)0 V((‘S?t]) : (32)

MMn M i=1
There are o > 0 and ng such that for n > ng

b, > ay/m, >0 .

7

We note that

by 1 &
Wal(s,t]) = —2=—> i - (33)
vV 1in bn i=1
It holds
1 <& )
b_2 Z E |77n,i‘ I{|77n,¢\>z-:bn}
n =1
M 1 - 2 n—oo
— b_Qm_ ZEgn,i]{|£n,i‘>5a\/m_n} — 0.
o =1
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The central limit theorem implies

c (b—znn> = N(0,1) . (34)

(32), (33), (34) yield (31).

Proof of Theorem 2:
Set

a; = inf s), ap = su s) .
1 56[071}[}90() 2 SG[OE}QQO(>

By the continuity of gy we get —oo < a3 < ag < 00. Set

b(s) = / (1 — g0(5))? Qoo (d) = / 22 Qo (o(d) — g2(s)

Denote by xn(z) a picewise linear function with 0 < yy(z) < 1 such that xy(z) =1, —N <
r< N;xn(x) =02 < —(N+1),z>N+1. As

sup /91;2 Qgo(s)(dz) < sup /x2 Qy(dx)

s€[0,1]9 a1 <n<az

we see from (5) that ¢ is bounded. Furthermore for s, — s

() — ()| < 2 sup / 2 (1 - xw(2)) Qyda)

a1<n<az

N / 2 (2) Quogey (dr) — / 20 () Qoo ()

Given € > 0 we choose N sucht that the first term does not exceed §. By condition (6) there

is ng such that

<

DO ™

‘/$2XN(1’) Qgo(s)(d) —/$2XN($) Qygo(sn) (d)

for even n > ng. Hence

() = ¥(sn)| <e

for every n > ny which proves the continuity of ¢. As p is continuous the function f;(s) =
Ijo,q(s)1(s) is p-a. e. continuous for every ¢ and bounded. This implies the continuity of B.
We have

minivm,jﬂm,ﬂ(tn,j) = [ ([ = 00D Quiote) ) )

[0,¢]

- / Ti0(5)0(s) pu(ds)
=[5 mlds) =5 [ 566wt
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where the last statement follows from assumption (7).

To prove the Lindeberg condition we note that

(Yo = EYojl > ev/mn} C Yo | > ev/mn — max (|ai], |as|)} -

Set by, (g) = e/m, — max (|a1], |ag|). Then

sup  E|Y,; — EY, ;1 Ly, ,— by, >y

1<j<my,
< swp BV gvsney + S0 B Py e
1<j<mn 1875mn
< 2 sup EY? Iy, sbue)}
1<j<mn,
< 9 sup / iL’an(d-r) 72? 0
a1<n<a2
{|z|>bn(e)}

by assumption (5). Hence the Lindeberg condition is established.
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D. Lau

Die maximalen Klassen von (1,., Polso
fiir @ C B0, 1,2}), Teil 11

In Fortsetzung von Teil | dieser Arbeit sollen nachfolgend die maximalen Klassen von

Teilklassen der Form (), Polzo mit @ € {{{a,b},{c}}, {{a, b}, {a}, {b}}, {{a, b}, {a},{c}},
{{a,b},{a,c}},{{a,b},{a,c},{b}}}, {a,b,c} :={0,1,2} ermittelt werden.

Lemma 1 Seien

(0212 (01201 (01201
= \9021 2=V o1210) ® \o1222)"

(0120212 (010212 (0011201
=N 0122021)° % " \o12021/)° % \o101222/"

Dann gilt:
(a) To1.2 N Polspr € T1.2 N Polsps, (¢) To1,2 N Polsos C Ty 1.0 N Polsoy,
(b) To1.2 N Polsos C To 1.0 N Polspa, (d) Th1.2 N Polzps C Tp1.2 N Polsps.

Beweis: Bezeichne o das Relationenprodukt und fiir binédre Relationen p sei 7o :=
{(y,z) | (z,y) € o}. Obige Behauptungen ergeben sich dann aus g, 001 = 09, (T03) 0 03 = 04,
(B3 % Ez) Mos) o (05N (E2 X E3)) = 04, 06N (Tos) = 02 und (1). U

Satz 2 Sei{a,b,c} = E3. T, := Polz{a,b} N Pols{c} besitzt genau 11 mazimale Klas-

SEN.
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(1) Tope N Pols{a} () Ty () Pol abcacbece
a,0;c O
(2) Ty p.c N Pols{b} b *Nabecach
bbacbec
aab 8) Ty pe N Poly [
(3) Typ,e N Poly abb> (8) Ta o' ababcach
ab aabbaabd
(4) Tape N Poly | (9) Tupe N Polz | aabbabab
caabbabb ababcecccece
b
aabbabalb a
(5) Ta,b;CmPOl3 abaabbab (10) Tmb;cﬂPOlg ESU ab
abbaaabbd cce
be
abcab 11) Type N Poly [ ©©°
(6)Ta,b;cﬂp0l3 abcba> ( ) b o' ccach

Beweis: O.B.d.A. seiena =0,b =1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis eine
Teilmenge von Tj 1.2, die keine Teilmenge der unter (1) bis (11) aufgezihlten Teilklassen von
To1.2 ist. Dann gehoren zu [A] gewisse Funktionen fi, fo, ..., f11 mit der im Teil | vereinbarten
Eigenschaft (*).

Wegen Lemma 3.6 konnen wir als Superpositionen iiber den Funktionen fg und f; gewisse

Funktionen ff,, f, f& und f/; mit den Eigenschaften

; 0212) (00112 ; 010212\ (012
212021 01012)" "“\o12021 102’

; 01201) _ (0122 ; 0011201 _ (22
Blo1222 1001/ "®\o101222 01

erhalten.

Mit Hilfe von Lemma 2.1 (Teil I) sicht man leicht ein, dafl jede Funktion aus P, die Ein-
schrankung einer Funktion aus [A] sein mufl. Damit sind auch alle einstelligen Funktionen
aus Tp 1.0 Superpositionen iiber A, d.h., {us, s1, s3,v2} C [A].

