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ViaDIMIR A. KozLov; VLADIMIR G. MAZ’vyA; JURGEN ROBMANN

Spectral properties of operator pencils generated
by elliptic boundary value problems for the Lamé
system

Dedicated to the professors of mathematics
G. MaeB3, H. Poppe, and G. Wildenhain

0 Introduction

The present paper is concerned with the spectral properties of operator pencils generated

by boundary value problems for the Lamé system
1 )
AU + —graddivU = F (1)
8

in a cone K. Here U = (U;, U, Us) denotes the displacement vector and v is a positive
constant which is related to the Poisson ratio v via the equality v = 1 — 2v. The study
of the spectrum of these operator pencils is of great importance for the description of the
behaviour of the solutions near conical points. It is well-known (see e.g. [3], [9], [12]) that
the solutions of elliptic boundary value problems in a neighbourhood of a conical point z(*)

asymptotically behave like a linear combination of terms of the form
s 1 .
P37 (log ) (w), )
k=0

where r = |2 — 29| and w are coordinates on the sphere |z —2(®)| = 1. Here the exponents \
are the eigenvalues of some operator pencil which arises from the operators of the boundary
value problem applying the Mellin transform r — A. Thus, the question of conic singularities
is reduced to the spectral analysis of the mentioned operator pencil. This is, in fact, the
subject of the present paper. Since we consider solutions which have square integrable
derivatives of first order in a neighbourhood of the conical point, we are especially interested
in the eigenvalues situated in the half-plane Re A > —1/2.
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Let o(U) = {0;,;(U)} be the stress tensor connected with the deformation tensor

{5i,j(U)} = {% (02, Us + 8;,;in)}

by the Hooke law

Y
% (5171 + 22 + 83,3) (5¢7j + 5i,j>u

Oij =24 (

where g is the shear modulus and ¢; ; denotes the Kronecker symbol. In the present paper

the following boundary conditions for the system (1) are considered:
(i) U=0,
(ii) U, =0 and o0, ,(U) =0,
(iii) U; =0 and o,,,(U) = 0.
Here n = (ny,n2,n3) denotes the exterior normal to 0KC\{0}, U, = U - n is the normal

component of the vector U, U, is the tangential component of the vector U on the boundary
(i.e., the projection of U onto the tangent plane to 0K\{0}),

3
Un,n(U> = Z O'i’j(U) n;n;

ij=1
is the normal component of the vector ¢, (U) = o(U) - n, and 0, ,(U) is the tangential

component of the vector o, (U).

The following assertions are the main results of the present paper:
1. The strip
12 3 2,
Rea+ 3| < (5+9) +0 3)
contains only real eigenvalues of the pencil 2(()).

2. There are no generalized eigenvectors corresponding to eigenvalues in the interior of
the strip (3).

3. We derive a variational principle for the eigenvalues of 2.

In the case of the Dirichlet problem the results of the present paper are contained in the
paper [5] of V. A. Kozlov, V. G. Maz’ya and C. Schwab. Furthermore, we refer to the paper
[10] of V. G. Maz’ya and B. A. Plamenevskii who proved that the strip

1 2v+1)A 1
A —‘<7 -
‘Re M
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does not contain eigenvalues of the operator pencil generated by the Dirichlet problem. Here
A is that positive number for which A(A 4 1) is the first eigenvalue of the Laplace-Beltrami
operator — on the domain €2 which is cut out from the unit sphere by the cone K. In
particular, the strip —1 < Re A < 0 is free of eigenvalues. For the case of the Neumann
problem it was shown by V. A. Kozlov and V. G. Maz’ya [1] that this strip contains only

the eigenvalues A\g = 0 and \; = —1.

Without proof we give a consequence of our results. Let U be a solution of the system (1)
in a domain of polyhedral type satisfying one of the boundary conditions (i), (ii), (iii) on
every face of the domain. We suppose, for simplicity, that the vector-function F' on the
right of (1) vanishes in a neighbourhood of the singular boundary point z(®). Then U has
the asymptotics

U= Z i ™ u® (W) + o(r®)
k

near (¥, where o = \/272 +3y+9/4 —1/2 — ¢, ¢ is an arbitrary small positive number,
Ak are the eigenvalues of the corresponding operator pencil  in the interval (—1/2, «], and

)

u®) are eigenfunctions.

1 Formulation of the problem

Let K be the cone {(z = (21,29, 23) € R3 : 2/|z| € Q}, where Q is a domain on the unit
sphere with Lipschitz boundary 02 =%, U---U7¥ and 71, ... ,yy are pairwise disjoint open

arcs. Then
OK=T,U---UTly,

where I'y = {z : z/|z| € 1 }. We divide the set of the indices 1,..., N into three subsets
IO> [na IT‘
The homogeneous system (1) can be written in the form

3 Gai,j(U)

o, =0 fori=1,2,3, (4)

J=1

where {0, ;(U)} denotes the stress tensor. Throughout the paper it will be assumed that

0<vy<3
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or, what is the same, —1 < v < 1/2. Our goal is to find generalized solutions of the system

(4) satisfying the boundary conditions

U=0 onI'y for k € I,
U,=0, 0,,(U)=0 only forkel, (5)
U-=0, 0,,(U)=0 only forkel,.
The notion of generalized solutions will be introduced by means of the Green formula

3

/ZU” ) - €ij(V) dx /Zaac(;;] Vidr + / Zaij(U)nj~Vida (6)

W ooy 1971

which is satisfied for all U,V € C°(K\{0})3. If U is a formal solution of problem (4), (5)
and V € H'(K)? is a vector-function vanishing for small and large |z| which satisfies the

conditions
V=0onTlyforkel,, V,=0onIlyforkel, V,=0onl}forkel,, (7)

then (6) implies

23:/ e (V) dz = 0. (8)

For this reason, it is natural to define generalized solutions by means of this equality. Let H
be the space of all vector-functions u € H'()? such that

e u=0 on ~y for k € Iy,
u, =0 on ~ for k € I,,,

ur =0 on ~y for k € I,

where u,, = u - n, n denotes the exterior normal to 0KC\{0}, and w, is the projection of the

vector u onto the tangent plane to 0KC\{0}.

Definition The function
: 1 s— s—
U(z) = r Z ] (logr)F u=M(w), uwH e N, (9)
k=0

is said to be a generalized solution of problem (4), (5) if the integral identity (8) is valid for
all V € HY(K)? with compact support in K\{0} satisfying the boundary conditions (7).
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2 The operator pencil generated by the boundary value problem

In what follows, we will systematically use the spherical coordinates r and w = (6, ¢) which

are connected with the Cartesian coordinates x = (z1, x9, x3) by the relations
x1 =1 sinf cos g, To =1 sinf sin g, x3 =1 cosf.

We write the integral identity (8) in terms of the spherical components (U,, Uy, U,) of the
displacement vector, i.e.,

U, Uy sinf cose sinf siny cosf
U | =J | U, |, J=J0,p) =] cosf cosp cosfsing —sinb
U, Us —singp Ccos 0

For this we need the following representation of the components of the stress tensor in the
spherical coordinate system:

1 U, Uy )

Epr = 0, U,., EW_rsmeaU +—+ t97,

1 U, 101 U,
=00 = ;%Ug T e T 9 (r sin@awUr . aer> ’

(10)

1 U,
Erg — 5( 89U - 6 + GTU9> y

1 Ug, 1
€hp = 5( agU —cot f + rsind a@U9> )

(see, for example, [7]). Furthermore, the Hooke law has the following representation in the

spherical coordinate system:

1 —v
099:2M<T@+899), Orp =2[4Erp, Opp=2Epp, Opg=2[Erg,

where © = €,, +¢c9g +¢,,. Written in terms of the spherical components, the integral identity
(8) has the form

/ / Urr grr ) + UGG(U) €00 (v) + UWW(U) Epp (V) + 20-7"9([]) Ero (V)

+20,,(U) e, (V) + 206,(U) %(V)) 2 dwdr =0, (11)
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where dw = sin 0 df dp. We introduce the sesquilinear form
1/e
o) = o / / 30 200 (7) + 0o (U) 200(7) + 75U 245 (7

+20,0(U) e,60(V) + 20,0(U) £0p(V) + 2 04,(U) %(V)) r? dw dr

1/e

= 2|10g6| // err(U) e (V) + €00(U) €06(V) + €0pp(U) €4 (V)

+ 2¢&,4(U) erg(V) +2&,5(U) £,,(V) + 29,(U) £,(V)
1— _
+—1 @(U) @(V)) r? dw dr, (12)
where U = r u(w), V = " v(w), and ¢ is a positive real number less than 1. It can be

easily verified that the expression on the right side is independent of €. Using the formulas

for the stress and deformation tensor in spherical coordinates given above, we obtain

a(u,v; \) = [ug,, v,] +%/ (unr Vb + (A +2)(1 = )) (1+7u7~5r + Uy, .@w>
Y

l1—~ _ 11— _
—|—T(Vw-uw)vw-vw—i—(T(A+2)+2>urvw-vw

+ (1 77(1—)\)+2> (Vo - )T — (1= Ny - VT,

- (A +2)V,u, - Ew) dw, (13)
where
1 1 . _
(U, v,] = / ((%Ug OpUg + < 98 uy, + c0t9u49> . (masovso + Cot01)9>
Q
1 _ 1 _ _
5 (891% + —8 ,Uup — cot Quq,) . (891)@ + ma@w — cot 0%) dw,
(14)
va _ ‘ 0971
(sinf)~1 9, v
. Ug . . 1
Uy = <u@) , Vi Uy = Smeag(sm9ua) + —Sme@wu@.
We set
2 2 1 2
Q(uy, uy,) |89U9\ + |Opgug|” + ‘@ Oyug — cot 0 uy,
Q
1 2
+ ‘@&Puw + cot 6 ug >dw (15)
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and define the space h'(Q) as the set of all vector-functions u,, for which the quantity

1/2
Jualhior = (Quare) + [ fuof? ) (16)

is finite. Furthermore, let }011(9)2 be the closure of (C5°(€))* with respect to the norm
(16). It can be easily shown (see [5]) that the Cartesian components of the vector-function u
belong to the Sobolev space H'(Q) if and only if u, € H'(Q2) and u, € h*(Q). Analogously,
the Cartesian components of the vector-function u are in the space H 1(Q) if and only if
Uy Gﬁll(Q) and u,, Elof(Q).

Lemma 1 1) The inequalities

IN

[uunuw] uwa uw 9 (17>

i ] > /va 2 do (18)

are valid for arbitrary vector-functions u,, € h'(Q).

2) Every vector-function u,, 6}31(9) satisfies the equality

(U, U] + /|uw|2dw— — Q(uy, uy,) /|Vw Uy |? dw. (19)

Proof: 1) The inequality (17) follows from the estimate

2 1 2
<2 (\89u¢\2 + )M@,ue - Coteuw‘ ),

Opup — cot 0 uy,

1
sin 6

while (18) follows from

69% +

)

1
IV, -y, <2 <|89u9]2 + ’ﬁ Oy, + cot 0 ug

2) It can be easily verified that

(U, Uy — /\Vw uw]2dw— — Q(uy, uy,)
+Re [ (g, (=0, t0>8<18 +cot 075 ) d
(§ 60Uy sin @ Ug — CO Uy oUp sind Ucp CO U
Q

Integrating by parts in the last integral, we get the equality (19) for w, 621(9). The lemma

is proved. m
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We introduce the space H, which consists of all vectors (u,,u,) such that their Cartesian
components belong to the space H. It is evident that H, is a closed subspace of H'(2) x h'(w)
and

o

HY(Q)x B1(Q) € Hy € HY(Q) x h(Q). (20)

Using the estimates (17), (18), it can be shown that the form a(-,-;A) is continuous on

Hs x Hs for every complex A. Therefore, this form generates a continuous operator
AN) = Hy — H: (21)
which is defined by the equality

(2[()\) u, U)LQ(QP = a(u,v; ), u,v € Hs.

Clearly, 20(\) depends polynomially on A. Furthermore, there is the following connection
between the eigen- and generalized eigenvectors of the pencil 2((\) and the solutions (9) of

the equation (8).

By the definition of the sesquilinear form a(-,-; \), the following assertion is true.

Lemma 2 The integral identity (8) has a solution of the form (9) if and only if \o is
an eigenvalue of the pencil A and the vector-functions v, ... u'® form a Jordan chain

corresponding to this eigenvalue.

3 Basic properties of the pencil A
Theorem 1

1) The operator A(N) is Fredholm for all A € C.
2) The operator A(—1/2 + it) is positive definite for all real t.

3) The spectrum of the pencil A(N) consists of isolated eigenvalues with finite algebraic

multiplicities.

4) The number \g is an eigenvalue of the pencil A(N) if and only if —1—Xg is an eigenvalue
of this pencil. The geometric, algebraic, and partial multiplicities of the eigenvalues \g

and —1 — X\ coincide.
Proof: 1) We prove that there exists a constant ¢;(\) such that

uus )| 2 co ([l + alfey) = ) [+ fufyae @2
Q
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for arbitrary u € H,.
Using (18) and the fact that (2y)™! (1 —~) > —1/3 for v < 3, we get

1-— 2
/—7 |V, - uw|2dw > —— [uy, uy,] -
2y 3
Q

Furthermore, we have

1
‘/urvw-ﬂwdw’ < 5/|Vw.uw|2dw+4—/|ur|2dw
£
Q 9] Q
< % fugu] + 1/| 24
< 2¢[ugy, u, " u,|* dw
Q

and
— 2 1 2
‘ Uy + Vo liy dw‘ <e [ |Vou,|*dw + P [uy|” dw,
£
Q Q Q

where ¢ is an arbitrary positive number. Let ¢ be sufficiently small. Then (13) yields

ouus )| = 7 (1] + [ (9P d) = o) [l + ff?) do

with a constant ¢(\) depending only on A and ~y. From this, by means of the twodimensional
Korn inequality, we obtain (22). This proves the Fredholm property of the operator 2(\)
for arbitrary A € C.

2) Now let Re A = —1/2. Then, by (12), the expression a(u,u; ) can be written in the form

1/e

71 2 2 2, 1= 2
2log <] // (Iem«(U)\ + lego(U)]* + | (U)] +—27 |20 (U) + 200(U) + € (U)]
e Q

+ 21e,0(U)2 + 2| (U)]? +2 |%(U)|2>7~2 dw dr,

where U = r*u(w). Since 0 < v < 3, we have

— 2

1
e (U)[* + leos (U)|* + legu (U)* +

err(U) +€09(U) + €,4,(U)

> min (1, 250) - (@) + @) + 20 (OF)

Hence the form a(u, u; \) is nonnegative for Re A = —1/2. Moreover, the equality a(u, u; \) =

0 implies

£rr(U) = 200(U) = 2pplU) = 00(U) = £, (U) = 0, (U) = 0.
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Since &,,.(U) = Ar*~1u,, we conclude from this that u, = 0. Analogously, by (10), we obtain

u, = ug = 0, i.e, u, = 0. Thus, we have proved assertion 2).

Assertion 3) is a consequence of the first two assertions (see [1]).

Finally, by (13), we have a(u,v; ) = a(v,u, —1 — \) and, therefore,

AN) = A(—1 — N)*.

This implies assertion 4). The proof of the theorem is complete. m

In the sequel, the properties of the space H, given in the next lemma will play a crucial role.
Lemma 3 1) The subspace H, admits the representation

Hs =H, x HY, (23)
where HT, HY are subspaces of H' () and h*(QY), respectively, such that ﬁll(Q) C H,
B(Q) © HE.

2) The equality

/un T, dw' =0 (24)

o0N

or, equivalently,

/ <(Vw Uyy) Ty + Uy - Vwm> dw =0 (25)

is satisfied for all u,v € H,.

Proof:
1) In order to prove (23) we have to show that (u,,0) € Hy if (u,, u,) € Hs.

Let (u,,u,) be an arbitrary element of H,. Then the Cartesian components of the vector-

function (u,,0) are

wq sin @ cos ¢

* Uy . .

w=| w =J = sin @ sin ¢ Uy .
w3 cos 0

If k € IyU I, then u, = 0 on 4 and, therefore, w = 0 on 7. Furthermore, since the vector

(sinf cos p,sinf sin p, cosf) = x/|z| is orthogonal to n, we have w, = 0 on 7 for every
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k=1,...,N. Thus, w € H and, consequently, (u,,0) € Hs.

2) If k € Iy U I, then v, = 0 on 7y, while u,, = 0 on 7 for k € Iy U I,,. Hence

/un-@dw’:O

T
for k=1,...,N. This implies (24).
It remains to prove that the left sides of (24) and (25) coincide. Using the representation of

u,, by the Cartesian components of u, we get

/ <(Vw “Uy) Uy + Uy, - Vwm> dw = /(sin 0)"! <89(sin91L9 U) + Qp(usﬁr)> dw

Q Q
— . _ . _ sin _
= cos 0 (cos ¢ g(u1v,) + sin ¢ Op(usv;,)) — sin 6 y(uzv,) — “nd Oy (u1y)
sin
Cos p _ : _ : : _ _
+,—Qa¢(u2w) — 28in# cos pu v, — 28in @ sin p uyv, — 2 cos 0 u3v, | dw.
sin
(26)
Integrating by parts, we obtain
! / Ve (ru(w)v,(w))de = ! / n-r 2 u(w) v.(w) da’
log 2 v " log 2 "
K oK
1<|z|<2 1<]z|<2
Up Ty dw'. (27)

I
S—0

The integrand V, - (r—?u(w) v,(w)) on the left side of (27) is equal to

1

— (cosé’ cos ¢ Op(u17,.) + cos 0 sin ¢ Oy (usv,) — sin b Oy(usv,) — Py

sin 6 P (11T)

r3

coSs
+ -—goaso(

UgT,) — 28in 60 cos p u T, — 2sinf sin p usv, — 2 cos b u;ﬁr) .
sin

Hence the expressions (26) and (27) coincide. The lemma is proved. m

By (25), the sesquilinear form a(-,-; \) can be written as

1 1
alu,v; \)=[uy, v,] + 5/ <(unr) VoUr+ (A +2)(1 =) < + Wur Ty + Uy, .Ew)
)
11— A+242 1—A+2
+77(vw ) Vi T + ¥u V. T+ # (V,, - uw)@) dw

(28)
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for u,v € Hs.
Let M()) be the matrix

A+ 2+ 2y 0 0
0 1—\+2y 0
0 0 1—A+2y

Then for u,v € H, we have M(A)u € Hy, M(A)v € H,, and
a(M(Nu,v; =1 — X) = a(u, M(A)v; A).
Consequently, for all A € C there is the equality
M) AN) =A(=1 = X)) M(N). (29)
Repeating the proof of Proposition 2.4 in [5], we get the following theorem.

Theorem 2 Let \y be an eigenvalue of the pencil A(N\) and let u®, ... u® be a Jordan
chain corresponding to this eigenvalue. If g & {1 +2v, =2 — 2y} or M(Xo) u® # 0, then

—1— Ao s also an eigenvalue and the vector-functions

1 0 0
M) u?, (=D MX)u® + 1 0 -1 0 |V, k=1,... s,
0 0 -1

form a Jordan chain to this eigenvalue.

Remark 1 If A\ # 1+2vy and Ay # —2 — 27, then the formulas in the theorem determine a
one-to-one relation between the eigenvectors and generalized eigenvectors of the pencil 2(\)

corresponding to the eigenvalues A\g and —1 — Aq.
4 On real eigenvalues of the pencil 2
Theorem 3 The strip
12 /3 \2
‘Re)\—i—— <(5+7) +9 (30)

2 2

contains only real eigenvalues of the pencil A(N).

Proof: Let A be a complex number such that Re\ # —1/2, Im A # 0. We consider the

sesquilinear form
e —a((). (7)), o



Spectral properties of operator pencils . . .

where

_X+27+2
1= A+2y

By (28), we have

s )) = [u,u] + /(\kurﬁ (A+2)(1 A)(lﬁc

Q
1—7 A+2+4+2
+ —|Vw-uw|2—|—2Re (ﬁurvw-ﬂw>)dw.
Y 8

Using the formulas

c(I1=XN)A+2)=A+2y+2*-29(3+29)c,

. (ReA+2y+2)(1 —ReA+2y) + (ImA)? +¢Im A (2Re A + 1)
B 1= X+ 27[? ’

we get

1
Imq(u,u; \) = §Im)\ (2ReX +1 /( /\+2 P |V, |?
Q

2y + 1)(3+27)
Tz Tl de

while the real part of q(u,u; \) is equal to

(U, u,] + % / (Rec Vo, >+ (1 =ReA) (Re A+ 2) + (Im A)?) |uy|?

A+ 27 + 2|2
~

+(1+7)<

1-— A+242
+ TV‘VW'UWP—'—QRG <g

— (6+47)Re c) |, |?

Up Vg Ew>> dw.

2+ )

17

(32)
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This implies

Rec|l — X+ 272
ImA(2ReA + 1)

= [uw,uw]—i-/(((l—Re)\) (Re)\+2)+7(3+27)+(1m/\)2) R

Req(u, u; \) —

Imq(u, u; A)

1+ 1—
o A2y 4 2P P |V
2y 2y
A+2+2
+Re <7+ o
Y

1+~ 1
= |uy,uy,| + —‘)\—1—2 +2)u, + —— V- u,
]+ [ |02+ 20+

Up Vi, * ﬂw>) dw

2

dw

Q

+/ ((1 —ReX) (ReA+2) +v(3+27) + (Im)\)2> |y |? dw

Q
Y 2
- |2 duw.
2(1+v)/|v‘” ] de
Q

If the inequality (30) is satisfied, then by (18) the right side of the last equation is positive
for u # 0. Hence q(u,u; A) # 0 for all nonreal A in the strip (30), ReA # —1/2, and all
u € H,. From this we conclude the assertion of the theorem in the case Re A # —1/2. Since
the line Re A = —1/2 does not contain eigenvalues (see Theorem 1, assertion 2), the theorem

is completely proved. m

5 On the existence of generalized eigenvectors

Now we show that the eigenvectors to eigenvalues in the interior of the strip (30) do not

have generalized eigenvectors.

Lemma 4 Let \y be a real eigenvalue of the pencil 2 in the interval

—1/2 <A< V2 + (7 +3/2)2—1/2

and let u®) be an eigenvector corresponding to this eigenvalue. Then

(0) 0,0
() () <o &

where ¢(A) = (A4 27+ 2)/(1 — A+ 27).



Spectral properties of operator pencils . . .

19

Proof: Let ¢(-,-;A) be the sesquilinear form (31) with ¢(\) as in the formulation of the

lemma. Then, according to (32), the left side of (33) is equal to

d (No) 1 —0)
PO <0>.A‘ :/ ) g @2 4 L Re (@ v .
o q(u'”, ", )/\:/\O ( 5 |Vou,” | +7 e (u” V- uw’)

220 + 1
2

where (Ag) = (3+47) (1 — X +27)7%

1+
o+ 25 (30 +2) (1= 20) /) = (23 + 1) () ‘“ﬁo)F) d”’

Furthermore, by the first part of Lemma 3, the vector-function (ur ,0) belongs to the space

‘H,. Consequently,

u” u? 1 2 4 (02
=) () =1 [ (et S
Q

+1—/\0+2’7
v

From this we obtain

d
(0) 4,0 ) )
T )|
(0) (0)
d 2 U U
_ 0) . (0). ‘ I r T
d)\Q(u U5 A) A=Xo 1—)\0—|—27Rea<<ug))>’< 0 )’A())
142X 1 02 2(14+7)(3 +27) (0)}2 (0)}2
_ . — — dw.
9 /((1—/\0+2'7)2 |v U, | (1—)\0+2’7)2 |ur | |uw | w

Q
Since q(u®,u®; )\g) = 0, analogously to the proof of Lemma 4.1 in [5], we get
(Aot 2429)(1 A +29) d

q(u®, u®; \)

142N d\ T =
M+2+2y)(1—=X+27) d
— o ® .y o 0 4 O (0).A’
™ ho) 112 ax 2
1+7 1 2
— 4@ O] & ‘ Do 427 +2u® + —— v, - 4®] g
[l D] + / 0+ 27+ 2)u, 1+7 wruy | dw

3
—27/|Vw u! |2dw+((7+2) + 97— /\o—i- /|u(0)| dw.
Using (18), we obtain that the right side of (34) is positive for

—1/2 <X < V(7 +3/2)2 +92—1/2.

Since /(7 +3/2)2+ 72 —1/2 < 1+ 27, we get (33). m

(34)
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Theorem 4 The eigenvectors corresponding to eigenvalues in the strip
1

Re A
‘e+2

2 3 2,

do not have generalized eigenvectors.

Proof: By the fourth assertion of Theorem 1 we can restrict ourselves to real eigenvalues
in the interval —1/2 < A < /42 + (v +3/2)2 — 1/2.

Let Ay be an eigenvalue in this interval and let u(*) be an eigenvector corresponding to this
eigenvalue. Furthermore, let u(Y) be a generalized eigenvector corresponding to Ao and u(?.

Then for arbitrary v € ‘H, the following equalities are valid:

CL(U(O), v; )\0) = 07 (35)
d
M . d o, _
a(ut™ vy o) + d)\a(u U3 \) . 0. (36)

We denote by ¢(+,-; A) the same sesquilinear form as in the proof of Lemma 4. From (35) it
follows that

1

© yWyy— 1
Q(U , U3 0) 1_>\+2/7a

(W@, M(Ng)uD; \g) = 0.

Furthermore, since the form ¢ is symmetric, we have

0= q(u, u@;)) = ﬁ a(u® ; M) u® ; \o).
Hence we get
SO, = T MO O]
= ﬁ dif\ a(u®, M) ul?; \) .
= ﬁ (a(u(o) , M (No) u'; o) + %a(u(o), M(No) ul?; )\)‘/\:/\O>
1

= 5 (a@® MGy a5 00) — a(®, M) u®: ) ) = 0.
- i

This contradicts (33). The theorem is proved. m

Remark 2 We have proved the results of Theorems 24 for the operator pencil 2 generated
by the Lamé system (4) with the boundary conditions (5). These results hold also for other
boundary conditions provided the assertions of Lemma 3 are true for the space ‘H which
determines these boundary conditions. Note that the second assertion of Lemma 3 is not

valid for the space H = H'(Q) x h}(Q), i.e., the Neumann boundary conditions are excluded.
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6 A variational principle

We consider the operator

For arbitrary A € R, u € H; we have

( >L2( = a(u,v; )\) (1 — A+ 27) q(u,u; ) = (1 — A+ 27) [ug, u]
1
T3

1+
((A+2+2’y)|kur\2 77()\—1—2)(1—)\) (A + 2+ 27) |u,?
Q

1_
+(A+2)(1—A)(1_A+2fy)yuwy2+77(1_A+27)|vw.uw12

N 2(1=A+27) (A +2+2y)
Y

Reu, V, - Uw> dw.
The pencil A(A) has the following properties:

(i) there exist a positive constant C' and a function h, continuous on the interval —1/2 <
A< B, 8=+ (y+3/2)2—1/2, such that h(\) > 0 for A € [-1/2, 3) and

a(u,u; \) +C HuH%Z(Q)g > h(A) ||ull7, for all u € Hy,

(ii) A(—1/2) is a positive-definite operator,

(iii) if A(Ag)u = 0 for some g € (—1/2,5), u € Hs\{0}, then

Y a(u, u; A)|x=n, < 0.
Indeed, property (i) follows from Lemma 3, Property (ii) follows from Theorem 1, and prop-
erty (iii) is a consequence of Lemma 4 and of the inequality § < 1+ 2.

We denote by {1;(\)} a nondecreasing sequence of eigenvalues of the operator A(\) count-
ing their multiplicities. From the positivity of 2(—1/2) (see Theorem 1) it follows that
pi(—1/2) > 0. As a consequence of Propositions 6.3 and 6.4 in [5], we get the following

assertions.
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Theorem 5 The spectrum of the pencil A(\) has the following properties in the strip
—1/2<ReX < .

1) All eigenvalues of the pencil A(\) are real and may be characterized by

Db ={rel5.8: mN=0forj=1,...J},

where J is the largest index j for which the function p; has a zero in the interval

[—3,0). For every j the function p; has not more than one zero in [—3, 3).

2) If A € [—%, ) is an eigenvalue of multiplicity I, then I is equal to the number of

function p; which have a zero at .

If H, AH 1) x iozl(Q), then the eigenvalues do not monotonically depend on the domain €.

However, the following properties are a consequence of the variational principle

- 2\
() = e iy T
L ueL\{0} ||u||L2(Q)3

Y

where the maximum is taken over all subspaces L C H, of codimension > j — 1.

Theorem 6 Let H,,, H.o be subspaces of HY(Q) x h'(Q) such that the assertions of
Lemma 3 are valid. We denote by 2, (\), A2(X) the operator pencils corresponding to these
subspaces. Furthermore, let {)\g»l)}, {)\5-2)} be the nondecreasing sequences of the eigenvalues
of the pencils A1 (N) and Ay(N) in the interval [—1/2, ) counted with their multiplicities. If
Hs1 C Hso, then the number of the eigenvalues of the pencil A1 (\) in the interval [—1/2, 3)
is mot greater than the number of such eigenvalues of the pencil As(N). Furthermore, the
imequality

(2) (1)

18 valid.
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MANFRED KRUPPEL

On an Inequality for Nonexpansive Mappings in Uni-
formly Convex Banach Spaces

Dedicated to the professors of mathematics
G. Maef3, H. Poppe, and G. Wildenhain

ABSTRACT. Let C be a bounded convex subset of an uniformly convex Banach space X.
Then it is shown that there exists an increasing continuous function i : R — R* depending
on the diameter of C' so that for any nonexpansive mapping 7" : C — X and any convex
combination of arbitrarily many elements z; in C' the inequality A(]| > Nz, = T(>_ Nizy)||) <
> Aillx;—Tx;|| holds. This inequality has several consequences in the theory of nonexpansive
mappings.

KEY WORDS. Inequality, uniformly convex Banach space, nonexpansive mapping.

1 The Inequality

We start with the following result due to Bruck.

Lemma 1.1 ([1]) Suppose C is a bounded closed convex subset of a uniformly convex
Banach space X. Then there exists a strictly increasing continuous function v : [0,00) —
[0, 00) with v(0) = 0 depending on the diameter of C' such that

v < S ATa, T (Z A) H) < max (la; - o = | Tx; - Ty}
=1 =1 -

holds for any nonexpansive mapping T : C' — X, any elements x1,... ,x, in C and any
numbers Ai,... , A\, >0 with \qy +...+ X\, = 1.

Corollary 1.2 Under the same suppositions as in Lemma 1.1 there exists a strictly

increasing, continuous function o such that

|

;)\i:ﬁi -7 <Z; Aia:i) H) < 1122};(“@ —Tx|) -
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Proof: We put ¢ = max(||x; — T'z;||). Since
le =yl = [Tz =Tyl < |[(x —y) = (Tz = Ty)|| < ||z = Tzl + |y — Tyl

it follows by Lemma 1.1 that there is a strictly increasing continuous function v with

g < i)\iT%’ -T (i )\ixi) H) < 2t.
i=1 i—1

As 71 is increasing, we have

=1 =1

< +

=1 i=1

=1 i=1

=772 + ) Nillwi — T

=1

<~y H2t) +t.
If o denotes the inverse function ¢t — y~(2t) + ¢, we get the assertion. W

Theorem 1.3 Suppose C is a bounded conver subset of a uniformly conver Banach
space X. Then there exists an increasing continuous function h : Rt — R* with h(0) = 0
depending on the diameter of C' so that for any nonerpansive mapping T : C' — X and any

convex combination of elements x1,... ,x, in C holds

i=1 i=1 i=1

Proof: 1. First we prove that there exists an increasing continuous function §: Rt — R*
with 3(0) = 0 and f(e) < € such that

Bllax + by — T(azx + by)||) < alle — T[] + blly — Ty|| (1)

for any xz,y € C' and any a,b > 0 with a +b = 1. For this purpose first we show: For any
e > 0 there exists 6 = d(¢) > 0 such that

lax + by — T(ax + by)|| > ¢ (2)
implies

allx —Tx| +blly — Tyl| = 6. (3)
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Assume this is false. Then there exists a positve real number gy such that for each integer

n there are numbers a,, b, € [0, 1] with a,, + b, = 1 and elements z,,,y, € C satisfying
|an@n + bnyn — T(@nTn + buyn) || = €0 (4)
and
1
anl|y — Txy || + ballyn — Tyn|l < n (5)

We may assume that a,, — a and b, - b=1—a.
1.1. Suppose min(a,b) = 0. Without loss of generality we may assume that a = 1 and

b= 0. In view of (4) and the nonexpansivity of 7" we have
|z — Txnl| > |lan®n + by + T(ansy, + buyn) ||
=T (anzn + bnyn) — Tnl = llantn + buyn — 2
> €0 = 20nlzn — ynll-

For b,, — 0 this implies lim inf ||z, — T'z,|| > &o. But (5) leads to lim ||z, — Tx,|| = 0. This
is a contradiction.
1.2. Suppose min(a,b) > 0. Now (5) leads to lim ||z, — Tz,|| = 0 and lim ||y, — Ty, || =

0. Since the function « of Corollary 1.2 is increasing, we have from (4) and this corollary
a(go) < max(|[zn —Tapll, [lyn — Tynll)-

So we get for n — oo again a contradiction.

Thus we have proved that (2) follows from (1). If we put a = 1 and b = 0, then we see that
9 < e. Obviously the function ¢ is increasing. Now we put 5(0) = 0 and for € > 0

This function (3 is increasing and continuous. Because of ((¢) < d(e) < ¢ inequality (1)
holds and it is f(g) < ¢, too.

2. Now we shall show that for each given € > 0 there is 6 = d(¢) > 0 such that
i=1 i=1

S = > e (6)

implies

s=> Az —Ta| >0, (7)

=1
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where we may choose

5:5(5):04(@) ﬁ(e)min{%, j—d} (8)

with d = diam C'. We put r = «(3(¢)/2) and
A={i:||lz; = Tzi|| <7}, B={i:l|x; =Tz >r}.

Let be
a=> A, b=> N=1-a
icA i€B
Now we consider 3 cases:
2.1. Suppose a =0, b= 1. In view of (8) we obtain by definition of s and B

Ble)
s Z)\,sz Tax;|| > a( 5 >0
i€B
2.2. Suppose a = 1, b = 0. Since « is increasing, we have by Corollary 1.2
Ble)
ale) <a(S) <s Z)\ZH:E, Txi|| <r a( 5
1€A
and therefore 5(g) > 2e. This is a contradiction to ((g) < e.
2.3. Finally let be 0 <a <1, 0 <b< 1. We put

i€A i€B
Then we get
S = ||ax + by — T'(azx + by)||.

We obtain by (1)

B(S) < allz — Tx| +blly — Tyl|. (9)
By Corollary 1.2 follows
alllr = Tz|) = « Zﬁx-—T Zﬁx < max{||x; — Tx||} < r
iea @ Z ica @ l T ied T T

and therefore ||z — Tz|| < a~*(r). For ||y — Ty|| we have the estimate
ly =Tyl <lly =zl +llz = Tzl + [Tz = Tyl
< lz = Tl + 2]z — vl

<a l(r)+2d.
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Thus we obtain in view of (9)

B(S) < aa(r)+bla"(r) + 2d]
(10)
— o Y(r) + 2bd,

since a + b = 1. Further it follows by definition of s

5> Z)\Zﬂxz —Tx;|| > Z)\ir > br

i€B i€B
and therefore b < s/r. Because of S > ¢ and the monotony of # we obtain from (10)
Ble) < B(S) < a (r) + 2bd < o~ (r) + 2§d

and with r = a(4(€)/2) and in view of (8) finally

i.e. (7) follows from (6).
3. Finally we put ~(0) = 0 and in view of (8) h(e) = d(¢) for € > 0. The theorem is
proved. W

2 Applications
Let X be a Banach space, C C X and T : C' — (. For pu > 0 set
F(T) = {w € C: ||le - Ta| < ).

A direct consequence of Theorem 1.3 is the following result of Bruck (see also Goebel, Kirk
2], p. 113).

Corollary 2.1 ([1]) Suppose C is a bounded, closed and convex subset of a uniformly
conver Banach space X. Then for each € > 0 there exists o > 0 depending only on X, € and

diam C so that if T : C'— C' is nonexpansive then

conv F,(T) C F.(T).

Lemma 2.2 Suppose C is a bounded, closed and conver subset of a uniformly convex
Banach space X. If T : C' — X is nonexpansive and x,, — x (weakly) with x,, € C' then

h(||z — Tz||) <liminf ||z, — Tx,|,

where h is the function given in Theorem 1.3.
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Proof: Without loss of generality we may assume ||z, — Tx,|| — s for n — oo. Then for

each € > 0 there is an integer N so that
|xn — Tzl <s+e asn > N.
It is € conv {z, : n > N}. For this reason there is a finite convex combination of the

elements x,, with n > N such that

< E.

k
i=N

T is nonexpansive, so we have by theorem 1.3

k k k
T — Z ANii Z Aix; =T (Z /\ixi>
i=N i=N

=N
k k
r— Y Nag||+h (Z Ail|zi — Tx1||)
=N =N

<2 +hl(s+e).

|z — Tzl < + +

k
i=N

<2

Since € > 0 is arbitrary and h™! is continuous, the theorem follows for ¢ — 0. W

Corollary 2.3 (Demiclosedness Principle of Browder, 1968) Let X be a uniformly con-
vex Banach space, C' a closed and convexr subset of X and T : C — X nonexpansive. Then
the mapping I — T is demiclosed on C (cf. Goebel, Kirk [2], p. 109).

In the following we shall prove the demiclosedness principle for asymptotically nonexpansive
mappings (cf. also Lin, Tan, Xu [4]).

Corollary 2.4 ([1]) Let C be a bounded closed convex subset of a uniformly convex
Banach space and T : C — X an asymptotically nonexpansive mapping. Then I — T is
demiclosed at 0, i.e. for any sequence (x,,) in C' holds: if v, — x (weakly) and (I —=T)x, — 0
(strongly) then x = Tx.