Als néchstes soll gezeigt werden, daf8 alle Funktionen aus T 1., die nur Werte aus {0, 2}
oder {1,2} annehmen, zu [A] gehoren.

Wir beginnen mit dem Nachweis gewisser zweistelliger Funktionen

k, d € [A] N Pyo (1)
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mit den Eigenschaften

z y\k(r,y) d(z,y)
00/ 0 0
02 0 2
200 0 2
29| 2 p

00
02
/
fia |y,

00
02
02
22 22

Es gilt f15(z,y) = ua(fra(z, y, v2(2),v2(y))) € [A], wobei W(f,) = {0,2} und
c
Fall 1: f{,(0,2) = f15(2,0) = 0 (d.h., fi, = k).

In diesem Fall konnen wir die Funktion

fa(@,y) = fu(fla(@,y), v2(f12(2, ¥)), 2, y, v2(x), v2(y)) in [A] nachweisen, fiir die wir 0.B.d.A

02 02 02 0
! € h ko . Falls fi = ilt, ist
fia (20> <1 , | annehmen konnen. Falls fia <20> <1> gilt, is

fé($7y) = U2(f8(f{g(£,Q),f{4(l',y),f{4(y,$),Ug(fig(l',y)),l',y,U2<l’),"U2(y))) € [A] die ge-
suchte Funktion d.

02 2
Im Fall f{, o] = (2) konnen wir als d die Funktion us + f{, wéhlen, womit (1) im Fall
1 gezeigt ist.

Fall 2: f1,(0,2) = f{5(2,0) =2 (d.h., fi, =d).

Die noch fehlende Funktion & € [A] erhélt man in diesem Fall durch

k(l’, y) = U2(f11(f{2<l',y), z,Y, U2(':C)7 U2<y)>> Also gllt <1> auch im Fall 2.

Um Lemma 2.6 aus Teil I (fiir 2 anstelle von 1 und P (0} anstelle von Ps,) anwenden zu

konnen, benétigen wir noch eine auf {0, 2} nicht monotone Funktion aus Tp 1,2 N Ps {0,2}-

2 122
Fiir die Funktion f{3(l’7y’ Z) = flS('TaU?(x)vz7ya02<y)) gﬂt f{?) <0 ! ) S (O >7 fiir

022 1001
002 02 002
die wir wegen s3 € [A] 0.B.d.A. fi, (0 5 2) S (1 0) annehmen kénnen. Falls f/, (0 ) 2) —

ist, erhélt man durch
fis(@,y,2) = ua(fis(7, f13(2,9, 2), 83(fi3(2, Y, 2)), v2(2), 2, ¥, v2(y)) € [A] eine Funktion mit

2 2
der Eigenschaft fi; <8 g 2) = <0> . Also ist auf {0,2} entweder fi; oder fis nicht mono-

ton.
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Mit Hilfe von Lemma 2.6 (Teil I) ist nach diesen Vorbereitungen leicht zu zeigen, dafi zu
jeder Funktion g™ aus Polg2;{0} N Polj2y{2} in [A] eine Funktion G™ mit

vx € {0,2}™: g(x) = G(x)

existiert.

Zwecks Nachweis von Tj 1.2 N Ps 021 € [A] bilden wir als néchstes die Superposition

h(z,y) = ua(fe(uz(x),ve(x),y, x,s3(x))) iber A, fir die wir 0.B.d.A. h <(1) ;) = (g)

annehmen konnen.

Bildet man nun zu beliebigen Tupeln x := (z1, za, ..., x,) € EY\EY die Tupel

Ty := (h(xq, x2), h(x1, 23), ..., h(21, 20,
(o, 1), h(xa, x3), ..., h(xe, T4),
My, 21), M(Tp, 22)y ooy B (T, Tp1),

ug (1), ug(2), ...y ua(y)),

so sieht man leicht, daB fiir beliebige Tupel x,x’ € E}\EY
x#x = Ty # Ty

gilt. Folglich und nach dem oben Gezeigten findet man zu einer beliebigen Funktion ¢" €
Toa,2 N Ps g0,y in [A] eine Funktion f; mit

g(xla 7In) = fg(h(xlny)a h<x1a ._'23'3), ceey h(x17xn)7
h(za, x1), h(za, x3), ..., h(xe, xy),
h(xna x1)7 h<xn7 IQ): () h’(x'rw xn—1)7

ug (1), ua(2), ..., uz(xy,)).

(Man beachte dabei, daf§ solche Funktionen g auf EZ nur den Wert 0 annehmen.)

Folglich haben wir Ty 1,0NPs 0,2y C [A] und { voxf | f € To1.2NPs 1,2y } = To1.2NPp oy C [A].
Als néchstes soll gezeigt werden, wie man alle Funktionen aus 7j 1.2, die nur auf dem Tupel
(2,2,...,2) den Wert 2 annehmen, als Superpositionen iiber Funktionen aus A darstellen
kann. Wir beginnen mit der Konstruktion einiger Hilfsfunktionen:

Aus f7 ist zunéchst fi(z,y) := fr(hi(z,y), ha(z,y), hs(z,y), z,y, v2(2), v2(y)) mit hy € [A]N
Pro2y, ha, hs € [A] N Pp 2y und

2 (30) = (0 63 =(2) ()= ()
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02 0
bildbar, wobei wir (wegen sz € [A]) f+ 5 O) = (1) annehmen kénnen. Als Superposition
u

tiber f7 und uy erhdlt man dann r(z,y) := fi(uz(x), us(y)) mit der Eigenschaft

=
I
_H o Q2 QL o 0

20

und « € {0, 1}. Der Einfachheit halber, konnen wir v = 0 annehmen. (Im Fall a = 1 hat die
Funktion 7’/(x,y) := s3(r(y, x)) die gewiinschten Eigenschaften.)
Bezeichne ¢" eine beliebige Funktion aus 7,2, die auf Tupeln aus E3 nur den Wert 0

annimmt und den Wert 2 nur auf (2,2, ...,2). Zu [A] gehoren die n-stelligen Funktionen

0 (x) = { 0fir ¢(x)=0,

2 sonst

und

(x) = 2fir  (¢(x)=0 A xg€E}) V x=2,
e 0 sonst,

womit ¢(x) = r(q1(x), ¢2(x)) € [A] gilt. Wegen s3 € [A] sind auch beliebige n-stellige Funk-

tionen, die auf Tupeln aus Ef nur den Wert 1 annehmen und den Wert 2 nur auf (2,2, ...,2),

Superpositionen iiber A.