Proof: Without loss of generality we may assume 0 € C and diam C' < 1. If ¢, denotes
the Lipschitz constant of the iterate 7™ then T, = 1/¢,T™ : C' — X is a nonexpansive
mapping and we have by Lemma 2.2

h(||z — Thpzl|) < liminf ||z, — T2,
with x, x, in C' which means by the way that the norms are bounded by 1. Because of

1
z, — —1"x,
m

- 1
SW%—T$M+<1—;>%N%H

m

|20 — Trnnl| =

1
gwmfww+0—;)www

m
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and
m—1 m—1
|2 — T2, < Z 1T w, = T || < |2 — Ty Z ¢ —0
i=0 =0
it follows

limsup Hxn - man < dm — L.

n—oo

Now we obtain in view of ||T"xz| < ¢u||z|| < ¢ the estimate

1
r——T"x

[l = Tonz]| =

m 1 m
> o= T - (1—q—> Ty

m

> ||z = T"z| = (gm — 1)
and therefore

|z = T"z|| < (gm — 1) + ||z — Tz
S (Qm - 1) + hil(Qm - 1)'

Hence we get
lim ||z —T™z| = 0.

Since T' is continuous, x is a fixed point of T. The proof is complete. B

A further application of our inequality is an ergodic theorem for nonexpansive mappings
which are moreover asymptotically regular (cf. Hirano, Kido, Takahashi [3] and Tan, Xu

[6]). A mapping T': C' — C'is said to be asymptotically reqular if for any = € C
lim || 7"z — T" x| =0

(cf. Goebel, Kirk, [2], p. 97). Tt is known that for nonexpansive T the mapping T, =
(1 —a)l + aT with 0 < a < 1 is asymptotically regular.

Corollary 2.5 ([3], [0]) Let C be a bounded closed convex subset of a uniformly convex
Banach space with Fréchet differentiable norm and let T be a nonexpansive, asymptotically
reqular self-mapping of C'. For x € C' let be

n—1

A,x = Z ampTF 2,

k=0

where (any) is any reqular matriz. Then {A,z} converges weakly to a fixed point of T.
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Proof: By Theorem 1.3 we have

n—1
h([|Apz — TAn|)) < an| TH e — TH 2.

k=0

Since the matrix (a,;) is regular and ||T*x — T*"z|| — 0 for k — oo it follows by a limit

theorem, due to Toeplitz, that || A,z — T A, x| — 0 for n — oco. By Corollary 2.4 every weak

cluster point of {A,x} is a fixed point of 7. Now the weak convergence of the sequence
{A,z} follows by a theorem due to Reich [5].
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ABSTRACT. In this paper we obtain Markov-, Markov-Bernstein- and Jackson-type
estimates in Holder-norms, where the Holder-terms are constructed from first and second
order differences. An application to approximation results for interpolatory processes is

outlined.

KEY WORDS. Holder-Zygmund-norms, Markov-Bernstein-type inequalities, Jackson-type

estimates.

1 Introduction

The asymptotic convergence order in periodic Holder or Holder-Zygmund norms for the
Fourier sum and interpolatory polynomials on equidistant nodes has been studied in a series
of papers in the last 20 years. In this connection, we mention L. Leindler [11], S. Prodorf
[16], S. ProBdorf/B. Silbermann [17] and the literature cited there. In particular, the case
of periodic Holder spaces with arbitrary order of differences is studied in more detail in [1].
Such approximation results have been extensively used to prove convergence theorems for
quadrature rules for Cauchy-type principal value integrals and for the numerical solution of
singular integral equations (see e.g. [17]).

Here we are interested in the algebraic approximation and interpolation. First approxima-
tion results for continuous functions in Holder norms were obtained by A. I. Kalandiya [9]
and N. I. Toakimidis [7], [3], see also [13] and D. Elliott [4]. The aim of this paper is to
discuss estimates for Holder norms with varying order of difference. However, for the sake
of simplicity of the representation we restrict ourselves to the case of first and second order

differences. The general situation can be handled by the same methods of proof.

Analogous results can be obtained for general modulus type functions w(h) (see [13]). Only

to simplify the notation we focus on the classical growth condition w(h) = h®.
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After studying the Jackson-type inequality and their so-called inverse Markov- and Markov-
Bernstein-type inequalities, we apply them to estimate linear approximation processes. In
particular, we discuss Lagrange interpolation, where it turns out that the error estimates
are not as good as “Lebesgue constant times order of best approximation”. Therefore we
use also Lagrange interpolation with additional nodes near the endpoints +1 to improve the

order of convergence (compare e.g. [19], Chap. 8 and [1]).

2 Preliminaries

Let us start with the definition of the norms and spaces. As usual we denote by C[—1, 1]
the Banach space of continuous functions on [—1,1] equipped with the maximum norm
| fIl = max{|f(z)| : = € [-1,1]}. For f € C[-1,1] and = € Jg, = [-1,1 — sh] we write

(@) = 3+ () e

Then we say f € C[—1,1] belongs to C"™** (m € INyg , s € IN and 0 < a < s) , iff the

so-called Holder term
£ la,s = sup b~ max | A} f™) (2))|
h>0 € Jsh

is finite. Especially we write C™ instead of C™%%. A norm in the Hoélder space C™®* is

given by
1 llmas = D MFBN 4 1F s -
k=0

For 0 < a < s we define separable subspaces C™®5 of C"™®5 by the condition

lim A~ A (@) =0
A B max | A ()

Sometimes we will also use the modulus of continuity

ws(f,0) = sup max |Aj f(x)]

h<s r€Jsn

with 0 < 2/s. Throughout the paper we will apply the following simple observations

Werr(f, 5) < 5Tws(f(r)7 5) < 5s+r”f(s+r)H ,
wsir(f,0) < 27ws(f,0) < 27| f]
ws(f,0) < 6a||fHa,87
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(see e.g. [12], Chap. 3). Furthermore we abbreviate
V1—2? 1
So(2) = SENT
n n

Then we have

1

S

In what follows C' denotes positive constants depending only on parameters of the Holder
spaces and other fixed parameters involved, but their values may be different at each oc-
curence. In particular, C' will be independent of n,z, the functions f and polynomials p,

and g,,.

Now let us summarize some basic results for algebraic polynomials and best approximation

which we will need in the sequel. The set of algebraic polynomials of degree at most n will
be denoted by II,,.

Proposition 2.1 (A.F. Timan [20], V.K. Dzjadyk [3]) Letq, €I1,, k € IN and
€ [-1,1]. Then

|4t ()] < Con(@) ™ lgall -
Moreover, if
|gn(2)| < Cép(x)”
for some p € R and all x € [—1,1], then
|4 ()] < Cop(arp* (1)
for allk € IN and all x € [—1,1] .

Proposition 2.2 (I.E. Gopengauz [6], R.M. Trigub [21]) Forall f € C™, s >0
there exist a polynomial g, € 11,,, such that for all x € [—1,1] and for all 0 < k <m

|(f = an) ™ (@)] < OO, ()™ wy (™), 6u(2)) - (2)

Proposition 2.3 (Z. Ditzian, D. Jiang [2]) Let f € C[-1,1] and s > 0 be given.
If q,, € 11,, satisfies

(f = @) (2)] < Cws(f, 0n(2)) ,

then

a5 ()] < Cu(w)~*wi(f, 6u(2)) - (3)
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Furthermore we need error estimates for polynomials with additional interpolatory condi-

tions. Therefore let
K, ={ti,s;; 1<i<v} (Ko =10)

a set of nodes with

1<t <...<t, <-14+Cn"2, 1-Cn2<s,<...<s5<1.
and
1 forv =0,
QQV(:E) — v
[ (x—t)(x—s;) forv>0.
Proposition 2.4 (A.A. Privalov [15], see also [10]) Letm,s € IN,n > s+m—1,

m>2v—1,0<k<m and f € C"™. Then there exists a polynomial q, € I1,, such that
((f = a) P (@)] < Cou(@)" Fws(f,00())  forall  x€[-1,1] (4)
and
qn(z) = f(x) forall ze€K,.

The points from K, may coalesce, in which case one also interpolates at the coalescent point

a number of deriwatives one less than the multiplicity of coalescence.

One can easily summarize these estimates to the following result.

Corollary 2.1 Letm,s€ N ,n>s+m—1, m>2vand f € C™. Then there exists
a polynomial p,, € II,, such that

pu(z) = f(z) forallz e K, .
Furthermore, for all z € [—1,1] and for all 0 < k <m, m+ s < j,
P9 ()] < OB (£, 6,(x)) (5)
and

|(f = 1) (@)] < ClQa(@)In"wy(f™, 6, ()) . (6)

Proof of the Corollary 2.1: Starting with the polynomial from Proposition 2.4 we obtain
by the Proposition 2.3 and the triangular inequality immediately (5). To prove (6) one can

follow the ideas in [1] and [10], i.e. one has to apply Rolle’s theorem.
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3 Main results

In our theorems we compare norms ||o|| ;a5 and [[o||, 5+ with “small” r+ 3 and “large” m+a.

More exactly, we assume in the sequel

r,m € INg, s,t € {152}, 0<a<s, 0< 0 <t (7)
r<m and r+0<m+a. (8)

Our first result is an inequality of Markov-type.

Theorem 3.1 Let (7) and (8) be satisfied. Fort =2 we further assume:

If r=m-—2, then 0<1+a. 9)
If r=m-—1 and s=1, then B =0. (10)
If r=m—-1 and s=2, then [(<a. (11)
If r=m and s=1 then [g=0. (12)

Then for all p, € 11,, the estimate
1Pallmas < CRP =D py |54 (13)

18 satisfied.

The conditions (9)-(12) and analogous conditions in the next theorems seem to be very
technical. But the observation ws(p1,d) = 0 for all p; € II; shows that in general one cannot

avoid these conditions.

Supplementary to the global Markov-type inequality we give also a local Bernstein-type

inequality.
Theorem 3.2 Let (7) and (8) be satisfied and let p, € 11,,. If

Ipn(2)| < 8p(2)™*  forall xe[-1,1], (14)
then

Ipallrge < Cr7omm=e

Now we state the direct approximation result, namely the so-called Jackson-type inequality

on best approximation.
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Theorem 3.3 Let (7) and (8) be satisfied. For s =2 we further assume:

If r=m and t=1, then [g=0. (15)
If r=m-—1 and t=2, then g <1 (16)

Then for arbitrary f € C™%° there exists a polynomial p, € IL,, with
1f = Pallrpe < On+P7m=| 00| (17)
In particular, for f € C™*5 0 < a < s, the polynomial p, satisfies

If - pn”r,ﬂ,t = O(HHﬁ*m*a) n — 00 . (18)

Such a “small-0”— result as in (18) can be obtained for all of the following approximation

theorems. For shortness we do not repeat them.

Note that we can use in the proof of Theorem 3.3 the polynomial p, from Proposition
2.2. Hence, for fixed f € C"™*% the same polynomial p, gives (17)-(18) simultaneously
for all r, 3,t, satisfying (7)-(8) and (15)-(16). Moreover, we can also use the polynomial
constructed by A.A. Privalov (see Proposition 2.4 and Corollary 2.1). Hence we obtain with
the assumptions of Theorem 3.3 and for sufficiently large n the following extension of a

Jackson-type inequality with 2v  (2v < m + 1) interpolatory conditions
inf{||f = qullrse: @n € . f(2) = gu(z) for z € K, } < Cn™ 7m0 0, . (19)

Also of particular interest are approximation results in Holder norms with large parameters

if one knows error estimates in Holder norms with small paramters.

Theorem 3.4 Together with (7) and (8) let £ € INg , w € {1,2} ,0<~y<u, { <r and
{4+~ < r+ [ be satisfied. Furthermore we impose the following restrictions summarized in

the following tabular:

u| s |t | assumptions

212 if b=r—2, then v<1+p

if t=r—1, then v <max{l, [}
if r=m—1, then 3<1

22| 1|if b=r—2, then y<1+0
if £>r—1, then v=0

if r=m, then =0
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w| s |t | assumptions

112if l=r—2, then y<1+0
if =r—1, then v <[
21| 1|if b=r—2, then y<1+0
if £>r—1, then y=0
1{22¢f r=m—1, then <1
if £=m, then v=10
1121 r=m, then =0

Now let f € C"™** and q, € I1,, be given such that
1f = @nllenu < O F o (20)
Then we obtain

If = Gullrge < CnPre2otmammee ), (21)

The convergence order in (21) can be improved by assuming Bernstein-type conditions.

Theorem 3.5 Let (7) and (8) be satisfied. For s =2 we further assume (15) and (16).
Now let f € C"™** and q, € 11,, be given such that

(f = gn)(@)] < COu()™ N f " |as for all ze€[-1,1]. (22)
Then

1 = Gullrpe < O 27| f00] o

We will end this section with the application of these results to linear approximation pro-

cesses. Let us focus on Lagrange interpolation.

For n distinct nodes —1 <z, < x,_1 < ... < 1 < 1 we define the Lagrange interpolation
polynomial L, f € II,,_; of a given function f € C[—1, 1] by

L, f(zy) = f(xx) fork=1,... ,n.
With the Lebesgue fundamental functions ¢, € II,,_; we have the well-known representation

Luf(z) =3 flan)u(a)

with the operator norm

1Znllo—c = 11 el II-
k=1

From the Jackson-type theorem and the Markov-type theorem we easily obtain the following

approximation result.
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Theorem 3.6 Let (7) and (8) be satisfied. For s = 2 we further assume (15) and (16).
If f € C™*, then

If = Lafllrpe < ClLullo—e n® 7m0 f|o .

2ri2f=m=a cannot be improved in general (see e.g. [15]). How-

The approximation order n
ever, we can modify the interpolation process by choosing additional nodes near +1. Then
one can achieve a better order of approximation. This is discussed for the simultaneous
approximation of derivatives in a series of papers (see e.g. [19], Chap. 8, and the literature

cited there). Here we obtain the results for Holder norms with higher differences.

Therefore, we define the Lagrange-Hermite polynomial H,,f € I1,,9, 1 by H,f(z) = f(x)
for v =z, k= 1,...,n and x € K,. As in Proposition 2.4 we allow coalescent points in
K, which means interpolation of derivatives. Now the improved approximation result for

Lagrange interpolation with additional nodes near £1 reads as follows.

Theorem 3.7 Let (7)-(8) be satisfied. For s = 2 we further assume (15) and (16).
Then for arbitrary f € C™*

I(f = Haf)(@)llrpe < O 07mmet 0205 | L flef| 0 as

The constant C' depends here also on K, but is clearly independent on n and f. With (a)

we denote as usual the truncated power maz(0, a).

4 Proofs

In the next proofs we have to estimate Holder norms. Therefore it is natural to split the
proofs into two parts. In (i) we consider the sum of the norms of the derivatives. The Holder

term which turns out to be the main part is discussed in (ii).

Proof of Theorem 3.1:
(i) At first we consider a single derivative of p,. From (4) we conclude that there exists a

polynomial ¢, € II,, such that for all » > 0

IN

th (pgﬂ), 5n ($)>
< O0u(@)"5 150 -

|(pn - Qn)(r)(x)’

Then, for all £ > 0 by Theorem 2.1

(P = ¢a) "9 ()| < ()|}

Byt -
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Furthermore, for t < k we have from (5)

IN

C5n (x)_kwt (pSLT)7 571 ('CE))
< Cou(@)" D15 -

) ()]

Hence, for t < k we obtain

Il (@)] < Cu(a)’

and in particular
I < On*E 2 pP |5, - (23)

Now we have to sum up the norms of the derivatives. Easily we conclude

DI < Mpallrse + Y 123l
k=0

k=r+1

Therefore it is nothing to prove for r = m. For r < m we apply the classical inequality of
Markov and (23) which gives

S UEPI < p Ol + e 2 p )|
k=r+1

<l + O TR ]

)

2,7 if t=2
< CTLQ(miriﬁ) nllr + ! Hpn H 1 |
< )Ipnllrs. n2=Ap,llrpe if t=1.

Taking into consideration the assumptions (9) — (11) we obtain (i).
(ii) Let us consider the Holder term.

The main idea is to investigate the supremum over A for small and large h separately. Here
we define

G={h:h>1/n’} and H={h:0<h<1/n?}.

1. For h € H we apply the mean value theorem and (23) for m + s —r >t to obtain

sup h™% max |[Aspi™(z)| < Ch*e|pim+)|

heH rEJgp
< Op2la=s)p2mts—r= /J')Hp(r)Hﬁt
< Py
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Only in the case (12), namely m + s — r < t, we modify this argument to

sup i~ max [App{™ (x)] < RO|plm Y|
heH z€Jp
< Cn’Rt ||
< Cn*py"|l

2. Let now h € G. For r < m — t we argue again with (23) to obtain

sup h™® max |A}p m)(x)] < 4712&”297(:1)”
he@ zE€Jp

A

42 O pl |

IN

C«n2(m+o¢—r—6) Hpg‘) Hﬁﬂf )

Now we have only to deal with three remaining cases r > m — t.

a) For s > t,r = m we write
sup h™“ max |A2p£lm (x)] < sup2h”®max |A2p£lm ()]
he@ rE€Jsp hedG rE€Jyp

< sup2h5 N 5.0

< o pD |15

b) For t = 2,s = 1,7 = m we use the condition (12) to write

sup h” maXIAipS”( )| < Cn*?lpi™]|
heG

c) For t = 2,7 = m — 1, with the conditions (10) and (11), respectively, we conclude

sup h™® max |A2p™ (z)| < sup Ch™*n maxlAhpn V()]
heG zE€Jap, heG z€J2n

< O p 5
and

sup h~ maX|A M ()| < Cn?*n?||pim=Y)| .
heG z€J,

Summarizing the estimates we obtain for the Holder norm the inequality (17) which concludes

the proof. n

For the proof of Theorem 3.2 we need the following preliminary result.
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Lemma 4.1 Letx,z+h,x+2h €[-1,1]. If0 < h < min(d,(x),1 — x), then

5u(x) < 76,(x + h) (24)
and
Sn(z) < 138, (z + 2h). (25)
If 6,(x) < h <min(:,1 — z), then
on(x 4+ h) < 3h (26)
and
Oz +2h) < dh . (27)

Proof of Lemma 4.1: We show here (25) and (27). For (24) und (26) compare also [13].

a) If v1— 22 <12/n, then

If v1—22>12/n, then
vV1—a22 12 V1i—z2 1-—2°
+ < < .

n n? n 6

h < é,(z) <

This, together with x + 2h < 1 gives
(z +2Rh)2h < 1 — (x +2h)%.

For x > 0 we write

(z + 2h)2h = < V31— (x+2h)?.

1 —(xz+2h)

Using the mean value theorem and (v/1 — 22)” > 0 we obtain

VIZaE— T (m £ 20 < 22k _ < IT—(z+2n).

1 — (z+2h)

Hence

VI—2% <2\/1— (z+2h)?,

which proves (25).
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b) From the assumptions for (27) we have

4
1 —2% < h®n? and — <4h,
n
which implies 1 — 22 4 4h < 5h*n?. Therefore, we conclude from
1 — (z +2h)* < 1— 2?4 4h < 5h°n?
that

1 — (z 4 2h)% < 3hn.

With 1/n? < h we obtain immediately (27). =

Now we are able to prove the Bernstein-type inequality.

Proof of Theorem 3.2:
(i) With the assumption (14) we obtain from (1) in Theorem 2.1 that

DI < YOl
k=0 k=0

r
< Z an—m—a
k=0

< CnT'—m—Oé

IA

(ii) To estimate the Holder term it is sufficient to consider ¢ = 2. Let us fix z € [—1,1].
Here we distinguish between h > 6, (z) and 0 < h < ,,(x).

a) Let h > §,(x). With (1) we obtain

R0 ()] < B0 (Ipy) ()] + 2Ip (2 + )|+ [p) (o + 2h)])
< O P(S(2)™ O + 26, (x + )™ 4 8, (x + 2h)™H0T)
S Cnr—l—ﬁ—m—oc )

The last inequality follows directly for A > 1/n. For §,,(z) < h < 1/n one has to use (26),
(27).

b) Now let 0 < h < §,,(x). By the mean value theorem there exists an



Approximation in Holder norms with higher order differences 45

€ € [x,z + 2h] such that

CR*PIp 2 (6))]

C8, ()P, (E)mre2
C(;n(g)m—i-a—?’—ﬂ

Cn’r—i—ﬁ—m—a

WP AL ()]

ININ A

IN

where we applied (25) to estimate 6, (z).

To conclude the proof we form the maximum over x € J;;, and the supremum over h. [

Proof of Theorem 3.3: We will show that a polynomial p,,, which satisfies the conditions

(2), also proves Theorem 3.3.
(i) From Theorem 2.2 we have for 0 < k < m that
(f =p)P(@)] < Coux)™ Fwy(f),6,(x)) (28)
Con (x)m_lﬁ_aHf(m) as
Cn* =] £ s

VARRRVAN

Hence,

T

D =)@ < O f o

k=0

(ii) In order to estimate

h™? max |AL(f — pa)" (2)]

€ Jip

we distinguish between h > 1/n and 0 < h < 1/n.

1. For h > 1/n we simply estimate with (28) and (2) to obtain
WP max |A](f = pa) V()] < 4n?(|(f = pa)|

zE€Jyp

< OnHTmR| F o

2. If 0 < h < 1/n we consider separately the three possible casesr <m—t;r=m—1,t =2

and r = m.

a) If r < m —t, then we use (28) to obtain

h=? max |AL(f = pa) " (@)
zE€Jip

IA

W'=Ph max | AL (f = pa) ()]

z€Jyn

IA

Cn” ! [(f = pa)" |

< Cnrme ),
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b) Let now r = m — 1,¢ = 2. In this case, (16) implies § < 1. Then we obtain by (28) and

the mean value theorem that

h™F max | AL (f —pn)(r)(xﬂ < 2h'Ph ' max |AL(f — pn) ()]

zE€Jp x€Jtn

20 2||(f = pa)™ |
< Cnﬁ_l_anf(m)na,s .

IN

¢) Now let us end with the third case r = m. If t < s, then (15) implies f = 0 and

there is nothing to prove. Hence we assume s < t. Now we fix x and distinguish between
0<h<d,(x) and 6,(z) < h < 1/n.

In the first case we estimate with a certain £ € [z, x + 2h] from the mean value theorem

RPIALf =) (@) < CRTP(IAGF™ ()] + A7y (2)])

n

Ch ) f0™) .6 + CREpIm+9)(€)] .

IN

Then, by (2) and (3) we obtain
PN < Cou&) " ws (1™, 64(6)) -
Now it follows from (24) and (25) that

17 FU) s+ CREP6,(8) T wi (£, 5,(€))
0 F s A OO (E)* PN FU™ s
< Cnﬁ_a”f(m)”a,s .

WP\ AL(f = pa) ()]

IN

IA

In the remaining case d,(z) < h < 1/n we conclude with the help of (26) and (27). This
gives (here only written for ¢ = 2) that

Ch™? (8, (2)™ + 20, (2 + h)* + Sulz + 20)) | F7 |l as

Ch P f ™ |as

< O f " s

WAL = pa) P ()]

IN

IN

Taking the maximum over x € Jy;, and the supremum over h the case c) is proved. Summa-

rizing the estimates we obtain the Jackson-type result. [

Proof of Theorem 3.4: Using a polynomial p,, satisfying the Jackson-type inequality (17)

we estimate

1f = @ullrge < N = pallrge + P0 = Gnllvgss -
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Applying the Markov-type inequality (13) to the polynomial p, — ¢, we obtain

If = @ullrge < If = Pallnss + CR¥TE Ip, — g,
< lf = pallnge + ORI = palley + 1 — @ulles) -

Ly,u

Now we use the assumption (20) for || f —g,|| and the Jackson-type inequality (17) for || f—pa||
in the different norms which gives immediately the desired result. Thus we have only to note

the corresponding restrictions for the parameters.

a) The Markov-type inequality (13) needs for u = 2 the conditions:
It Il=r—-2, then ~ <1+ 0.
If l=r—1,t=1, then ~=0.

If Il=r—1,t=2 then ~<g.
If l=r t=1, then ~=0.

b) The Jackson-type inequality (17) needs for s = 2 the conditions

If r=m,t=1, then ([ =0.
If r=m-1,t=2, then g<1.
If l=m,u=1 ,then v =0.

If l=m-—1, u=2, then ~<1.

These conditions are equivalently rewritten in the tabular of Theorem 3.4. [

Proof of Theorem 3.5: Again we use a polynomial p, satisfying the Jackson-type inequal-

ity (17). Following (2) from Theorem 2.2 we obtain from our assumption (22) that

’(pn_gn)(x)‘ < !(f—Pn)(ﬂﬁ)\ _'_‘(f_QH)(x)‘
< Co(@)" N s -

Applying the Bernstein-type inequality in Theorem 3.2 yields

Hpn - anr,,B,t S C«nr-i-ﬁ—m—a”f(m)”ms :

Then the Jackson-type inequality with the assumptions (15) and (16) finishes the proof,

namely

Hf_QnHT,B,t S Hf_pn”r,,@,t+ Hpn — 4nl|r gt
< OnrHme | f) .
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Proof of Theorem 3.6: Here we work with p, from the Jackson-type Theorem 3.3 and
with the Markov-type ineqality (13), namely

ILu(f = Pa)llrse < CRP 2P| L(f = pa)lloosr - (29)

Then we estimate

||f_Lnf||r,ﬁ,t S ||f_pn||r,ﬁ,t+ HLn(f_pn)Hr,,H,t

< C’n”ﬁ*m*o‘ﬂf(m)ﬂa,s + Cn* 22 L(f — pa)llo.0a
< COnrtomm=e| ()|, o+ Cn* 28| Ly llo—ellf — pall
< C’nQTHﬁ*m*a||LanHCHf(m) llos -

Note that the Markov-type inequality (29) only requires the assumptions (7) and (8). ]

Proof of Theorem 3.7: At first we state an easy consequence of Theorem 3.2, namely for
r+3<2v

1Q2pullrpe < O pull -

Combining this with the usual Markov-type inequality (13) we obtain for arbitrary r, 5 a
Markov-Bernstein-type inequality

1Q2upnllrge < CrmHHTOZ20% p, | (30)

Now we use a polynomial ¢, from the Jackson-type theorem with interpolatory conditions
(see (19)) to write

Hence we have only to deal with ||H,(f — ¢,)]»s:. From

gt < = anllge + 1Ha(f = @0l -

an(z) = f(2) forx € K,
and (30) we obtain

VL~ gl = ||Z Qng L

< OprtAHr+s-2v)4 —)( ')E.

= || Z sz( ) J ||

< r+0+(r+6—-2v) 4+ ( IJ

< on ma |2 0)(0) \HZM |
< Qa2 | 3 g

j=1
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Here we used (6) to derive the last inequality. ]
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FRAUKE SPRENGEL

A Unified Approach to Error Estimates for Inter-
polation on Full and Sparse Gaufl—Chebyshev Grids

Dedicated to the professors of mathematics

G. Maef3, H. Poppe, and G. Wildenhain

ABSTRACT. We give a unified approach to error estimates for interpolation on full and
sparse Gaufl—Chebyshev grids. We impose Strang-Fix conditions adapted to interpolation
on Gaufl—Chebyshev grids on the underlying Lagrange functions. This yields error bounds

with explicit constants.

KEY WORDS. Interpolation by generalized translates, Strang—Fix conditions, Sparse grids,

Boolean sums.

1 Introduction

The Gaufi—Chebyshev knots are quite often used as interpolation points for functions given
on the interval [—1, 1]. Beside the well-studied polynomial interpolation, one can investigate

interpolation by splines adapted to these special nodes.

Using generalized translates, the so-called Chebyshev—shifts, the interpolation of univari-
ate functions on Gaufl—Chebyshev knots can be seen as interpolation by translates. Shift—
invariant spaces corresponding to such translates and their wavelet analysis are described
in detail in [10]. Forming tensor products yields interpolation of bivariate functions on full
grids. Interpolation on sparse grids can be realized by j-th order blending. Some very recent

papers use this fact for determining the quadrature error of the Clenshaw—Curtis rule on

sparse Gaufi—Chebyshev grids for smooth functions [3, 9] or for investigating interpolatory
wavelets for sparse GauBB—Chebyshev grids [11]. Interpolation and approximation on sparse
grids is well investigated for periodic functions [5, 12, 13] and closely related to hyperbolic

approximation (see e.g. [15]).
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We are interested here in a unified approach to error estimates for interpolation on full and
sparse Gaufi—Chebyshev grids for functions from Sobolev—type spaces (cf. [2]). Therefore,
we adapt the concept of Strang—Fix conditions on the univariate Lagrange function to this
special situation. Furthermore, we use essentially the properties of the bivariate function
spaces which can be represented as tensor products or intersections of other function spaces.
Collecting all these tools, we are able to give the desired error estimates with explicit con-

stants.

2 Notation

We denote our reference interval by I := [—1,1] and the Chebyshev weight by w(x) :=
(1 — 2% Y2 (z € (~1,1)). Let L2(I) be the weighted Hilbert space of all measurable
functions f : I — R with

/f(:zs)Qw(:B) dr < oo.

For f,g € L2 (I), the corresponding inner product is given by
2
(fig) = - f(@)g(x)w(z)dx.
T

By II,, we denote the set of all real valued polynomials of degree at most n restricted on I.
Furthermore let T,, € II,, be the Chebyshev polynomials
T, (z) := cos(narccos ) .

They form a complete orthogonal basis

2 fork=0=0,
(T, Ty) = <1 for k=10 #0,

0 otherwise,
of L2 (I). With the help of the Chebyshev coefficients
ak[f] = <f7Tk>7 fELzQU(I)v kENﬂv

we define Sobolev—type spaces of order av > 0,

H(D) = {f € 2D 5 If12 = 3 (1 + K" alf] < oo}

keNg
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as in [2] and the Wiener algebra

AD = {f e Y lalfll <o}

keNy

Here and the sequel, we use the notation Y if we halve the first term and >_" where the
first and the last term in the sum are halved. The Sobolev—type spaces HS(I) are Hilbert
spaces and HO(I) = L2 (I).

By Gy, we denote the grid of the Gau3—Chebyshev nodes
gy = {gk =cosky; k=0,... ,N}.

The discrete Chebyshev coeflicients are given as

N
ay [f] ::%Zﬂf(gg)Tk(gg), k=0,...,N.
=0

For functions f € A(I), one can proof the aliasing formula

ay [f] = ZGQENJrk[f]+a2(Z+I)N7k[f], k=0,...,N.
£eNg
The Chebyshev coefficients of functions on I are strongly related to the Fourier cosine coef-
ficients of even periodic functions

2 i
lo) = / g(0) cos(k0) db, & € N,

0

and the discrete cosine coefficients

This is the well-known discrete cosine transform of type I (DCT-I(N + 1)). Fast and nu-
merically stable algorithms working in real arithmetic are described in [I]. We extend that
definition to all k& € Ny and obtain &Y ,,y(n) = &¥(n) and &Yy, )y(M) = Ey_.(n) for

TZO,... ,N—l,EGNO.
With the transform x = cos@, it holds that

ai|f] = ¢k(f(cos-)), k € Ny and an [f] = &Y (f(cos-)), k=0,... ,N.
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3 Interpolation by generalized translates

Now we want to describe interpolation by generalized translates of a single function and the

construction of a corresponding Lagrange function.

The Chebyshev shift (cf. [1, 10]) s,f of a function f is defined by

(snf)(z) = 5 f(zh — w(m)lw(h)> + 5 f(xh + w(x)lw(h))’ vel
For interpolation, we use the special shifts oy := s,,, k = 0,... ,N. The Chebyshev shift

effects the Chebyshev coefficients ay[o, f] = Tk(gn)axr[f] in the same multiplicative way as

the usual shift effects the Fourier coefficients of periodic functions [10]. The interpolant Ly f

LNf(gk‘):f(gk)a ]C:O,...,N,

interpolating in the Gau3~Chebyshev interpolation nodes shall be given as

N
Lyf:= Z” f(gr) owp
k=0

with a single generating function ¢ € A(I). We first want to construct the corresponding

modified Lagrange function

with
1
UkA(gg):—(Sk,g, k’:O,...,N,
€k
where here and in the following
for k=0, N,
fork=1,... , N —1.

1
Ek = 2
1

Inserting the interpolation conditions and computing the discrete Chebyshev coefficients

yields
2 N
WA = 5 =S Nallel, k=0, N
So we obtain the Chebyshev coefficients of A as
N _
wlh] = 5 ald
(
2 agle] 2 agle] for k =r + 2sN,
N a{}’[@] N CLQ(N_H[(p] + ag(ngl)N,r[(p] r = O, R ,N — 1, S € N(),
— LNy
2 agy 2 axlp] for k=r+ (2s+1)N,
= — - =
N CLN,T[QD] N Z a(2g+1)N+r[g0] + a(%H)N,r[gp] r = 0, e ,N — 1, S € N().
\ KGNO
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Obviously, the condition a} [p] # 0, k = 0,..., N, is necessary and sufficient for the exis-
tence and uniqueness of the fundamental interpolant A. Otherwise one can use the method
described in [11] for the periodic case to define a fundamental interpolant (which then is
not in the shift-invariant space generated by ). That’s why, in the sequel we assume the

existence of a Lagrange function A and consider the interpolation

N
Lyf= Zﬂf(gk) orA .

k=0

4 Error Estimates

We want to estimate the interpolation error in some Sobolev norm of order o > 0 for the

interpolation of functions from a Sobolev—type space of order u > a. Therefore, we split

1f = Lnflla < If = Sv-1flla + 1Sv-1f = LnSv-1flla + |1 Ln(f = Sv-1f)lla (1)

with the (N — 1)-th partial sum of the Chebyshev expansion

N-1

Snoaf = ZI = aglf] Ty -

k=0
At one hand, the order of the interpolation error depends on the smoothness properties of the
interpolated function f. On the other hand, it is influenced by the approximation properties

of the underlying Lagrange function A.

In order to characterize these approximation properties, we introduce conditions on the
decay of the Chebyshev coefficients of A. They are the pendant for the interval of the strong

cardinal Strang—Fix conditions [0] and the periodic Strang—Fix conditions [3, 11, 13].

Definition 1 The Lagrange function A € A(I) satisfies the Strang-Fix conditions (for
Gaufi—Chebyshev grids) of order m > 0 for the exponent a > 0 if for all k = 0,... N the

inequalities

N
’1 — Eak[A] S bg kmN_m,
N m —m—uo
5 agentk[A]| < bo K™ N ; ¢ eN, (2)
N m —m—o
) az(e4+1)N—k[A]| < bogyr ™ N ; ¢ € Ny,

hold for some sequence {by}ecn, with

V=2 (14 (20%) b + (1+ (20 +1))°)* By < 00 (3)

LeNg
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For Lagrange functions satisfying such conditions, we can estimate the second term in (1)
in the following way.

Theorem 2 Let the Lagrange function A € A(I) satisfy the Strang-Fix conditions (2)
of order m for the exponent a.

Then, for f € lly_1, it holds that

||f_LNf||a < i N~™ Hf||m+a

with the constant v, as in (3).

Proof: We compute the Chebyshev coefficients of the interpolant as

N
aynik[Lnf] = Z (azensnlf] + a2psryn—rlf]) ?a2€N+k[A]a
reNg
N
a@eryN+k LN f] = Z (a@r+1yN46lf] + a@rsynv—i[f]) §G(2€+1)N+k[A]a
reNp
for k=0,... ,N—1,¢ € Ny. Using f € IIy_1, we obtain
/
I = Lacflla = || 3 (anlf) = anlLafDT
keNo ¢
N-1 N
= H Z Z (azeNJrk [f] = Z (Cler+k[f] + a2(r+1)N—k[f]) EGQENJrk [A])T2€N+k
k=0 ¢eNg reNp
N
+ <a(2e+1)zv+k[f] — Z (a@r+nyn+xlf]) + a@ernyn-klf]) Ea(2€+1)N+k[A]>T(2£+1)N+k .

reNg

— N N N
= H Z ax[f] (&c(l — 5 AT, — Z ECLQZN-&-k[A]T%N-&-k + ECL%N—k[A]T%N—k)
k=0

LeN

o

Computing the Sobolev norm and inserting the Strang—Fix conditions proves the theorem.
O

By a straight—forward calculation, we obtain the estimate for the first term in (1).

Lemma 3 Let f € HA(I), p> a >0, then
If = Svalla < N

It remains to state an estimate for the last term in the triangle inequality (1).

Theorem 4 Let f € HA(I), u > 1/2, u > a > 0. Let the Lagrange function A € A(I)
satisfy the Strang—Fiz conditions (2) of order m for the exponent c.
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Then it holds that

LN (f = SnaaPlla < 72793 Nl

with the constants

N2(a+1)

i = S, (6o Y00+ 0 (el + (D)
LeN
o= 2 k:‘“a??fzv%<”(2€+%)2)_“+(1+(2e—%>2)_”.

Proof: Because of p > 1/2 we have the function f € A(I). Hence, the interpolant is
well defined and the aliasing formula can be applied. The same assumption ensures the
converges of the series which defines v3. From the Strang-Fix conditions, the constant s is

well defined. We estimate as follows
/
ILn(f = Sv-1f)lla = H Z ag[Ln(f = Sn-1f)] TkHa
keNg

N-1
= H Z, Z Z (a2rN+k[f — Syafl+ a2(r+1)N—k[f - SNAf]) ﬁauwwc[/\] Toen v

2
k=0 ¢eNgreNg

N
+Z a@r+yN+k[f — Sno1f] + agreyn—ilf — Sv-1f]) = 5 a@er1)N+k A T(2e11) N4k

«

. /T‘ENO ) N )
< Z (Z azr N1k [f] + a2(r+1)N*k[f]> (5)
k=0 reN
X Z(l + (2N + k)*) a5,y n[A] + (L + (2(0+ 1)N + k) a2 ernyn—r[A]
£eNg
< Z (14 k)~ (Z agrn4k[f] + a2(r+1)N—k[f])2 (g)QNM
k=0 reN

<5kak + Z (14 (20)*)* (a4 [A] + agEN—k[A])>

leN

< Ry (+R)" (2(1 + (20N + k)2 + (1 + (2(N — k;)2)*“>

k=0 reN

X <Z asrn+k[f] + a2(r+1)ka[f]>

reN
% 75 N £,

IN

U

Now we put together these three results and obtain the desired estimate of the error of

interpolation for functions from Sobolev-type spaces.
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Theorem 5 Let f € HA(I), p > 1/2, u > a > 0. Let the Lagrange function A € A(I)

satisfy the Strang—Fiz conditions (2) of order m for the exponent c.

Then for o :== min{m + «, u}, it holds that
If = Lnflla < Cp N2 |||,
with
Cp=2""""y + 9 33+ 1.

The constants v1, 72,73 are chosen as in the Theorems 2 and 4, respectively.

5 Examples

The interpolation on GauB3~Chebyshev grids is closely related to periodic interpolation on
equidistant grids. The function M := A(cos-)/2 is an even periodic fundamental interpolant
on the grid % ; k=—N,...,N—1}. If M satisfies the periodic Strang—Fix conditions of
order m for the exponent a (see [3, 11, 12, 13]) with the constants {d,}sez then A satisfies
the Strang-Fix conditions for Gau3~Chebyshev grids of order m for the exponent a with

the constants by = 1" dy, boyy = 727 %y, ¢ € N, and by = 727 %ys, 0 € Ny.
In this way, one obtains that the scaling functions of the multiresolution analysis for a

bounded interval described in [10] fulfil Strang-Fix conditions of certain order.

So the fundamental interpolant of the transformed B-spline of even order r satisfies Strang—
Fix conditions of order r — « for the exponent « if r — a > 1/2. The de la Vallée Poussin
means of Chebyshev polynomials also described in [10] are fundamental interpolants and

satisfy Strang—Fix conditions of arbitrary order m.

The constants {d,}scz for the corresponding periodic functions can be found in [11, 12, 13].

6 Sobolev—type Spaces of Bivariate Functions

We denote by L2 (1%) = L2(I)®L2(I) the weighted Hilbert space of with weight w ® w
square integrable functions with inner product (-,-),. Here @ denotes the (complete) tensor
product of Hilbert spaces [16]. The Chebyshev coefficients of bivariate functions are defined

as aglf] = (f, T @ Tt)o.

Then the Wiener Algebra A(I?) contains again all functions with absolute convergent Cheby-
shev expansion. The Sobolev-type spaces of order a@ > 0 can be defined by

Hy(P) = {F € L) 5 IF12 1= D0 30 (1 B+ ) ad [f] < oo}

keNg £eNg
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Beside these isotropic function spaces, we want to consider functions from Sobolev—type

spaces of order (a, 3), a, # > 0, with dominating mixed smoothness properties

SPH(P) = {Fe 27 IS8, = D0 3 1+ )" (1+ ) e} [f] < oo}

keNg £eNg
= H(DH®HS(I).
Obviously, we have the imbeddings
He(I%) c S*H(I?)  and  So/2°2[(I*) ¢ HX(I?). (4)

Furthermore, one can proof with some straight—forward calculations the equality
H(I%) = S*PH(I*) N S%~H (I?)
with the norm equivalence

K-8 < I llao+ 1 6a < 21013, ()

where

2 for a =0,
K2 =<1 for0 <a <1,

21— for o > 1.

7 Bivariate Interpolation on Full Grids

The interpolation on a full grid G,; x Gy is realized by the interpolation operator L), ® Ly

with the univariate fundamental interpolants Ay, and Ay, respectively.
We denote the complementary projector of a projector P by P¢:= I — P. The Boolean sum
[5] of two commuting projectors is given as
PdQ = (PQR)Y=P+Q—-PQ.
First we proof an error estimate for functions with dominating mixed smoothness properties.

Theorem 6 Let f € SEYH(I?), p,v > 1/2, u>a >0, v>B3>0. Let Ay, Ay € A()
satisfy the Strang—Fix conditions (2) of order k for the exponent o and of order m for the

exponent (3, respectively. Set o := min{u, k + o} and o := min{v, m + G}.

With the constants C, corresponding to Ay and C, corresponding to Ay as in Theorem 5
it holds that

If = (Zar @ L) fllag < (Cp M2+ Cy NP7 4 C,.Cq MOTEN"7) [ f 00
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Proof: The assumptions p,v > 1/2 ensure f € A([?). Hence, the interpolant is well-

defined. The proof follows immediately from Theorem 5 by using the representation of the

remainder

(Lu @ Ly)* = (Ly @) & (@ Ly) (6)
and the equality

1P @ Qlla—ip = 1Pl —a, 1QUm,—a, (7)
in tensor products H = Hi®H, and H = H;&®H, of Hilbert spaces [16]. O

As we can see from that theorem it might be quite useful to choose different Lagrange
functions with different approximation properties to interpolate on grids with different step
size parameters M and N. This kind of interpolation is of some use also for functions with

different smoothness parameters p and v.

But for functions from isotropic function spaces, interpolation only on equidistant grids with
the same kind of Lagrange function per direction makes sense (see [12, 13]). So we formulate

the next theorem for that case only.

Theorem 7 Let f € HA(I?), p> 1, u > a > 0. Let Ay € A(I) satisfy the Strang—Fiz
conditions (2) of order m for the exponent a.. Set o := min{u, m+a}, n := min{u/2, m+a},
and k := min{y/2,m}. The constants C,, C,,C, and K, are chosen as in Theorem 5 or in

(5), respectively.

With the constant
Cp =3 V2 K, (2C% + C2C2)Y2,
it holds that

If = (Ly @ Ly)flla < Co N2 | f]],n-

Proof: Because of > 1 we have f € A(I?) C C(I?). The proof can be done analogously to
the proof of Theorem 2.20 in [13]. It uses Theorem 5, the representatation of the remainder
(6), the imbeddings (4) and (5), the relation (7) and the Cauchy-Schwarz inequality. O

8 Bivariate Interpolation on Sparse Grids

In contrast to interpolation on full grids, we want to consider now interpolation on sparse
grids. Therefore, we choose d € N and set N; := d27. Furthermore, we assume the imbed-

dings Im Ly, C Im Ly,,,, j € Ng. The corresponding Lagrange functions Ay, have to satisfy
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the Strang—Fix conditions with the same sequence of constants {by}sen,. So the supremum
Ag = sup Cy(j) (8)

J€Ng
of the constants C,(j) corresponding to Ay, from Theorem 5 is finite. For our examples in

Section 5, both assumptions are fulfiled.

Then, the interpolation operator on a sparse grid is the j-th order Boolean sum (j-th order

blending operator)

J
B; =Ly, ®Ly,,.
r=0

It interpolates on the sparse grid | J'_, G, xG;_, which contains d?(j2/~+27+1) interpolation

points. Using the representation (cf. [5]) of the remainder of the j-th order Boolean sum

J Jj—1
Bi=Ls®@I+IQL—Y Li@LS ,+> Li®LS, ,
r=0 r=0

one can proof the following error estimates for interpolation on sparse grids in the same way

as the theorems in the previous section.

Theorem 8 Let f € SLH(I?), p,v > 1/2, p>a >0, v > >0. Let Ay, € A(])
satisfy the Strang—Fiz conditions (2) of order k for the exponent o and of order m for the

exponent (3 with the same sequence of constants for all j. Assume Im Ly, C Im Ly, ,,

j € Ng. Set o :=min{u, k+ a}, o := min{v,m + 8}, and 7 := min{p — o, 0 — B}.
With the constants A,, A, as in (8) and

A =A(j)=A,+ A, + (3 —2)d A A,
it holds that

If = Bjfllay < Ar Ny || £llps -

Theorem 9 Let f € HY(I?), p>1, p> o > 0. Let Ay, € A(I) satisfy the Strang-Fix
conditions (2) of order m for the exponent « with the same sequence of constants for all
J. Assume Im Ly, C Im Ly,,,, j € No. Set ¢ := min{p,m + a}, n := min{p/2,m + a},
k:=min{p/2,m} and 7 := min{n — o, kK}.

With the constants A,, Ay, A, and K, as in (8) and (5), respectively, and

A A () — -1 2 . 2 3-27 A2 A2)\1/2
A =AL()) =3 V2K, (2A2+ (35 —2)2d 7 AZAZ)Y
it holds that

1f = Biflla < A N7 (]l
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T R : ]
iiiiiiiiiiii i Lot

Full (left) and sparse (right) GauB-Chebyshev grid (d = 1,j = 6).

Note that the constants in the error estimates in the previous two theorems depend linearly
on j. Interpolating functions from Sobolev—type spaces with dominating mixed smoothness
properties on a sparse grid, the order of the interpolation error is only by this logarithmic
factor worse than the order of the error of interpolation on the full grid with Nf points. If
we interpolate functions from the isotropic Sobolev-type spaces we lose half the order of the
error of interpolation on sparse grids in contrary to interpolation on full grids (for the same

parameter N;).

9 Comparision

In the previous sections, we gave the error estimates for interpolation on full and sparse
GauB3—Chebyshev grids with explicit constants in the error bounds. Now we are interested
in a comparision of the two methods. For simplicity, we measure the error in the L?-norm.
Let Ay, € A(I) satisfy the Strang-Fix conditions (2) of order m for the exponent 0 with
the same sequence of constants for all j. We want to compare the order of the interpolation

error in terms of the number of interpolation knots. Therefore, we set
d* 2% for interpolation on the full grid by Ly, ® Ly;,
d? (72971 +271)  for interpolation on the sparse grid by B;.

Recomputing the estimates from the previous sections into terms of K yields the following

results.
Smoothness of f I(Ly, © L)) f = fllo | 1Bif = fllo
f € HHE(I?%), before saturation O(K—H/?) O(K~H/2 (logy K )#/?~a+1)
f € H*(I?), after saturation O(K—™/%) O

) ( (K™ (logy K)™+)
f € StrH(I?), before saturation | O(K~#/?) O(K~# (logy K)*1)
f € StrH(I?), after saturation | O(K~™/?) O(K—™ (logy K)™ 1)
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As one can see from that table interpolation on full grids beats interpolation on sparse grids
only for functions from isotropic Sobolev—-type spaces. In this case, it is better only by a
logorithmic term. For function with dominating mixed smoothness properties, interpolation

on sparse grids is essentially better suited.

10 L,-Estimates

In this paper, we focussed on Ly—Sobolev—type spaces only, where we used the simple struc-
ture of Hilbert spaces and their tensor products. More generally, one may want to consider
L,~Sobolev-type spaces (1 < p < 00). There, things become more difficult. As in the
periodic case (see [13]), it is possible to introduce in addition function spaces which are char-
actized by weighted ¢,~summability of the Chebyshev coefficients. For these function spaces,
suited Strang—Fix conditions can be considered. Moreover, one can use properties of tensor
products and intersection of reflexive Banach spaces as described in [7, 13]. This again will
yield error estimates with explicit constants for functions from these special spaces. Using
the Riesz—Thorin theorem, one can obtain estimates with explicit constants for interpolating

functions from L,—Sobolev-type spaces (1 < p < 00).
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Volterra Integral Equations with non-Lipschitz Non-
linearity

Dedicated to the professors of mathematics
G. MaeB3, H. Poppe, and G. Wildenhain

Volterra Integral Equations ... ABSTRACT. In this work we consider equations of the

form:

y(t) = glt) + / K(ts.y(s)ds, teRY, (1)

analytically and when solved numerically.

In some recent work the long-term behaviour of numerical solutions of the nonlinear convo-

lution equation

o) =olt) + | (- S)p(y(s)ds, tERT, (3)

has been considered. In the present paper, we consider examples of the form () which do
not satisfy classical conditions guaranteeing existence and uniqueness of the exact solutions
and suitable behaviour of approximate solutions. We are able to give a strengthened version
of a theorem given originally by Corduneanu for certain kernels and nonlinearities. On that
basis we consider how certain numerical codes may fail. We explore and test methods known

to preserve properties of the solutions in the linear case.

KEY WORDS. Volterra integral equations, stability, quadrature rules.

1 Introduction

We consider Volterra integral equations of the form (}), and particularly those which take

the form

o0 =olt) + | et s)e(y(s))ds, e RT 1)
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Of equations of this type, the nonlinear convolution equation

y(t) = g(t) + / Kt — s)p(y(s))ds, te R, 2)

is particularly amenable to analysis. For certain assumptions about the kernel k, input g,
and nonlinearity ¢, known analytical results ensure existence, uniqueness, boundedness and
transience of the exact solutions (see, for example the book [12]). Many results have been
given for the case where ¢ is a linear function. The behaviour of solutions to nonlinear
equations is less well understood. It has also been shown that for certain quadrature rules
the properties of the analytical solutions apply also to the numerical ones ([13], [9], [10]).
However, for certain cases of practical interest, the assumptions mentioned above are either
not met or are nearly violated. For example, the Lipschitz constants typically used in theo-
rems relating to existence and uniqueness of solutions may be very large, or the nonlinearity
may be unbounded. In such cases, it seems from the existing literature that the numerical

solutions may lose stability in their long-term behaviour.

In this paper, we explore the situation where the function ¢(y) is not Lipschitz continuous.
By example we demonstrate that the solutions obtained in this case may not be smooth.
We select some cases for analysis that can be reduced to ordinary differential equation form
and we compare solutions obtained by standard numerical methods for ordinary differential
equations with those obtained using direct quadrature rules. We are able to exhibit (and
explain) the problems that arise with methods of each type and we compare the effectiveness
of the implicit Euler rule, the repeated trapezoidal rule and the second order backward
difference rule, all of which might be expected to perform reasonably well for the examples

selected for analysis.

A simple example of the type of problem that might arise with a numerical method is shown
in Figure 1. Here we have applied a quadrature rule to solve approximately a nonlinear
integral equation whose true solution is known to converge to zero for large positive values
of the independent variable. One may easily observe that the approximate solution does not
exhibit this property, but rather displays oscillations of increasing amplitude.

3

2,

-2 I I I I
0 5 10 15 20 25

Fig. 1: Numerical solution exhibiting spurious oscillatory behaviour
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2 Background and Applications

Systems found in ecology, genetics and the life sciences in general are often complicated
to model mathematically. The systems may be poorly understood and this leads to the
adoption of a phenomenological approach. In practice, very often we can observe that the
information needed in order to determine the future evolution of the system is contained
in the past records of the observable parameters together with data concerning external

influences (such as the weather, human activity etc.).

In the present paper, we study the evolution of the state of a system described by the history
of a certain (vector-valued) quantity y whose solution is assumed to lie within some set Y.
The function y is assumed to be under the influence of certain external factors g from a set

of permitted external influences G.

In practice, equations modelling ecological systems frequently take the form

y(t) = g(t) + / K(t, s)p(y(s))ds, ¢ € RY. (3)

In (3), the kernel function K (¢, s) is said to be a convolution kernel when K (t,s) = k(t — s).
This form arises commonly in applications both from the biological and from the physical
and engineering sciences, in models of situations where there is no ageing or seasons (and
therefore no explicit dependence upon time) and it turns out that convolution equations
can be particularly convenient for analysis. In the case of the linear equation p(s) = As,
equation (3) is, under certain natural conditions on k, g, amenable to solution through the
use of Laplace or Fourier transforms. This, in particular, has led to a great deal of discussion

of equations of the form

y(t) = g(¢) +/0 k(t—s)y(s)ds, teR". (4)

(We refer the reader to the work of [19],[17],[8], [12], [1].)

A detailed analysis of the behaviour of numerical methods for solving equation (4) has also

proved possible. The interested reader is referred to the work of, for example, [3], [12], [13].

The nonlinear convolution equation

o(0)=olt) + | k(t — $)p(y(s)ds, ¢ € R (5)

cannot be analysed quite so satisfactorily. For most general functions ¢ it is not possible to
solve (5) to give a closed-form solution. The usual approach is to apply a numerical method
(based on a family of quadrature rules — see below) to obtain an approximate solution.

A natural requirement is that the numerical method should converge and that it should
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preserve the qualitative behaviour that would be exhibited by the true solution if it could
be found. Work by (for example) Corduneanu (see [5]) and recent work by Ford and Baker
(see [9] and [10]) has demonstrated how results on qualitative behaviour of both exact and
numerical solutions may be obtained for equation (5) even though the exact solution is not

known (and may not be expressible in closed form).

For motivation, we give two examples of problems in Mathematical Biology that lead to
equations of the type (3). Many more example applications may be found, for example in
Chapter 4 of the book [1]. We also refer to the works [1], [25], [21], and the classical paper

[27].

Example 1 An ecosystem model

We consider an ecosystem modelled by the feedback loop illustrated in the figure below under

the following assumptions:

e oy(t) = p(y(t)) for some function p(z)

e G(t)=0fort <0.

Then, for t > 0, we can write y = K(§ — ¢y) (in operator notation) or, alternatively,
t t
)= [ K= 9)gtds — [ k- etulo)ds 20 ©)
0 0

As can be easily seen, equation (6) takes the form of (5) with g(¢) = f(f k(t — s)g(s)ds.

In this work, we shall be most interested in the case of nonlinear functions .

Fig. 2: Ecosystem Model
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Example 2 A nonlinear problem of soil contamination

We start from the boundary value problem

ou 0%u

5%~ a2 Y7 0, t>0 (7)
u(z,0) = 0, >0 (8)
—ug(0,1) = ¢ (u(0,1), t>0 (9)

where the function ¢ is assumed continuous, monotonically decreasing and ¢(0) = 0.

The underlying problem is to find the unknown function u, the concentration of some con-
taminant in the soil, (the half space > 0). The concentration of the uncontaminated
medium is taken to be u = 0. The concentration in the semi-infinite domain is determined

by the boundary values u(0,¢) = y(t). We can derive the Volterra equation

o)

0o /7(t—s)

This equation again takes the form of (5). Here p(u) describes the leakage of the contaminant

u(0,t) = (10)

through the boundary (for example into some body of water or into the river bed) dependent

upon the initial concentration.

3 Analytical Results
3.1 Existence and Uniqueness

For the equation (5) there is a well-established existence and uniqueness theory for solutions
on a bounded interval [0,7") for some T" > 0. We give here the basic theorem from [12],
and further results can be found, for example, in [12], [1], [L7] and [5]. A fuller discussion of

available theoretical results is given in the more recent work [I1].

Theorem 3.1 In the equation

y(t) = g(t) + /OtK(t, s,y(s))ds, 0<t<T (11)

assume that the functions g(t) and K(t,s,u) are continuous in 0 < s < t < T < o0,

—0o0 < u < 0o and that the kernel K satisfies a Lipschitz condition of the form
|K<t,8,y)—K(t,S,Z)|SL‘y—Z’ (12>

where L is independent of t,s,y,z. Then (11) has a unique continuous solution on [0,T].
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The equation (5) is a special case of equation (11). In particular, if we assume in (5) that
k(t) is continuous on R and that (o) is Lipschitz continuous on IR, then the conditions of
Theorem 3.1 are satisfied, and we can conclude that (5) has a unique continuous solution on
[0,00). We observe that the latter condition on ¢ is satisfied if ¢ has a bounded derivative

on [0, 00).

In practical cases, we are often interested in considering the behaviour of solutions to equa-
tions where the standard existence and uniqueness theory fails to hold. For example, we
may need to analyse the case of an equation where K (t, s, z) is not Lipschitz continuous in

its third argument.

3.2 Stability and Transience

Certain long-term properties may be of particular interest. Particular applications may
demand that a solution remains bounded or tends to zero as ¢ — oo. This is a natural
requirement in applications relating to mathematical biology, where populations are to be
modelled or infections are to be kept under control. There can be similar natural require-
ments in applications to control theory. Further, consideration of questions of stability may

require boundedness or transience of solutions to a homogeneous equation.

We make the following definition (see [L0]):

Definition Let y(t) be a solution of an equation E and assume lim; ., y(t) = 0, then y

is termed a transient solution to E.

The analysis is well known for the linear form of (5):

y(t) = g(t) + /Ot k(t —s)y(s)ds, te R, (13)

In (13), the simplest analysis applies to the case when k(¢) = A. In this case, for R\ < 0,
all solutions of (13) are transient if g is transient. If R\ < 0 then all solutions of (13) are
bounded if g is bounded. The basic results have been extended through the use of Laplace

transforms ([19], [13]) for more general convolution kernels k € L'[0, 00).

In this paper, we assume that the function ¢(s) is nonlinear in s, and so the results on linear
equations do not apply. However, certain results for nonlinear equations have been given

(see, for example, [17], [14], [5], [15]).
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A good example of a result of this type is given in the following:

Theorem 3.2 (Based on Corduneanu (1973) (Theorem 2.2, p.87)) Under the

following assumptions:

1. that g(t),q'(t) := Lg(t) € L'(IR") and define g(t) = ¢'(t) =0 for t <0,
2. that k(t),K'(t) := Lk(t) € L'(R") and define k(t) = K'(t) =0 for t <0,

3. that p(0) is a continuous bounded function from IR into itself, which satisfies cp(o) > 0

for o #0,

4. that there is a ¢ > 0 such that R{(1 — isq)/k?(s)} < 0; s € IR, where /k?(s) denotes the

Fourier transform of k(t);

then any solution y(t) of (5) which is continuous and bounded on IR™ is uniformly continuous
and y(t) — 0 as t — oo. Further, if g is assumed continuous and bounded on IR then the

continuity and boundedness of y are guaranteed.

Remark: We note that, under the conditions of Theorem 3.2, we do not, in general, have the
conditions of Theorem 3.1 satisfied. So, the assumptions of Theorem 3.2 do not guarantee a

unique solution to (5).

The linear equation (¢(y) = y) is also excluded by the conditions of Theorem 3.2. However,
if we are given the boundedness of the solution y by M < oo we can proceed as follows.

Define the function ¢y, by
SOM(S> = 90(8)7 -M <s< M; @M(S) = ()O(M>7S > M?@M(‘S) = (p(_M>7S <M
If ¢ is continuous, ¢, satisfies the condition 3 of Theorem 3.2, and any solution of equation

(5) with ¢ modified in this way is also a solution of the original equation.

However, these assumptions do not imply the uniqueness of the solution of (5). For unique-
ness we also require that (), satisfies a Lipschitz condition. For this to be the case, it is

sufficient that ¢ satisfies a Lipschitz condition on [—M, M].

For clarity, we express this as a corollary to Theorem 3.2.

Corollary 3.3 Under the assumptions 1, 2, and 4 of Theorem 3.2 and with the addi-

tional assumption

3" that (o) is a continuous real-valued function on [—M, M| which satisfies op(o) > 0

for o #0,
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any solution y(t) of (5) which is continuous and satisfies |y| < M on IRY is uniformly

continuous and y(t) — 0 as t — oo.

Remark: Since the choice of M in Corollary 3.3 is arbitrary, any bounded continuous y
satisfying (5) satisfies y(t) — 0 as t — oc.

4 Numerical methods

4.1 Quadrature Methods

A natural approach to the numerical solution of equations of the form (3), (5) is through
the use of a quadrature method (cf. [16]) for the approximation of the integral term on the
right hand side of the expression. For a fixed step length, h, the number of ordinates used in
the quadrature will grow as the upper limit on the integral increases. Accordingly, we need

to discretise (5) by using a family of quadrature rules {wj(-n)}.
nh n (n)
/ f(s)ds ~ thjn f(jh). (14)
0 =

This approach is adopted widely in the literature (see [12], [25], [3]).

On application of the quadrature rules (14) to (5) we obtain the equation

=0
where
h > 0,y, = y(nh), g, = g(nh), k, = k(nh),t, = nh, o, = o(Yn); (16)

It is natural, for two reasons, to consider the special case where the weights from the quadra-

ture rules chosen take a convolution form w](-")

= wy_;. The first reason is pragmatic: by
preserving the convolution structure in the problem it turns out to be possible to develop a
theory for the discrete equations. This follows because the transform methods for analysing
the equation (5) then have a discrete analogue based on the use of Z-transforms and generat-
ing functions for the analysis of (15). The second reason is that it has been shown (see [25],
[3]) that the application of a linear multistep method to a first order ordinary differential
equation is equivalent to the use of a quadrature which has weights of this type. Under a

convolution quadrature, the discrete equation takes the form:

Yn = Gn + hz wn—jkn—jgpj; (17)

=0
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If wg # 0, the method will be implicit, equation (17) is then (for general ¢) a nonlinear

equation for y,.

However, not all families of quadratures yield the convenient convolution form. For example,
Simpson’s rule has a sequence of weights that varies for different members of the family of
quadratures and which requires (for example) the use of a single trapezium rule step at one

end of the interval on applications with an even number of ordinates.

4.2 Linear theory

Results have been given that relate to the long-term behaviour of solutions when numerical
methods, such as the ones we describe here, are applied to (13) and the aim has been to
replicate the results for the exact solution described in the previous section insofar as this

has proved possible.

We summarise the key results (see, for example, [18], [13], [3]):

1) Solutions of the linear equation (13) are transient (bounded) whenever g is transient
(bounded) if —k is a positive definite L' kernel.

2) Convolution quadratures applied to solve (13) preserve the convolution structure in

the discrete equation.

3) A convolution quadrature may be constructed which corresponds to the use of a linear
multistep method for the solution of an ordinary differential equation. A-stable lin-
ear multistep methods lead to convolution quadratures which are positive, and which

preserve the long-term behaviour of solutions to (13).

4.3 Nonlinear theory

For the equation (15), [9] gives a corresponding analysis which leads to the following theorem
that imposes a condition on the Z-transform of the sequence {wk},, a discrete analogue of

the Fourier transform:

Theorem 4.1 Under the following assumptions:

1* (gn>0), (Agnzo) € I,
2% ({wk}nzo), ({A(wk)}nzo) €1,

3* h>0 is fized and ¢ is a bounded real-valued function with |@| < ®, which satisfies
ye(y) >0 fory #0;
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4* there exists ¢ > 0 such that

R{(h +qle™ = 1)Z({wk}n)(e™)} <0 for 6 € [0, 2n],
all solutions of (4.1) are bounded and any solution {y,} of (4.1) converges to zero.

This theorem is a discrete analogue of Theorem 3.2. It is already known that, for the linear
equation (p(y) = y) the use of a positive convolution quadrature preserves the qualitative
behaviour of the solution, as ¢t — oo, to the integral equation in the numerical solution (see
[13]). It is further known that positive convolution quadratures form the largest class of
quadrature rules that have this property. Theorem 4.1 was applied in [10] to give corre-
sponding results for the nonlinear equations considered in this paper. We are interested in
what happens when we apply a numerical method to solve the original equation. The main
result given in [10] is the following Theorem. The theorem demonstrates that for a negative
definite kernel k, the qualitative behaviour of the solution is preserved when the equation is

solved using a positive convolution quadrature.

Theorem 4.2 Under the assumptions:

—_

. that g, g’ € L*(IR") N C(IR");

2. that k, K € L*(IR*) N C(R"):;

w

. that (o) is a continuous bounded function from IR into itself, which satisfies op(o) > 0

for o # 0;
4. that —k(s) is positive definite;

5. that the quadrature weights (w,—;) are derived from an A-stable linear multistep method;
any solution (y,) of (15) satisfies y, — 0 as n — oo.

Remark: The use of the term positive definite in the statement of Theorem 4.2 follows
the use of the term introduced by Bochner (see [2]). The key to the application of positive
definite functions in the present context is contained in Bochner’s characterisation of positive

definite functions:

Theorem 4.3 (Bochner [2]) The continuous function f: IR —C is positive definite if
and only if

fla)= [ eaptu)

for some increasing bounded function p.
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We apply the Bochner characterisation in its alternative form ([0]):

Theorem 4.4 (Fourier transform characterisation) Let f € L'(IR) and define
_~ 1 o
flor= = [ e pyn

the Fourier transform of f. Then f is positive definite if and only if

~

R(f(s)) >0Vs e R.

The functions g, k, ¢ satisfying the conditions of Theorem 4.2 necessarily satisfy the condi-
tions of Theorem 3.2. It then follows that the use of quadrature weights derived from an
A-stable linear multistep method preserves the qualitative behaviour of the solution pre-
dicted by Theorem 3.2.

The report [10] extends the analysis further and considers the treatment of kernel functions
—k which are not positive definite. In the present paper, we have confined ourselves to the

case of —k positive definite.

(Strict) positive definiteness of —k is implied if & is negative, increasing and (strictly) concave

[11].

4.4 Special kernels

For certain kernel functions k, it proves possible to derive an ordinary differential equation

which is satisfied by all smooth solutions of the equation (5).

We consider example equations of the form:

y(t) = g(t) - / ke Ny (5))ds. (18)

For A > 0 and s > 0 the equation satisfies the conditions on k£ imposed in Theorem 3.2. We

assume also that g and ¢ satisfy the conditions in Theorem 3.2.

We can differentiate (18) to give a first order ordinary differential equation. There is a whole
class of integral equations that can be reduced in a corresponding (or more sophisticated)

way: some yield first order equations, others yield equations of higher order.
t
Y0 = g0~ mplu) + ) [ ke Iply(e)ds (19)
0
= ¢'(t) = rep(y(t)) + Mg(t) —y(t)). (20)
For the case when ¢(t) = 0 and so ¢'(t) = 0 it follows that

y'(t) = —rp(y(t)) — Ay(t), y(0)=0. (21)
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Assuming that ¢ is Lipschitz continuous on an interval [0, 7] it follows that equation (21)
has the unique solution y(t) = 0 on [0,7]. That the zero solution to (21) is stable for a

suitable choice of ¢ can be seen by Lyapunov’s direct method:

in fact, let V(¢,y) = y* > 0. With this definition for V' it follows that

Vo= 20y (1) (22)
= 2y(t) (—rply(t) — My(t)) (23)
— 2y (B)p(y(D) + Ay(E)?). (24)

This last expression is negative if y(¢)¢(y(t)) > 0 which is condition 4 of Theorem 3.2. Thus
we see that the condition imposed on ¢ in the Corduneanu work to guarantee transience
of the solution is precisely the condition we have needed here to establish our Lyapunov

function for the solution.

From this point, we choose as our standard nonlinearity ¢(y) = y|y|=?/3, and we consider

the effect of small perturbations from the equilibrium state of equation (21).

The equation can now be solved directly to give

—k 3/2
y(t) = (T + Oe‘”t/‘”))

where C' is a constant of integration, provided that y is not the zero function.

Using the initial condition y(0) = € # 0 we can derive the solution

3/2
y(t) = (%ﬁ + (¥ 4 /f//\)e_”tﬁ’) (25)

In this case y(t) exhibits surprising behaviour: equilibrium is regained after finite time
to = 3 In <1 + @) Further y'(t9) = oo and so the intersection with the equilibrium
solution is at right angles. A non-Lipschitz ¢ does not in itself guarantee the existence of
multiple solution trajectories, but in this case we do see two solutions of (21) intersecting
at to. While the differential equation has a unique solution for each given initial value,
integration backwards in time is non-unique and hence unstable. Although the initial value
problem for the ordinary differential equation has a solution only over a finite time period, the
integral equation has a solution for all time ¢ > 0. This solution is formed by concatenating
the transient branch and the equilibrium one. We conclude that such a solution has a

singularity in the first derivative.

Now we are able to strengthen Theorem 3.2.

Theorem 4.5 Let k and ¢ be as above, then the following holds:
if Support(g) is compact then Support(y) is compact.
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Remark: The same can be proved for all ¢ which satisfy assumption (3) of Theorem 3.2

and also have the property that y' = —¢(y) has a bifurcation at y = 0.

We can draw the following provisional conclusions from these observations:

We should not expect explicit methods to work well

The problem is stiff and therefore the most appropriate numerical methods are likely

to be those that handle stiff problems effectively

Although we have no analytical results for general kernels, we expect that any non-
Lipschitz ¢ will have a similar effect. The use of, for example, BDF methods would be

indicated.

The analytical solutions may be non-differentiable and therefore we should not expect

to find stable numerical methods of high order.

In the case of bounded nonlinearity, the results of Section 3 may give further insight.

5 Numerical Results

In this section, we give numerical evidence in support of the provisional conclusions of the
preceding section. We begin by considering the performance of professional packages on the

ODE for the special kernel case. In fact we solve the Bernoulli equation:

(1) = —dy(t) — sy I(1), y(0) =e (26)

The numerical solution given by Mathematica (for A = 1, Kk = 1, € = 1), starts chaotic
oscillations after approaching the equilibrium. Here are the first 180 steps, we stop just

before breakdown.

Figures 3 and 4 show the transient branch and the zoomed “equilibrium” branch.
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x 107 X107

1 1.02 1.04 1.04 1.045 1.05

Fig. 3: Bernoulli case Fig. 4: Zoom

Matlab’s standard ODE solvers exhibit similar problems. For example, applied to (18) with
g(t) = e 0515 4(0) = 0, Matlab’s ode23 procedure yields the following Figure 5 (the

accuracy parameter was chosen as 0.0005). The solver took 2297 steps on the interval [0,25].

0.3 T T T T

0.2 y

0.1 4

-0.1 1 1 1 1
0 5 10 15 20 25

Fig. 5: Matlab’s solver

Surprisingly (but not unexpectedly given our previous observations), it needed just 35 steps
to calculate all function values outside the interval [—0.01,0.01]. After the solution dropped
from it’s maximum below 0.01, i.e. from abscissae 7.1963 to 25, it needed as many as 2006
steps, which makes the average step size 0.0089. The average value of h decreases by a factor
of about 20 in a region where nothing happens — and moreover, we know that the solution

is zero over this intervall

However, implicit quadrature methods generally seem to perform rather better. The repeated
trapezium rule provides an implicit method that gives very acceptable results. However, it
is not naturally in convolution form, except if we fix the weights by choosing wy = % and

w; =1 for ¢ > 0. Some authors (see for example [3]) suggest the use of quadratures derived
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from BDF formulae for stiff problems. The implicit Euler rule provides an implicit method

with w; = 1 for each 1.

Remark: For many kernels, which vanish either exactly or approximately for larger values
of the argument, the values of w; for larger values of i play no part in the calculations after

finitely many applications of the quadrature.

x 107" x 10" x 10"
5 5 5
0 0 0
-5 -5 -5
0 5 10 0 5 10 0 5 10
Fig. 6: Trapezium rule Fig. 7: BDF Fig. 8: Implicit Euler

Figures 6, 7 and 8 show the performance of these three methods in solving (18) with

All methods are tested with A = 0.1. Note that the repeated trapezium rule (which is not
in convolution form) produces several transient oscillations close to the equilibrium solution.
The BDF formula is better. We do not see oscillations in this case, but the Implicit Euler
rule gives an even better reproduction of the expected behaviour of the analytical solution.
We surmise that the BDF formula fails to give any improvement on the Implicit Euler rule

because it attempts to smooth the solution, and the solution we seek is not smooth.

We conclude this section with two examples that we will consider further in a subsequent

paper. For the first one we take a periodic forcing function g with the same ¢, k in (18).
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. . . .
5 10 15 20 25

Fig. 9: Periodic case, forcing and solution

From Figure 9 we can see that the solution tends to a periodic function. It is an open

question whether the solution becomes exactly periodic after finite time.

The last example relates to work undertaken by two of the authors with Jason Roberts (see

[21]). We consider equations of the form:

J() = g(t) + / Bt — )o(y(s)ds, £>0, y(0) = yo. (27)

One possible approach to problems of this type is to integrate both sides using Fubini’s
Theorem, yielding a Volterra integral equation of convolution type. Without going into de-
tails, it can be shown that the resulting kernel may fulfil the assumptions of the Corduneanu
Theorem and can then be handled by the BDF method or the Implicit Euler rule. This

example cannot be reduced to an ordinary differential equation.

Figure 10 shows the solution we derived for a forcing function that exhibits decaying oscil-

lations.

I I I I
5 10 15 20 25

Fig. 10: Integrodifferential case
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DIETER SCHOTT

Weak convergence of iterative methods generated by
strongly Fejér monotone mappings

Dedicated to the professors of mathematics

G. Maef3, H. Poppe, and G. Wildenhain

ABSTRACT. We consider the general class of strongly Fejér monotone mappings and the
subclass of strongly nonexpansive operators. We show that only a few additional assumptions
suffice to obtain weak convergence of the corresponding iterative methods. These methods
can be widely used to solve convex problems. Besides, we get generalizations of convergence

results known from the literature.

KEY WORDS. Set-valued mappings, Fejér monotone mappings, nonexpansive operators,

relaxations, convex problems, Fejér monotone sequences, iterative methods.

1 Strongly Fejér monotone mappings

Let H be a (real) Hilbert space. We consider a nonempty, convex and closed subset @) of H
and set-valued mappings ¢ : Q — P(Q) , where P(Q)) consists of all nonempty subsets of Q.

For g we introduce sets of weak and strong fixed points, namely

Fg)={reQ:xeglx)} , F(9)={reQ: :{z} =g},

where obviously Fy(g) € F_(g) . In the case F,(g) = F_(g) we simply speak of the
fixed point set F'(g). As usual operators (i.e. single-valued mappings) ¢ : @ — @Q are
integrated as embeddings. Here both kinds of fixed point sets coincide with F(g) := {x €
Q@ :x = g(x)} . We exclude the uninteresting special case g = I (I the identity). At first

we summarize some basic concepts and results given in [12] and [13].

Definition 1.1 Let M be a nonempty (proper) subset of Q and a a positive number.
The mapping g : Q — P(Q) is said to be a-strongly M-Fejér monotone (in notation:
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g € FH(M) ) if

ly —lI* = llz — 2l > ally — z|* Yee M, VyeQ, vz € g(y) (1)
and

y¢gly) VyeQ\M (2)

hold. Besides, g is called a-strongly Fejér monotone (in notation: g € F* ) if g is a-strongly
M -Fejér monotone for some M # () . Moreover, g is called strongly M-Fejér monotone (in
notation: g € Fy(M) ) if g is a-strongly M -Fejér monotone for some « > 0. Finally, the

reference to M can also be omitted in the latter case.

Remark 1.2 General M-Fejér monotone mappings g € F(M) satisfy (1) with the limit
value o = 0 . If also (2) is added, then ¢ is said to be regularly M-Fejér monotone (in
notation: ¢ € F.(M) ). Thus F,(M) can be regarded as the limit class FO(M) of F*(M).

Besides, the hierarchy relations
F (M) Cc F*(M) C F (M) C F.(M) for 8>a>0

are satisfied. For regularly Fejér monotone and all the more for strongly Fejér monotone

mappings g the set M is uniquely determined. Namely, it is the convex and closed set
M={zeQ:lz-zll<ly—zl VyeQ,Vzeqgly)}="Fg).
In the applications M will play the part of the solution set of a certain convex problem.

Definition 1.3 Let be g € F, . Then the number

*

o =ap(g) :=sup{a:geF}
is said to be the F-index of g. (Mappings g € F,. \ Fy obtain the F-index 0.)

Remark 1.4 The F-index o = aj.(g) of g € Fy is the maximal number « for which (1)

holds. The nonempty and pairwise disjoint sets

Fe=F"\ ] F°

B>a

contain all mappings ¢ with F-index af(g) = o .
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2 Strongly nonexpansive operators

Now we turn to special classes of nonexpansive operators ¢ : ) — ) . Again the basic

concepts and results can be found in [12] and [13].