Als néchstes bilden wir die Funktion

f(z,y) == folua(x), z, s3(x), va(x), ua(y), y, s3(y), v2(y)) € [A], fiir die wir (wegen s3 € [4])
00 0

fol01 ] =11 | mit gewissem 8 € Ey annehmen koénnen. Bezeichne p eine n-stellige

12 B

Funktion, die auf Tupeln aus EZ beliebige Werte aus F, annehmen kann und den Wert 2 nur
auf dem Tupel (2,2, ...,2). (Die Verteilung der Werte 0 und 1 auf den Tupeln E}\(Ey U{2})
ist fiir die sich anschlieBende Konstruktion unwichtig und sie héingt ab von der weiter unten
beschriebenen Superpositionsbildung in [A].) Eine Funktion p mit diesen Eigenschaften 148t
sich mit Hilfe einer in [A] bereits nachgewiesene n-stellige Funktion p’ mit p/(x) = p(x) fiir
alle x € EY, der n-stelligen Funktion p” € [A], die definiert ist durch

0fir p'(x) € E,
pl(x):=< 2fir x=2,

1 sonst
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und der Funktion f§ wie folgt als Superposition tiber A gewinnen: p(x) := fi(p"(x), p'(x)).
Seien EY = {aj,as,...,azn} und EY\(EYU{2}) = {agni1, a2n42, ..., agn_1 }. Superpositionen

iiber A sind gewisse n-stellige Funktionen ¢; (i = 1,2,3,...,3" — 1) mit den Eigenschaften:

1 fiir x = aj,
9i(x) = . n
0 fir x € Ef\{a;}

firi =1,2,...,2" und

1fir x=a,
gj(x) =< 2 fir x=2,

0 sonst

fir j = 2" +1,2" +2,..,3" — 1. Durch (¢1(x), g2(x), ..., g3n—1(x)) mit x € EY lassen sich
dann 3™ paarweise verschiedene Tupel beschreiben, die bis auf (2,2,2,...,2) sdmtlich zu
E3" ™' gehoren. Folglich findet man in [A] zu jeder n-stelligen Funktion f, € Tpi., die
nur auf (2,2,...,2) den Wert 2 annimmt, eine gewisse (3" — 1)-stellige Funktion Ay, mit

fe(x) = hy, (g1(%), g2(%), ..., gsn—1(x)). Durch Einsetzen gewisser solcher gerade konstruierten

00 0
Funktionen in fio 148t sich in [A] eine zweistellige Funktion fi, mit fij, | 10 | = | 1
02 2

nachweisen.
Bezeichne nun f™ eine beliebige Funktion aus Tp1.2. Wie oben gezeigt wurde gehéren zu [A]

folgende zwei n-stelligen Funktionen:

Jx) fir  f(x) € B,
hi(x)=<2 fir x=2,

0 sonst

und

ta(x) =
2(x) 0 sonst.

{2 fir f(x) =2,

Damit gilt f(x) = fi(t1(x),t2(x)) € [A] und [A] = Tp 1,2 ist gezeigt. Hieraus und aus Tabel-
le 1 folgt dann die Behauptung von Satz 2. Die Funktionen g1, ..., g1 aus Tabelle 1 sind in
Tabelle 2 definiert. Fiir die Funktion g3, sei
2 fiir  x € E3\F3,
gn(x): =< 1fir xe{(0,1,1),(1,0,1),(1,1,0),(1,1,1)},
0 sonst. U
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U V2 53 91 92 93 94 95 96 97 98 9o Y10 h
M+-—-+-+—-—+-+++ + + T1 T2(91 92 93 94 95 g6 97 g8 99 gio
@-+-=—+-=—+++ -+ ++ 0 0[0000O0O0O000O0O0
G+ +-++-=+—-—+++ ++ 0 1{0 11100100
@--+-=-=-++-=-—+ -+ 10/01 00111010
G+ ++++-++-=++ - - 1 1/01 00111011
©6)|+ ++ - === = +++ - + + 0200101012210
M+ ++++-=—=-—=—++ -+ + 1 2(2222202220
B+ ++-—+-—+++-=- - = 200111122220
M+++++-—---+++ — + 2 112121122220
1)+ ++++ - === = - = + - 2 212222222222
A+ + + = = = = — ++ ++ - +

Tabelle 2
Tabelle 1

Satz 3 Sei {a,b,c} := E3. Typap := Polz{a,b} N Polz{a} N Pol3{b} besitzt genau 11

maximale Klassen:

b
(1) Ta,b;a;b N POl3 (.Za/> (7) Ta,b;a;b N POlg{b, C}
012abd
aab ,
(2) Ta,b;a;b N Pols ab a) (8) Tavb;a;b N Pols 012 &>
bbacbec
bab 9) T . ﬂPl aa
(‘9) Ta,b;a;b N P0l3 bba ( ) a,b;a;b Olg ababeach
b aabba
(4) Tapas N Pols aa (10) Pols Chabe
abbd
(5) T pap N Pols{c} (11) Pol, aabbb)
ababec

(6) T, p.ap N Pols{a, c}

Beweis: O.B.d.A. seien a = 0, b = 1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis
eine Teilmenge von T 1.0.1, die keine Teilmenge der unter (1) bis (11) aufgezdhlten Teilklas-
sen von Tp 1,01 ist. Dann gehoren zu [A] gewisse Funktionen fi, fo, ..., f11 mit der im Teil [

vereinbarten Eigenschaft (*).