Definition 2.1 The operator ¢ : Q — Q is said to be a-strongly nonexpansive for
a>0 (gel®)if

ly — 2] = llg(y) — 9(@)|I> > allg'(y) — ¢' ()| Va,yeq, (3)

where ¢' denotes the complement I — g of g. Besides, g is called strongly nonexpansive

(g €Ly) iff g is a-strongly nonexpansive for some o > 0 .

Remark 2.2 The limit case a =0 in (3) characterizes nonezpansive operators g (opera-
tors with Lipschitz norm less or equal to 1). If the fixed point property is added ( F'(g) # 0 ),
then we speak of regularly nonexpansive operators g ( g € L, ) which are also regularly M-
Fejér monotone with M = F(g) (g € F,(M) , see Remark 1.2). This implies also that
F(g) has to be convex and closed , a fact which is well-known for nonexpansive operators
g:Q— Q (seeeg. [7,p. 64] or [15, p. 41]). The fixed point theorem of BROWDER says
that nonexpansive operators ¢ : Q) — () are regularly nonexpansive if () is additionally
supposed to be bounded (see [1], for more general spaces see e.g. [7, p. 62] or [15, p. 39]). The
1-strongly nonexpansive operators g turn out to be just the firmly nonexpansive operators
introduced in [0, p. 41-44] by another definition. This fact is proven in my paper [13].

The sets of strongly nonexpansive operators fulfill the hierarchy relations
LPclL*cL,cL, for 8>a>0.

Sometimes it is useful to specify the fixed point set M = F(g) of operators g € L* with
F(g) # 0 . Then we write g € L*(M) . Besides, we use the notation L°(M) := L.(M) .
This happens in accordance with the notation F*(M) in Remark 1.2.

Definition 2.3 Let be g € L, . Then the number

*

o =aj(g) =sup{a:ge L}
is called L-index of g. (Operators g € L, \ Ly obtain the L-index 0.)

Remark 2.4 The L-index aj(g) of g € L, is the maximal number « for which (3) holds.
The nonempty and pairwise disjoint sets
L =1\ | L°
B>a

contain all mappings g with L-index o} (g) =« .
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Lemma 2.5 ([13]) For arbitrary o >0 we get
L*(M) € F*(M) ,

that s, a-strongly nonexpansive operators with fized points are a-strongly Fejer monotone.

3 Strongly Fejér monotone sequences

For our convergence analysis we need some facts about Fejér monotone sequences and Fejér

monotone iterative methods.

Convention 3.1 The mapping g : Q — P(Q) induces iterative sequences () =
(xx(g,v)) by the recursion

Tpr1 €9(x) ., o=y EQ.

We call the whole family {(xx) : y € Q} of such sequences the ordinary iterative method
relative to g with the starting elements xo = y . This family will shortly denoted also by

(k).

Remark 3.2 If g € F*(M), then the sequences (xj) satisfy
g — 2)|* = llegr — 2l* > allog — 2

forall x € M and x4 # xp for all x, € @\ M as the admissible substitutions y = x,
and z = x4 in (1) and (2) show. So (zy) is also a-strongly M-Fejér monotone in the sense
of [11]. In the same way M-Fejér monotone and regularly M-Fejér monotone mappings g
induce M-Fejér monotone and regularly M-Fejér monotone sequences (xy) , respectively.

Especially, M-Fejér monotone sequences fulfil for all = € M the relations
k1 — 2| < oy — x| .
Lemma 3.3 M-Fejér monotone sequences (x,) have the following properties:

a) (zx) is bounded and weakly precompact.

b) (xx) converges weakly to an element z* € M iff all weak accumulation values of (xy)
ly in M.

Proof: It is an easy consequence of the definition that Fejér monotone sequences (xy) are
bounded. But bounded sequences are weakly precompact (see e.g. [7, p. 18]). The assertion
b) is shown in [11]. [
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4 Convergence results

We start with some definitions which are important for the following convergence statements.

Definition 4.1 Let be f:Q — P(H) . Then f is said to be demiclosed if for all se-
quences (yx) in Q and the corresponding sequences (ux) of images uy, € f(yr) the conditions
ye =Y €Q and uy —u' € H imply u' € f(y) .

The definition is well-known for operators f (see e.g. [7, p. 74], [15, p. 42]). But you can
find the generalization for mappings already in [3, p. 202].

The mapping f is called closed if weak convergence of (yx) in the above definition is replaced
by strong convergence. Observe that demiclosed mappings are closed, but not vice versa.
Hence, the concept in Definition 4.1 is the stronger one. In the following we consequently

use convention 3.1 .

Definition 4.2 The mapping g: Q — P(Q) is said to be asymptotically regular if
11}?1 ((L’k - xk—i—l) =0

holds for the ordinary iterative method (xy) 1.t. g, that is for all induced sequences (xy) =

(xk(g,y)) with y € Q (see Convention 3.1). Besides, g is said to be a reasonable wanderer

if
Dk — apaa |)? < o0
k=0

holds for the method (zy) r.t. g.

The first concept is well-known in the case of operators g, where =z, can be expressed by
g*(y) (see e.g. [7, p. 69] or [15, p. 42]). The second concept is defined for operators g in [15,

p. 44]. Obviously reasonable wanderers g are asymptotically regular.

Now the central convergence statement and some not less important easy consequences will
follow. All convergence results will contain the assumption that the solution set M (the
fixed point set of ¢g) has to be nonempty. So in general existence results for the solution are
necessary. This tribute has to be paid to the generality of the assumptions. On the other
hand, the considerably stronger condition that g is a contractive operator ensures even the

existence of a unique solution (fixed point theorem of BANACH).

Theorem 4.3 Letbe g: Q — P(Q) and 0 # M C Q . Under the assumptions

a) g reqularly M-Fejér monotone (g € F.(M))



88 D. Schott

b) g asymptotically reqular

c) ¢ =1—g demiclosed (I identity)

the ordinary iterative method (x) = (xx(g,y)) r.t. g converges weakly to an element
¥ = z*(y) in M for arbitrary starting elements y € Q) . The limit element z* is a fizved
point of g.

Proof: Let be g: @ — P(Q) regularly M-Fejér monotone and y € @) arbitrary. Then we
choose any induced sequence (x) = (zx(g,y)) . By Remark 3.2 (x}) is M-Fejér monotone.
Hence, (zy) is weakly precompact in view of Lemma 3.3 a). Let 2’ be an arbitrary weak
accumulation value of (xy). Then there is a subsequence (xy/) of () with z — 2 .

By assumption b) the mapping g is asymptotically regular. Thus we obtain xp —xzp 1 — 0.
Further, because of x4 € g(zg) the relation xp — xp41 € (I — g)(zx) follows.

Since g is demiclosed by assumption c¢), we get 0 € (I —g)(2') or 2’ € g(2') . Observing Re-
mark 1.2 we have 2/ € F_(g) = F(g) = M . Hence, 2’ is a fixed point of g. As 2’ was chosen
arbitrary, all weak accumulation values have to be in M. But then all weak accumulation
values 2’ of () coincide with the weak limit z*. Consequently we have z, — z* € M. This

is the assertion. [ |

The proof shows that assumption ¢) is necessary only for 0 € (I—¢)Q . A direct consequence

of Theorem 4.3 is the following well-known result.

Theorem 4.4 Letbe g: Q— Q and ) # F(g) C Q. Under the assumptions

a) g monerpansive,

b) g asymptotically reqular,

the ordinary iterative method (xy) = (xx(g,y)) r.t. g converges weakly to an element x* in

F(g) for arbitrary starting elements y € @Q .

Proof: Following Remark 2.2 the assumption a) can be completed to
gel,(M)=L"M) , M=F(g)#0.
By Lemma 2.5 this implies also
g €F' (M) =F,.(M).

Besides, it is well-known that nonexpansive operators have a demiclosed complement I — ¢

(for a short proof see [15, p. 42]). So all assumptions of Theorem 4.3 are fulfilled. |
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Theorem 4.4 which here occurs as a corollary is directly proven in [15, p. 42-44]). If @ is
bounded, then the assumption F(g) # @ can be omitted in view of the fixed point theorem
of BROWDER as already mentioned in Remark 2.2. In this form the above theorem is shown
in [7][p. 77].

Lemma 4.5 Strongly Fejér monotone mappings g are reasonable wanderers.

Proof: By assumption we have ¢ € F*(M) for some « > 0 and some M # () . Thus,
by Remark 3.2, the induced sequences (xy) = (zx(g,y)) with zy =y € @ are a-strongly

M-Fejér monotone. Hence, the estimate

n

n
a Y lloe—zenll® < Y (lox—2)® = lloxn —2)?)
k=0

k=0
< Ay =2l® = llznes — 2)* < lly — 2l* < o0

is valid for arbitrary n € N . Now, by tending with n to infinity, g turns out to be a

reasonable wanderer. [ |

This Lemma allows important modifications of Theorem 4.3 and Theorem 4.4.

Theorem 4.6 Letbe g: Q — P(Q) and 0 # M C Q . Under the assumptions

a) g strongly M-Fejér monotone (g € Fy(M)) ,

b) ¢ =1—g demiclosed (I identity)

the ordinary iterative method (xx) = (xx(g,y)) r.t. g converges weakly to an element x* in

M for arbitrary starting elements y € @ .

Proof: By assumption a) ¢ is strongly M-Fejér monotone. Hence, ¢ is all the more regu-
larly M-Fejér monotone. Besides, ¢ is asymptotically regular in view of Lemma 4.5. So all

assumptions of Theorem 4.3 are fulfilled. [ |

Theorem 4.7 ILetbe g: Q — Q and F(g) # 0 . If g is strongly nonezpansive
(9 € Ly) , then the ordinary iterative method (xx) = (zx(g,y)) 7.t. g converges weakly to

an element x* in F(g) for arbitrary starting elements y € Q .
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Proof: By assumption ¢ is strongly nonexpansive and has a nonempty fixed point set
M = F(g) . Hence, g € Ly(M) . Then g is on the one hand all the more nonexpansive and

on the other hand strongly M-Fejér monotone. Namely, the relation

L(M) C Fy(M)

is an immediate corollary of Lemma 2.5. But, then g is also asymptotically regular in view

of Lemma 4.5. Consequently, all assumptions of Theorem 4.4 are fulfilled. [ |

Theorem 4.7 can also be reduced to Theorem 4.6. Finally, we turn to iterative methods with
relaxations which are often used in the literature (see e.g. [15]). For a mapping ¢ : Q —

P(Q) a relaxzation of g with the parameter \ is the affine combination
p=1=-XNI+Xg , A>0, (4)

of I and g. Obviously the weak and strong fixed point sets of g and g, coincide. The next
statement shows how relaxations of Fejér monotone mappings g influence the coefficients of

strongness.

Lemma 4.8 ([13]) For a mapping g: Q — P(Q) and parameters >0, 3>0 and
A > 0 which are connected by the equation

(I+a)A=1+p
the following statement holds:
geF’ (M) <+ gy€cFYM).
Moreover, this correspondence is also fulfilled for the F-indices:

f=aplg) < a=ap(g).

A completely analogous result can be obtained for corresponding classes of nonexpansive

operators. Especially, we have

gel’ < g el®
for the above given equation between «, 3 and \.
Lemma 4.9 Letbe >0 and A€ (0,1+3). Then

geF’ (M) = gy €F,(M).
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Proof: Suppose g € F/(M) with 3 >0 and X\ > 0. Then g, € F*(M) is true for
o =5 (1+8-X) > 0 by Lemma 4.8. Consequently, g € Fs(M) holds for A € (0,1+5) . H

Analogously we have for 5 >0 and A € (0,14 ) the statement
geLP/(M) = g\€L,(M).

By Lemma 4.5 all mappings ¢ € Fs(M) are reasonable wanderers. So g, is a reasonable
wanderer for g € F(M), #>0 and X € (0,1+ 3) . Especially, this holds for 5 =0 .
Thus g, is asymptotically regular for A € (0,1) if g is regularly Fejér monotone. The same

is all the more true if ¢ is regularly nonexpansive (see also [7, p. 70], [15, p. 45]).

Corollary 4.10 Letbe g: Q— P(Q) and ) # M C Q . Under the assumptions

a) ge (M) , B>0,
b) ¢ =1—g demiclosed (I identity),

c) Ae(0,1+7)

the ordinary iterative method (xx) = (xr(gx,y)) 7.t. gr converges weakly to an element x*
in M for arbitrary starting elements y € @ .

Proof: By Lemma 4.9 the assumptions a) and c) ensure that g, € Fy(M) is valid. Since
A >0 and

is satisfied, ¢} is demiclosed by assumption b). Hence Theorem 4.6 holds with g, instead of
g- |
Corollary 4.11 Letbe g: Qv Q and F(g) # 0 . Under the assumptions

a) gel’ | B3>0,

b) A€ (0,1+75)

the ordinary iterative method (xg) = (zx(gx,y)) r.t. g converges weakly to an element z*

in F(g) for arbitrary starting elements y € Q .
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Proof: By the analogue of Lemma 4.9 the assumptions a) and b) supply
gnEL(M) . M=F(g)=F(g)#0.

Hence Theorem 4.7 with gy instead of g can be applied. [ |

Both foregoing theorems hold also in the case = 0. So g itself need not to be asymptoti-
cally regular. Nevertheless the iterative method for g, converges weakly as long as A\ € (0,1)
(compare [2], [7, p. 78], [15, p. 45] with Corollary 4.11).

Naturally, the question arises under which conditions also strong convergence of Fejér mono-

tone iterative methods can be reached. If a Fejér monotone sequence (xy) satisfies
plag, M) =0 (k= o0),
then it converges strongly to an element z* € M (see [11]). If even the stronger condition
A >0 : ||lok — 2k > Lp(zg, M)

holds, then the convergence rate is linear (geometrical). For special cases the existence of
such constants [ is known (see e.g. [10, p. 1340]). A convergence theory for Fejér monotone

iterative methods based primarily on strong convergence is developed in my paper [10)].

5 Applications

Let us consider a certain convex problem with nonempty solution set M. The problem can
be for instance an equation with a convex solution set, a convex inequality, a convex opti-
mization problem or a variational inequality. Often a convex problem is of intersection type,
that is, M is the intersection of convex and closed sets M;. Systems of linear equations,
systems of convex inequalities or systems of convex set constraints are examples for this
type. The question arises how to construct a suitable Fejér monotone mapping g for a given
convex problem with solution set M. If this is done, we are able to approximate solutions

by means of Fejér monotone iterative methods. We start with two standard constructions.

Let b : @ — R be a convex and continuous functional. Then the set N(b) = {z € @ :
b(x) <0} is convex and closed. We assume N (b) to be nonempty. Further, the subgradient
0b is defined on Q. If b™ denotes the positive part of b, we define for elements y € ) and
ve H

Ty)/|v||? ifv
byw) = {b (w)o/[o]]? i v 0,

0 itv =0, (5)

to(y) = {ulb,y,v) : vedby)}
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Lemma 5.1 ([11]) Let be t,(y) Cy—Q for all y € Q. Then the mapping gy : Q —
P(Q) defined by gv(y) =y — ts(y) is at least 1-strongly N (b)-Fejér monotone, that is

g:=g €F(N()) .

For a convex and closed set M C ) the metric projector Py : @ — () onto M is a

well-defined operator.

Lemma 5.2 ([14]) If M is a convex and closed nonempty proper subset of Q, then Py

is 1-strongly nonexpansive. More precisly, we have even af(Py) = o (Py) =1, that is

g € Ly(M)NF,(M).

The index classes L1 (M) and FL(M) in the above lemma are explained in Remark 1.4 and

in Remark 2.4, respectively.

Corollary 5.3 Let g =g, be a subgradient type mapping which satisfies the assumption
of Lemma 5.1. Further, let be X\ € (0,2) . Then the relaxed form g is a-strongly Fejér
monotone with a = (2 — \)/\ .

Let be g = Py the metric projector onto M and X € (0,2) . Then the relazed projector g

18 a-strongly nonexpansive with the index
a=ay(g) =ap(gr) =(2-A)/A.

Proof: Let be g = g, . Then we have g € F}(M) with M = N(b) in view of Lemma
5.1. If Lemma 4.8 is used with 5 =1, then g\ € F*(M) holds for a =(2—X)/\.
Let be g = Py . Then g € LY(M)NFL(M) by Lemma 5.2. The analogue of Lemma 4.8

for nonexpansive operators supplies the assertion if again 4 =1 is chosen. [ |

Hence, the results of section 4 can be used for this special mappings. But observe that
the second construction is of small practical value if it is applied to the solution set M of
the whole problem. Namely, if you know the projector P,;, then a solution is obtained in
the first iterative step by Pyy € M . But the determination of P, is in the most cases
a difficult task, similarly difficult as the determination of M itself. On the other hand, if
the problem is of intersection type, then the sets M; are often simple enough to calculate
the projectors P; onto M;. This idea leads to the next question: How to construct a Fejér
monotone mapping g for M if Fejér monotone mappings g; for M; are known. This question
is discussed in the following.

Let M; (i = 1,---,m) be convex and closed subsets of () with nonempty intersection
M =N, M; . If we know corresponding mappings g¢; : Q — P(Q) (i =1,---,m) , then

we can form two standard combinations to get a mapping ¢ : @ — P(Q) for M, namely
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a) a parallel or simultaneous combination

g = Mg+t F VmIn,
v =2 0, m+rt-F+rm=1,

b) a sequential or successive combination

9 = 9m9m-1-""91 -

As expected, the combined mapping ¢ is strongly Fejér monotone if the same is already true

for the original mappings g;.

Lemma 5.4 ([14]) Let M; (i = 1,---,m) be convex and closed subsets of Q with
nonempty intersection M. Besides, let g¢; : Q — P(Q) (i = 1,---,m) be corresponding
mappings.

If g€ F“(M;) (i =1,---,m) and o« :=min{ey; : i =1,--- ,m} holds, then we have
g € FP(M) with B:= « in the parallel case and with B := a/2™" in the sequential case.

A completely analogous result holds for strongly nonexpansive operators g¢; € L*(M;) .
Observe the following consequence of Lemma 5.4. The assumptions about g; imply M; =

F(g;) . The result for g involves
M= () M;=F(g),
i=1

that means, M is the fixed point set of g and at the same time the set of common fixed
points of g;.

Lemma 5.4 and its analogue can be used to produce convergence theorems for convex prob-
lems of intersection type in connection with the results of section 4. I will mention only one

simple example here.

Corollary 5.5 Let M; (i=1,---,m) be convex and closed subsets of QQ with nonempty
intersection M. Further, let P; be the projectors onto M; and

g=01=X)I+NP , 0<)\<2

be corresponding relaxations. Finally, let g be the combined mapping of parallel or sequential
type. Then there is a number ( > 0 such that the ordinary iterative method (xy) r.t. a
relazation gy converges weakly to an element x* € M for arbitrary starting elements y € @
as long as X € (0,1+ ) holds.
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Proof: Under the above assumptions we have the relations
g; € L%(MZ) , ;= (2 — )‘z)/)‘z >0

by Corollary 5.3 and g € L?(M) with M = F(g) # () and with 8 choosen according to
the analogue of Lemma 5.4 depending on wether g is the parallel or sequential combination
of g;. Since the numbers «; are all positive, the number [ is positive, too. Now the assertion

follows from Corollary 4.11.

Some of the possible corollaries for convex problems of intersection type are known from the
literature (see e.g. [3]). A lot of other aspects and applications concerning Fejér monotone

iterative methods are contained in [1], [5], [9], [10] and [15].
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RAIMOND STRAUS

Eine Interpolationsquadratur fiir Finite-Part Inte-
grale

Gewidmet den Herren Professoren
G. Mae83, H. Poppe und G. Wildenhain

ZUSAMMENFASSUNG. Es wird ein Quadraturverfahren fiir hypersingulére Integrale im
Hadamardschen Sinne mit Singularitdt zweiter Ordnung fiir Funktionen, die nur schwachen
Stetigkeitsvoraussetzungen geniigen, konstruiert. Es basiert auf Interpolation mit stiickwei-
sen (quadratischen bzw. kubischen) Polynomen. Die Konvergenz des Verfahrens wird be-
wiesen. Die in den Abschéitzungen des Quadraturfehlers auftretenden Konstanten werden
explizit angegeben. Es erweist sich, daf§ die Konvergenzordnung optimal fiir Funktionen
f e CH*Aa,b], k= 0,1; 0 < A < 1 ist. Aus dem Quadraturverfahren fiir Integrale mit
quadratischer Singularitit werden auf einfache Weise Verfahren fiir 'schwécher singulére’
Integrale, wie z.B. Integrale im Sinne des Cauchyschen Hauptwertes, gewonnen. Schlieflich
werden numerische Beispiele angegeben, die eine gute Ubereinstimmung mit den Konver-

genzergebnissen zeigen.

KEY WORDS. Strongly singular integrals, finite-part integrals, numerical approximation,

quadrature.

Einleitung

In dieser Arbeit wird die numerische Berechnung von eindimensionalen Hadamardschen In-

tegralen ([1])

b

L[f](z) = ]é 03 oder L[f](z) = ]é

f_(’2|p dt (1)

(t —x)P |t

fiir p aus dem Intervall [0,2] und fiir —oo < a < 2 < b < 0o behandelt. Im ersten Integral
ist p eine ganze Zahl. Fiir reelle und nicht ganzzahlige p wird das zweite Integral betrachtet.
Im Falle p = 1 erhédlt man das Cauchy-Hauptwert Integral. Die Definition und wichtige

Eigenschaften von I,[f] findet man im Ubersichtsartikel von Monegato [6]. Dort sind auch
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verschiedene technische Anwendungen erwédhnt, in denen derartige Integrale vorkommen.
AuBlerdem werden Quadraturverfahren fiir (1) und seine mehrdimensionalen Entsprechungen
behandelt. Weitere Arbeiten stammen von Diethelm [2] und eine neuere von Hansen [5]. Fiir
einen gegebenen Stetigkeitsmodul w(d) bezeichnet C'“[c, d] den {iblichen Teilraum der auf
dem Intervall [c,d] [-mal stetig differenzierbaren Funktionen. Wenn speziell w(§) = §* fiir
0 < X < 1 erfiillt ist, erhélt man den Holder-Raum C%*. Fiir p = m € Z existiert das
Integral (1) fiir f € C'*[z — €, + €] falls [ > m — 1 erfiillt ist. Wenn [ = m — 1 gilt, soll die
Dini-Bedingung

b—a
(A1) [ 67 'w(0)dd < co1 < 0,
0

die hinreichend fiir die Existenz von (1) ist, erfiillt sein. Fiir die natiirliche Zahl N wird h =

”’Tc‘ gesetzt. Die folgenden zusitzlichen Bedingungen fiir w werden notigenfalls vorausgesetzt:

(A2) jﬁgéflw((S) dé < cow(V)

(A3) w(6) |In(2)| < cusw(h) fiir 0 <6 < h.

Die Voraussetzungen (A1)-(A3) sind fiir f € C™~ 1 erfiillt. Fiir ingenieurwissenschaftliche

Untersuchungen ist besonders der Fall p = 2 von Interesse.

Eine Quadraturformel fiir p=2

Jetzt sollen die Gewichte der Quadraturformel fiir I5[f](x) berechnet werden. Dazu wird das
Intervall [a,b] in N = 3n Teilintervalle der Lénge h zerlegt. Die Knotenpunkte werden mit
t; = a+ih, firi =0,1,... , N bezeichnet. Die Funktion f wird durch das stiickweise Polynom
Sy € C* approximiert. Wenn ¢; quadratische und k; kubische Polynome bezeichnet, welche

auf gewissen Teilintervallen definiert sind, kann man Sy folgendermaflen erkléiren

;

qO(t) fir t € [a, tl] s

lfz(t> fﬁ_rtE[ti,tH_l], 1=3l+1, [=0,1,... , n—1,
ql(t) fﬁrte[ti,ti+2], Z:3l+2, l:O,l,...,n—Q,
qul(t) firt e [thlatN] .

\

Es sollen die Bedingungen erfiillt sein:

Sn(t) = f(t;), i=0,1,...,N.
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Zusitzlich werden zwei Parameter ag = S (a) und any = S (b) bendtigt, um zu sichern, daf§
Sy eindeutig festgelegt ist. Wenn die entsprechenden Ableitungswerte bekannt sind, wird
f'(a) = ap und f'(b) = ay gesetzt. Anderenfalls wird

_ =3f(a) +4f(a+h) — f(a+ 2h) F(b—2h) — 4f(b— h) + 3£(b)

ag und ay = (3)

2h 2h
gewihlt. Es gilt fiir f € C'**, k= 0,1 die Ungleichung (vgl. [12], S. 133, Hilfssatz 5)
max{lao — f'(a)], lax — f'(D)} < 2h*w(f1,0). (4)

t—t;
h

Polynomstiicke ¢;(t) = ¢;(t; + sh), 0< s <2,i=3l+2,0<[<n-—2von Sy die folgende
Darstellung:

Fiihrt man den Parameter s = ein, so erhdlt fir ¢ € [t;,¢;40] fur die quadratischen

Gi(t) = fi(s* =35 4+2)/2+ fir1 (=" +28) + fira (s* — 5)/2. (5)

Fiir qo, gy und die kubischen Polynomstiicke k; von Sy ist der Parameter s aus dem Intervall
0 <s<1. Esgilt dann

wt) = fo(l—5*)+ fis*+agh(s—s%),
ki(t) = fi(1 —3s%+25%) + fo(35% — 25°) + (=20 + 2f1 — aph)(s — 25* + s°)
+(=3f2 +4fs — fa)(=s" +5°)/2,
ki(t) = fi(1—35%4+28%) + fis1(35* — 28%) + (fiio —4fi 1 +3f)(s — 28> + 5%) /2
+(=3/2fis1 + 2fir2 — firs/2)(—5* + 5°) (6)
En_o(t) = fn_o(l —3s%+25%) + fy_1(35% — 25%) 4+ (fyv—2 — 4fn_1 + 3fn)(s — 25> + 5°)/2
+(—2fn-1+2fn —anh)(—s* + %),
av1(t) = fyvo1(1 =25+ 8%+ fn (—s* +2s) +ayh(s* —s).

Die Substitution von f durch Sy im Integral Io[f](z) liefert eine Quadraturformel

N

SIA) =D Ft) AP (@) + ag Bo(x) + an By (). (7)

=0
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Mit der Abkiirzung y = x;ti fir i =0,1..., N ergeben sich die Quadraturgewichte als

-2 —1
y ‘—2yln'—y },
y—1 y

1
AB(y) = {9———6y+( 16 +20y — 63°) In

1 y— Y
APy = = 129y + (2 - 14y +124?) 1 2 1)1
=0+ 12y+( y+12¢%) In +(y+)ny+1 :
1 y—2 y—1
A(y) = =18+ (=16 + 20y — 64°) In|Z—=| — 2y 1
3 (y) =5 18+ (=16 +20y — y’) In = — yln| 5
y+1
+ (164 20y +64%) 1 ,
( v+6y) ny+2‘}
1 3 Y= y
A@ih(y)zﬁ —9+9y+§(1—8y+7y2) In —‘+(3/2+y)ln y+2‘
y+3
+ (21/24+ 8y +3/2y*) In|=——| ¢ ,
(21/2+ 8y + 3/2y°) n‘y+2}
2] 1 9 y—3 —2
A3l+2(y)zﬁ —9—-9y+ (21/2—-8y+3/2y%) In — (=3/2+y) In
1
+3/2(148y+7y*) In %’}
1 1- +1
A%_l(y):h{ 6—12y+2(y—1)In y‘+2(1+7y+6y2) In |Z ‘}
1 1 1 y+1
Al {9+ +6y+2yl +2 (84 10y +3¢?) 1 }
() =7 , Tov+2yln ( y+3y?) In 2
—2 1
BP(y)=7/2-3y+ (-8 + 10y —3%*) In y_1'+(1—2y) In|? ’

BY(y) = ~T/2 =3y + (8+10y +3¢%) In

y+1‘

+2
§+1'—(1+2y) In

Firaz =t;, j =k —2,... ,k+ 2 ist die k-te Gewichtsfunktion eventuell nicht definiert. In

diesem Fall miissen die entsprechenden Grenzwerte beriicksichtigt werden.

Konvergenzergebnisse

Der Fehlerterm aus (7) wird durch Rff] [f](x) bezeichnet:

RY[f)(@) = | ELf)(x) - Q¥[f)(x)
Da x ein Parameter des Integrals (1) ist, stellt sich die Frage nach punktweiser und gleichm#8i-
ger Konvergenz von RE?,] [f](x) gegen Null, wenn N gegen Unendlich geht.

Aus Hilfssatz 2 in [13] ergibt sich die im folgenden Lemma formulierte notwendige Bedingung

fiir die gleichméflige Konvergenz eines Quadraturverfahren fiir Finite-part Integrale.
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Lemma 1 Fir die auf dem Intervall (a,b) gleichmdfSige Konvergenz des Quadraturver-
fahrens (7) gegen den Wert des Integrals (1) ist notwendig, daff ag = f'(a) und ax = f'(b)
erfillt ist.

Wenn man andere Werte als die exakten Randableitungen von f fiir ag oder ay in (2)
benutzt, kann man hochstens gleichméBige Konvergenz in echten Teilintervallen [aq,b;] C

(a,b) erreichen.

Dieses Ergebnis ist fiir das hier betrachtete Verfahren vorrangig von theoretischem Interesse.
Es zeigt sich, dafl der Fehler, der entsteht, wenn man fiir ¢y und ay die Ndherungen nach
der Formel (3) wihlt, ein (numerisch) unbedeutender Rest U RE\Q,] (x) ist, der die gleichméBige
Konvergenz numerisch so wenig stort, dafl man in diesem Fall von ”numerisch gleichméfiger”

Konvergenz reden kann. Denn offensichtlich gilt

Xz

(0= @8 (1) + av - 1oy (50|

URY(z) =

Die Fehlerordnung von U RE\Q,] (x) wird fiir jedes feste x mit a < < b durch den Fehler (4)
bestimmt. Falls die Singularitit = gegen a strebt, wichst der Wert des Integrals Ir[f](z) wie
O(% + f’(a) In(Jz — a])) und der Fehler URES,](x) wiichst logarithmisch, d.h. wie O(In [%%]).
Nimmt man z numerisch sehr nahe bei a an, etwa %+ = 10712, erhilt man B([)Q](%) < 26.
Damit spielt der Fehler U RE\Q,] (x) fir Werte ganz in der Ndhe von a keine Rolle. Weiterhin
ist fiir &% > 5 die Funktion ‘Bg}(%) monoton fallend. Es gilt |B([)2](5)| = 0.0018. Fir

h
B][\Q,] gelten entsprechende Aussagen. Durch das quasilokale Verhalten von B([)Q] und Bﬁ] wird

der Fehler ag — f'(a) fiir innere x, also a + 5h < x < b — 5h sogar stark verkleinert. Aus
diesem Grunde ist U RE\Q,] (x) fir das Konvergenzverhalten der beschriebenen Quadratur von

untergeordneter Bedeutung. Deshalb wird stets ag = f’(a) und ay = f’(b) gesetzt.

Fiir die weiteren Untersuchungen werden verschiedene Teilergebnisse benétigt, die jetzt zu-
sammengestellt werden. Da in den entsprechenden Abschétzungen nicht nur die Konvergen-
zordnung sondern auch die auftretenden Konstanten explizit angegeben werden, sind die

Rechnungen langwierig.

Lemma 2 FEs seien 71 und 7 aus dem Definitionsbereich der entsprechenden Teile von

Sy gemdf (2). Fiir |1 — 12| < h und f € C' sind die folgenden Ungleichungen giiltig:

clw(flvh)
lgi(11) — ()] < § (1 + Dw(f', |7 — 7)) fir 1,7 € [ti tia], i=3l+2,
[=0,1,... , n—2,
CQW(flah)
csw(f'y|m —ml|) fir m,m € [tiytiv], i=3l+1, 1=0,1,... , n—1,

|ki(T1) = Ki(m2)] < {

Die Ungleichungen sind fir die folgenden Konstanten erfillt: ¢y = 2, co = 18, ¢35 = 27.
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Beweis: Die Ungleichungen des Lemmas lassen sich sehr einfach mit Hilfe des Mittelwert-

satzes der Differentialrechnung beweisen. Fiir ¢; (i # 0, i # N — 1) erhdlt man:

7'2|

1 I —
67) = G| < 251(fi = 2w + Fira) (= m)| = 76 = F&) P

_ 2h _
A B < (2 ) B

‘7'1—7'2| h

<3w(f,|m — 7).

Analoge Aussagen erhélt man fir i =0, N — 1, z.B.

|71—T2|

= 20f6) — ()

gh(m) — ab(2)| < 2 ‘ (ﬂ ) f,<a)) no
20(f", h)hh |§2<

S 3C¢J(f/, |7'1 — ’7'2|) .

+1) =l i — )

71— 72
Die kubischen Polynome k; erfiillen fiir ¢ € [t;, ;1] mit i = 31+ 1 die folgende Ungleichungs-
kette. Dabei ist & € (t;_2,t;1),& € (tii1,t:),&3 € (ti, tiv1),&a € (tig1, tive), & € (tiva, tivs).

K] = |2+ 39)[(fioa = fia) + 30 = fia)) + [ — £1(6 — 125))

—i—%[?)(fiﬂ — fix1) + (fiza — fir3)](—2 + 3s)
— ‘%{(—2 +35)(— (&) + 3F(&)) + (6 — 128) /(&) + BF (&) — F(&))(=2 + 33)}
< {2 Bl 20) + | — 14 Bsfaw(, 20) < Sl ', 2h).

Die letzte Gleichung folgt wegen 0 < s < 1. Daraus erhélt man

|ki(11) = Ki(m2)| =

/ ki (1) dt‘ <ol ;“'w(f’,zh)
T2

2h -
<o #1) PE2lor = < 21 = .

|7'1 — 7'2| h
Lemma 2 ist bewiesen. [ |

Es bezeichne ry(t) = f(t) — Sn(t) den Interpolationsfehler.

Lemma 3 Seit, der zu t nichstgelegene Knotenpunkt. Dann sind fir f € CY*Ev mit
k€ {0;1} und j € {0;1} die Ungleichungen erfillt:

‘ (co+1) [t =t w(f',h) firk=0,
T 17 [t =t hw(fh)  fir k=1.
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Fiir t € [to,t1] und t € [tn_1,tn] gelten speziell die Ungleichungen:

’ Slty =t w(f [ty — 1)) firk=1, r=0,N
= Gt — ) T 2mw(f7 |t —t) fiirk=2; r=0,N.

Beweis: Nach dem Satz von Rolle hat f'(t) — ¢i(t) zwei Nullstellen im Intervall [t;,¢;12],
wobei i ¢ {0, N — 1}. Bezeichnet man mit z* diejenige von beiden, fir die |z* —t| < h gilt,

so erhilt man mit ¢, € {t;,t;1,t;40} fiir f(¢) € C'* aus Lemma 1 zunéchst

1) =GO < |F7(8) = (@) + lgi(«") — ()] < 3w(f' h),

und daraus sofort
t

() — alt)] = / (F(5) = ql(s))ds| < 31t — tolo( ', ).

te
Diese Ungleichung ist fiir « = 0, N — 1 ebenfalls erfiillt. In der gleichen Weise folgt
() = K] < (e2+ Dol h) und [£(2) — (B)] < (2 + Dt — too(F, 1)
Wegen ¢; < ¢, ist die erste Ungleichung (k = 0) bewiesen.

Fiir f € C?% und t € [t3;, t312] erhilt man
1! " " 1 "
() — g/ ()| = | f"(t) — 2 Lfi = 2fis1 + fira]| S w(f”,2h).

Da f'(t) — ¢.(t) eine Nullstelle x* € [t;, t;12] besitzt, folgt

1f'(t) — g;(H)] = /(f”(S) —¢;(s))ds| < [t — 2"|w(f", 2h) < 2hw(f",h).
Daraus folgt wie oben

t

() — a(t)] = / (f'(5) — ql(s))ds| = 2/t — to| (", 1),

le

Fiir t € [tsiq1, taigo] ist mit g € (timo,ti), M2 € (tic1,tiv1), M3 € (ti, tiza), M1 € (Lig1, tigs) die
folgende Gleichung erfiillt:

|f7(t) = KO = [f"(t) = 1/P*{(=2+ 38)[fia — 2fir + fi] + (4 = 65)[fi1x — 2fi + fird]
+ (=24 68)[fi = 2fir1 + fire] + (1 = 39)[fir1 — 2fisa + fira]}]
= 1f"(t) = {(=2+3s)f"(m) + (4 = 65) f"(n2) + (=24 65) f"(m3) + (1 = 3s) f" (na) }
= (=2 +3s)(f"(m) — f"(n2)) + (=1 +3s)(f"(n3) — f"(n2)
+ (f"(n2) = f7(1) + (1 = 3s)(f"(na) — f"(m3))] -
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Mithin gilt die Ungleichung
[f'() = k()] < (1+ 2+ 2)w(f", 3h) + w(f", 2h) < 17w(f", h). (8)

Da f'(t) — ki(t) im Intervall [t;,t;11] eine Nullstelle * hat, fithrt das gleiche Vorgehen wie

im letzten Fall zum Ergebnis
|f(t) — ks (t)| = 17|t — tJhw(f", h).

Der letzte Teil 148t sich ebenfalls elementar beweisen. Fiir f € C'' iiberpriift man leicht
1
[F1(8) =y (O] < | J'(8) = 542 = 28) (fx = fwv—a) + [/ (B)R(2s — 1)}‘

Sw(f |t =tn]) +2(1 = $)|f'(b) = F(() S w(f', [t = tn]) +2(1 = s)w(f' 1)

<wlfile= ol +2 (G200 1o s )l -t < 5 e -

N—1
Sei f zweimal stetig differenzierbar. Dann gibt es eine Nullstelle z* von f” —g%,_; im Intervall
(ty—1,b) und man findet

(1) = ava (O] < [F7(8) = f7(@) + a1 (B) — dva (27)] S w (7 1)

und

b
F(8) = gy (B)] < I/t (f"(r) = dxa (7)) dr| < [b = tlw (£, h) .

Durch eine Integration unter Beriicksichtigung der Ungleichung
h
(") < (g + ) s o=
folgt die letzte Behauptung. Die Rechnung fiir ¢q liefert das gleiche Resultat. Damit ist das

Lemma bewiesen. [ |

Aus den Lemmata 2 and 3 erhalt man unmittelbar

Lemma 4 Ist f € C', so folgt ry € CY*1 mit dem Stetigkeitsmodul wi(5) = (2¢cy +
2)w(d). Fiir f € C* ist ry € C'2 mit wy(§) = 23hw(0d).

Beweis: Essei i € [ti1,t], o € [tj—1,¢;] mit t; < t;, f € C* und |7 — 73| > h. Weiterhin
bezeichnet =z} die Nullstelle von r)y, die im selben Teilintervall liegt wie 7; (¢ = 1,2). Dann
gilt
(1) = riv(r2)| < [rv(m) = riv(@)] + [ry(e3) — riv(m)]
< |f1(m) = FED+ 193 (1) = Sy ()] + [ f/(r2) — f'(23))]
+[Sn(72) — Sy(a3)|
< (2e2 + 2)w(f', |11 = 7).
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Im Falle |73 — 73| < h folgt ebenso aus Lemma 2 die Ungleichung
ry (1) = v (72)] < (a1 + s+ 2w ([ [1 — 7).

Fiir f € C?* und |1y — 72| > h geht man folgendermaflen vor:
T2
v (1) — riy(r2)] < / rv (O] dt < 17|m — mfw(f", h) < 17|72 — mi|w(f", [ — 7).

Falls |1, — 12| < h folgt die Behauptung aus Ungleichung (8) ebenfalls durch Integration:

" " " 3]’1, 2h "
|TN(t)| S 5W(f 73h) +w(f 72h) S {5 (m + 1) + (m + 1>}w<f 7|7—2 - 7-1|)'

Damit ist Lemma 4 bewiesen. [
Jetzt folgt das erste Hauptergebnis.
Satz 5 Sei f € CY. Fiir w mégen die Bedingungen (A1) and (A2) erfiillt sein, dann

gilt fir jedes x € [ay, by] einer beliebigen Menge [a1,b1] C (a,b) die Grenzbeziehung limy_
Ei][f](x) = L[ f](z). Ferner gilt fiir hinreichend grofie N die folgende Abschitzung

2h
RY(fl(x) < (e +1) (5 +deu + 5= a) w(h).
Wenn f zweimal stetig differenzierbar ist, erhdilt man fiir den Quadraturfehler die Abschdtzung

REf)(z) < {85 + 46¢,5 + b34h } hw(h) .

—Qa

Beweis: Die Behauptung wird fiir # € [a1,b1] C [(a + 0)/2,b) bewiesen. Der andere Fall
([a1,b1] C (a,(a + b)/2)) kann analog abgehandelt werden. Zunéchst wird eine reelle Kon-
stante ¥ gewdhlt, die der Ungleichung 0 < h < ¢ < b —x geniigt. Man erhélt den Qua-
draturfehler als hypersinguldres Integral des Interpolationsfehlers. Das Integral kann man

folgendermaflen zerlegen:

z—19 49 b

Rﬁ][f](x):jéb(t—x)—%N(t)dt: /+]£+/ rn(O)(t—2) 2dt =1, + I + I5.

a z—9 x+9

Das Integral I; 148t sich leicht abschétzen durch

|Il|< max |7’N |/‘t—x 2| dt < max |TN()|(1/19+2/(b—a)). (9)

te(a,x—

Dieselbe Methode liefert fiir I3

I3 < —.
15| te{ni);b) vt )|19
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Als nachstes wird I, betrachtet:

ey o490 x4+
t
I = ]é (tT ;)th = ]é (rn(t) = Py (rn, ) (t — @) 2dt + ]ép;(m’t)(t )2t = Iy + Iy,
v z=v z—10

Offensichtlich gilt fir Py (ry,t) = ry(z) + (t — x)ry(z) mit einem & € (¢, z) die Gleichung
rn(t) — Pi(rn,t) = (t —x)(ry (&) — ry(x)). Man kann Iy, zunéchst wie folgt abschétzen

z+9 9
I | < ][ TN(%_—’"N(:”) dtSZ/w(r},é)/édé.
— T
z—19 0

Beriicksichtigt man Lemma 4 und die Bedingung (A2), ergibt sich daraus
0
2(2¢5 4 2) [w(0)/ddd < 4(cg + 1) ow(¥) fir f e C¥
|Io1| < 0 (10)
46h [w(8)/6dd < 46hcow (V) fiir f e C.
0

Fir ]22 gllt

x+9

ol =1 [ PG00~ 2) 2] = S

z—19

Da nur ¥ > h > 0 gefordert war, kann man ¢ = h < b — by fiir hinreichend grofies N
wéhlen. Fafit man die Teilergebnisse zusammen und beachtet noch Lemma 3, erhélt man die

Ungleichungen des Satzes. [ |

Bemerkung 6 Die Behauptung der Konvergenz gilt auch im Falle URE\Q,] # 0. Die Feh-
lerabschdtzungen bleiben bei gednderten Konstanten erhalten, falls man fir ag und ayn die
Approzimationen (3) wdhlt. Fiir hinreichend grofes N erhdlt man aus Satz 5 und den Uber-

legungen nach Lemma 1 zusammen mit der Ungleichung (4) die Ungleichung

—a

4h
RY[/](z) < {85 + 46,2 + b3 + 0.0072} hw(h),

die fiir jedes x qilt, welches der Ungleichung a + bh < x < b — 5h geniigt.

Man kann nun den folgenden Satz beweisen.

Satz 7 Zusitzlich zu den Voraussetzungen des Satzes 5 sei die Bedingung (A3) erfiillt.
Insbesondere soll a; = f'(a) und ay = f'(b) gelten. Dann gilt fir jedes x € (a,b) die
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Grenzbeziehung limy_, QE?,] [fl(z) = L[f|(x). Fir den Quadraturfehler RE\%] [f](z) erhdlt man
die folgenden Abschdtzungen, die gleichmdfsig fiir jedes x € (a,b) gelten:

(T 2h
(ca+1) (1 + 4dco + bf) + max{4(ca + 1);5(cu3 +2)}| w(f', h)

RE[f](x) < fir f € CH,

4h
19 + 46¢,,2 + 193— + max{66; 200,3}1 hw(f", h) fir f € C*+.
—a

Ve

Beweis: Wie im Beweis von Satz 5 wird ¥ = h gewéhlt. Somit bleiben fiir den Fall 0 <
h < b — x die Ungleichungen von Satz 5 erhalten und es geniigt den Fall 0 < b — 2 < h zu
betrachten. Dazu wird das Integral in folgender Weise zerlegt:

b

jérN(t)(t—x )2t = / ]é Yt —z)72dt =: I) + I4.

a

Fiir I; bleibt die Abschétzung (9) auch im vorliegenden Fall giiltig. Analog wie bei I kann

mit I, verfahren werden:

:

r—

= ]é(rN(t) — PS(ry, t))(t — ) 2dt + F Py(ry, t)(t — x)2dt = Iy + L.

S

xT

Fir I,; erhalt man dhnlich wie bei I

I < f (e (€) — (@) (t — ) VdE < 2 / w(rly, 8)51ds.

Die Schranke (10) gilt somit auch im vorliegenden Fall. Eine einfache Rechnung liefert
b—ux
)

2
Iy < |?”N($C)||m| + [riy(2)] {In

Unter Beachtung von Lemma 3 und der Voraussetzung (A3) ergibt sich fiir x € [b — h,b)

L] < (10 + 5ey3)w(f', h) fiir f e O,
PUZN 201+ cu)hw(f7, b) fiir f € O

Insgesamt erhélt man fiir den betrachteten Fall die Abschéitzung

[(02 +1) (1 + 4,0 + %) + 5¢,3 + 10)} w(f',h) fiir fe O,
RY[f](x) < -

34h
[19 +46¢,0 + —— -

Durch einen Vergleich mit Satz 5 folgt das Ergebnis. [

+ Zng} hw(f” h) fir f e C*.
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Bemerkung 8 Die im Satz 7 fir die auf dem Integrationsintervall (a,b) gleichmdfige
Konvergenz angegebenen Abschitzungen der Konvergenzordnung des Quadraturfehlers sind
optimal. Fiir f € CY* mit k € {0,1} und 0 < X\ < 1 gilt fir den Quadraturfehler
Rff] [fl(x) = O(h*w(h)) fir jedes x € (a,b). Die mazimal erreichbare Ordnung ist O(h?)
fiir f € C*'. Diese Abschitzung der Konvergenzordnung ist nicht verbesserbar (vgl. [11]).
Falls man die Konvergenzordnung fiir eine feste Singularitit x € (a,b) betrachtet, kann man
sehr wohl mit Hilfe von einer speziellen, auf die Singularitit abgestimmten Knotenwahl die

Konvergenzordnung steigern (vgl. Hansen [5]).

Bemerkung 9 Betrachtet man anstelle von f die Funktion F(-) = f(-)|-—z|*? mit p # 1,
so kann man die Ergebnisse auf F' anwenden und erhdlt
lim QY[F)(z) = L[F)(x)

mit den bewiesenen Fehlerabschditzungen. Setzt man QE?,] [F](z) = Q][]\),} [f](x) mit den Gewich-
ten AP (y) = AP\()|t; — 2|>P fiir 0 < i < N und BP(y) = BE(y)|t; — z|>P firi=0, N,
so hat man eine Quadraturformel fir das zweite Integral aus (1) konstruiert. Im Fall p = 1
geht man analog vor. Die Ubertragung der Konvergenzergebnisse ist offensichtlich. In [13]
ist ewn Verfahren vorgestellt, mit dem man mit Hilfe von numerischer Differentiation aus
einer Quadraturformel fir das Cauchysche Hauptwert Integral Ir[f](x) Quadraturformeln
fiir hypersinguldre Integrale mit héohere Singularititsordnung konstruiert. Dabei kann man
die Konvergenzordnung ohne Verschlechterung beibehalten. Man kann mit dem erwdhnten
Vorgehen Integrale vom Hadamardschen Typ mait beliebiger Singularititsordnung numerisch

berechnen.

Beispielrechnungen

Die angebenen Beispielrechnungen bestétigen die Abschéatzungen praktisch. Die zweite und
die dritte Spalte der Tabellen enthalten die Fehler der Quadraturformel (7). In der zweiten
Spalte wurden die exakten Randableitungen beriicksichtigt, d.h., ap = f'(a) und any =
f'(b), in der dritten Spalte wurden ag und ay entsprechend der Formel (3) berechnet. Man
erkennt, dafl sich die Approximation der Randableitungen nur sehr gering auswirkt. Das
erste Beispiel stammt aus [1]. Es ist wie auch das zweite Beispiel ein gewohnliches Integral,
das als Hadamardsches Integral geschrieben und berechnet wurde. Das zweite Beispiel ist fiir
”gewohnliche” Quadraturen auch nur schlecht behandelbar. Da f(t) = tQ\/m zu O3 gehort,
muf} nach Satz 5 der Fehler die Ordnung O(h%) haben, was auch bestétigt wird. Beispiel 3
ist ein Hadamardsches Integral. Die Singularitdt x liegt im Innern des Intervalls und man
sieht, dafl es praktisch keinen Unterschied macht, ob die Randableitungen verwendet werden

oder nicht. Wenn x wie im dritten Beispiel sehr nahe an einem Randpunkt liegt, wirkt sich
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die schlechtere Konstante in U RE\Q,], die aus dem Anwachsen von BJ[\Q,} in der Ndhe von b folgt,

aus. Die Fehlerordnung ist hier fiir beide Verfahren selbstversténdlich gleich.
Beispiel 1

1 3
(t_072)
~— 2 dt=0.3
]g(t—w)? !

N | Fehler mit exakten Randwerten | Fehler mit genédherten Randwerten
15 0,000095982 0,000162273
30 0,000002616 0,000000578
60 0,000000135 0,000000134
120 0,000000025 0,000000010
Beispiel 2

]éltzfdt /\th

N | Fehler mit exakten Randwerten | Fehler mit genédherten Randwerten
15 0,035054939 0,035027620
30 0,010973942 0,010975894
60 0,003880095 0,003880221
120 0,001371834 0,001371842
Beispiel 3

—1000000138, 9215267897

1 t6
]é dt =
o ( — 0.999999999)2

N | Fehler mit exakten Randwerten | Fehler mit genédherten Randwerten
15 0,039916992 2,399200678

30 0,010471225 0,619144082

60 0,002685428 0,153373480

120 0,000679731 0,037187338
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DIETLINDE LAU

Die maximalen Klassen von Pol3{o|o € Q}
fiir Q C P({0,1,2}), Teil T

Gewidmet den Herren Professoren
G. MaeB3, H. Poppe und G. Wildenhain

Seien Fj3 :={0,1,2}, P} die Menge aller n-stelligen Funktionen, die das n-fache kartesische
Produkt Ef in E5 abbilden und P; := J,~, P§'. Zusammen mit den Superpositionsoperatio-
nen bildet P; eine Algebra, deren Tréigerm;:ngen von Unteralgebren wir hier Teilklassen (oder
kurz Klassen) von P; nennen wollen. Aulerdem bezeichne Polspo die Menge aller Funktionen
aus Ps, die die Relation ¢ (C E%, h € IN) bewahren.

Im folgenden sowie in den Teilen Il und III soll eine Beschreibung der maximalen Klassen
der Teilklasse

Tq := Pols{olo € Q} = ﬂ Polsp
0€@

von Py fiir beliebiges @ mit ) # @ C PB({0,1,2}) angegeben werden. Fiir die Fille, in
denen Ty gleich P (Q = {Es}) ist oder eine maximale Klasse von Pj beschreibt (d.h.,
Q € {{{a}},{{a,b}}}, a,b € Ej ist) oder @ nur aus einelementigen Mengen besteht, sind
dies Spezialfille allgemeinerer Resultate aus [15], [16, 17], [7] und [9]

Tabelle 1 gibt eine Ubersicht iiber die zu untersuchenden Fille, die erhaltenen Anzahlen der
maximalen Klassen und die Satznummern, unter denen man die Auflistung der maximalen
Klassen finden kann. Dabei sei {a,b,c} = {0,1,2} und mittels (I), (II) bzw. (III) wird auf
Teil I, 1T bzw. Teil 1] verwiesen.

Es sei noch bemerkt, daffi man mit Hilfe der ermittelten maximalen Klassen der Klassen
Ty leicht Vollstandigkeitskriterien fiir die Klassen T formulieren kann, aus denen sich

wiederum als leichte Folgerungen notwendige und hinreichende Bedingungen fiir sémtliche
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3-elementigen semi-primalen Algebren ergeben (siche [17]).

Fall | Elemente von () Anzahl der ma- | Liste der maxi-
ximalen Klassen | malen Klassen in
von Ty Satz

1| E; 18 3.1(1)
2| {a} 12 3.2 (I)
31|{a,b} 15 3.3 (I)
4| {a}, {b} 7 3.4 ()
5| {a}, {b}, {c} 10 2(11I)
6| {a,b}, {a} 12 3.5 (I)
71 {a,b}, {c} 11 2 (IT)
81| {a,b}, {a}, {b} 11 3 (1I1)
91| {a,b}, {a}, {c} 11 5 (II)
10 | {a,b}, {a}, {b}, {c} 13 6(111)
11 | {a,b}, {a,c} 14 6 (I1)
12 | {a,b}, {a,c}, {b} 12 7 (IT)
13 | {a,b}, {a,c}, {b}, {c} 17 7(111)
14 | {0,1}, {0,2}, {1,2} 30 8(I11)
Tabelle 1

1 Grundbegriffe und Bezeichnungen

Wir verwenden bis auf geringfiigige Anderungen die in [13] und [9] angegebenen und erliuter-

ten Begriffe und Bezeichnungen. Insbesondere seien

Py ={f"f": E" — E}, Pg:= Un21P57
Ep:={0,1,... , k—1} (k>2),
Py .= Pg,,
Pry = Un21{fn € b | fr: Bf — B},
Ry = {olo C E}}, Ry = Rp,
Rg = UhZl R, Ry = Rpg,.
Wenn sich die Stelligkeit der Funktion f" € P’ aus dem Zusammenhang ergibt bzw. un-

wichtig ist, lassen wir den Index n weg.

Als Operationen iiber Pg seien
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das Umordnen von Variablen,

das Identifizieren von Variablen,

das Hinzufiigen von fiktiven Variablen und
das Einsetzen von Funktionen in Funktionen

zugelassen. Bekanntlich lassen sich diese Operationen auch mit Hilfe der sogenannten Mal’cev-
Operationen ¢, 7, A, V, % (siehe [13]) beschreiben. Die Menge der aus Funktionen einer
Menge M (C Pg) in endlich vielen Schritten konstruierbaren Funktionen - Superpositionen
tiber M genannt - wird mit [M] bezeichnet. Ist M = [M], so heiit M abgeschlossene Men-
ge (Klasse) oder kurz Klasse von Pg. Eine echte Teilklasse M von M’ wird eine mazimale
Klasse von M’ genannt, wenn keine Klasse M” von Pr mit M C M” C M’ existiert.

Die h-dren Relationen g aus R} werden von uns nachfolgend nicht in der Form

o={(ag,... ,an-1), (bo,... ,bp-1),...}, sondern in Form von Matrizen
Qo bo
ay bl
ap—1 bn—

angegeben und benutzt. Die Menge aller Funktionen aus Pg, die die Relation o bewahren,
bezeichnen wir wie {iblich mit Polgo. Anstelle von Polg, o verwenden wir die Bezeichnung
Polyp oder schreiben nur Polg. Inv, M, wobei M C Py, bezeichne die Menge aller Invari-
anten von M, d.h., die Menge all der Relationen aus Ry, die von sédmtlichen Funktionen aus
M bewahrt werden.

Als Operationen iiber Relationen verwenden wir die zweistelligen Operationen o (Relatio-

nenprodukt, Faltung), x (kartesisches Produkt), N (Durchschnitt) und die einstelligen Ope-

rationen ¢, 7, A und pro, . o, mit {oq,... ,a} C Ej, die definiert sind durch
Co:=A{(ar,as,... ,an1,a0) | (ao,a1,... ,an1) € 0},
70 := {(ay,a9,as,... ,ap_1) | (ag,a1,... ,an_1) € 0},
Ao :={(ai,... ,ap—1) | (a1,a1,aq,... ,ap-1) € 0}
fir h > 2 und

Prag....000 = {(Gays .. s a0,) | Fa;(j € Ex\{cu,... ,a¢}) : (ag,... ,an—1) € o},

wobei p € RZ und aq,...,q € By

Niahere Ausfiihrungen zu diesen Operationen entnehme man [13].

Wir sagen, eine Relation ¢’ ist aus der Relation o mit Hilfe von Inv,Ty ableitbar, wenn man
sie unter Verwendung der oben definierten Relationenoperationen aus Relationen der Menge

{0} U Inv, Ty erhalten kann. Wir schreiben in diesem Fall auch

{o} U InuTgy + ¢
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bzw. kurz

/

ok o.

Die folgende Eigenschaft werden wir in einigen Beweisen beim Nachweis von Enthaltenseins-

beziehungen benutzen:
Vo,0 € Ry, : (Polo C Ty N ({o} UlInv Tt o) = Polp C Ty N Poly'). (1)

Die Funktionen ¢! € Ps (a € E3) mit ¢}(x1, 2, ... ,x,) = a nennen wir wie iiblich Konstan-
ten. Bezeichnungen fiir die von den Konstanten verschiedenen einstelligen Funktionen aus

P; sind in der Tabelle 2 zusammengefafit.

| jolx) Ji(w) jo(z) Js(z) ja(x) Js(x) wo(w) wi(z) wa(w) ws(z) wa(r) us(z)
0 1 0 0 1 1 0 2 0 0 2 2 0
1 0 1 0 1 0 1 0 2 0 2 0 2
2 0 0 1 0 1 1 0 0 2 0 2 2
x| vo(z) wvi(x) wa(x) wz(x) wve(x) ws(x) si1(x) so(x) s3(x) sy(x) ss(x) se(x)
0 2 1 1 2 2 1 0 0 1 1 2 2
1 1 2 1 2 1 2 1 2 0 2 0 1
2 1 1 2 1 2 2 2 1 2 0 1 0
Tabelle 2
Im folgenden nicht weiter erlduterte Begriffe und Bezeichnungen entnehme man [13] oder

]

Im nachfolgenden Abschnitt 2 werden zunéchst einige 6fter benotigte Hilfsaussagen zusam-
mengestellt und bewiesen. Anschliefend wird damit begonnen, die maximalen Klassen von

denjenigen Klassen Ty zu bestimmen, die nicht in der Menge aller idempotenten Funktionen
I := Pol3{0} N Pol3{1} N Pol3{2}

enthalten sind. Aus Platzgriinden werden hier nur die in Tabelle 1 angegebenen Fille 1 - 4
und 6 behandelt. Die restlichen Fille sind dann Gegenstand von Teil 1. Fiir die Teilklassen
der Art Ty C I verlaufen die Beweise fiir die Behauptungen aus Tabelle 1 nach einer anderen

Grundidee, als fiir die bereits genannten Fille (sieche Teil 111).

Sowohl beim Beweis des Lemmas 2.6 als auch beim Beweis samtlicher Satze des Abschnitts
3 sowie der Sétze aus den Teilen Il und I11 gehen wir wie folgt vor:

Zwecks Nachweis, dafl die im Lemma bzw. im Satz fiir die Klasse T" unter den Nummern
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(1),(2),...,(rr) angegebene Liste von Teilklassen der Klasse T simtliche maximalen Klassen
von T umfafit, wird fiir eine beliebige Teilmenge A von T, die keine Teilmenge der Mengen
(1),(2),...,(rp) ist, [A] = T gezeigt. Anschlieend wird eine Tabelle mit Funktionen aus
T angegeben, aus der zu entnehmen ist, in welcher Klasse (i) diese Funktionen enthalten
sind (+ steht in der Tabelle fiir enthalten, — fiir nicht enthalten). Aus diesen Tabellen folgt
unmittelbar, dafi samtliche Klassen (1), (2),...,(rr) echte Teilklassen von T sind und dafl
diese Klassen untereinander beziiglich Mengeninklusion unvergleichbar sind. Damit miissen
die unter (1), (2),..., (rr) genannten Klassen sowohl maximale Klassen als auch die einzigen

maximalen Klassen von T sein.

Aus der Bedingung, daf§ A keine Teilmenge der unter (i) angegebenen Klasse ist, folgt die
Existenz einer Funktion f; € A, die nicht zur Klasse (i) gehort. O.B.d.A. kénnen wir folgende
Vereinbarung treffen:

(*): Ist (¢) in der Form T'N Pol3p mit ¢ := (01,02,... ,0m)

beschrieben, so sei fi(01,09,... ,0m) ¢ 0 .

2 Einige Hilfsaussagen

Die ersten 3 Lemmata sind Folgerungen aus der Beschreibung sémtlicher Teilklassen von P,
durch E. L. Post in [11] (sieche auch [2] oder [3].).

Lemma 2.1 Bezeichne A eine beliebige Teilmenge von Py. Dann gilt [A] = Py genau

dann, wenn A keine Teilmenge der folgenden 5 Teilklassen von Py ist:

0 1 00011011
3) Pol ,
(1) Poly{0},  (B) Pob 10) Gy pa,| 0O LT O L0
0Ol2
1 01001101
@) Pola{1h, (g po (00 1Y
01 1 01100011

Lemma 2.2 Bezeichne A eine beliebige Teilmenge von Ty := Poly{0} C P,. Dann gilt

[A] = Ty genau dann, wenn A keine Teilmenge der folgenden 4 Teilklassen von Ty ist:

(2) TO N POlQ

(1) TO N POlQ{l}, (4) T() N POlQ

o O O O
— = O O
—_— O = O
S = O =

0 1 011
0 1 101
0 0 101
0 0 011

S = = O
—_ O = =

(3) To N POlQ

Lemma 2.3 Bezeichne A eine beliebige Teilmenge von Ty N'Ty := Pola{0} N Poly{1} C
P,. Dann gilt [A] = ToNT genau dann, wenn A keine Teilmenge der folgenden 4 Teilklassen
von To NIy ust:
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0 1 010
1) Ty N'T, N Pol : 3) T, N Ty N Pol :
()o 1 Ola 10) ()0 1 02<001)

0 0 1 1 10
2) ToNTy N Pol , 4 ToNTy N Pol .
<)°102011) <)°10<101>

Ein Spezialfall des Satzes aus [3] (sieche auch [6, 7]) ist das

Lemma 2.4 Bezeichne A eine beliebige Teilmenge von Ps5. Dann gilt [A] = P35 genau

dann, wenn A keine Teilmenge der folgenden 6 Teilklassen von Ps o ist:

(1) Pss N Pols{0}, 00011011
(2) Ps2 N Pols{1}, (5) P32 M Poly 8 (1) (1) (1) (1] 1 8 1 ;
. 01100011
®) Pg’mp()l?’(l 0)’ (6) Pyo N Poly 8 1 g ,
<4)P372“P01(8 (1) 1) (7) Py> N Poly 8 1 ;

Lemma 2.5 Bezeichne A eine beliebige Teilmenge von pr—'T := Py 5 N Pol3{0} C Ps.
Dann gilt [A] = pr~'T, genau dann, wenn A keine Teilmenge der folgenden 6 Teilklassen

von pr—YTy ist:

00011011
1 1Ty N Pols{1}, 00110T1°O01
( )p/’n 0 03{ } (4) pTﬁlToﬂpolg O 1 0 0 1 1 0 1 ’
B 00 1
(2) pr='Ty N Pols 011 ) 01100011
010 (5) pr—'Ty N Pol3{0, 2},
(3) prilToﬂPolg 00 1 , 01 1
6) pr—'T, N Pol :
©) Ty O3<0 1 2)
Beweis: Ergibt sich aus [7], Satz 15. |

Lemma 2.6 Bezeichne A eine beliebige Teilmenge von pr—'To N'Ty := P35 N Pol3{0} N
Pol3{1} C Ps. Dann gilt [A] = pr—'T, N Ty genau dann, wenn A keine Teilmenge der
folgenden 6 Teilklassen von pr—Ty N'T} ist:
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(1) p?”_lTO N1, N Pols

10 1
4) pr'Ty N Ty N Pol ,
(@) TN T 03(1 1 0)

-1
(2) pr"To Ny N Polg ' (5) prTyNTy N Poly{0,2},

(6) p'l"_lTO N T1 N POlg{l, 2}

O R Rk O O

»—tOHr—tv

o O O O —= O

(3) pT’_ITO N Tl N POl‘g

Beweis: Bezeichne f; (i = 1,2,...,6) eine Funktion aus A C pr—'T, N T}, jedoch nicht aus
der Klasse (7) mit der eingangs vereinbarten Eigenschaft (*).

Dann findet man nach Lemma 2.3 zu jeder Funktion g™ € Ty N 717 eine gewisse Funktion

Gm c [{fl, e ,fﬁ}] mit
Vx € EY : g(x) = G(x). (2)

Speziell gibt es damit in [A] eine gewisse Funktion ¢ mit

0 0
tl] 1 = 11,
2 a

wobei a € {0,1}. Im Fall a = 0 erhédlt man f5(t(x),z) = js(z) € [A]. Falls a = 1 ist, gilt
fe(t(x),z) = ji € [A]. Also sind j; und js Superpositionen iiber A.

Bezeichne nun f" eine beliebige Funktion aus A.

Bildet man die Tupel

Ty == (ja(@1), ji(x2), - J1(@a), g5 (21), J5(@2), - - -, (@)
fiir beliebige x := (x1,... ,x,) € EY, so sieht man leicht, daf
x£x = Ty #Tyw
gilt. Folglich findet man wegen (2) in [A] eine gewisse Funktion F?™ mit
F(ji(z1), ji(®2), - .o Ji(@n), Js(@1), s (22), -, Js(@n)) = f(@1, 22,00 @),

womit [A] = pr—1T, N Ty gezeigt ist.
Da die im Lemma genannten Klassen offenbar alle paarweise verschieden und echte Teilklas-

sen von pr— Ty N Ty sind, folgt hieraus die Behauptung unseres Lemmas. |

3 Die maximalen Klassen von 7 in den Féllen 1 - 4 und 6

Der nachfolgende Satz wurde bereits 1958 von S. V. Jablonskij in [!] bewiesen und ergibt
sich als Spezialfall aus der allgemeinen Charakterisierung der maximalen Klassen von Py von
I. G. Rosenberg ([15]):
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Satz 3.1 P; besitzt genau 18 mazimale Klassen:

(1) Poly{0}, (2)  Poly{1},
(3)  Poly{2}, (4)  Poly{0,1},
(5)  Pols{0,2}, (6)  Pols{1,2},
01 2 01201
7 Pol , 8 Pol ,
(7) 03120) (®) “Vo1210
0120 2 0121 2
9)  Pol 10) Pol
(9) 030122())’ ()0301221’
1 2 1 1 2 9
(11) Poly | ° 001 (12) Pols | ° 0021
012122 01221 1
012110 012010 2
(13) Poly , (14) Poly :
012022 0121020
0121012 0122021
(15) POlg s (16) POlg y
0120121 012021 2

(17) Pol3{(a,b,c,d) € E5|a+b=c+d(mod3)},
(18) Pols3{(a,b,c) € E3||{a,b,c}| < 2}.

Die folgenden zwei Sétze findet man auch in [1] Sie sind auBerdem Spezialfiille eines Satzes
iiber die maximalen Klassen von Pol,E mit 1 < |E| < k — 1 (siehe [5], [10]).

Satz 3.2 Sei{a,b,c} := E3. T, := Polz{a} besitzt genau 12 mazimale Klassen:

(7) T N Pols azczbac>,
a c a ¢ a
(1) T N Pols{b}, b b
OEPN B
(2) T, A Pola{c}. ©he b
(3) To N Pols{a, b}, (9) T 0 Poly | Z o Z .k
a C C
(4) T, N Pols{a, c}, a b c
(5) Tu N Pols{b, c}, S ’))7
a b c b c @ aboac
11) Pol ,
(6)TﬂPol3<a Do b); P\ oy a)
b b
(12) Poly [ ¢ 7 07 0
a b a c a cb

Satz 3.3 Sei{a,b,c} = E3. T,; := Polz{a,b} besitzt genau 15 mazimale Klassen:
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(1) Ta,b N POlg{Cl},
(2) Top N Pols{b},

a b a
3) T, N Pol ,
(8) Tap N Poly abb)
b
(4) Ta7me013 “ ),
b a
a a a b b a b b
(5) T,y O Pols aabbabab’
' a b a a b b a b
a b b a a a b b

(6) Top N Pols{c},

01 2 a b
) T.p N Pol ,
(7) Tap 03<o1zba>

(8) Tuy N Pols (

(9) Poly ( Z

(10) POlg
(11) P0l3
(12) POlg

(13) P0l3

(].4) POlg

(15) POlg

QL 2 Q@ 9 © & & & & & & & e

S S
o
N—

b b

bc)’

a b b a
babc)7
a b b b
babc)7
a b b a c b
b a b c a c
b a b a b a
b a b b a a
b b a c c c

bbaabda
babadbalbd
baabaldbd

01 2 a ¢ b c
01 2 ¢c acb

c

by |
b

b |,
c

a b

a b

c c
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Y

Satz 3.4 Sei{a,b,c} = Es. T, := Pols{a}N Pol3{b} besitzt genau 7 mazimale Klassen:

b
c Y

a

(1) Top N Polz{c}, (5) Ty N Pols .
(2) Top N Pols{a, b},

’ (6) Ty Pols |

(3) Ta;b N P013{a, C}, a

b

(4) Top N Pols{b, c}, (7) Thp N Pols b

S
o

a a

b ¢
b ¢

a a

@)

a c
b b

o S Q

)
)

Beweis: Ergibt sich als Spezialfall des Satzes 2.1 aus [17] bzw. [11].

Satz 3.5 Sei {a,b,c} = Es. Typa := Pols{a,b} N Polz{a} besitzt genau 12 mazimale

Klassen:
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(1) Topa N Pol3{d}, (7) Ty poa N Pols aboeald ,
) ” a b c b a
a a
) b b
(2) Topa N Poly | ) : (8) Tora 1 Poly [ @ ) |
) a b c
a a
. b b
(3) Thp.a N Pols a a b ) , (9) T O Pols a a a |
” a b a b c
aaabbabdd W a bbb
10) T, 4. N Pol )
(4) Topan Poly | @ @0 0 @D a bt (10) Topa N Pols ababc)
w abaabdald b b )
abbaaalbbd (11) Tapa N Pols az bcza )
(5) Tapa N Pols{cl, @varabec
19) Pols [ ¢ ¢ @0
(6) Ta,b;a N POlg{CL,C}, ( o' a b ¢ ¢ .

Beweis: O.B.d.A. seiena =0,b =1 und ¢ = 2. Mit A bezeichnen wir in diesem Beweis eine
Teilmenge von Tj 1.0, die keine Teilmenge der unter (1) bis (12) aufgezihlten Teilklassen von
Ty 1.0 ist. Dann gehoren zu [A] gewisse Funktionen fi, fa, ..., fi2 mit der oben vereinbarten
Eigenschaft (*).

Mit Hilfe von Lemma 2.2 sieht man leicht ein, dafl jede Funktion aus Ty (C P,) die Ein-
schrankung einer Funktion aus [A] sein muf}. Daher ist eine Funktion g; € {cg, jo, u2} eine
Superposition iiber A.

Falls g1 € {co,j2}, gehort g1 x g1 = ¢o zu [A]. Wenn g = uy ist, kann man mittels f5 x g; eine

Funktion aus {c, jo} konstruieren.
Folglich gehort ¢y zu [A].

Als néchstes wollen wir zeigen, dafl auch die restlichen einstelligen Funktionen aus 7f 1,0 und
samtliche Funktionen aus P32 N Pol3{0} Superpositionen iiber A sind.

Die Funktion f{(z) := fe(co,z) € [A] gehort zu {ja, j5}, womit wir fiir diese Funktion zwei
Félle zu unterscheiden haben:

Fall 1: f{ = jo.

Sei

q(x, Ys Z) = f7<00(x)’j2(x)7 Ty, Z),

2 0 1 0 1
q €
(210) <22>

gilt. Ist ¢(1,0,0) = 0, so haben wir ¢(z, ja(x),co) = us € [A]. Im Fall ¢(1,0,0) = 1, gilt
q(, co, jo(z)) € {41, ja}-

wobei 0.B.d.A.
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Also ist [A] N {j1, j2, u2} # 0. Wir haben damit folgende drei Félle zu unterscheiden:
Fall 1.1: uy € [4].
Die Funktion fi,(x) := fia(co, jo(z), us(z), ) € {j1,75} gehort dann zu [A]. Falls f{, = j;

ist, konnen wir mit Hilfe einer gewissen Funktion g, € [A] mit

000 0
g1 001 ||=]1
010 1

Js(x) = ga(co, ja(z), j1(z)) € [A] erhalten.
Im Fall f], = j5 gelingt der Nachweis von j, € [A] z.B. mit Hilfe einer Funktion g3 € [A],

fiir die
000 0
g 001 | =11
0 11 0
gilt.
Im Fall 1.1 ist damit
AN{s1} € (4] (3)
gezeigt.
Fall 1.2: j; € [A].
Fiir gewisses g4 € [A] mit
0 0 0
[ 01 = 1
10 1

148t sich dann f{,(z) := fio(co, J2, J1, J5, ©) = ug € [A] zeigen. Also gilt (1) auch im Fall 1.2.
Fall 1.3: j; € [A].
Mittels g5 € [A] mit

gs

— = O
—_ o O
I

ist dieser Fall auf den Fall 1.2 zuriickfiithrbar.

Fall 2: f; = js.

Wir bilden fg € [A] mit fi(z) := fs(co, J5(2), x) € {j2,u2, j1}.
Fall 2.1: f] = jo.
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Weiter wie unter Fall 1.

Fall 2.2: f] = us.

Wegen js x uy = jo € [A] kann dieser Fall weiter wie Fall 1 bearbeitet werden.
Fall 2.3: f{ = j;.

Mit Hilfe einer gewissen Funktion gg € [A] mit der Eigenschaft

0 0 0
Je 11 = 0
10 1

ist dieser Fall durch Bildung von gg(js, j1) = j2 ebenfalls auf den Fall 1 zuriickfithrbar.
Also gilt (3).
Mit Hilfe von Lemma 2.5 und den Funktionen fi,... , f; ist hieraus leicht
P35 N Pol3{0} C [A]
zu folgern.

Als nachstes betrachten wir die Funktion

fr(w,y) = ua(frlco(x), jol), 2, y, g7 (j2(), y))) € [A],

10 1
wobei g; eine gewisse Funktion aus [A] mit der Eigenschaft g, ( _— ) = ( 0 > bezeichnet.

2 0 0 2
Nach Konstruktion gilt dann f7 ( ) € < ) Es geniigt, den Fall

2 1 20
2 0 0
/
= 4
A(30)-(8) 8
. 20 2 I : .

zu behandeln, da man fiir f; 5 1 = 0 mit Hilfe einer Funktion gg aus
, 20 1 _ .
P35 N Pol3{0} mit gs ( 5 1 ) = ( 0 ) zu der Funktion f7(x,y) := fi(z,gs(z,y)) mit

.20 0\ . . . .
o P Bl IS ibergehen kann. Also kénnen wir 0.B.d.A. (4) annehmen und es gilt

nach Konstruktion der Funktion f7:

NN R = O O
_ O = O = O
Il
N O O O O O
—

t
N—
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Unter Verwendung von gy, g10 € [A] mit den Eigenschaften

00 0 00 0
g9 10 = 0 und gio 10 = 1
0 2 0 2 1

konnen wir die Funktion f{(z,v) := fo(co, go(x,y), x, g10(x, y), y) bilden, die die Eigenschaft

0

fo (6)

o = o
N O O
I

besitzt.
AuBlerdem 148t sich als Superposition iiber A die Funktion

fil(‘rv y) = fll(Co,jé('T),jQ(y), gll(xv y): Y, fS/)(]Z(x>7 y): Z, fé(]Q(y)7 ‘T))

mit

fia

O O
S N O
Il
—
-3
N~—

konstruieren, wobei g;; eine gewisse Funktion aus [A] N P55 bezeichnet, die
2 1) (1
J11 1 9 = 1

Nach diesen Vorbereitungen kann man wie im Beweis fiir Satz 3.3 (siehe [!]) zeigen, dafl
[A] == T071;0 gllt

Sei f" eine beliebige Funktion aus 7§ 1,9, von der wir anschliefend zeigen wollen, daf sie eine

erfiillt.