1102 11 1102
Da (EQXE3)Q<O 0 0 ) = (O 0 O) gllt, haben wir TO,l;O;lmPOZB <0 0 0 ) g

010120 01012 010120
00110 . . . . e
To.1.01 N Pol 01012 ) Wegen fip € A ist folglich auch eine gewisse Funktion f7, mit

f 001102 c 122
“lo10120 212
Mit Hilfe von Lemma 2.3, Teil | sieht man leicht ein, daf jede Funktion aus Ty N T (C P»)

eine Superposition iiber A.
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die Einschrénkung einer passend gewéhlten Funktion aus [A] sein muf.

Da f5 € {j1, 45}, fe(j1(x),x) = js(z) und f7(js(z),x) = j1(x), sind die Funktionen j; und js
Superpositionen iiber A.

Mit Hilfe dieser Funktionen und Lemma 2.6, Teil | sieht man dann, da AN P;5 C [4] gilt.

Wir konstruieren als néchstes einige Hilfsfunktionen.

10 0 10 1
Z A h Fkt 2’2 t — d — Fl_
s e (5 (1) (22) - ()

lich hat die Funktion fi,(z,y) = fio(j1(y), 1(x,y),z, g2(z,y),y) € [A] die Eigenschaft

2RO

Mit Hilfe der Funktion fi; und gewissen Funktionen aus Ps 5 N [A] zeigt man analog, dafi zu

1
[A] eine Funktion f{; mit fi; (? 2) = ((2)) gehort.

01201 0122 01201
AuBlerdem haben wir fg € . O.B.d.A. konnen wir fg €
01210 2201 01210

01

annehmen, da wir in den anderen Féllen zur Funktion

fa(xy, ..., x5) == fs(wy, xa, k3, 5, 24) ibergehen konnten, die die gewiinschte Eigenschaft be-
sitzt.

Bildet man nun f(z,y) :== fi1(g3(z,y), fs(j1(2), j5(x), 7,9, 94(x, y))), wobei g3 und g4 gewis-
se Funktionen aus [A] mit

gs(a, y) = {1 fir  (z,y) € {(L,1),(2, 1)},

0 sonst

und

0 sonst

gdﬁw;:{lmr (z,y) € {(1,1),(2,0)},

bezeichnen, so hat diese Funktion die Eigenschaft

00 0
01 0
10 0
!/ —
s 11 |1
20 0
21 p)

Einsetzen gewisser Funktionen g¢s, g4, g5, g6 € [A] N P32 in fio liefert eine zweistellige Funk-

. , 02 122
mmlﬁﬂ%y):=ﬁﬂgﬂ%y%gd%y%gd%y%gd%y%xﬂDrmtﬁ2<20)EE<212>-Da
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man anstelle von f{, auch die Funktion fi,(x,y) := fi5(y,x) verwenden kann, geniigt es
02 12 02 1

fia € weiter zu betrachten. Falls f], = , erhdlt man durch
20 22 20 2

fé(xvy) = f9(93(x7y)ag4(xvy)aQS(xvy)agﬁ(xvy)axaya f{g(aj;y),fb(y;x)) eine Funktion aus

2 2 2 2
[A], fiir die f§ ((2) N (2) gilt. Also kénnen wir 0.B.d.A. f], (g N (2> annehmen.

Mit Hilfe der Funktionen f, f{, und Funktionen aus [A] N Ps wollen wir jetzt gewisse

n-stellige Funktionen fa; as.. a. € T0.1.01 ({a1,a2,...,a,} C EY\EY) mit

.....

2 fir xe€{a,az, ...,a},
fal,a2 ..... ar(X> = 1fir x= 1,

0 sonst

konstruieren.
Falls a := (ay,as,...,a,) € EY und a; = 2 fiir ein gewisses i € {1,2,...,n}, erhdlt man die
n-stellige Funktion f, als Superposition iiber A mit Hilfe der n-stelligen Funktion

fa(x) = {1 fir xe{a, 1},

0 sonst

aus [A] N P35 mittels fa(x) = f§(x;, ta(x)).
far.az....a, € [A] fur r > 1 und {ay,az,...,a,} C E}\EY folgt aus fa, ay...a (X) =
f{Q(fal,az ,,,,, arfl(x)7far(x>>‘

Eine beliebige n-stellige Funktion f aus 7( 1,01 ist dann wie folgt als Superposition iiber A
darstellbar: f(x) := fi,(gf(x), ta,
net, auf denen f den Wert 2 annimmt, und gy durch

0r(x) = {f(X) fir  f(x) € {01},

1 sonst,

ar (X)), wobei {ay, ..., a,} die Menge aller Tupel bezeich-

.....

definiert ist. Folglich gilt [A] = T§ 1,01
Die Behauptung von Satz 3 ergibt sich dann aus Tabelle 3, wobei die Funktionen gy, ..., g19
aus Tabelle 3 in Tabelle 4 definiert sind. Fiir die Funktion A3, h? und h3 gelte

o (x) z+y+2z(mod2) fir  x € E3,
X) =
0 0 sonst,

o (%) = rA(yVz) (mod2) fir xé€ E3,
1 R sonst,

und

() 1= TV (yAZ) (mod2) fir x € E3,
’ . 2 sonst.
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J1 J5 91 92 93 94 95 Y6 97 98 9o g10 ho hy ho
M++-=—++++ =+ - + - = 1 2|91 92 93 94 95 Y6 97 g8 9o Y10
Q+++-++++-+++ - + - 00/0000O0O0O0O00O0
B++-++++++-+ - - -+ 0 1/0 111001000
WH+++++++++++ + - - Lojo100111010
G-+ -+ ++++ - - = + 111111111111
G|+ -+ - == - = ++ -+ + -+ 0200101012210
D-+-++++-+++ + + 1 2(2222202220
@+ +-== - - +++ -+ + ++ 200111122220
MD++-+-+++-==+ + + - 2 112121122220
W+++-=+-+-—+-+ + + - 2 2/0121222220
A+ + -+ -+ -+ + - =+ + + —
Tabelle 4
Tabelle 3
O
Lemma 4 Seien
(001102 (00110 (0011201
“ T \oror20)”  \o1o12)®  \o1o1222)°
(01210 (0212
““\or201) ® " \2021)°
Dann gilt
(a) To1,02 N Polzor € T 102 N Pol3os;
(b) To1.02 N Polsps C Ty 1.0.2 N Pol3pa;
(¢) To,1,0.2 N Polgos C T 10,2 N Polsoy.
Beweis: (a) folgt aus g1 N (Ey X E3) = gy und (b) aus o3 N (703) = 04.
(c) ist eine Folgerung aus Lemma 1, (a). O