Superposition tiber A ist. Dazu bezeichne f5,  a.5 (1,...,q,. € EY, 3 € E3) eine n-stellige

Funktion, fiir die

5 fiir xE{&l,... ,&T},
Jai.. @p(X) = { 0
sonst
gilt.
Offensichtlich sind die Funktionen des Typs fs.1 fir a € EF\{0} Superpositionen iiber A.
Ist @ = (a1,...,q,) € Ef und o; = 2, so 1aBt sich fz.0 wie folgt als Superposition iiber A

darstellen (siehe (5)):

faa = fr(xi, fan(x)).
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Auflerdem gilt wegen (7):

far o a2(x) = fli(far2(%), fas.as,.. @2(X))-

Folglich sind auch die Funktionen des Typs fa; . a50 fur {oq,... ,a;} € EY\E} Superposi-
tionen iiber A.

Die Funktion f 148t sich dann wegen (6) wie folgt als Superposition iiber A darstellen:

f(X) = fé(ffﬁvh 7/5:;1(X)7 f%, ,’%;2(X))a

wobei ffl, o, B genau diejenigen Tupel aus EF\{0} bezeichnen, auf denen f den Wert 1

annimmt und {7,...,7%} die Menge aller derjenigen Tupel aus E¥ ist, auf denen f den

Wert 2 hat.
Folglich ist der Abschlufl von A gleich Tj 1.0.

Hieraus und aus Tabelle 3 folgt dann die Behauptung von Satz 3.5. Die Funktionen g4, ... , g1o
aus Tabelle 3 sind in Tabelle 4 definiert. Fiir die Funktion h? und h3 gelte
2 fir xe€ E3\E3,
hy(x):=< 1 fir xe{(0,1,1),(1,0,1),(1,1,0),(1,1,1)},
0 sonst
und
T+ y+ 2z (mod2) fir x € E3,
ho(x) =
2 sonst.
[
Co J2 U2 91 92 93 94 95 g6 g7 98 9o gio M1 ha
M-—=——+-——+++—++ ++ P PR
1 42191 92 §3 94 45 g6 g7 Y8 49 g10
2 - - _
Drtsrorriaiiais 0700000000000
(N . 010111001000
S A 10[010011101 0
(6)|+ + + N o4 11101 00111011
Dl + + N 0200101012210
(8)|+ + L 122222202220
S| 200111122220
(10)|+ + N L N 2 12121122220
220121222220
)+++—-4+-+++-——-— + — —
12 o N
(12)|+ + + + ++4++ - ++ Tabello 4

Tabelle 3
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ROBERT A. McCoy

Fell topology and uniform topology on compacta on
spaces of multifunctions

Dedicated to the professors of mathematics

G. Maef3, H. Poppe, and G. Wildenhain

ABSTRACT. The set 2% of closed subsets of X x Y may be identified with the set of
upper semicontinuous multifunctions from X into 2¥. This set contains the set C(X,Y) of
continuous functions and the larger set D(X,Y") of densely continuous forms. In this paper,
the Fell topology (a hyperspace topology) and the uniform topology on compacta (a function
space topology) are both imposed on 2**Y and compared. Conditions are determined for
the subspace D(X,Y) to be dense in 2¥*¥ under the Fell topology and to be closed in 2X*Y

under the uniform topology on compacta.

KEY WORDS. Hyperspace, multifunction, Fell topology, uniform topology on compacta,

densely continuous form.

The set C(X,Y) of continuous functions from X into Y is a subset of the set 2X*Y of all
closed subsets of X x Y under the identification of each function with its graph. So any

2X><Y

hyperspace topology on induces a topology on C(X,Y).

The hyperspace topology that we use is the Fell topology. For a space Z, the Fell topology
on the set 2% of closed subsets of Z is the topology with the following two kinds of subbasic

open sets. The “hit sets” are the sets
W-={Aec2? . AnW # 0}

where W is an open subset of Z, and the “miss sets” are the sets
KT={Ac2?: AnK =0}

where K is a compact subset of Z. Whenever Z is a locally compact Hausdorff space, 2%
is a compact Hausdorff space. If Z is compact, then ) is an isolated point in 2%; so in this
case we use 22 = 27\ {(}. See [2], [3], or [5] for properties of the Fell topology.
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Let Cr(X,Y) be the set C'(X,Y) with the topology inherited from the Fell topology on
2°Y  Then if X and Y are locally compact Hausdorff spaces, the closure of C(X,Y) in

2X%Y is a compactification of Cr(X,Y).

If Y is a metric space, C(X,Y) denotes the set C'(X,Y) with the uniform topology on
compacta (compact-open topology). This topology on C'(X,Y) is finer than the Fell topology,
and is equal to it whenever X is locally connected [7]. Topological properties of Ci(X,Y)
can be found in, for example, in [1], [1], or [3].

A larger function space that is also contained in 2X*Y is the space D(X,Y) of densely
continuous forms from X into Y. This is defined as follows. First let DC(X,Y’) be the set
of all functions f from X into Y whose set of points of continuity, C'(f), is a dense subset
of X. Then for such f, let f be the closure of f|c(s) in X x Y. The set D(X,Y) is the
set of such forms f for all f € DC(X,Y). Then D(X,Y) is a subset of 2X*¥ that contains
C(X,Y). We denote this space having the inherited Fell topology from 2¥*¥ by Dp(X,Y).

Each element ® of 2¥*Y can be thought of as a function from X into 2¥ by letting
O(z) ={y €Y :(z,y) € o}

for all x € X. This is also referred to as a multifunction from X to Y. We define a function ®
from X into 2 to be upper (Fell) semicontinuous provided that for each compact set K in'Y,
O~!1(KT) is open in X. Let U(X,2") be the set of all such upper semicontinuous functions
from X into 2¥. Then 2*X*Y may be identified with U(X,2"), as given by Proposition 1
below. The following well-known fact (see tube lemma in [9]) is used in Proposition 1 and
Theorems 3, 4 and 5.

Lemma 1 If A and B are compact subsets of X and Y, respectively, and if W is an
open subset of X XY containing A x B, then there exist open sets U and V in X and Y,
respectively, such that Ax BCUxV CW.

Proposition 2 IfY is a locally compact Hausdorff space, then 2°*Y = U(X,2Y).

Proof: Let ® € 2¥*Y. To show that ® is upper semicontinuous, let x € X and let K be
a compact subset of Y such that ®(z) € K. Then ® and {z} x K are disjoint, so that by
Lemma 1, there exists a basic open set U x V in X X Y containing {z} x K and disjoint
from ®. Then U is a neighborhood of = such that ®(U) C K.

Now for the other direction, let ® € U(X,2Y). To show that ® is closed in X x Y, let
(z,y) € X x Y \ ®. Then y has a compact neighborhood K that is disjoint from ®(x). So
®(z) € K, and hence x has a neighborhood U such that ®(U) C K. Therefore U x K is
a neighborhood of (z,y) in X x Y that is disjoint from ®. O



Fell topology and uniform topology ... 129

Since 2%*Y has the Fell topology and is equal to U(xz,2Y) when X is locally compact, we
now denote this hyperspace space by Up(X,2Y), and we think of it as a function space. In
the case that Y is compact, we use the subspace Ur(X,2Y). The following lemma gives a

convenient base for the topology on this space.

Lemma 3 IfX andY are locally compact Hausdorff spaces, then the topology on Up(X,2Y)
is generated by the subbasic open sets of the form (U x V)~ and (L x M)", where U is open
i X, Vs open inY, L is compact in X, and M 1is compact in'Y .

Proof: Let W be an open subset of X x Y, and let ® € W~. Then there exists an
(x,y) € WN®. If U xV is a basic open neighborhood of (z,y) contained in W, then
Pec(UxV)" CW.

Now let K be a compact subset of X x Y, and let ® € K. For every z € K, there is a
basic open neighborhood U, x V, of z in X x Y such that L, x M, C X x Y \ ® where L,
and M, are the closures of U, and V, and are compact. Because K is compact, there are
21y ..., 2p € K with

KC U, xV,)U---uU(U,, xV,,).

Then
e (L, xM)"n---n(L, xM,)r CK",

which completes the proof. O

As a function space, U(X,2") can also have the uniform topology on compacta whenever
Y is a metric space. This space, denoted by Ui(X,2Y), is defined as follows. Let H be the
Hausdorff metric on 2¥ induced by the metric on Y (take the distance between the empty
set and a nonempty set to be co). Then the basic open sets for the topology on Ug(X,2Y)

are the sets
(B, A ) ={V c U(X,2"): H(®(x),¥(x)) < e for all z € A},

where ® € U(X,2Y), A is a compact subset of X, and ¢ > 0. Also for compact Y, we use
the subspace Uy(X,2Y).

The subset D(X,Y) of Uy(X,2Y) with the subspace topology is denoted by Dy (X,Y). This
space has been studied in [6], where an Ascoli theorem is established for it, and its properties
such as metrizability are characterized. Note that Dy (X,Y") contains Cy(X,Y") as a subspace,
and when Y is compact Dy (X,Y) is a subspace of Ui (X, 2Y).

For the space of continuous functions C'(X,Y'), the comparison of the Fell topology and the
uniform topology on compacta is given in [10] and [7]. The following theorem extends this

comparison to the multifunction space U(X,Y).
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Theorem 4 Let X be a locally compact Hausdorff space, and let Y be a nontrivial locally
compact metric space. Then Uy(X,2Y) has finer topology than Up(X,2Y). Furthermore, the

topologies of these two spaces are equal if and only if X s discrete and Y is compact.

Proof: Denote the metric on Y by d and the induced Hausdorff metric on 2¥ by H. First
let ® € W, where W = U x V. Then there exists an (z,y) € W N ®; and so for some &,
the e-ball centered at y, B(y,¢), is contained in V. Let A be a compact neighborhood of z
contained in U. If ¥ € (&, A, ¢), then H(®(z), U(x)) < . But then there is a z € ¥(z) with
d(z,y) < e, so that z € V. This means that ¥ € W, and hence (¥, A;e) C W .

Next let ® € K+, where K = L x M. Then ® N (L x M) = . By Lemma 1, there exists an
e > 0 such that ® N (L x V) =0, where V = B(M,¢) is the e-neighborhood about M. Let
Ve (P, L,e), and let z € L. Then H(®(x),V(x)) <e. If y € ¥(z), then there is a z € P(x)
with d(y, 2) < e, and so z ¢ B(M,¢); showing that y ¢ M. Therefore ¥ N (L x M) = (), and
thus W € K*. This finishes the argument that the uniform topology on compacta is finer
than the Fell topology.

Now suppose that Y is not compact. Let A = {x¢}, where z is any point in X. Let ® be
any member of C(X,Y’) and choose € > 0 such that the closure of the e-ball, B(®(zg),¢),
about ®(zg) is compact. To show that (®, A, ¢) has no interior in Up(X,2Y), let

B=W;n---nW_NnK{n---NK

be a basic open set in Up(X,2") containing some W. For each i = 1,...,m, there exists
(i, y;) € W; N, Define Q € B\ (9, A, ¢) as follows. Choose

Yo €Y\ (my (K1 U---UK,)UB(®(x),¢)),

and then
Q= {(‘rzayz) A 17 s 7m} U {(xOJyO)}
is the desired element of U(X,2Y).

Next suppose that X is not discrete. Let A be an infinite compact subset of X, let z;
and 29 be distinct points in Y, and let ¢ = %d(zl, 29). Let ® be the constatnt function in
U(X,2Y) mapping each z in X to the closure of B(z1,2¢). To show that (®, A, &) contains
no neighborhood of ® in Up(X,2Y), let

B=W;n---NnW_NnK 'n---NK"

be a basic open set in Up(X,2Y) containing ®. Then for each i = 1,...,m, there exists
(xi,y;) € W;N®. Define Q € B\ (9, A, ¢) as follows. Choose xy € A\ {z1,...,2,}, and
then

Qe{(x,y):i=1,...,myU{(xg,22)}
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is the desired element of U(X,2Y).

It remains to show that if X is discrete and Y is compact then the topology on Up(X,2Y)
is finer than that on U,(X,2Y). So let (®, A ) be a basic open set in Uy(X,2"), where
A={ay,...,a,}. Define

K= 07 Bo(@). ),

which is compact in X X Y. For each i = 1,... n, there exists a finite subset A; C ®(a;) such
that ®(a;) CU{B(a,e) :a € A;}. Foreachi=1,...,nand a € A;, let W;, = {a} x B(a,¢);
and define .
5= (AN wa) e
i=1 a€A;
Then & € B C (P, A, ¢), showing that the topologies are equal in this case. O

We now determine the closure of D(X,Y) in U(X, 2¥) with respect to both the Fell topology
and the uniform topology on compacta. As can be seen from the next two theorems, these

two topologies are rather antithetical in this aspect.

The following notation is used in our next result. Let U(X,2Y) be the set of all ® in
U(X,2Y) such that the cardinality of ®(x) is 1 or 0 for each isolated point z in X, and let
UYX,2Y)=UYX,2Y)nU(X,2Y).

Theorem 5 Let X and Y be locally compact Hausdorff spaces.

(a) If Y is not compact, then the closure of D(X,Y) in Up(X,2Y) is UY(X,2Y). In par-
ticular, if X has no isolated point, then D(X,Y) is dense in Up(X,2Y).

(b) IfY is compact, then the closure of D(X,Y) in Up(X,2Y) is U(X,2Y). In particular,
if X has no isolated point, then D(X,Y) is dense in Up(X,2Y).

Proof: First let ® be in the closure of D(X,Y) in Up(X,2Y). Assume, by way of contra-
diction, that there is an isolated point z( in X such that ¢(xy) has more than one element.
Then there are disjoint open sets V; and V5 in Y which intersect ¢(xo); let Wy = {xo} x V4
and Wy = {20} x Vo. Then ¢ € W, NWy, so that there is an f € D(X,Y) N W, N W, .
But this is a contradiction because f is continuous at zy and single-valued there. Therefore

® is in U(X,2Y), and in U*(X,2Y) whenever X is compact.

For the remainder of the proof, let ® € U(X,2") and let

B=W; n---nW_nNnK/n---NK"
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be a basic neighborhood of ® in Up(X,2Y), where each K; = L; x M;. Also for each
i=1,...,m, there is a (z;,v;) € W; with y; € ®(z;). Since ® € U(X,2Y), we may choose
the z; to all be distinct.
In the case that Y is not compact, there exists a yp € Y \ (M3 U---U M,). Then define
f: X =Y by

yi, if x = x; for some 1,

fx) =

Yo, otherwise.

Clearly f € DC(X,Y), so that f € D(X,Y). Also by construction, f € B; which shows
that in this case @ is in the closure of D(X,Y) in Up(X,2").

We now consider the harder case that Y is compact, and that ® is in UY(X,2Y). In this
case we use Lemma 1 to choose compact sets L), ..., L] such that each L; contains L; in its
interior and

deWrn---NW,NK,"n---nK'"

where each K = L x M;. Let Xo = {r1,...,7,}, and let P be the power set of {1,...,n}
partially ordered by inclusion: if p,q € P then p < ¢ if and only if p C q. For every p € P,
define LP = U{L}; : j € p} and M? = U{M; : j € p}.

We define by induction families { Py, ..., Ps} of subsets of P and {Xj,..., X} of subsets of
X such that for all 1 < k <s,

1) P, is the set of maximal elements in {p € P: [P\ (XoU---U X, 1) # 0}, and

2) Xk:U{Lp\(X()UUXk_l)pEPk}

The induction must stop after s steps when {p € P : LP\ (XoU---U X,) # 0} = 0. Note
that because of the maximality in 1) and because () € P, the family

{LP\ (XoU- - UXp 1):1<k<sandpe P} U{Xo}

partitions X. Also for each p € P;, M? # Y. This is because if z € L,, then ®(z) N MP = ()
and ®(x) # 0 since ® € U(X,2Y). Therefore, for every p € P;, we choose a y? € Y\ MP.

If s > 1, then also choose by induction, for every 1 < k < s and every p € P, an element
yP € {y?:q € Py and p < ¢}.

This can be done because an element in Py isin {p € P : LP\ (XoU---UX}_1) # 0} which is
contained in {p € P : LP\ (XoU---UX}_ o) # (0}; and such an element is therefore contained

in a maximal element of this latter set, and this maximal element is a member of Pj_;.
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Finally, define f: X — Y by

yi, if x = x; for some x; € X,

fz) =
yP, ifrxe P\ (XoU---UXg_q) for some 1 < k < s and some p € Py.
Since f is a finite step function on X with each value taken on a set that can be written as
a closed set minus a closed set, the discontinuities of f occur on the boundaries of a finite

number of closed sets, which are nowhere dense in X. Therefore f € DC(X,Y), and hence
feDX,Y).

It remains to show that f € B, thus finishing the argument that ® is in the closure of
D(X,Y) in Up(X,2Y). Let 1 <k < s and let p € P,. Now there is a ¢ € P, with p < ¢
and y? = y?. Let x € L\ (XoU--- U Xj_;). For each j € p, since j € q, y* ¢ M;. So
for each j € p, (z,y") ¢ L; x M;. Also for each j € {1,...,n} \ p, ¢ L}; and hence
(z,y7) ¢ L’ x M;. So the graph of f misses each K. Because every L; is contained in the
interior of L, the closure of the graph of f misses each Kj. This shows that f € B, and
finishes the proof. O

We need the following property in our next theorem. A metric d on Y has the Heine-Borel
property provided that each closed bounded subset is compact. Such a metric is complete;
and a space has such a metric inducing its topology if and only if it is a locally compact

separable metrizable space [11].

Theorem 6 Let X be a locally compact Hausdorff space, and let Y be a locally compact
metric space. Then C(X,Y) is closed in Dy(X,Y); and, if the metric d on Y has the
Heine-Borel property, D(X,Y) is closed in Uy(X,2Y).

Proof: First we show that C(X,Y) is closed in Di(X,Y). Let f € Dp(X,Y)\ C(X,Y).
Then there exists an o € X such that the oscillation of f at xq is not 0; that is, osc(f, zg) =

0 > 0. Define ¢ = %(5 , and let W be a neighborhood of xy with compact closure A.

To show that (f, A, ¢) is a neighborhood of f in Dy (X,Y) that is disjoint from C(X,Y), let
g € (f, A e). Tt suffices to show that osc(g,zy) > 0. Suppose not; then g(xg) = {g(zo)}.
Now let U be any neighborhood of xy. Then there exists an x € UNW N C(f) N C(g) such
that d(f(z), f(z0)) > 30 = 3e. Also d(g(x), f(x)) < ¢, so that d(g(x), f(xo)) > 2¢. Because
osc(g, o) = 0, d(g(xo), f(z0)) < €; so d(g(z),g(xg)) > e. This is true for neighborhoods U
of g, so that osc(g, xg) > €. This completes the proof that C(X,Y) is closed in Dy (X,Y).

To show that D(X,Y) is closed in Uy (X, 2Y), let ® € Up(X,2Y)\ D(X,Y). Define the subset
Z = {z € X : the cardinality of ®(z) is not 1}

of the space X.
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First suppose that Z is of second category in X. For each positive integer n, let

1.

Then UX_,Z, = Z, so that there is an n such that Z, has nonempty interior. Let W be a

Zy, ={x € Z: diam(®(x)) >

S|

nonempty open set such that its closure, A, is compact and contained in the interior of Z,,.
Define ¢ = 2=, and let ¥ € (®, A, &).

3
We need to show that ¥ ¢ D(X,Y). Suppose, to the contrary, that ¥ =g € D(X,Y).
Then let o € W N C(g). For any neighborhood U of xy, there is an = € U N Z,; so that
diam(®(x)) > £. For such an z, diam(g(z)) > 5= = e. Therefore, for all neighborhoods U
of xg, diam(g(U)) > e. This implies that osc(g, zg) > €, and contradicts the continuity of g

at xg.

We now consider the harder case that Z is of first category in X. Then Z = U2, Z,, where
each Z,, is nowhere dense in X. Then for each n, the set G, = X \ Z, is an open dense
subset of X. Define G = NG, which is a dense Gs-subset of X because X is locally

compact.

Let f: X — Y be a selection for ®; that is, f(x) € ®(z) for all z € X with ®(z) # (). Let
Yo € Y be arbitary. Because d has the Heine-Borel property, for every n, the closure, B(yq, n),
of the ball centered at yo with radius n is compact. For each n, let F,, = GN f~1(B(yo, n)).

Next we show that each F), is closed in G. Note that f N (G xY) =& N (G xY), which is
a closed subset of G x Y. So for every 2 € G\ F,,, {x} x B(yo,n) is a compact subset of
G x Y disjoint from fN (G x Y). By Lemma 1, there exist an open neighborhood U of z in
G and an open set V in Y with B(y,n) C V such that (U x V)N F = §. Hence U C G\ F,,

showing that F), is closed in G.

For each n, let F be the interior of F,, in G. Now F), \ F;; is nowhere dense in G because
F, is closed in G. Since G is a Baire space, the set W = U | F° is a dense subset of G, and

is thus dense in X.

To show that f is continuous at each point of W, let x € W. Then x € F) for some n.
Suppose, by way of contradiction, that osc(f,z) = ¢ > 0. Then for any neighborhood U of
x, there exists an 2y € U N F; such that d(f(zv), f(z)) > 36. Now the net (f(zy)) is in

the compact set B(yo,n), and hence has a subnet that converges to some y in Y. We see
that d(y, f(x)) > $0. Also @ is closed in X x Y, so that y € ®(z). But ®(z) = {f(x)} and
y # f(x), which is a contradiction.

This means that f € DC(X,Y), and so we have f € D(X,Y). Also note that because ® is
closed in X x Y, f C ®. Since ® ¢ D(X,Y), there exists an z¢g € X with ®(zg) \ f(xo) # 0;
let yo € ®(x9) \ f(2). Then there is an ¢ > 0 and an open neighborhood U of x, with
compact closure, A, such that (U x B(yp,2¢)) N f = 0.
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To show that (®, A, ¢) is disjoint from D(X,Y), let ¥ € (®, A ). for every x € UNW,
®(z) = {f(x)} and f(x) ¢ B(yo,2¢). Also for all such z, U(x) C B(f(z),e), so that
U(x) N B(yp,e) = 0. If ¥ =g € D(X,Y), then there is a y € g(xg) N B(yo,e); and
hence there is an x € C(g) N U N W with g(z) € B(yo,e), which contradicts the fact
that U(x) N B(yo,e) = (. Therefore ¥ ¢ D(X,Y), showing that (®, A, ) is contained in
Up(X,2Y)\ D(X,Y), and hence showing that D(X,Y) is closed. O

Question 7 What is the closure of C(X,Y) in Up(X,2Y)?

To obtain a satisfactory answer to this question, it may be necessary to assume that Y = R”,
so that an extension theorem can be used. We do have the following partial result when
Y is the space of real numbers, R, that points out that connectedness is involved with the
answer to this question.

Proposition 8 Let X be a locally compact Hausdorff space. If ® is in the closure
of C(X,R) in Up(X,2R), then ®(x) is connected for every point x at which X is locally
connected.

Proof: Suppose X is locally connected at x. We assume, by way of contradiction, that
®(z) is not connected. So let < s <t be in R such that r,t € ®(z) while s ¢ ®(x). Define
Vi=(r—1,s) and V, = (s,t+1), and let U be a connected neighborhood of x such that its
closure, A, is compact and (A x {s}) N ® = ). Define

B=({UxWV)"NnUxV) N(Ax{sHF,

so that ® € B. Because @ is in the closure of C(X,Y) in Ur(X,2R), there is an f €
BN C(X,R). But then f(U)N(r—1,s) # 0 and f(U) N (s,t+ 1) # 0, while s ¢ f(U).
This contradicts the fact that f(U) is connected because f is continuous, thus implying that

() must be connected. O

If the converse of Proposition 8 were true, this would answer Question 7 for Y = R. In any
case, Theorem 5 and Proposition 8 show that C'(X,R) is not dense in Dp(X,R).
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HoORrST HERRLICH

The Ascoli Theorem is equivalent to the Boolean
Prime Ideal Theorem

Dedicated to the professors of mathematics
G. Maef3, H. Poppe, and G. Wildenhain

It is well-known that in ZF (i.e., Zermelo-Fraenkel set theory without the Axiom of Choice)
the following hold:

Theorem [ ] The Tychonoff Product Theorem is equivalent to the Axiom of Choice.

Theorem [ ] The Cech-Stone Theorem is equivalent to the Boolean Prime Ideal Theorem.

What is the corresponding status of the Ascoli Theorem? It is the purpose of this note
to settle this question. Since the Ascoli Theorem occurs in a variety of forms (see the
comprehensive study in [1]), the form used here needs to be specified (although the title-

result is rather stable). For the purpose of this paper the following version is used:

Ascoli Theorem If X is a locally compact Hausdorff space, Y is a metric space,
Coo(X,Y) is the space of all continuous maps from X to Y with the compact-open topology,
and F is a subspace of C.o(X,Y), then the following conditions are equivalent:

(1) F is compact,

(2) (a) for each x € X the set F(x) ={f(z)|f € F} is compact in'Y,
(b) F is closed in the product space YX,

(c) F is equicontinuous, i.e.,
VeeX Ve>0 UeU(z) VfeF VyeU d(f(z),fly)<e

(where () is the neighbourhood-filter of x in X).



138 H. Herrlich

Theorem In ZF the following statements are equivalent:

(o) the Ascoli Theorem,

(6) the Boolean Prime Ideal Theorem.

Proof: (a) = () Let X be an arbitrary set, let X be the discrete topological space with
underlying set X, let Y be the metric space with underlying set {0,1} and d(0,1) = 1, and
let F' be C(X,Y) = YX. Then condition (2) of the Ascoli Theorem is satisfied. Thus («)
implies that (1) holds, i.e., that Y¥ is compact. By [5], this implies (/3).

(B) = («) Let X, Y, and F be specified as in the Ascoli Theorem.
(1) = (2a) holds, since continuous images of compact spaces are compact.

(1) = (2b) holds, since compactness of F' in the compact-open topology implies compactness

of F in the (weaker) product topology, and compact subspaces of Hausdorff spaces are closed

(see [1]).
(1) = (2c) Choose z € X and ¢ > 0. Then for each f € F theset By = {y € Y | d(f(z),y) <

5}tisopenin Y. Thus, by continuity of f and local compactness of X, there exists a compact
neighbourhood of K of x with f[K;] C By. Thus Uy = {g € F'| g[Kf|] C By} is an open
neighbourhood of fin F. Let w : X X F' — Y be defined by w(y, g) = ¢g(y). Then the above
implies w[K; x Uy] C By. Consider the collection C of all tripels (f, K,U) with f € F, K
a neighbourhood of z in X, and U an open neighbourhood of f in F with w[K x U] C By.
Then, by the above, 4 = {U C F|3f € FF 3K C X (f,K,U) € C} is an open cover of

F. Thus, by (1), there exist finitely many members Uy, ..., U, of { wich cover F. For
each i € {1,... ,n} select f; € F and K; C X with (f;, K;,U;) € C. Then U = (| K, is a

i=1
neighbourhood of x in X.

Claim: VfeF VzeU d(f(z), f(y)) <e.
Proof: For f € F there exists i € {1,... ,n} with f € U;. Thus z € U implies

f(z) =w(y, f) CwlU x U] Cw[K;,U;] C By, ,

ie. d(f,-(x),f(z)) < 5. In particular, z € U implies d(fi(:c),f(x)) < 5. Thus
d(f(x), f(2)) < d(f(@), fi(x)) +d(fi(x), f(2)) <e.

(2) = (1) If (B) holds, then (2a) implies that Y* is compact ([5]). Thus (2b) implies that
F'is compact in the product topology 7 on F. It remains to be shown that (2c) implies that
7 equals the (generally finer) compact-open topology 7" on F'. Consider f € F and V € 7/
with f € V. Then there exists a compact subset K of X and an open subset U of Y with

felgeF|g[K|cU}CV.
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In particular f[K| C U implies that, for each z € K, r, = dist(f(x),Y\U) > 0. Thus
U, = {z€X|d(f(z), f(2)) <%} is an open neighbourhood of z. Consequently Y =
{U,| * € K} is an open cover of K. By compactness of K there exist finitely many

members xq,...,x, of K such that K C |J U,,. Thus r = min{r,,,... ,7,,} > 0 and for

i=1
each z € K and each y € Y\U the inequality d(f(x), y) > ¢ follows; in other words: » € K
and d(f(z),y) < & imply y € U. By equicontinuity of F' there exists for each z € X some

neighbourhood W of = such that

Vge F VzeW d(g(z),9(z)) < % (%)

Consider the set C of all pairs (z, W) with € X and W an open neighbourhood of = such
that («) holds. Then U ={W | 3z € K (xz,W) € C} is an open cover of K. By compactness
there exist finitely many members Wy, ..., W,, in & which cover K. For eachi € {1,... ,m}
select some x; with (z;, W;) € C. Thus B = {g € F| d(f(z;),9(z;)) < % fori=1,... ,m}
is a neighbourhood of f in product topology 7 on F.

Claim: B cCV.

Proof: Consider g € B. For each « € K There exists i € {1,... ,m} with € W,. This
implies d(g(z;),g(x)) < % by (). Since g € B, the inequality d(f(z;),g(z;)) < % holds.
Thus

d(f(z:), 9(x)) < d(f(2:), 9(z:)) + d(g(2:),d(2)) <

N3

Consequently g(x) € U; hence g[K| C U; hence g € V. This completes the proof. O

Remarks

(1) Observe that the implication (1) = (2) in Ascoli’s Theorem holds in ZF. Thus the
Boolean Prime Ideal Theorem is equivalent to the implication (2) = (1) in Ascoli’s

Theorem.

(2) Observe further that in ZF the familiar descriptions of compactness fail to remain
equivalent (see [1]). The concept used here (as well as in the two theorems mentioned at
the beginning of this note) is Heine-Borel-compactness, (i.e., every open cover contains
a finite one). For the set theoretical status of Ascoli’s Theorem with respect to other

forms of compactness see [2].
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Was ist der geeignete Rahmen zur Behandlung to-
pologischer Probleme?

Gewidmet den Herren Professoren
G. Maef3, H. Poppe und G. Wildenhain

ABSTRACT. At first several desirable properties of a concept of ‘space’ in Topology are
considered. Unfortunately, the usual concept of topological space does not fulfill any of them.
Also uniform spaces do not behave much better. Thus, some improvements of the concept
of space are discussed such as limit spaces or uniform limit spaces. But even these spaces do
not have all the mentioned properties. Then a satisfactory and simple solution is presented

by introducing semiuniform convergence spaces, whose systematic study has been begun by
the author [29] in 1995.

KEY WORDS. Topological spaces, uniform spaces, limit spaces, uniform limit spaces, natural
function spaces, hereditary quotients, productivity of quotients, local (pre-) compactness,

semiuniform convergence spaces.

1 Einfiihrung
Man betrachte folgende Probleme topologischer Art:

(1) Entfernt man aus dem ,Raum* IR der reellen Zahlen den Punkt 0 oder das abgeschlos-

sene Einheitsintervall [0, 1], so sind die entstehenden ,, Réume* nicht isomorph.

(2) (a) Auf der Menge C'(IR™,[0,1]) aller ,stetigen* Abbildungen des ,, Raumes* IRY" al-
ler Folgen reeller Zahlen in das abgeschlossene Einheitsintervall [0, 1] gibt es eine
grobste , Raumstruktur® derart, daf die Auswertungsabbildung
ev 1 RN x C(RYM,[0,1]) — [0,1], definiert durch ev ((x,), f) = f((xn))
,stetig® ist.
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(b) Eng zusammen mit (a) hingt die folgende allgemeine Formulierung:
Fiir jedes Paar (X,Y) von ,Raumen® gibt es einen natirlichen Funktionenraum
Y dem die Menge C(X,Y) der ,stetigen“ Abbildungen von X nach Y zugrun-
deliegt, d.h., die Menge C'(X,Y) kann so mit einer , Raumstruktur” versehen

werden, dafl gelten:

a) Die Auswertungsabbildung ev : X x Y¥ — Y ist ,stetig.

() Fiir jeden ,Raum* Z und jede ,stetige“ Abbildung h : X x Z — Y ist die
Abbildung h* : Z — Y definiert durch (h*(2)) (z) = h(z, 2) ,stetig®.

(3) Jede Quotientenabbildung f : X — Y zwischen ,Réumen* X und Y ist erblich, d. h.,
fiir jedes Z C Y ist die Abbildung f|s-11z : f~'[Z] — Z eine Quotientenabbildung.

(4) Produkte von Quotienten(abbildungen) sind Quotienten(abbildungen).

(5) GleichméBigkeitsbegriffe wie gleichméfige Stetigkeit, gleichméfige Konvergenz, Cauchy—
Folgen (bzw. Cauchy-Filter), Cauchy—Stetigkeit und Vollsténdigkeit sind beschreibbar.

(6) (a) Kompakt—erzeugte ,Radume* sind durch geeignete Axiome beschreibbar.

(b) Fiir jedes Paar (X,Y) kompakt—erzeugter ,Réume* gibt es einen natiirlichen
Funktionenraum Y%, der kompakt-erzeugt ist, selbst dann, wenn ,kompakt®

nicht die Hausdorff-Eigenschaft impliziert.

Versteht man unter ,,Raum® einen topologischen Raum, so ist keine der Aussagen (1)—(5)
richtig; beziiglich (6)(a) ist keine Losung bekannt und (6)(b) ist richtig, wenn ein kompakter
Raum gleichzeitig ein Hausdorff-Raum ist (vgl. [35, 5.1 (a)]), jedoch falsch, wenn das nicht
der Fall ist (vgl. [1]).

(1) R\ {0} und IR\ [0,1] sind als Unterrdume des iiblichen topologischen Raumes IR, der

reellen Zahlen homéomorph (= isomorph).

(2) (a) Bereits 1946 hat Arens [1, Satz 2] gezeigt, dafl es auf C(IRY, [0,1]) keine grébste
Topologie gibt, so dal die Auswertungsabbildung
ev : RY x C(RM,[0,1]) — [0, 1] stetig ist, withrend die entsprechende Frage
fir den IR™ anstelle von IR™ positiv beantwortet werden kann; die natiirliche
Funktionenraumstruktur ist dann die Struktur der stetigen Konvergenz, die von

Hahn [11] im Jahre 1921 in die Analysis eingefiihrt worden ist.

(b) Wie man leicht sieht, folgt aus dem Nichterfiilltsein von (a) auch das Nichterfiillt-

sein von (b).
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(3) Im Jahre 1963 hat Arhangel’skii [2] die erblichen Quotientenabbildungen als die pseudo—
offenen Abbildungen charakterisiert, wobei eine Abbildung f : X —— Y zwischen
topologischen Raumen X und Y pseudo-offen heifit, wenn sie surjektiv und stetig ist
und, falls y ein Punkt von Y und U eine Umgebung von f~!(y) ist, stets y zum Inneren

von f~1[U] gehort. Auch ist ein einfaches Gegenbeispiel in [15, Thm. 2] angegeben.

(4) Im Rahmen topologischer Rdume sind Quotientenabbildungen i. allg. nicht einmal
endlich produkttreu (vgl. etwa [10, 2.4.20]).

(5) Dafl GleichméBigkeitsbegriffe im Rahmen topologischer Réaume nicht erklérbar sind,
héngt damit zusammen, dafl Umgebungen verschiedener Punkte nicht der Gréfie nach
verglichen werden konnen wie etwa in metrischen R&umen, in denen

e-Umgebungen verschiedener Punkte als gleich grof3 angesehen werden kénnen.

Versteht man unter ,Raum* einen uniformen Raum etwa im Sinne von Weil [36], und unter
»stetiger Abbildung® eine gleichméBig stetige Abbildung, so sind (1), (4) und (5) richtig:

(1) IR\{0} aufgefaBit als Unterraum des iiblichen uniformen Raumes IR, der reellen Zahlen
ist uniform zusammenhéngend, wéhrend IR\ [0, 1] als Unterraum von IR, zwei uniforme

Zusammenhangskomponenten besitzt.

(4) Im Jahre 1978 haben Husek und Rice [15] gezeigt, da (4) im Rahmen uniformer Rédume
richtig ist.

(5) Die Richtigkeit von (5) im Rahmen uniformer Réume ist bekannt; sie wurden gerade

zu diesem Zweck eingefiihrt.

Auf der anderen Seite gibt es auch im Rahmen uniformer Raume keine natiirlichen Funk-
tionenrdume, z. B. gibt es bereits auf der Menge U(IR,, IR,) der gleichméBig stetigen Ab-
bildungen von IR, nach IR, keine natiirliche Funktionenraumstruktur (vgl. [3]). Auch sind
Quotientenabbildungen zwischen uniformen Réumen i. allg. nicht erblich (vgl. [16]). Hinzu
kommt, dafl die Klasse der uniformen R&ume nicht grofl genug ist, um als Ersatz fiir die
Klasse der topologischen Raume zu dienen.

Verschiedene Verallgemeinerungen sowohl topologischer Réume als auch uniformer Raume
sind studiert worden, die die oben genannten strukturellen Defekte teilweise beheben. In
diesem Zusammenhang sind die von Kowalsky [20] und Fischer [l 1] unabhéngig vonein-
ander eingefiihrten Limesrdume als Verallgemeinerung topologischer Rdume zu nennen; sie
erfiillen die Bedingungen (2), (3), (4) und (6) (vgl. [17] und [I12]). Die natiirliche Funktio-
nenraumstruktur im Rahmen von Limesrdumen ist die Struktur der stetigen Konvergenz.

Da auch in Limesrdumen keine Gleichméafigkeitsbegriffe erklart werden konnen, stellt sich
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die Frage nach Verbesserungen durch Erweiterung der Klasse der uniformen R&ume. Eine
solche Erweiterung ist die Klasse der uniformen Limesrdume, die auf Cook und Fischer [3]
zuriickgehen. Allerdings erfiillen die uniformen Limesrdume nicht die Bedingung (2); diese
ist erst erfiillt, wenn eine geringfiigige Verdnderung der Definition eines uniformen Limes-
raumes vorgenommen wird, die auf Wyler [37] zuriickgeht (vgl. [21]). Aus diesem Grunde
wird heutzutage die Wyler’sche Definition verwandt und die uniformen Limesrdume im Sinne
von Cook und Fischer heiflien Cook-Fischer-Réume. Aber auch die uniformen Limesrdume
im Sinne von Wyler erfiillen nicht die Bedingung (3) (vgl. [3]). Es bleibt also die Frage
nach einem geeigneten Raumbegriff zu klaren, mit dessen Hilfe die Probleme (1)—(6) gelost
werden konnen. Durch einen solchen Raumbegriff sollten sowohl Konvergenzstrukturen (wie
etwa Limesraumstrukturen) als auch uniforme Konvergenzstrukturen (wie etwa uniforme Li-
mesraumstrukturen) beschreibbar sein. Auflerdem sollte die genannte Raumklasse nicht zu
grof3 sein, aber grof§ genug, um alle bisher bekannten Ergebnisse {iber topologische Rédume
(allgemeiner: Limesrdume) und uniforme Raume (allgemeiner: uniforme Limesrdume) als
Spezialfille zu erhalten.

Die im folgenden néher betrachteten semiuniformen Konvergenzriaume, deren systematische

Untersuchung 1995 von Preuf [29] begonnen worden ist, 16sen das Problem.

Vereinbarung: Ein Filter soll die leere Menge nicht enthalten.

2 Strukturelle Eigenschaften semiuniformer Konvergenzriaume

Definition 2.1 1) FEin semiuniformer Konvergenzraum ist ein Paar (X, Jx),
wobei X eine Menge und Jx eine Menge von Filtern auf X x X st derart, daf$ gelten:

UC)) & x & € Jx fir jedes x € X, wobei & x & = {AC X x X : (z,z) € A},
UC,) F € Jx, sofern G € Jx und G C F,

UC3) F € Jx impliziert F~1 = {F~1: F € F} € Jx,
wobei F~' = {(y,z) : (z,y) € F}.

2) Ein semiuniformer Konvergenzraum (X, Jx) heifit semiuniformer Limesraum, falls

qgilt:
UCy) F € Jx und G € Jx implizieren F NG € Jx.

3) Ein semiuniformer Limesraum (X, Jx) heifft uniformer Limesraum, falls gilt:
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UCs) F € JIx und G € Jx implizieren F o G € Jx, sofern F o G existiert (F oG

4)

5)

wird erzeugt von der Filterbasis {F o G : F € F, G € G} und existiert, wenn
FoG = {(z,y) : 3z € X mit (z,z) € G und (z,y) € F} # 0 fir alle
FeF Geg).

FEine Abbildung [ : (X, Jx) — (Y, Jy) zwischen semiuniformen Konvergenzriumen

heifit gleichmaBig stetig, wenn f X f(Jx) C Ty, d. h. f x f(F) € Ty fir alle F € Jx.

Die Kategorie der semiuniformen Konvergenzrdaume (und gleichmdflig stetigen Abbil-

dungen) wird mit SUConv bezeichnet.

Bemerkungen 2.2

1)

Ist X eine Menge und sind Jx und Jx/ semiuniforme Konvergenzstrukturen auf X, so
heifit Jx feiner als Jx: (bzw. Jx grober als Jx), wenn Jx C Jx- gilt (oder dquivalent
dazu: 1y @ (X, Jx) — (X', Jx/) ist gleichmiBig stetig).

Ist X eine Menge, ((X;, Jx,))ics eine Familie semiuniformer Konvergenzraume,
(fi + X — X,)iesr eine Familie von Abbildungen sowie F'(X x X) die Menge aller
Filter auf X x X, so ist

Iy = {FEF(X xX) : (fi x f;)(F) € Tx, fiiralle i € I'}

die grobste semiuniforme Konvergenzstruktur auf X, beziiglich der alle f; gleichmafig
stetig sind; diese heifit die initiale semiuniforme Konvergenzstruktur bez. der gege-
benen Daten. Genauso wie in der Theorie topologischer Rdume lassen sich mit Hilfe

initialer Strukturen Unterraume und Produkte definieren.

Ist X eine Menge, ((X;, Jx,))icr eine Familie semiuniformer Konvergenzriume und

(fi + X; — X);es eine Familie von Abbildungen, so ist

Jx = {F e F(X xX) : esexistiert ein i € [ und ein F; € Jx, mit
(ixf)(F)CcFrU{ixi:zeX}

die feinste semiuniforme Konvergenzstruktur bez. der alle f; gleichméfig stetig sind;
diese heifit die finale semiuniforme Konvergenzstruktur bez. der gegebenen Daten. Falls
X = U fi[Xi] ist, vereinfacht sich Jx wie folgt:

el
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Jx = {F e F(X x X) : es existiert ein i € [ und ein F; € Jx, mit
(fi x fi)(Fi) c F}.

Genauso wie in der Theorie topologischer Rdume lassen sich mit Hilfe finaler Strukturen

Quotientenrdume und Summenrdume (= Coprodukte) definieren.

Satz 2.3 Sind X = (X, Jx) und Y = (Y, Jy) semiuniforme Konvergenzriume, so gibt
es einen natiirlichen Funktionenraum Y in SUConv, dessen zugrundeliegende Menge die
Menge [X,Y]|suconv aller gleichmdflig stetigen Abbildungen von X nach Y ist und dessen

semiuniforme Konvergenzstruktur Jxy gegeben ist durch
jX,Y = {(I) € F([XaY]SUConv X [X, Y]SUConv) : (I)(f) € jy f’LLT' alle F € jx},

sofern ®(F) den von der Filterbasis {A(F) : A € ®, F € F} erzeugten Filter bezeichnet und
A(F) = {(f(a),g(b)) : (f,9) € A, (a,b) € F'} ist.

Beweis:
1) Jxy ist eine semiuniforme Konvergenzstruktur:

UC,) fx fe Jxy fiir jedes f € SUConv, weil f x f(F) = (f x f)(F) € Jy fiir
jedes F € Jx gilt.

UC,) folgt sofort aus ®(F) C O(F) fir alle @, © € F([X, Y]suconv X [ X, Y]suconv)
mit

¢ C © und alle F € F(X x X).

UC;) Sei ® € Jxy. Damn gilt ®1(F) = (®(F 1) fiir jedes F € Jx. Da
Fl e Jy, ist ®(F 1) € Jy. Folglich gilt (®(F )" € Jy, weil Y die Bedingung
UC;) erfiillt. Somit ist 7' € Jxy.

2) «) Die Auswertungsabbildung ev : X x YX — Y ist gleichmiiBig stetig, weil
ev X ev (F x ®) = O(F) gilt.

B) Sei Z = (Z,Jz) ein semiuniformer Konvergenzraum sowie f : X x Z — Y ei-
ne gleichmiBig stetige Abbildung. Dann ist f : Z — (X, Y]suconv: Jx.v), defi-
niert durch f(2)(x) = f(z, 2) fiir allez € X und z € Z ebenfalls eine gleichmiBig
stetige Abbildung, weil nach Voraussetzung (f x f)(G)(F) = (fxf)(FxG) € Fy
fiir alle G € J; und alle F € Jx, d.h. (f x f)(G) € Tx.y fiir alle G € Jy.

Definition 2.4 Fine partielle gleichmsiBig stetige Abbildung von einem semiuniformen
Konvergenzraum (X, Jx) in einen semiuniformen Konvergenzraum (Y, Jy) ist eine gleich-
mdapig stetige Abbildung f : (Z,Tz) — (Y, Jy), die von einem Unterraum (Z,Jz) von
(X, Ix) ausgeht.



Was ist der geeignete Rahmen . .. 147

Satz 2.5 Jeder semiuniforme Konvergenzraum (Y, Jy) besitzt eine Einpunkt-Erweiterung
(Y*, Jy+) € |SUConv |, d.h., jedes (Y,Jy) € |SUConv | kann durch Hinzufigung eines
einzelnen Punktes ooy in einen semiuniformen Konvergenzraum (Y*, Jy«) eingebettet wer-
den derart, daf fir jede partielle gleichmdflig stetige Abbildung f : (Z,Jz) — (Y, Jy)
von (X,Jx) € |SUConv| nach (Y,Jy) € |SUConv | die Abbildung f* : (X,Jx) —
(Y*, Jy+), definiert durch

.  J f@) firzeZ
f(x)_{ooY firx ¢ Z |

gleichmdf$ig stetig ist.

Beweis: Sei (Y, Jy) €| SUConv |. Man setze Y* = Y U {ooy} mit ooy ¢ Y. Fiir jedes
M CY*xY*sel M* = M U(Y* x {ooy}) U ({ooy} x Y*). Fiir jedes F € Jy betrachte
man den Filter 7* = {F* : F € F} auf Y* x Y*. Dann ist

Ty = {H € F(Y* xY™) : es existiert ein F € Jy mit F* C ‘H oder
{(OOy,OOy)}* - H} U {OOY X OOy}

eine semiuniforme Konvergenzstruktur auf Y*, die, wie man leicht nachpriift, die gewiinsch-

ten Eigenschaften hat.

Definition 2.6 1) Eine Familie (f; : (Xi, Jx,) — (X, Jx));e; gleichmdipig stetiger
Abbildungen f; : (X;, Ix,) — (X, Tx) zwischen semiuniformen Konvergenzriumen
heift finale Senke (in SUConv ), wenn Jx die finale SUConv-Struktur bez. der ge-

gebenen Daten ist.

2) Eine finale Senke (f; : (X, Ix,) — (X, Ix));e; in SUConv heifit erblich, wenn fol-
gendes gilt:  Ist (Y, Jy) ein Unterraum von (X, Jx) und (Y;, Jy,) ein Unterraum von
(Xi, Ix,) mit Y; = f7U[Y], soist (filv, © (Yi,Tv;) — (Y, Tv)),c; ebenfalls eine finale
Senke in SUConv.

Korollar 2.7 Finale Senken in SUConv sind erblich.

Beweis: Die Behauptung ist eine Folgerung aus Satz 2.5 (vgl. [16, Thm. 1]), kann aber

auch direkt nachgewiesen werden.

Bemerkung 2.8 Da eine Quotientenabbildung f : (X, Jx) — (Y, Jy) zwischen semiuni-
formen Konvergenzrédumen eine surjektive Abbildung ist derart, daf§ 7y die finale Struktur
bez. f ist, folgt aus Korollar 2.7, daf§ in SUConv Quotienten(abbildungen) erblich sind.
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Satz 2.9 Ist (f; : (Xi,Tx.) — (Yi,Iv,)),e; eine Familie von Quotientenabbildungen in
SUConv, so ist auch [[ f; : [[1(Xi, Tx,) — [1Yi, Jy;), definiert durch (I] f:) ((x;)) =
(fi(x;)), eine Quotientenabbildung in SUConv.

Beweis: s. [28, 3.2].

3 Zusammenhang mit Konvergenzstrukturen und uniformen Kon-

vergenzstrukturen

Lemma 3.1 1) Sei (X, W) ein uniformer Raum (im Sinne von Weil). Dann ist
W] ={FeF(X xX): FD>W} eine uniforme Limesraumstruktur auf X.

2) Ist (X, Jx) ein uniformer Limesraum und existiert ein W € Jx mit Jx = W], so

ist (X, W) ein uniformer Raum (im Sinne von Weil).

3) Eine Abbildung f : (X, W) — (Y, R) zwischen uniformen Rdumen ist gleichmdifsig
stetig genau dann, wenn f: (X, [W]) — (Y,[R]) gleichmdf$ig stetig ist.

Bemerkung 3.2 Aufgrund von 3.1 braucht man zwischen uniformen Rdumen und uniformen
Hauptlimesrdumen, d. h. uniformen Limesrdumen (X, Jx), fiir die ein W € Jx existiert mit
Jx = [W], nicht zu unterscheiden.

Lemma 3.3 Ist (f;: (X,Jx) — (X;,Tx,));c; eine wnitiale Quelle in SUConv, d. h.
Jx ist die initiale SUConv-Struktur bez. der gegebenen Daten, und sind alle (X;, Jx,)

uniforme Rdume, so ist auch (X, Jx) ein uniformer Raum.

Korollar 3.4 Die in SUConv gebildeten Unterriume und Produkte uniformer Rdume

sind uniforme Rdaume.

Definition 3.5 1) FEin Filterraum st ein Paar (X,7), wobei X eine Menge und ~y
eine Menge von Filtern auf X ist derart, daf$ gelten:

Fil)) i €~ fir jedes v € X, wobei & = {AC X : x € A},
Fil,) F €, sofernG € v und G C F.

Ist (X,~y) ein Filterraum, so heiffen die Elemente von v Cauchy—Filter.

2) FEine Abbildung f : (X,v) — (X',%') zwischen Filterriumen heiffit Cauchy—stetig,
wenn f(F) €' fir jedes F € v gilt.
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3) Die Kategorie der Filterraume (und Cauchy-stetigen Abbildungen) wird mit Fil be-

zeichnet.
Beispiele 3.6

1) Ist (X, Jx) ein semiuniformer Konvergenzraum, so ist (X, vz, ) ein Filterraum, falls
Ve = {FE€F(X): FxFeJx}

und F(X) die Menge aller Filter auf X bezeichnet. (X, v, ) heifit der unterliegende
Filterraum von (X, Jx); die Elemente von 77, heilen auch Jx-Cauchy-Filter.

2) Ist (X,7) ein Filterraum, so ist (X, J,) ein semiuniformer Konvergenzraum, falls
T ={FeFXxX): 3Geymit F DG xG};
der unterliegende Filterraum von (X, 7,) ist gerade (X, 7).

Definition 3.7 FEin semiuniformer Konvergenzraum (X, Jx) heifit Fil-bestimmt, wenn

Ix = Jyy, gut, d.h. wenn er von seinen Cauchy—Filtern ,erzeugt® wird.

Satz 3.8 1) Ist (fi - (Xi, Tx,) — (X, Tx)).e; €ine finale Senke in SUConv und sind
alle (X;, Jx,) Fil-bestimmt, so ist auch (X, Jx) Fil-bestimmit.

2) Ist (fi : (X,JTx) — (Xi,Tx,))c; eine initiale Quelle in SUConv und sind alle
(Xi, Ix,) Fil-bestimmt, so ist auch (X, Jx) Fil-bestimmdt.

Bemerkung 3.9 Bezeichnet Fil-D-SUConv die Kategorie der Fil-bestimmten semiuni-
formen Konvergenzraume (und gleichméBig stetigen Abbildungen), so ist Fil konkret iso-
morph zu Fil-D—-SUConv, wie man leicht nachpriift, d. h. zwischen Fil-bestimmten semi-

uniformen Konvergenzriumen und Filterrdumen braucht man nicht zu unterscheiden.

Definition 3.10 1) Ein verallgemeinerter Konvergenzraum ist ein Paar (X, q), wo-
bei X eine Menge und q C F(X) x X derart, daff gelten:

Ci) (&,2)€q firalexreX
Cy) (F,x)€q, falls (G,x) € q und G C F.

Anstelle von (F,x) € q schreibt man auch F —— x oder kurz F — x und sagt F

konvergiert gegen .
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2) FEin verallgemeinerter Konvergenzraum (X, q) heifst

a) ein Kent-Konvergenzraum, falls folgendes gilt:
C3) (Fni,x)€q, sofern (F,x) € q ist,
b) ein Limesraum, falls folgendes gilt:

Cy) (FNG,z)€q, sofern (F,x) € q und (G, x) € q sind.
3) Ein verallgemeinerter Konvergenzraum (X, q) heifst symmetrisch, wenn gilt:

(S) (F,x) € qundy € (| F implizieren (F,y) € q .
FeF

Beispiele 3.11

1) Ist (X, Jx) ein semiuniformer Konvergenzraum, so ist (X,¢,, ) ein symmetrischer

Kent-Konvergenzraum, sofern
(F,2) € ¢y, = FNIE gy
gilt.
2) Ist (X, &) ein topologischer Raum und definiert man gy C F(X) x X durch
(F,x) € qgx <= F DU(x),

wobei U(z) den Umgebungsfilter von z € X in (X, X') bezeichnet, so ist (X, gx) ein

Limesraum.

3) Ist (X, q) ein verallgemeinerter Konvergenzraum, so ist (X, ~,) ein Filterraum, sofern
Ve = {FeF(X): 3z e X mit (F,z) €q}
ist.

Definition 3.12 1) Ist (X,Jx) ein semiuniformer Konvergenzraum, so heifit

(X, q,,,) der zugrundeliegende (symmetrische) Kent-Konvergenzraum.

2) Ein semiuniformer Konvergenzraum (X, Jx) heifst Konvergenzraum, wenn
JIx = {FeF(X): esgibten (G,x)eqmitF DGxG}

qilt, d. h., wenn er von seinen konvergenten Filtern ,erzeugt® wird.

3) Ein semiuniformer Konvergenzraum (X, Jx) heifst vollstindig, wenn jeder Jx —Cauchy—

Filter im zugrundeliegenden Kent—Konvergenzraum konvergiert.
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Bemerkung 3.13 Die Kategorie Conv der Konvergenzraume (und gleichméBig stetigen Ab-
bildungen) ist konkret isomorph zur Kategorie KConvg der symmetrischen Kent—Konver-
genzraume (und stetigen Abbildungen), wie man leicht nachpriift; d.h., zwischen Konver-
genzrdumen und symmetrischen Kent-Konvergenzrdaumen braucht man nicht zu unterschei-
den.

Satz 3.14 Ein semiuniformer Konvergenzraum ist genau dann ein Konvergenzraum,

wenn er vollstindig und Fil-bestimmt ist.

Beweis: s. [29, 3.8].

Satz 3.15 Ist (fi: (X;,Tx,) — (X, Jx)),e; eine finale Senke in SUConv und sind alle

(Xi, Ix,) Konvergenzriume, so ist auch (X, Jx) ein Konvergenzraum.

Lemma 3.16 Ist (X,q) ein verallgemeinerter Konvergenzraum, so wird ein Hiillen-
operator cl, : P(X) — P(X) (im Sinne von Cech [0]) definiert durch

cly(A) = {z e X : esgibt ein G € F(X) mit (G,z) € ¢ und A € G}

fiir alle A C X.

Satz 3.17 1) Wenn (X, Jx) ein Konvergenzraum ist und A C X eine abgeschlosse-
ne Teilmenge ist (d.h. A = cly, A), so ist (A, Ja) ein Konvergenzraum, falls Ja

X
die initiale SUConv-Struktur bez. der Inklusionsabbildung i : A — X ist; kurz:

Abgeschlossene Unterrdume von Konvergenzrdiumen sind Konvergenzrdaume.

2) Sei ((X;,Jx,))ier eine Familie von nicht-leeren semiuniformen Konvergenzriumen.
Dann ist der Produktraum ([ [ X;, Jnx,) (gebildet in SUConv ) genau dann vollstindig,
wenn alle (X;, Jx,) vollstindig sind.

Definition 3.18 1) FEin verallgemeinerter Konvergenzraum (X, q) heifit topologisch,
wenn es eine Topologie X auf X ¢ibt, so daff ¢ = qx gilt.

2) FEin semiuniformer Konvergenzraum (X, Jx) heifit topologisch, wenn er Konvergenz-
raum ist und der zugehérige (symmetrische) Kent-Konvergenzraum (X, q,, ) topolo-

gisch ist.

3) Die Kategorie der topologischen semiuniformen Konvergenzriume (und gleichmdfig

stetigen Abbildungen) wird mit T-SUConv bezeichnet.
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Satz 3.19 1) Abgeschlossene Unterriume (gebildet in SUConv ) topologischer semi-

uniformer Konvergenzrdaume sind topologisch.

2) Produkte (gebildet in SUConv) topologischer semiuniformer Konvergenzriume sind

topologisch.
Bemerkungen 3.20

1) Die Kategorie T-SUConv ist konkret isomorph zur Kategorie Ro—Top der Ro—topolo-
gischen Rédume (und stetigen Abbildungen), wobei ein topologischer Raum (X, X') ein
Ro-Raum ist genau dann, wenn fiir jedes Paar (z,7) € X x X aus = € {y} stetsy € {z}
folgt; z. B. sind alle T1—R&ume und alle T3—Rédume Ro—Raume. Man braucht also zwi-
schen Ry—topologischen Rdaumen und topologischen semiuniformen Konvergenzriumen
nicht zu unterscheiden.

2) Betrachten wir noch einmal das Problem (1). Die Aussage (1) war richtig fiir uniforme
Réume, aber falsch fiir topologische Raume. Der Grund, warum sich uniforme Rdume
hinsichtlich der Bildung von Unterrdumen besser verhalten als topologische Rdume,
wird 1m Rahmen semiuniformer Konvergenzrdume deutlich: Unterrdume uniformer
Raume sind uniform, Unterrdume topologischer Rdume sind nicht notwendig topolo-
gisch (IR\ {0} und IR\ [0, 1] sind als offene Unterrdume von IR; nicht topologisch, weil

sie nicht vollsténdig sind!).

4 Lokale Kompaktheit und lokale Prikompaktheit

Definition 4.1 FEin semiuniformer Konvergenzraum (X, Jx) heifst

1) priakompakt (oder total beschrénkt), falls jeder Ultrafilter U auf X ein Jx—Cauchy—
Filter ist,

2) kompakt, falls jeder Ultrafilter U auf X in (X,q,, ) konvergiert,

3) lokal prakompakt (bzw. lokal kompakt ), falls jedes F € Jx eine prikompakte (bzw. kom-
pakte) Teilmenge des Produktraumes (X, Jx) x (X, Jx) enthdlt, wobei eine Teilmenge
eines semiuniformen Konvergenzraumes prakompakt (bzw. kompakt) heifit, wenn sie

als Unterraum prakompakt (bzw. kompakt) ist.

4) diagonal, falls der von der Diagonalen Ax von X x X erzeugte Filter (Ax) zu Jx
gehort.
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5) t-regulér, falls fiir jedes F € Jx der Unterfilter ?t, der von allen abgeschlossenen
Elementen von F (d.h. von allen F € F mit F = clq,, F) erzeugt wird, zu Jx
X
gehort.

4.2 Zwischen den in 4.1 genannten Begriffen bestehen die im folgenden Implikationsschema

dargestellten Zusammenhénge (vgl. [31]):

diagonal

lokal prakompakt =————— prakompakt

t-regulir
und vollstindig
vollstandig

diagonal

lokal kompakt > kompakt

Bemerkung 4.3 Ein diagonaler semiuniformer Limesraum heifit auch Cook-Fischer—-Raum;
speziell ist jeder uniforme Raum ein Cook-Fischer-Raum. Insbesondere ist die Lokalisation
der Prikompaktheit oder Kompaktheit mehr ein topologisches Prozedere als ein uniformes,
weil aufgrund von 4.2 in uniformen Rdumen Prakompaktheit (bzw. Kompaktheit) mit lokaler
Prékompaktheit (bzw. lokaler Kompaktheit) tibereinstimmt, wéhrend in reguldren topolo-
gischen Rédumen lokale Préakompaktheit lokale Kompaktheit bedeutet, die von Kompakt-
heit (= Préakompaktheit) verschieden ist (man beachte: Jeder reguldre topologische Raum
ist ein Rg—Raum, also ein topologischer semiuniformer Konvergenzraum, der t-regular und

vollstandig ist).

Satz 4.4 1) Ein semiuniformer Konvergenzraum (X, Jx) ist genau dann lokal kom-
pakt, wenn er kompakt—erzeugt ist, d. h. wenn Jx die finale SUConv—Struktur beziiglich
der Familie (3, : (K;, Jk,) — (X, Jx)) der Inklusionen aller kompakten Unterrdume
von (X, Jx) ist.

2) Ein semiuniformer Konvergenzraum (X, Jx) ist genau dann lokal prikompakt, wenn er
prakompakt—erzeugt ist, wobei prikompakt—erzeugt analog zu kompakt—erzeugt definiert
wird.

Beweis: s. [30, 3.12] und [31, 3.15].

Satz 4.5 FEin Hausdorff scher topologischer Raum (X, X) ist genau dann ein k—Raum,
wenn er unterliegender topologischer Raum eines lokal kompakten semiuniformen Konver-
genzraumes (X, Jx) ist, d. h. wenn die abgeschlossenen Mengen in (X, X) genau die abge-

schlossenen Mengen in (X, qWJX) sind.
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Beweis: s. [30, 3.15. 3)a)].

Satz 4.6 Bezeichnet LC-SUConv (bzw. LPC-SUConv) die Kategorie der lokal kom-
pakten (bzw. lokal prikompakten) semiuniformen Konvergenzrdiume (und gleichmdafig steti-
gen Abbildungen), so gibt es zu jedem Paar (X,Y) von lokal kompakten (bzw. lokal prikom-
pakten) semiuniformen Konvergenzriumen einen natirlichen Funktionenraum Y* in LC—
SUConv (bzw. LPC-SUConv ), dessen unterliegende Menge die Menge [X,Y] der gleich-
mdafig stetigen Abbildungen von X nach Y ist und dessen LC—SUConv-Struktur (bzw.
LPC-SUConv-Struktur) (Jxy)rc (bzw. (Tx,y)rpc) aus der natirlichen Funktionenraum-
struktur Jxy in SUConv wie folgt gebildet wird:

(Ixy)re = {® € Ixy : 2u ® gehort eine kompakte Teilmenge von
(X, Y], Ixy) x (X, Y], Ixy) }

(Ixy)rpc = {® € Txy : zu® gehort eine prikompakte Teilmenge von
(X, Y], Txy) x (X, Y], Ixy) }) -

Beweis: s. [30, 3.9] (bzw. [31, 3.12]).

5 Schlulbemerkungen

1) Im Rahmen semiuniformer Konvergenzrdume kann auch die Struktur der gleichmdfi-
gen Konvergenz beschrieben werden. Bezeichnet ndmlich A—SUConv die Kategorie
der diagonalen semiuniformen Konvergenzraume (und gleichméBig stetigen Abbildun-

gen), so heift fiir jede Menge X und jeden diagonalen semiuniformen Konvergenzraum
(Y, Jy) die A—SUConv-Struktur

o= {Be F(YX x YX): 0((Ax)) € Ty }

die Struktur der gleichmdifigen Konvergenz auf YX. Sie stimmt fiir uniforme Riume
mit der tiblichen Struktur der uniformen Konvergenz iiberein (s. z. B. [33, S. 137]).
AuBlerdem ergibt sie sich mit Hilfe der natiirlichen Funktionenrdume in SUConv wie
folgt: Versiecht man die Menge X mit der diskreten A-SUConv-Struktur [(Ax)] =
{FeF(X xX): FD(Ax)}, soist [(X, [(Ax)]), (Y, Ty)]a-suconv

= [(X,[(Ax)]), (Y, Jy)]suConv = Y= und die natiirliche Funktionenraumstruktur

Jxy (s. 2.3) stimmt mit der Struktur der gleichméBigen Konvergenz tiberein.
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Aus der Struktur der natiirlichen Funktionenrdume in SUConv kann auch die Struk-
tur der stetigen Konvergenz gewonnen werden: Sind (X,¢) und (X', ¢’) symmetri-
sche Limesrdume und (X, Jx) sowie (X', Jx/) die zugehorigen semiuniformen Kon-
vergenzriume (d.h. Jy = {F € F(X) : 3(G,z) € ¢ mit F D G x G} und
Jy = {FeF(X): 3(G,x) € ¢ mit F D GxG}),soist der dem natiirlichen Funktio-
nenraum ([(X, Jx), (X', Ix/)]suconv, Jx.x’) in SUConv zugrundeliegende symmetri-
sche Kent—Konvergenzraum ein Limesraum, dessen zugrundeliegende Menge die Menge
der stetigen Abbildungen von (X, ¢) nach (X', ¢') ist und dessen Limesraumstruktur
die Struktur der stetigen Konvergenz ist (vgl. [29, 7.2]).

Schliellich kann auf elegante Art auch der Begriff der (gleichmdfig) gleichgradigen
Stetigkeit mit Hilfe der natiirlichen Funktionenrdume in SUConv gewonnen werden:
Sind X = (X,Jx) und Y = (Y, Jy) semiuniforme Konvergenzrédume, so heiit eine
Menge M C [X,Y]sucony gleichméBig gleichgradig stetig, wenn (Ay) € Jx vy gilt. Ist
X ein topologischer semiuniformer Raum (=Rg—Raum) und Y ein uniformer Raum,
so bedeutet , gleichméaflig gleichgradig stetig” gerade , gleichgradig stetig® im iiblichen
Sinne. Damit stellt sich die Frage, ob der aus der Analysis bekannte Satz von Ascoli
auf semiuniforme Konvergenzriume verallgemeinert werden kann. Sie ist vom Autor in
[32] positiv beantwortet worden. In den letzten drei Jahrzehnten haben viele Autoren
auf dem Gebiet der Verallgemeinerung des Ascoli-Satzes gearbeitet. Unter ihnen sind
(in chronologischer Reihenfolge): Cook und Fischer [7], Poppe ([23], [21], [25], [20]
und [27]), Dubuc [9], Kneis [19], Géhler [13], Wyler [38], Bentley und Herrlich [5],

McKennon [22] sowie Sonck [34].
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Free Commutative Convergence Groups
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Apart from their theoretical interest, free topological objects are also a resource for coun-
terexamples. So the free commutative group over a completely regular, non-normal topolog-
ical space is an example of a non-normal topological group. In this paper we construct the
free commutative convergence group A.(X) over a Hausdorff convergence space X. We show
that it is a complete, Hausdorff convergence group and that X can be embedded as a closed
subspace into A.(X). Also we study the question of whether A.(X) is a Choquet space, a
property which has also been studied by H. Poppe under the name L*-space. As applications
we give an example of a compact topological subset K of a Hausdorff convergence group G
such that K — K is not topological (not even Choquet) and show that I'.(A(X)) is in gen-
eral not Pontryagin c-reflexive. This gives a negative answer to the question of whether all

c-character groups of convergence groups are Pontryagin c-reflexive.

In the notation we follow [1], but all convergence spaces are assumed to be Hausdorff and all
groups are assumed to be commutative.. Given a convergence space X we denote by A(X)

the free (commutative) group over the underlying set of X and represent it usually as
AX)={¢{: X — Z|&(x) #0 for only finitely many z} .

If we further define
ix: X — A(X) by

lifp=u=x

iX(ﬂﬁ)(p)I{O tpta

then ix is an injection and every mapping f : X — G into a group G can be uniquely
extended to a group homomorphism f : A(X) — G such that foix = f. Usually, we will
treat iy as in inclusion therefore will identify an element z € X with ix(x). If, finally, A is

a subset of X , then the mapping o4 : X — Z which maps all elements of A to 1 and all
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other elements to 0, can be extended to a group homomorphism from A(X) to Z, which we

will also denote by all g4.

Define a convergence structure on A(X) by stating that a filter H on A(X) converges
to an element ¢ € A(X) if there are filters F,... ,F, which converge in X such that
HOE+ (ix(Fr) —ix(Fr)) + -+ (ix(Fn) —ix(Fn)).

It is easy to see that one gets in this way a group convergence structure on A(X) and
resulting convergence group is denoted by A.(X) . Also it is clear that every continuous
mapping 7' : X — G into a convergence group can be uniquely lifted to a continuous group
homomorphism 7" : A.(X) — G with Toix =T, i.e. A,(X) is indeed the free commuative

convergence group over X. The first result we prove is:

Theorem 1 For each convergence space X the convergence group A.(X) is Hausdorff.

The mapping ix is an embedding onto a closed subspace of X.

Proof: Since a convergence group is Hausdorff if it is a T;-space it is sufficient to show that
¢, the trivial ultrafilter gnerated by &, does not converge to 0 if £ is an element in A.(X)\ {0}.

So assume to the contrary that there is an element £ = ay z1 + ... + o, z, with a; # 0 and

x; # xq for i # 1, such that ¢ converges to zero. Then there are convergent filters F, ... , F,
on X such that &€ D (ix(F) —ix(F)) + -+ + (ix(Fn) —ix(Fp)). Since X is Hausdorff,
one can choose sets F; € F; such that xs,... ,x, do not belong to F; if F; converges to z ,

xy € F; if F; does not converge to z; and such that F; N F; = 0 if F; and F; converge to
different points. Set F' = |J{F; : F; converges to x1} U {x1}, then op(§) = ay # 0 while
op((Fy — Fy)+ -+ (F, — F,)) = {0} . Therefore { & (Fy — Fy) + -+ + (F, — F,,) and so
€2 (ix(F) —ix(F)) + -+ (ix(F,) —ix(F,)). This contradiction shows that A.(X) is
indeed Hausdorff.

Clearly ix is continuous, and in order to show that it is an embedding, take filter 7 on X
and a point x € X such that iy (F) converges to ix(x). Then there are again convergent
filters Fi, ..., F, on X such that ix(F) D x+ (ix(F1) —ix(F1)) +- -+ (ix(Fn) —ix(Fn))-
We show that:

F2 ﬂ{]—) : F; converges to x} N & .

Take a set G from the right side. For each i € {1,...,n} choose a set F; € F; such that
F;NF; =0 if F; and F; converge to different points and such that F; C G if F; converges
to x. By assumption, there is a set ' € F such that

FCox+(F—F)+ -+ (F,—F,).

Set now again B = | J{F; : F; converges to x}U{z}, then op(x+(Fi—F)+---+(F,—F,)) =
{1} and so op(F) = {1}, implying that F C B C G and so G € F .
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Finally, in order to show that X is a closed subset of A.(X), choose a filter F on X such
that iy (F) converges to a point £ = a3 x1 + ... + o,z € A(X). Then

ix(F) 2 &+ (ix(Fr) —ix(F1)) + - + (ix(Fn) — ix(Fn))

for converging filters Fi,... ,F, on X. Assume that there is no filter which converges in
X and is finer than F, then there are sets Fy € F and F; € F such that Fy N EF; = ( for
1 =1,...,n. By assumption, there is a set F' € F with F' C Fj such that

FC&é+ (P —F)+-+(F.— F,),

implying that F' C {zy,...,z,}. But then F C #; for one ¢ , contradicting the assumption.
Therefore there exists a filter G O F which converges in X. Since A.(X) is Hausdorff this
gives £ € X .

Proposition 1 A.(X) is complete.

Proof: Let H be a Cauchy filter on A.(X). We first show that there are a natural number
k and integers T,...,7; in {—1,1} such that X + --- + 7, X € H and then prove the
Proposition by induction:

Since H is a Cauchy filter, H — H converges to zero and therefore there are convergent filters
Fi,...,F, such that

H—H D (ix(F1) —ix(F1)) + -+ (ix(Fn) —ix(Fn)) -

Then Z := (X —X)+--- (X —X) € H—"H and so there is a set H € H such that H—H C Z.
Choose an element £ € H, then H — & C Z and therefore £ + 7 € 'H.

If now £ =1 then X € H and we are ready if we can prove that there is a convergent filter
on X which is finer than the trace filter H|X of H on X. If H = & for some x € X we are
ready, so assume that this is not the case. Then we show, that H|X O F; N ...F, holds:
Take a set F' € FyN...F,, then there is a set H € H such that

H-HC(F—F)+-- +(F—F).

Since H contains more than one point we get H C F and so F' € H. If now G D H|X is an
ultrafilter, then G = F; for some ¢ and so G converges.

Assume now that the theorem is true for £ — 1 and that 1 X + --- + 7. X € H for some
T, ... .7 in {0, 1}.

Case 1: There is an element y € X and an element H € H such that o,(§) # 0 for all { € H.
Then 'H — y or ‘H + y satisfies the induction hypothesis and we are ready.

Case 2: For all y € X and all H € H there is a point £ € H such that 0,(§) = 0. We then
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claim that there are 7y,... ,7 and 41,... i in {1,... ,n} such that HV (nF;, + - - - mFi,)
exists: If this were wrong, one could find sets Hy € ‘H and F; € F such that Hy N (1 F;, +

-1 Fy;,) = 0 for all sequences 7y, ...7; and i1,... ,i,. Choose aset H € H, H C H,, such
that H—H C (Fy — Fy)+ -+ (F, — F,,) and an element { =y 21 + ...+ o,z € H. We
then show that {z1,...,2,} C Fy U...U F,: For each i there is by assumption an element

n; € H such that o,,(n;) =0. Then £ —n; € (Fy — Fy) +--- + (F,, — F,,) and therefore
a; = 05,(§—n) € 05, (F1 — F1) + -+ (F, — )

which gives the desired result. Clearly now & € 7 F;, + --- 7. F;, for appropriately chosen
Ty, ... .7t and i1, ... , 4 and therefore HN (1 F;, +-- -+ F;,) # (0. This contradiction finishes
the proof of Theorem 1.

We now turn to the question of whether A.(X) is a Choquet space. Recall that a convergence
space X is called Choquet if a filter F on X converges to a point « € X if every finer ultrafilter
converges to x. A filter F converges in the Choquet modification x(X) to a point x if every
finer ultrafilter converges in X to . Now in dealing with the free convergence group we will

use the following Lemma whose proof is routine:

Lemma 1 A convergence space X is a Choquet space if and only if a filter F on X
converges to a point x € X if every net n which is finer than F contains a subnet which
converges to x. A filter F on X converges in x(X) to a point x if every finer net contains

a subnet which converges in X to x.

Call a filter on a convergence space compact, if every finer ultrafilter converges. Then we

are going to prove the following theorem:

Theorem 2 Let X be reqular convergence space. Then a filter H converges in x(X — X)
to zero if and only if there is a compact filter K on X such that

HDO m{zx(}") —ix(F): F 2K and F converges in X }.
The proof is a consequence of the following lemmata:

Lemma 2 Let X be a reqular Hausdorff convergence space. Then 0 is the only point of
adherence in X — X of the filter

H = ﬂ{zx(]—") —ix(F): F converges in X} .

Proof: Assume that there is a filter H D H which converges to a point 2o — o # 0. Then
there are convergent filters Fi,... ,F, such that

H D @y — yo + (ix(F1) —ix(F1)) + -+ (ix(Fp) —ix(Fn)) -
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Choose a net n — 6 in X — X such that < n—60 >, the filter generated by n — @, is finer than
‘H and

<n—=0>Dxg—yo+ (Fi—Fu)+ -+ (Fu = Fa) -

We claim that n V 2, exists or n V Fj, exists for some k :
If this were false, one could find «ay, . .. , a, and Fi, ... , F, such that n(a) # zo for all a > g
and

n(a) & Fy for all a > ay,.
Then, if 5 > ag, ... ,a, then we have
n(a) & {xog} UF U...F, for all a > (.
By assumption,
ro—Yo+ (A —F)+--+(F,—F,)e<n—0>

and so there is a v such that
n(e) —0(a) € xo —yo + (F1 — F1) + -+ + (F, — F),
for all a > v, which gives
n(a) € {zg} UF U...UF, for all a > 7.

This contradiction gives the desired result and so there is a subnet 1’ of 7 which converges
in X. By the same argument we get a convergent subnet #” of " such that 6” converges in
X . Now since < " — 0" >D H we get the convergence of 1 to xy and 6" to yg, respectively.
Altogether, we get filters G; and G, which converge to different points x; and y; such that
Gi—G:2H.