Satz 5 Sei {a,b,c} := E3. Typae := Polz{a,b} N Polz{a} N Polz{c} besitzt genau 11

mazimale Klassen:
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(1) Thpae N Pols{b}

b abcacbe
(2) Tupase 1 Pols azb> (7) Tatiae 1 Pols abccaci))
a
aba aabbacbec
. 8) Ty pa:e N Pol
(3)Ta,b,a,cﬁPOl3 aab) () \bya; 0t3 ababcacb)
aaabbabbdb cacbe
9) Ty poaie N Pol
) Tapso 1 Pol cabvavap| (YT ’ ccacb>
a,o;a;c O
bias *labaabbab 10) oo Pol aaab
abbaaabbd a/biae o' abcec
5) Ty pae N Pols{a,c bb
(5) Tute N Pol{a ) (1) TP 1 ba)
abcabd avavc
6) Ty poa:e N Pol
(6) b3 O3<abcba>

Beweis: O.B.d.A. seien a =0, b =1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis eine
Teilmenge von T 1.0.2, die keine Teilmenge der unter (1) bis (11) aufgezdhlten Teilklassen
von Tp 1,02 ist. Dann gehoren zu [A] gewisse Funktionen fi, fo, ..., fi1 mit der im Teil |
vereinbarten Eigenschaft (*).

Wegen Lemma 4 gibt es in [A] als Superpositionen iiber fs und fi; gewisse Funktionen fis,
Ji3 und fi14 mit

; 001102) _ (212 ; 0011201) _ (22 ; 0212 _ (00112
1010120 221) """ \o101222 01/ """\ 2021 01012/

Mit Hilfe von Lemma 2.2, Teil | sieht man leicht ein, daf§ jede Funktion aus Ty C P, die
Einschrénkung einer Funktion aus [A] sein muf}. Damit sind auch alle einstelligen Funktionen

aus Tp 1,02 Superpositionen iiber A: us, 51 € [A].

02 111
Es gilt f5(0,2) = 1 und damit € .
s gilt f5(0,2) und dami f5<20> <012)
Fall 1: f5(2,0) = 0.

Als erstes soll gezeigt werden, daf alle Funktionen aus Tp,0,2, die nur Werte aus {0, 2}
annehmen, zu [A] gehoren.

Wir beginnen mit dem Nachweis gewisser zweistelliger Funktionen &, d € [A] N Py}, mit
den Eigenschaften

z ylk(z,y) d(z,y)

00 O 0
02 0 2
200 0 2
22 2 2
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01 0 01
Da zu [A] gewisse zweistellige Funktionen hg, hy mit hg (1 O) = ( > und 7y (1 ) =

1
gehoren, gilt

fla(z,y) = fra(ho(fs(y, 2), fs(2,9)), fs(y, 2), fs(z,y), hi(f5(y, 2), f5(z,v)), 2,y) € [A] mit

02 122 2 2
[l 20 € 919 Falls fi, 0) 2) erhélt man durch f15(z, y) := f5(@, fis(z, y))
: : . . ) . 02
eine Funktion mit der Eigenschaft f, (2 O) = <2> . Also kénnen wir 0.B.d.A. f], (2 0) =
1

annehmen.

Die Funktion

fé(xay) = UQ(fg(h0<f5(y,l'),fg)(l‘,y)), f5(y,x), f5($,y), hl(f5(x7y)a f5(x,y)),
z,Y, f{g(m,y)7f{2(y,x)))

hat dann die gewiinschten Eigenschaften von d und als Funktion & kénnen wir k(z,y) :=

Uz(fg(fb(l’, y): z,y, f{2<£L‘, y)7 f{Q(ya .1'))) wéhlen.
Um Lemma 2.3, Teil [ anwenden zu kénnen, benétigen wir noch eine auf {0, 2} nicht mono-

tone Funktion aus Tp 1,02 N P 40,2}

01 1
Zu [A] gehort eine Funktion ¢ mit der Eigenschaft ¢ < ) = <0> Damit haben wir

11
, {002 1 . )
q(x,y,2) = q(fs(x,y), fs(x, 2)) € [A] mit ¢ 0929 € o) Folglich erhélt man durch
002 2
/ —
s (0 2 2) 0

Mit Hilfe von Lemma 2.3, Teil [ ist nach diesen Vorbereitungen leicht zu zeigen, dafl zu jeder
Funktion g™ aus Polo2,{0} N Polf2;{2} in [A] eine Funktion G™ mit

vx € {0,2}™": g(x) = G(x)

existiert.
Als niichstes soll eine Fuktion A% mit W (h) = {0,2} und

(-

konstruiert werden. Wir betrachten dazu wieder die Funktion fs, fiir die f5(0,2) = 1 gilt.
Falls f5(1,2) = 2 ist, erhdlt man A durch wus x f5. Ist f5(1,2) = 0, so kann man als h
die Funktion f§(z,y) := ua(fe(uz(z),t1(f5(x,v),x), v, z, fs(x,y)) € [A] wihlen, wobei fiir
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01201 0
t1 € [A] t1(1,0) =¢,(0,1) = 1 gilt und 0.B.d.A. uy <f6 (0 191 0)) = (2) angenomimen

wurde.
Falls f5(1,2) = 1 ist, kann man mit Hilfe einer Funktion t5 € [A] mit #3(1,0) = 1 und

02 1
to(1,1) = 0 die Funktion fi(x,y) := t2(f5(x,y),x) bilden, die fI . 2) = <0> erfiillt,

womit wir wie bei dem vorher betrachteten Fall weiter verfahren kénnen.

Also existiert in [A] eine Funktion h mit der oben angegebenen Eigenschaft (2). Wie im
Beweis von Satz 2 1a8t sich damit Tp 1,02 N Ps q0,2y € [A] zeigen.

Ebenfalls analog zum Beweis von Satz 2 kann man sich iiberlegen, dafl alle Funktionen
aus 7102, die auf Tupeln aus EJ stets 0 sind und nur auf dem Tupel (2,2,...,2) den

Wert 2 annehmen, Superpositionen iiber Funktionen aus A sind, da die Funktion r(x,y) :=

00 0
f5(us(y), us(x)) die Eigenschaft r [ 02 | = | 0 | hat.
20 1
00 0 00 0
Wegen ¢1,¢2 € [AJNPoymit g | 01 | =10],¢ | 01 | =10 | haben wir auBerdem
12 0 12 2
00 00
fio(z,y) = fuola(z,y), 2, ¢2(x,9),y) € [AJmit fig | 01 | €| 11
12 01

Mit passend gewiihlten Funktionen ¢3, g%, ¢2 € [A], die die Eigenschaften

00 0 00 0 00 0
|10 =10],qa|10=]0f,s]10|=]1
02 0 02 1 02 1

besitzen, 148t sich weiterhin f{,(z,y) := fi1(qs(z,y), @a(z,y), x, ¢5(x,y),y) mit der Eigen-

00 0
schaft f{; | 10 | = | 1 | nachweisen.
02 2

Damit lassen sich analoge Konstruktionen wie im Beweis von Satz 2 durchfiihren und folglich

[A] = T.1,02 im Fall 1 zeigen.
Fall 2: f;(2,0) = 1.

L : . 02 1
Fir die Funktion f/(x,y) := fs(ua(fs5(x,y)),y) € [A] haben wir dann f/ (2 O) = <0>7

womit Fall 2 weiter wie Fall 1 behandelt werden kann.

Fall 3: f5(2,0) = 2.
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Da s <f14 (g (2) ; f)) € <8§>,hat die Funktion f1,(z,9) = fualz,y, fo(@. ), fs(y 2)) €

2 2
[A] die Eigenschaft fi, (g O) € (8 2). Falls f1,(0,2) = f{,(2,0) = 0 ist, kann man die

02 1
Funktion f'(z,y) := f5(fi4(z,y),y) bilden, fiir die f" (2 O) = <0> gilt, womit weiter

wie unter Fall 1 verfahren werden kann.
Der Fall f1,(0,2) = f{,(2,0) = 2 l&Bt sich durch Bildung von

fé(xay) = uQ(fQ(f{4(x7y)v$7yafB(xay)nfS(yax))) auf den Fall f{4(072) = f{4<2’0) =0

02 0
lickfithren, da f; = ilt.
zuriickfithren fo 50 0 gi

Folglich ist in allen moglichen Féllen fiir f5: [A] = 10 1.0,2. Die Behauptung von Satz 5 ergibt
sich dann aus Tabelle 5, wobei die Funktionen gy, ..., g1 in Tabelle 6 definiert sind und fiir
die Funktionen h3, h3, h3 gelte

xyVazVyztir z,y,2z € FEy,
hu(2,y,2) = 2 sonst;

o ) x4+ y+ 2z (mod2) fiir  x,y,z € Ey,
T,Y,2) =
Y 2 sonst;

r+y—+z(mod2) fir x,y,z € Es,

hs(x,y,z) == < 2 fir x=y=2=2,
1 sonst.
u2 g1 92 93 94 95 96 g7 gs 9o gio 911 912 ha ho hs
H--+--+++-++ - + ++ + 1 2091 92 93 94 95 Y6 97 98 99 g10 911 Y12
Q1+ ++--++++++ + + + - - 0 0j0O0OOOOO0OODODOTO OO O
G+ +-—++++—+++ + ++—— [01/01 11001000 0 0
W++-—-—-—++-++ -+ 4+ —+4+] |1 0/0100111010 0 1
G|+ +- - - - - ++ -+ + 4+ ++ - (110100111011 01
e+ - - - - - +++ -+ + — +++ |02/0201012210 0 2
M+ + - == - - 4+ -+ — — + 4+ 4 122122202220 0 2
®+-+-+++-—-——+ + — ——+ |20/01 11122220 00
D[+ - - = - - e T 2 112121122220 1 2
(10)|+ + — = — =+ +++ + + — + + 2 20222222222 2 2 2
A+ + -+ -+ -+ -+ + - — — +
Tabelle 6
Tabelle 5
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Satz 6 Sei {a,b,c} = E3. Typao = Polz{a,b} N Polz{a,c} besitzt genau 14 maximale
Klassen:
(1) T, pac N Pol3{b}

. (6) Tipae O Pols (a “ C)
aa acc
(2) Ta’b;a,cﬂ P0l3 >
abbd aca
aac

aab aaaccacec
aaabbabbd aaccacac

aba

(7) Ty pac N Poly
(3) Ta,b;a,c N POlg >

8) T, pacN Pol
aabbababd (8) T ’

abaabbabd
abbaaabbd
(5) Top:ac N Pols{c}

acaaccac
(4) Ta,b;a,c N POZS

accaaacc

b
(9) Ty N Poly | © “)

(10) Typae N Pols [ © 71
acbh aaa
aa (18) Pols | aab
(11) Pols | a b acc
ac aaa
aaa (14) Pols | a b a
(12) Pols | a b b aac

aac

Beweis: O.B.d.A. seien a =0, b =1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis eine
Teilmenge von Tp 1,02, die keine Teilmenge der unter (1) bis (14) aufgezéhlten Teilklassen
von T 1,02 ist. Dann gehoren zu [A] gewisse Funktionen fi, fo, ..., fis mit der im Teil |
vereinbarten Eigenschaft (*).

Wegen Lemma 2.2, Teil [ existiert zu jeder Funktion g™ € Pol3{0}(C P) und jeder Funktion
h™ € Pol3{0}(C Pjo2y) Funktionen G™, H™ € [A] mit

(Vx e E': g(x) =G(x)) A (Vx€{0,2}": h(x) = H(x)).

0 0 0
Folglich gehoren zu [A] auch einstellige Funktionen tq,¢s mit ¢, 0) =ty <2> = <0>,

womit t1xts = ¢y € [A] gilt. Folglich ist auch f{,(z) := fi1(co, ) € {Jj1, u2} eine Superposition
iiber A. Da fi2(co, j1(%), ®) = uz2(x) und fi3(co, u2(x), x) = ji(x), haben wir Tol,1;0,2 c Al
Als néchstes soll gezeigt werden, daf alle Funktionen aus 71,02, die nur Werte aus {0,1}
oder {0,2} annehmen, als Superpositionen iiber A darstellbar sind.

10 01
Die Funktion fi(x,y) := j1(fo(co(x), z,y)) € [A] hat die Eigenschaft: f (1 2) € (1 O)'
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Wir bilden nun zu jedem x € E% ein Tupel

T = (qal (X>,(]32 (X)’ "‘7qa2n71(x)7
(@), ji(@2), -y j1(@n),
e fo(i, ), .0

D. Lau

der Linge t :=2" —14+n+n-(n— 1), wobel {as,az,...,asn_1} = EF\{0}, ¢a, € [A],

1 fir x = a;,
0a;(x):=¢ 0 fir x € {0,2}",
€ {0, 1} sonst

(1=1,2,..,2" = 1), {i,j} € {1,2,3,....,n}, i,j paarweise verschieden und {3, j} sdmtliche

Moglichkeiten durchléuft.

Man priift nun leicht nach, da$ fiir beliebige x,y € E¥ die folgenden Implikationen gelten:

(xX,y € E} Nx#y) = T #F%y,

(xe By Aye EI\(E}U{0,2)) — T AT,
(x,y € EX\(EFU{0,2}") A x#y) = Tx # Ty.

Folglich existiert zu jeder n-stelligen Funktion f € T4 .02 N P2 in [A] N Py 5 eine t-stellige

Funktion ¢; mit ¢f(%x) = f(x), woraus sich Ty 1,02 N P32 C [A] ergibt.
Mit Hilfe der Funktion fio zeigt man analog, dal T 1,02 N Ps 10,23 C [A] richtig ist.

Bildet man f{,(z,y) := fia(co(x), x,y) € [A], so hat diese Funktion die Eigenschaft: fi4

0

00
10
02

1 |. Eine beliebige Funktion ¢™ € Tf 1,02 148t sich dann mit Hilfe der m-stelligen Funk-

2
tionen

g1(x) = {Q(X) fir  g(x) € {0,1}, () = {g(x) fiir

0 sonst,

in der Form g(x) = f14(91(x), g2(x)) darstellen, woraus [A] = T} 1,02 folgt.

9(x) € {0,2},

Die paarweise Unvergleichbarkeit der Klassen (9) - (14) ist der Tabelle 7 zu entnehmen,

wobei
r+y+ z(mod4) fir z,y,z € {0,2},
ha(a.y, ) = { y + 2(mod4) y.2 €{0.2}
T sonst,
r+y+ z(mod?2) fir x,y,z€ 40,1},
(g, ) i { y + 2(mod?2) y.z€{0.1)
T sonst
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und die Funktionen ¢;, g, g3 in Tabelle 8 definiert sind.
Die paarweise Unvergleichbarkeit dieser Mengen mit den restlichen

restlichen Klassen untereinander ist leicht nachzupriifen.

T T2\01 92 g3
5 0 0j]0 0O
hi ha g1 g2 g3 j1 u2 01111 0
O = ===+ 10/011
eea NN NI XY
| 02220
2 00022
(3= = =+ + =+ 2 20 2 2
(14)|— — + — + + + L 2lo 2 0
2 110 20

Tabelle 7
Tabelle 8
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Klassen und die der

0

Satz 7 Sei{a,b,c} := E3. Typacs := Polz{a,b} N Pols{a,c} N Pol3{b} besitzt genau 12

maximale Klassen:

b
(1) Ta,b;a,c;b N P0l3 “ >

bb
ba (4) Ta,b;a,c;b N POlg a
bab
b
(2) Tupacs 1 Pols [ 7 (5) Tupaen N Pols{c}
T abb
aac
aba 6) Ty yacr N Pol
(3) Ta,b;a,c;b N P0l3 0a b> ( ) bsa,c;b 0l3 (a c C)

(7) Ta,b;a,c;b N POlg @c Cl>

aac
aaaccacec

(]0) Ta,b;a,c;b N POlg <

(8) Tupaesy N Poly | © 440 (11) Ty pae N Pols (
acaaccac

accaaacc

]2) Tab'ac-b N POlg <
b ( ,0,a,C,
(9) Tupacsy O Poly | © “)

abc

c
aba
aac)
abbd
aac)'

aca
ach

Beweis: O.B.d.A.seien a =0,b =1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis eine

Teilmenge von Tp 1.02.1, die keine Teilmenge der unter (1) bis (12) aufgezéhlten Teilklassen

von Tp1.021 ist. Dann gehoren zu [A] gewisse Funktionen fi, fa, ..., fiz mit der im Teil [



102 D. Lau

vereinbarten Eigenschaft (*). Insbesondere gilt f5 = j; € [A].
Wegen Lemma 2.3 und 2.2 aus Teil [ existieren zu jeder Funktion ¢ € Poly{0} N Polo{1}(C
P,) und jeder Funktion h™ € Pol3{0}(C Py 2y) Funktionen G™, H™ € [A] mit

(Vx € EJ': g(x) =G(x)) A (Vx € {0,2}™: h(x) = H(x)).

Als néchstes soll gezeigt werden, daf8 alle Funktionen aus T .02, die nur Werte aus {0, 1}

annehmen, als Superpositionen {iber A darstellbar sind.

10
Die Funktion fi(x,y) = 71(fo(j1(v),z,y)) € [A] N P55 hat die Eigenschaft: f} (1 2) €

01
(1 O) . Wir bilden nun zu jedem x € Ef ein Tupel

T 1= (Gay (X), Gag (X); s Gagn_,(X),
j1(1’1),j1(l’2>, "'7jl(xn)7
ceey fé(l‘z, I’j)7 )

der Liange t :==2" —2+n+n-(n— 1), wobei {aj,as,...,as0_2} = EF\{0, 1}, ¢a, € [A],

1 fir x = a;,
0a;(x):=¢ 0 fir x € {0,2}",
€ {0, 1} sonst

(1t = 1,2,...,2" = 2), {i,j} C {1,2,3,...,n}, i # j und {i,j} samtliche Moglichkeiten
durchlauft.
Man priift nun leicht nach, daB fiir beliebige x,y € Ef die folgenden Implikationen gelten:

(X>y€E§L A X%Y) - izx?’é‘zw
(x€ By ANy€EN\(BE3U{0,2}")) = T # Ty,
(x,y € EP\(E7U{0,2}") A x#y) = Ix #T,.

Folglich existiert zu jeder n-stelligen Funktion f € T 1,021 N P32 in [A] N P35 eine t-stellige
Funktion mit ¢;(%) = f(x), woraus sich Ty 1,021 N P32 C [A] ergibt.
Als néchstes sollen alle Funktionen aus 701,021 in [A] nachgewiesen werden, die nur auf 1

den Wert 1 annehmen. Wir beginnen mit der Konstruktion einiger Hilfsfunktionen:

20 0
Wihlt man g7 € To1021 N P32 mit g 01| = L so hat die Funktion f{,(z,y) =
o 20 022 20 2\ . ..
f10(g1(z, y), z,y) die Eigenschaft f, (2 1) € (2 0 1>.Falls fio (2 1) = <1> ist, erhalt

20

man durch fi,(x,y) := fi2(g1(z,v),y, fio(x,y)) eine Funktion aus [A] mit fi, 51
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2 20 02
= <0> Also gentigt es, fi, (2 1) € <2 0> weiter zu betrachten.

02 2
Wie bereits gezeigt wurde, gehort zu [A] eine Funktion g5 mit gy (2 2) = <0>, mit der

20 0
man fi(z,y) := g3(fio(z,y),x) € [4] erhélt. O.B.d.A. konnen wir damit f7, ( ) = ( )

21 2
20 2
und f!" = annehmen.
o (2 1) ;

Wihlt man g3, g7, g2 € [A] N P35 wie folgt:

0 sonst,

g3z, y) = {1 fir  (z,y) € {(1,1),(2,1)},

1fir (x,y)=1(1,1),
g4<£L',y) = { ( ) ( )
0 sonst

und

" (x,y) fiir r,y) € B2,
(o) ::{ fole.y) fir  (2.y) € B
0 sonst,

so haben die Funktionen r(x,y) := fi5(gs(z,y), fio(z,y)) und

10
s(x,y) == fi2(g4(z,v), g5(x,v), fio(x,y)) die Eigenschaften r | 20 | = | 0 | und
21 2
10 0
s120] =12
21 0

Nach diesen Vorbereitungen konnen wir jetzt n-stellige Funktionen der Form

2 fiir x=a,
ga(x) =< 1fir x=1,

0 sonst

fir a € E}\ EY konstruieren:
Sei zunichst a € {0,2}"\{0}. Mit Hilfe der Funktion h” € [A] mit hZ(a) = 2, h(x) = 0 fiir
alle x € {0,2}™\{0} und der Funktion

L (x) :{1ﬁir x=1V (ha(x) =2 A x# a),
0 sonst



104 D. Lau

erhalten wir: g,(x) = s(ha(x),ta(x)). Falls a zu E}\(ES U {0,2}") gehort und a; = 2 ist,

erhédlt man g, als Superposition iiber r und der Funktion

a(x) = { 1fir xe€{a,1},

0 sonst

wie folgt: ga(x) = 7(2;, ua(x)). Offenbar sind alle n-stelligen Funktionen aus 7§ 1,021\ P52,

die nur auf 1 den Wert 1 annehmen, Superpositionen iiber Funktionen der Form g, mit

20 2
Indem man die Funktion f{,(x,y) = fi1(g4(z,y),2,y) € [A] bildet, die die Eigenschaft

02 2
a € EP\EY und einer gewissen Funktion d? € [A] mit d > =

02
position iiber den oben konstruierten Funktionen darstellen: f(x) = fi,(¢(x), g(x)), wobei

10 1
/ = hat, 148t sich eine beliebige Funktion f" € Tj1.0.2.1 wie folgt als Super-
11 9 11;0,2;

0 sonst

t(x) = {f(x) fir  f(x) € {0,1},

und

1fir x=1,
g(x) = ¢ 2fiir f(x)=2,
0 sonst.

Die paarweise Unvergleichbarkeit der Klassen (9) - (12) ist der Tabelle 9 zu entnehmen,

wobel

r+y+ z(modd) fix  x,y,z € {0,2},

T sonst,

hi(z,y,z) == {

r+y+ z(mod?2) fir  w,y,2 € {0,1},
x sonst

ho(z,y, 2) == {

und die Funktionen hs, hy, hs in Tabelle 10 definiert sind.
Die paarweise Unvergleichbarkeit dieser Mengen mit den restlichen Klassen und die der
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restlichen Klassen untereinander ist leicht nachzupriifen.

1‘1!E2h3h4h5

0(0/0 0 0

0/1/0 1 0

hi he hs ha hs olo 11
O+ =+ - - 11111
8(1);—+;+; 0(2/2 2 0
2002 2 2

U)j- - -+ + 2120 2 2
112/0 2 0

Tabelle 9 51110 2 o
Tabelle 10
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