Since X is regular, both a(G;) and a(Gs) converge and since X is Hausdorff, we get sets
Fy € Gy and Fy € Gy such that a(Fy) Na(Fy) = 0. Therefore, {X \ F1, X \ F»} is a covering
system of X. Putting Gy := X \ F} and Gy := X \ Fy we get (G; — G1)U (G, — Gy) € H
and so

((G1 = G1) U (G2 = Ga)) N (F1 — F) # 0,

which is clearly impossible.

Lemma 3 If K is a compact filter on a reqular, Hausdorff convergence space X, then
H = ﬂ{}"—]—":}"QIC, F converges }

converges to 0 in x(X — X)) .
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Proof: Choose any net n — 0 on X which is finer than H . Then n — 6 is finer than L — IC
and so either 7 — 6 contains a constant subnet with the value 0 or n and 6 are finer than X .
But then we get subnets 7' and 6" which converge. Since <7’ — ¢ >D H , Lemma 2 implies
that ' — 6’ converges to 0.

Lemma 4 Let X be a convergence space and H # 0 be a filter which converges in
X(X — X) to zero. Then
K={FCX:F—-FecH}

15 a compact filter on X.

Proof: Choose F}, F5 in K , then
(Fy = Fy) N (Fy = Fy) # 0,{0}
and therefore there are ug # vy such that
ug — vy € (F1 — F1) N (Fy — Fy),

implying ug, vg € Fy N Fy and therefore Fy N Fy # () .
We now prove

(Fl N FQ) - (Fl N Fg) D) (Fl — Fl) N (F2 — FQ) .

Take any u —v € (Fy — F1) N (Fy, — Fy) . If u — v = 0 we are ready since Fy N Fy # (. If
u—v# 0 we get u,v € Fi, F5 and so u,v € F} N F,, giving the desired result and therefore
K is a filter.

In order to prove that K is compact, assume to the contrary that there is an ultrafilter G 2 IC
which does not converge in X. Then there is a covering system C of X such that C' € G for
all C' € C . The family of all finite unions of {C'— C' : C' € C} is a local covering system of
X — X at zero and therefore there are C,... ,C, in C such that

(C,-CHu...u(C,—-C,) €H.

But
(CLU...UC,) —(C1U...UC,) D (C; —CHU...U(C,—Ch)

and therefore C1 U...UC, € F C G, implying C; € G for some ¢ since G is an ultrafilter.

This contradiction proves the Lemma.

The last step in the proof of Theorem 2 is now provided by

Lemma 5 Let H # 0 be a filter which converges in x(X — X) to zero and
K:={FCX:F—-FecH}. Then

Ho := ﬂ{}" — F : F is a convergent filter on X and K C F} C H.
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Proof: Assume this to be wrong, then there is a set Hy € Ho \ H and therefore H Z Hy for
all H € H . This gives nets 0,1 : H — X such that 6(H)—n(H) € H\ H, . Clearly 0 € H,
and therefore §(H) —n(H) # 0 for all H. Since < # —n >D H there is a subnet §' — 7' which
converges to zero. By Lemma 2 there are subnets 6" and 1" of 8" and 7/, respectively, which
converge to the same point. Therefore < 6” > N < n” > converges in X and we first claim
that < 0" >N<n’' >DK:

Choose any F € K, then F' — F' € ‘H and therefore eventually §(H) — n(H) € F' — F. Since
O(H)—n(H) # 0 we get that eventually §(H),n(H) € F. From this we get < 0 >, <n >2 K,
giving the desired result.

Finally, Hy €< 0" >N <" > — < 0" >N <’ >, implying that eventually 6"(H) —
n"(H) € Hy . This contradiction proves the Lemma.

Theorem 2 now enables us to proceed to the announced counterexamles. We first need the

following;:

Lemma 6 Let X be a topological space and K C X a compact subset. Then
UK):=N{U(z) : x € K} is a compact filter.

Proof: Assume that /(K) is not compact, then there exists an ultrafilter G O K which
does not converge. Therefore there is an open covering C of X such that C ¢ G for all
C € C. Since K is compact, there are C4,... ,C, in C such that K C C; U...UC,. But
then C; U...UC, e U(K) C G and so C;U...UC, € G. Since G is an ultrafilter we get

C; € G for some i and thereby a contradiction.

Example: Let X be a compact topological space with infinitely many non-discrete points.
Then A.(X) is not a Choquet space. In particular, X — X is a compact subset of A.(X)

which s not Choquet and therefore not topological.

Proof: Evidently X — X is compact. By Lemma 3 and Lemma 6, the filter H := [({U(x) —
U(z) : z € X} converges in (X — X) to zero. Assume that it converges to zero in X — X

then there are points x1,... ,x, such that
H 2 Uxy) —U(x1)) + -+ U(zn) — U(zn)) -

Choose a non-discrete point z # z1,...,x, and neighbourhoods U; of z; such that z &
UyU...UU,, then (U —Uy)+---+ (U, —U,) € U(z) —U(z) and so there is a neighbourhood
W of z such that W — W C (U; —Uy) +--- (U, — U,). Since W contains more than one
point this gives W C U; U...UU,, a contradiction.

For a convergence group G we denote by I'.(G) the group of all continuous group homomor-

phisms into T, the group of all complex numbers with absolute value 1, endowed with the
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continuous convergence structure. Then G is called Pontryagin c-reflexive, if the canonical
mapping kg : G — T'.(I'.(G)) is a topological isomorphism.
If X is a convergence space, vy : C.(X) — C.(X,T) denotes the natural projection. We

now get:

Proposition 2 If X is a compact topological space such that v is not surjective, then
[.(A(X)) is not Pontryagin c-reflexive.

Proof: The restriction mapping I'.(A.(X)) — C.(X,T) is a topological isomorphism.
Therefore I'.(T'.(A.(X))) is isomorphic to I'.(C.(X,T)) which is by Theorem 2 in [2] iso-
morphic to ['.(vx(C.(X))) ® I'e(Dx), where Dx is a discrete topological group which is
non-trivial if vy is not surjective. But evidently 4.(X) is mapped under this isomorphism
into I'.(vx (C.(X))) .
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ABSTRACT. Left K-completeness of the Hausdorff quasi-uniformity is investigated. In
particular the restriction of this quasi-uniformity to the (nonempty) compact subsets of a
quasi-metric space is studied. Among other things it is shown that for any topological space

the Hausdorff quasi-uniformity of the well-monotone quasi-uniformity is left K-complete.
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1 Introduction

For a quasi-uniform space (X, U) we shall denote by U, the Hausdorff quasi-uniformity on the
set Po(X) of nonempty subsets of X. In [13, Proposition 6] Kiinzi and Ryser characterized
those quasi-uniform spaces (X,U) for which (Py(X),U,) is right K-complete. Similarly
Kiinzi and Romaguera [1 1, Proposition 5] obtained a characterization of those quasi-uniform
spaces (X, U) for which (Py(X),U,) is compact. On the other hand no useful characterization
of those quasi-uniform spaces (X, ) for which (Py(X),U,) is left K-complete has been found,
although it is known that a quasi-uniform space is compact if and only if it is left K-complete
and precompact [9, Proposition 13] and that a quasi-uniform space (X,U) is precompact if
and only if (Py(X),U,) is precompact [13, Proposition 1].

By an argument similar to [13, first part of proof of Proposition 6] a quasi-uniform space
(X,U) for which (Py(X),U,) is left K-complete, satisfies the condition that each filter that is
stable on (X,U™!) has a cluster point in (X,U). (Let us mention that filters that are stable
on (X,U™1) were called Csdszér filters in [17].) It was noted in [13, p. 169] (compare [15])

*This paper was written in 1997 while the first author was visiting at York University, Toronto, Canada.
He acknowledges partial support by the Stiftung zur Forderung der wissenschaftlichen Forschung an der
Universitdt Bern. The second author acknowledges the support of the DGES under grant BP95-0737.
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that for quasi-pseudometric spaces the latter condition, which for arbitrary quasi-uniform
spaces is stronger than left K-completeness, is indeed equivalent to left K-completeness. But
for an arbitrary quasi-uniform space (X,U) it obviously does not imply that (Py(X),U,) is
left K-complete (consider e.g. the compact space in [13, Remark 2]).

In this paper we wish to study this situation more carefully. In particular we investigate
left K-completeness of the restriction of the Hausdorff quasi-uniformity to the (nonempty)
compact subsets of a quasi-metric space. Among other things we show that for any topo-
logical space the Hausdorff quasi-uniformity of the well-monotone quasi-uniformity is left

K-complete.

For basic facts about (quasi-)uniform (hyper)spaces we refer the reader to [1, 4, 14].

2 Preliminary results

We begin by recalling some definitions and collecting various basic results.

Let (X,U) be a quasi-uniform space. It is called precompact (see e.g. [!]) provided that for
each entourage U € U there is a finite subset F' of X such that {U(z) : € F'} covers X.
A filter F on X is called a left K-Cauchy filter [19] provided that for each U € U there is
F € F such that U(x) € F whenever x € F. A net (x4)gep in X is called a left K-Cauchy
net [9] provided that for each U € U there is a dy € D such that (z4,,24,) € U whenever
di,dy € D and dy > dy > dy.

A quasi-uniform space is called left K-complete [19] provided that each left K-Cauchy filter
(equivalently [9], each left K-Cauchy net) converges. It is called right K-complete [19]
provided that each left K-Cauchy filter (equivalently [12], each left K-Cauchy net) with
respect to the conjugate quasi-uniformity ¢~! (usually, such filters resp. nets are called
right-K -Cauchy filters resp. right K-Cauchy nets of (X,U)) converges in (X,U).

A filter F on X is called stable [3] provided that Npe U (F) € F whenever U € U. Each right
K-Cauchy filter is stable [13, Lemma 5] and for ultrafilters stability and right K-Cauchyness

are equivalent [19, Proposition 1].

A quasi-uniform space (X,U) is called Smyth completable (Smyth complete), see [9, p. 322]
and [21], provided that each left K-Cauchy filter (equivalently, left K-Cauchy net [22])
is Cauchy (converges) with respect to the supremum uniformity U* = U V U™, (Smyth
originally requested convergence to a unique point in order to obtain Ty-spaces, but this is of

no importance here.) It is called bicomplete [1] provided that the uniformity U* is complete.
For any U € U let Uy = {(A,B) € Po(X) x Po(X) : B C U(A)} and U_ = {(A,B) €
Po(X) x Po(X) : A C UY(B)}. Furthermore set U, = (U_) N (U,) whenever U € U. Then
{U_ : U € U} is a base for the lower quasi-uniformity on Py(X) and {Uy : U € U} is a base
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for the upper quasi-uniformity on Py(X). Moreover U, = U, V U_ is the so-called Hausdorff
or Bourbaki quasi-uniformity of (X,U) (see [1]).

In the following we shall denote the set of the nonempty compact sets of a quasi-uniform
space (X,U) by Ko(X). For simplicity we also denote the restriction of the Hausdorff quasi-
uniformity to Ko(X) by U,.

Remark 1 Let (X,U) be a quasi-uniform space. Then (Po(X),Us) is compact if and only if
(Ko(X),U,) is compact.

Proof: Suppose that (ICo(X),U,) is compact and let (Fy)4ep be a net in (Po(X),U.). First
note that (X,U) is compact: If (z.)ecr is a net in (X,U) and C' is a cluster point in Ky(X)
of the net ({x.})ecr, then any ¢ € C is a cluster point of (z.)ecp. Consequently (X,U) is

compact.

Thus (Fy)aep is a net in Ko(X). So, it has a cluster point C' in Ko(X). Note now that C' is
also a cluster point of (Fy)4ep : For each U € U and all d € D there is d € D such that
d > dand Fy C U(C) and C C U YFy) C U 2(Fy). We conclude that (Py(X),U,) is

compact.

For the converse suppose that (Py(X),U,) is compact and let (Ky)aep be anet in (Ko(X),Us).
Then (K4)4ep has a cluster point C' € Py(X). Since (X,U) is compact [13, Corollary 3], we
have that C is compact. Then for each U € U and all d € D there is d’ € D with d > d
such that Ky C U(C) C U(C) and C C U™ (K4); thus C C U~2(K4). We conclude that C
is a cluster point of the net (K,)4ep and hence (KCo(X),U,) is compact.

Corollary 1 Let (X,U) be a quasi-uniform space. Then (Ko(X),U,) is compact if and
only if X € Ko(X) and U~ M is hereditarily precompact where M denotes the set of minimal

elements with respect to the specialization quasi-order "U of (X, U).

Proof: The assertion is an immediate consequence of the preceding result and [1 1, Propo-

sition 5.

Remark 2 Let (X,U) be a quasi-uniform space. Then (ICo(X),U.) is precompact if and only
if (X,U) is precompact.

Proof: Only one minor modification in the second part of the proof of the corresponding
result for Py(X) [13, Proposition 1] is necessary: In the notation given there, if we had
X\ UueaV(za) # 0, choose a point y of this set. Then there exists A € A such that
ACV~(y). Thus y € V(x4)— a contradiction.

The well-monotone quasi-uniformity was introduced by Junnila [6]. It is generated by the
transitive neighbornets determined by the well-monotone open covers of a topological space
via Fletcher’s construction; see e.g. [!, Theorem 2.6]. The following result implies [10,

Proposition 1] and [17, Proposition 2].
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Proposition 1 Let W be the well-monotone quasi-uniformity of a topological space X.
Then (Po(X), Ws) is left K-complete.

Proof: Let (Fy)4ep be a left K-Cauchy net in (Po(X), W,), i.e. for each U € W there is
dy € D such that dy,ds € D and ds > dy > dyy imply that Fy, C U(Fy,) and Fy, € U~ (Ey,).
Consider the filter 7 on X generated by {Ey : d € D} where Ey = J,cp >q Fe- Then Fis a
Csaszdr filter, i.e. NperU ' (F) € F whenever U € W : Let x € Ey, and d € D. Therefore
x € Fy, for some dy € D such that dy > dyy. Choose h € D such that h > dj, d. Observe that
x € Fyy CU(F,) CU(Eq). We conclude that Ey, C (\yep U (Eq) whenever U € W.

Note next that each filter F that is Csaszar with respect to the well-monotone quasi-

uniformity contains its set C' of cluster points (see [17, proof of Proposition 2]).

Hence C = N{F : F € F} € F; in particular for each U € W there is d € D such
that Uyepgsq Fr € C C U(C). Let U € W and let W € W be such that W* C U.
Since W1 isihereditarily precompact [9, p. 327], there is a nonempty finite set of points
E C C such that C C W™(E). Let e € E. Since ¢ is a cluster point of F, there is d. € D
with d. > dy such that W(e) N F;, # 0. Choose f € D such that f > d. whenever
e € E. Then given ¢ € C, we find e € E such that ¢ € W~1(e). Thus W(e) C W?(c) and
0 # W?2(c) N F;, € W?(c) N W(Fy). Therefore, for any | € D such that [ > f we deduce
that C C W3(Fy) C W3W—Y(F)) C U™*(F}). We conclude that (Fy)sep converges to C' in
(Po(X), W,). Hence (Po(X), W) is left K-complete.

Question 1 If (X,U) is left K-complete (or if in (X,U) each Csészar filter clusters) and
U is hereditarily precompact, is (Py(X),U,) necessarily left K-complete? Note that the
answer to the first version of the question is positive by [l 1, Proposition 5] provided that
(X,U) is precompact.

Remark 3 Let (X,U) be a complete uniform space with a stable filter that has no cluster
point (see e.g. [, p. 31]). Then (Ko(X),U,) is complete by Morita’s celebrated result [15],
but (Po(X),U,) is not complete. Hence in this way we obtain a quasi-uniform space (X,U)
such that (Ko(X),U,) is right K-complete and left K-complete, but (Py(X),U,) is neither
right- K-complete nor left- K-complete.

Example 1 There exists a quasi-uniform space (X,U) such that (Po(X),U,) is right K-
complete, but (ICo(X),U.) is not right K-complete.

Let X = R be the set of the reals and define U,, = {(z,y) : z € X,y < =2"}U{(x,y) : z €
X,x —27" <y <x+ 2"} for each n € w. Let U be the quasi-uniformity on X generated
by {U, : n € w}. In [2, Example 3.9] it is shown that (ICo(X),U,) is not right K-complete.
In order to see that (Py(X),U,) is right K-complete, it suffices to show that each stable
filter in (X,U) has a cluster point [13, Proposition 6]. Suppose that F is a stable filter on
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(X,U) and assume that for each n € w there is F,, € F such that §) =] <, n] N F,,. Then
NperUi(F) C] «,0], contradicting the stability of F, since | «—,0] N F; = (. Thus there
exists n € w such that for all F € F, ]« n]NF # (. Since | <, n] is compact in (X,U), we
conclude that F has a cluster point in (X,U).

Question 2 Suppose that (Po(X),U,) is left K-complete. Is (Ko(X),U,) left K-complete?
Is (Ko(X), W,) left K-complete? Here W denotes the well-monotone quasi-uniformity of a
topological space X.

We next give an example of a quasi-uniform 7Tj-space (X,U) that is not Smyth completable,
although (KCo(X),U,) is left K-complete. The set of nonempty finite subsets of the set X
will be denoted by Fy(X). This example should be compared with Corollary 2 in the next

section.

Example 2 Let X = w; + 1. For each a € wy define T,,(8) = {B} if 8 < «, Tn(5) = [5,w1)
if @ < 0 < wy, and T,(8) = [a,w] if § = wy. Note that {T,, : « € wy} yields a base for
a transitive quasi-uniformity & on X such that the uniformity U* is discrete. Evidently
Ko(X) = Fo(X), since U induces the topology of the one-point-Lindeldfication of X; on X.
Note that (@)ae(ws,<) is a left K-Cauchy net that is not Cauchy with respect to «*. Thus U is
not Smyth completable. We wish to show that (Ko(X),U.) is left K-complete. To this end
suppose that (Fy)aep is a left K-Cauchy net in Co(X). Then for each U € U there is dy € D
such that dy,dy € D and dy > dy > dy imply that Fy, C U(Fy,) and Fy, C U Y(F,,). We

begin the proof with some general observations.

Let @ € w;. Note that (J d>dp, Fa contains at most finitely many ordinals smaller than a,
because Uysq, Fa € To(Fuy,); indeed, since for any 2 < a we have T, (z) = {z}, we

conclude that xr < o and = € Udsz Fy imply that = € Fy,, .

Suppose that M = {x € w; : There is a cofinal subset C, of D such that x € F; whenever
d € C,} contains a countably infinite subset C. Choose o € wy such that ¢ < a whenever ¢ €
C. For any c € C there exists d. € D such that d. > dr, and c € F,,. Thus C' C Udsza Fy,
a contradiction, since J d>dr, F,; contains only finitely many ordinals smaller than «. Thus
M is finite.

Let § € w; be larger than any element of M. Since Fy, C T3(Fy,) whenever dy,dy € D and
dy > dy = dr,, we conclude by a similar argument as above that M C Fy whenever deD

and d' > dr,. Now we are ready for the main idea of the proof.

Case 1: Suppose that there exist d € D and a € w; such that Fy N [o,wi] = 0 whenever
d € D and d > d. Choose d’ € D such that d” > d,dr,. Then dy € D and dy > d” imply
that Fy, C T,(Fy) = Fy by our assumption just made. Since Fy» is finite and D is directed,
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we conclude that there is a cofinal subset C' of D such that F, = F,, whenever ¢, ¢ € C. Thus

(Fy4)aep has a cluster point and therefore converges as a left K-Cauchy net [19, Lemma 1].

Case 2: Suppose now that for all « € w; and all d € D there exists d’ € D such that d' > d
and Fd’ N [a,wl] 7é @

We show that M U{w, } is a cluster point of (F;)4ep: Let o € wy and choose > sup M such
that 8 > a. Since (J;4, Fa contains only finitely many elements smaller than 3, we find
e € D such that e > dr, and (Uys, Fa) \ [B,w1] € M. Therefore g, Fa € Tp(M U{w:i}) C
To(M U{w}).

Let d € D be arbitrary. Since M C Fy- whenever d* € D and d* > dr, by the observation
made in the beginning of the proof and since by our assumption there is d’ € D such that
d" > d,e and Fgr N [B,w1] # 0, we deduce that M U {w} C Tﬁ_l(Fdn) C T Y (Fyr). We
have shown that the left K-Cauchy net (Fj)4ep has a cluster point and thus converges in

(Ko (X), Us).
Therefore (ICo(X),U,) is left K-complete.

3 Main results

As usual, a quasi-(pseudo)metric d on a set X is a (pseudo)metric except that it does not
necessarily satisfy the symmetry condition; furthermore d=! will denote the conjugate of d.
For each n € w we set Z,, := {(z,y) € X x X : d(x,y) <27"}.

Lemma 1 Let A be a precompact subspace of a quasi-uniform Ti-space (X,U) where
(Ko(X),U,) is left K-complete. Then (A, U A) is precompact.

Proof: Suppose that A is nonempty. Let [A]<“ be the set of nonempty finite subsets
of A directed by set-theoretic inclusion. Then [A]<¥ can be considered a left K-Cauchy
net in (Ko(X),U,): Indeed by precompactness of A for any U € U there is Ay € [A]<¥
such that A C U(Ay). Thus for any B,C € [A]<“ such that Ay C B C C we have that
CCACU(Ay) CU(B) and BC UYO).

Then [A]< converges to some C' € Ko(X) by left K-completeness. Suppose that there
is a € A such that a ¢ C. Consequently in the light of [, Proposition 1.43] there exists
U € U such that a ¢ U(C) by compactness of C' and the Tj-property of (X,U). Since [A]<¥
converges to C, there is B € [A]<* such that {a} C B and B C U(C)— a contradiction.
Thus A C C. Furthermore for any U € U, there is B € [A]< such that C' C U~!(B). Since
A C O, we conclude that A is precompact in (X,U71).

Corollary 2 [Let (X,d) be a quasi-metric space such that (Ko(X), (Uy).) is left K-
complete. Then (X,Uy) is Smyth completable.
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Proof: By a result of Schellekens [20, Proposition 4] it suffices to see that each left K-Cauchy
sequence (T, )new in (X, d) is Cauchy with respect to the supremum metric d* = dVvd~!. But
this follows from the preceding result, since as a left K-Cauchy sequence, P = {x, : n € w}
is (hereditarily) precompact in (X,d). Let F be the filter generated by {{z, : n € w,n >
k} : k € w} on P. Thus it is a left K-Cauchy filter and stable by [9, p. 315], since d~!|P
is hereditarily precompact by the preceding result; therefore it is a Cauchy filterbase with
respect to (Uy)* (see [9, p. 320]). It follows that the sequence (z,)ne, is Cauchy in (X, d*).

The following example shows that for a quasi-metric space (X,d) the condition that
(Ko(X), (Ua).) is left K-complete does not imply that (X,U,) is Smyth complete.

Example 3 Let X = N be the set of positive integers equipped with the cofinite topology.
Consider a countable base B for the topology of X where we suppose that for each n €
N, N\ {n} belongs to B. Let U be the quasi-metrizable quasi-uniformity generated by
{l{(X\G) x X]U[X xG]: G € B}. Then (Py(X),U,) is compact by [L1, Proposition 5],
because U is totally bounded and (X,U) is compact; hence (Py(X),U,) is left K-complete.
Since X is hereditarily compact, Py(X) = Ko(X). Let G be a free ultrafilter on (X, ). Since
U is totally bounded, G is U*-Cauchy [, Proposition 3.14], but because the topology induced
by U1 is discrete, it does not converge with respect to this topology. In particular, (X,) is
not bicomplete and thus not Smyth complete. (Readers who prefer to work with an explicit
quasi-metric d on N may wish to consider the classical example: d(n,m) = 1/m if n and m

are distinct, and d(n,m) = 0 otherwise.)

Proposition 2 Let (X,d) be a quasi-metric space such that Uy is bicomplete. Then
(X,Uy) is Smyth complete provided that (Ko(X), (Uy)«) is left K-complete.

Proof: The result follows immediately from Corollary 2 above.

Finally we give a sufficient condition that for a quasi-metric space (X,d) the Hausdorff

quasi-uniformity on the nonempty compact subsets of (X, d) is left K-complete.

Proposition 3 Let (X,d) be a quasi-metric space such that Uy is Smyth complete and
such that on each compact subset K of (X,d), d"*| K is precompact. Then (Ko(X), (Uy)) is
left K -complete.

Proof: By [18] it will be sufficient to show that each left K-Cauchy sequence in (Ko(X), (Ua)+)
converges. Let (K, )necw be a left K-Cauchy sequence in (Ko(X), (Us)+)-

Set C' = (N{clrg-1)(UspKs) 1 p € w}. We choose a base {U,, : n € w} of entourages of the
quasi-uniformity U, such that U3 +1 €U, € Z, whenever n € w.

For each n € w there is k,, € w such that a,b € w and k, < a < b imply that K, C U,(K,)
and K, C U, (K,). Without loss of generality we can suppose that the sequence (k,)ncw is

strictly increasing. Thus Ky, ., C U, (K%,) whenever n € w.

n+1
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We first show that C' # () : For each n € w choose a finite subset F}, of K}, such that
Ky, C Uy(Fy,). Thus Fy,,, C Ky,,, C Uy(Kg,) C (U,)?*(F},). Define a binary relation R
on U,c, Fr. as follows. For any n € w, f € Fy,,,, g € Fy, set gRf iff f € (U,)*(g). By
Konig’s Lemma [7] there is a sequence (ay,)ne, such that a,Ra,.; and a, € Fy, whenever
n € w. Since (X, d) is a quasi-metric space, (a,)ne, is a left K-Cauchy sequence in (X, d).
By Smyth completeness, (a,)new converges to some x in (X, d*). Thus € C. We have shown

that C # 0.

We are going to show next that C' € Ky(X) : Since (X, d) is quasi-metrizable, it suffices
to show that C' is a countably compact subspace of (X, d) [16]. Suppose that (¢,)ne, is an
arbitrary sequence in C. By the definition of C' for each n € w we can choose b, € w and
x, € Ky, such that b, > k, and d(x,,c,) < 1/n. Apply Konig’s Lemma now to the sequence
(Epn)new of (finite) level sets, where for each n € w, E,, = {f € Fy, : U,_1(f) contains z,,
for infinitely many m} : First note that each E, # 0, because K;,, C U,(K},) and thus
Ky, C (U,)?(Fy,) whenever n,m € w and m > n. One checks as in [3, Démonstration du
Théoreme 2] that the assumption of Konig’s Lemma is satisfied for the relation @) defined
on Uy, Bn by gQf if n € w, f € E,,,,g9 € Ey, and f € (U,)*(g). Hence there are a
left K-Cauchy sequence (a,)nen with a, € E, and a strictly increasing sequence (I, )ne, of
nonnegative integers such that d(a,,x;,) converges to 0. By Smyth completeness of (X, Uy)
we conclude that there is x € X such that d*(x, a,,) converges to 0. Thus x € C by definition
of C. Furthermore z is a cluster point of (¢,)ne, in (X, d). Consequently C' is (countably)
compact in (X, d).

Note that if in the proof above we suppose that ¢, is equal to some fixed ¢ € C' whenever
n € w, then d(x,c) = 0, thus x = ¢. In particular, since then d(c, a,) converges to 0, in this
way we see that C' C ﬂpew(clT(d) Ussp Ks).

Finally we want to show that (K,),e, converges to C' in (Ko(X), (Uy).). Because by our
assumption C' is precompact in (X,d™1), the inequality obtained in the last paragraph to-
gether with the argument given at the end of the proof of Proposition 1 yields that for each
U € U, there is ¢ € w such that for any b € w satisfying b > ¢ we have that C' C U1 (Kj).

Suppose now that there are p € w and a strictly increasing sequence (a,)ne, such that
K., \ Z,(C) # 0 whenever n € w.

We can assume that a,, > k, whenever n € w. Thus K,, ., C Z,(K,,). For each n € w set
By = Koy \ Zpinia(- - (Zp1(C))). Then for each n € w, B, € Ko(X) and one readily
checks that Bn+1 g Zp+n+3(Bn)'

By the same argument as in the first part of the proof, by compactness of each B, and
Konig’s Lemma for each n € w there is b, € B, such that (b,),e, is a left K-Cauchy
sequence in (X, d). Then by Smyth completeness there is z € X such that d*(x,b,) converges
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to 0. Hence = € C, by definition of C'. Furthermore, since d(z,b,) converges to 0, we see

that © ¢ Z,.1(C), a contradiction. We conclude that (K,),e, converges to C' and, hence,
(Ko(X), (Uyg)+) is left K-complete.
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KrLAUS-DIETER DREWS

Zu zwei Aufgaben aus Anfangsgriinden der fraktalen
Geometrie

Gewidmet den Herren Professoren
G. Maef3, H. Poppe und G. Wildenhain

Verfolgt man Zeitschriften zur Elementarmathematik bzw. Didaktik der Mathematik, so
findet man auch dort Darstellungen von Grundgedanken aus der in jiingerer Zeit hervorge-
tretenen fraktalen Geometrie. Manche bekannten Kurven oder Mengen beispielsweise ordnen
sich hier ein, erscheinen unter neuem Gesichtspunkt, geben Anlafl zu geédnderten Betrach-
tungsweisen. Dem Einstieg in das genannte Teilgebiet sind die im vorigen Jahr erschienen
Artikel [1] und [2] von Herrn H. ZEITLER gewidmet. Aus diesen Artikeln werden nachfolgend
zwei Aufgaben vorgestellt, und Anliegen der weiteren Ausfithrungen dazu ist es, modifizierte

Losungswege zu beschreiten, die teilweise auch zu verbesserten Ergebnissen fithren.

1 Variierte KocH-Schneeflocke

Die Konstruktion zunéchst der variierten KocH-Kurve ([1], S. 34) beginnt mit einer Strecke
der Linge 1. Uber ihrer symmetrisch zum Mittelpunkt gelegenen Teilstrecke halber Linge

wird ein gleichseitiges Dreieck errichtet und dann dessen Grundlinie herausgenommen.

In jedem weiteren Schritt wird auf jede Strecke a des bisher
konstruierten Polygons derselbe Prozefl angewendet, d. h.,

die beiden mittleren Viertel von a werden durch zwei Seiten

des iiber ihnen (stets nach ’aulen’) errichteten gleichseiti-
gen Dreiecks ersetzt, kurz: der Seite a wird dieses Dreieck

hinzugefiigt.

Die Schritte werden unbeschrinkt oft wiederholt, in der Grenzlage ergibt sich die variierte
Kocu-Kurve.

Setzt man variierte KOCH-Kurven an die Stelle der Seiten eines gleichseitigen Dreiecks (nach
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auBen ’gestiilpt’), so erhélt man die in Rede stehende variierte KOCH-Schneeflocke. Der
Umfang dieser Kurve ist unbeschrankt, nochmals bestimmt werden soll im Anschlufl ihr
Inhalt.

(Bei der "urspriinglichen” KocH-Kurve erfolgt die Zerlegung der Strecken in drei gleich lange
Teile, und iiber dem mittleren wird jeweils ein gleichseitiges Dreieck errichtet — Inhalt der

zugehorigen KocH-Schneeflocke ist %\/3)

Zuerst der Inhalt unter einer variierten KOCH-Kurve: Im 0. Konstruktionsschritt wird der
Ausgangsstrecke ein gleichseitiges Dreieck mit dem Inhalt Fj hinzugefiigt:
1 11
Fy = 55" 1\[ \/_
Sei nun im (n — 1)-ten Schritt (n — 1 > 0) einer (beheblg herausgegriffenen) Seite a des
vorher entstandenen Polygons ein Dreieck des Inhalts f, hinzugefiigt worden, wodurch sich
in der Summe iiber alle Seiten der Gesamtinhalt unter dem Polygon um F,,_; vergroflert

haben moge.

Nach dem n-ten Schritt (also nach zwei durchgefiihrten Schritten) sind dann der urspriing-
lichen Seite a neben dem erwéhnten Dreieck noch vier weitere Dreiecke hinzugefiigt worden,

die zusammen folgenden Inhalt f; haben:

* fa fa 5
=2-=4+2- = —-f,.
Ja 22 42 8 fa

Fiir die gesamte im n-ten Schritt hinzukommende Flache F,, gilt daher

5 5)"
Fo=<=F,1=(2] R,
he=(3) A

und die Fldche unter der variierten KoCH-Kurve ergibt sich als Grenzwert

- = /5" 8
;Fn:nz;(g) Fy=3F.

Infolgedessen erhélt man fiir den gesuchten Inhalt der oben beschriebenen variierten KocH-
Schneeflocke das Ergebnis

1 8 1 1 3
— —F = — — = — .
TV3 435k = V34 5v3= V3

Dieser Wert korrigiert den in [1] irrtiimlicherweise angegebenen.

Eine analoge Behandlung des allgemeinen Konstruktionsprozesses, bei dem Polygonseiten in
N (> 3) gleich lange Teile geteilt und die symmetrisch zum Mittelpunkt gelegenen Strecken
aus N — 2 solchen Teilstiicken jeweils durch zwei Seiten des {iber ihnen errichteten gleichsei-
tigen Dreiecks ersetzt werden, bringt kein weiteres Resultat, da es — im Gegensatz zu den
Fillen N = 3,4 — bereits fiir N = 5 zu unerwiinschten Uberlappungen von hinzugefiigten

Dreiecken kommt, wie schon eine Skizze anzeigt, ein Nachrechnen bestétigt.



Zu zwei Aufgaben aus Anfangsgriinden der fraktalen Geometrie 179

2 N-Eck CANTOR-Staub

Die Konstruktion geht aus von der abgeschlossenen Fliche P eines reguldren N-Ecks mit
den Eckpunkten Ag, Ay,... ,Ay_1 (N > 3, aber auch N = 2 kann sinngemif zugelassen
werden). Dieses N-Eck werde im ersten Schritt durch N simultane zentrische Streckungen
an jedem seiner Eckpunkte A; mit festem Streckungsfaktor u (0 < p < 1) in N verkleinerte
N-Ecke Pi(l) abgebildet, die Pl-(l) bleiben stehen (i = 0,1,..., N — 1), alles andere wird

herausgewischt.

Im n-ten Schritt (n > 2) wird mit jedem bisher stehen gebliebenen N-Eck auf gleiche Weise
verfahren, in der Grenze n — oo entsteht die Punktmenge N-Eck CANTOR-Staub ([2], S. 21);
N =2, p=1/3 liefert die traditionelle CANTORsche Menge.

A Bei dem Prozel sei p stets so gewdhlt, da} es zu
keinen Uberlappungen der Pi(l) komme und diese
dariiber hinaus nicht ganz P ausfiillen. Gesucht ist

Ay Ay nun der maximale Wert ug von p, fiir den dies noch
eintritt, Formeln fiir ihn wurden in [2] (,,mit erhebli-

chem Aufwand*) gewonnen, und Herr ZEITLER stell-

B te in dem Zusammenhang die Frage nach einer ein-
facheren Herleitung. Eine solche wird im folgenden
Ap=By B; Ay gegeben.

Das Ausgangs-N-Eck P habe den Umkreisradius R, den Innenwinkel ¢, den Zentriwin-
kel « (= 27/N = Supplement von ¢), das kleinere N-Eck Pél) die Eckpunkte By(= Ayp),
By, ... ,By_1 (in gleicher Orientierung wie P) sowie den Mittelpunkt O.

Nun hat die Seite B;B;,1 von Pél) den Anstiegswinkel ia gegeniiber AgA;, und bei Verwen-
dung des Maximalwertes g fiir den Streckungsfaktor p findet im Punkt B, (x > 1) eine
Beriihrung mit Pl(l) statt, falls (z — 1)a < § < za ist.

Sei noch ¢ der (orientierte) Anstiegswinkel von OB, gegeniiber AgA;, D der Mittelpunkt von
ApAy, F der Mittelpunkt von ByB;. Dann wird § = § + (v — 1)a — 7, und |AoF'| + |FD| =
|AgD| liefert
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,uORCOS%—f—[LORcosé = RCOS%,

» n &
COS B . S11 3

Mo = == .
cos & +cosd  sin§ +cosd

5 [

L
2
AO — B(] F Bl

N x 0 cos o
4k ka =3 k+1 S+ka—-5=5-0 oS §
k+1 (k+YHa=2 k+1 S4+ka-I=¢-2 cos &
4k+2 (k+3)a=3 k+1 $+ka—-F=%-% 1

Ak+3 (k+3)a=% k+1 §$+ka-F=5-3=-2 cos?.

Damit sind zu den Féllen N = 4k sowie N = 4k +2 die Formeln aus [2] wiedergewonnen, die
beiden iibrigen Ergebnisse beinhalten jedoch Korrekturen. Aber Nachfolgendes muf3 zudem

bedacht werden:

Im speziellen Fall N = 4 (auch N = 2) ist der soeben bestimmte vermeintliche Maximalwert
1/2 nicht verwendbar, da dann die Pi(l) ganz P ausfiillen wiirden, nichts herausgewischt wer-
den konnte, aber CANTOR-Staub entsteht bei 0 < g < 1/2 (s. hierzu auch die Betrachtungen

am Ende), ein Maximalwert fiir seine Erzeugung existiert in diesen beiden Féllen nicht.
Fiir N = 3 ist hingegen py = 1/2 der korrekte Maximalwert.

In allen Féllen N > 4 beriihren sich fiir ,u = o aus Symmetriegriinden je zwei beliebige

(D)

benachbarte unter den P; "’ ebenso wie P ) und P , und weil obige Formeln

: o : (0%
sin 5 < sin 5 B 1

1
. N = < —=.
sm%—i—cosé_sm%—i—cos% 1—i—cot% 2

Ho =

liefern, liegt der Mittelpunkt von P auflerhalb sdmtlicher Umkreise der verkleinerten N-Ecke
Pi(l). Somit existiert um diesen Mittelpunkt herum ein Gebiet positiven Inhalts aulerhalb
aller Pl-(l), und auch zwei beliebige unter ihnen, die nicht benachbart sind, iiberlappen sich
demnach nicht. Hierdurch wird erhértet, dafl der hergeleitete Wert o korrekter Maximalwert

ist.
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Abschlielend sei nochmals und etwas detaillierter die Konstruktion eines N-Eck CANTOR-
Staubs betrachtet, er werde mit Cy bezeichnet, i sei der verwendete zugelassene Streckungs-
faktor.

Im 1. Schritt werden aus dem N-Eck P vom Inhalt 1 (als MaBeinheit) N untereinander kon-
gruente N-Ecke vom Typ P erzeugt, jedes von ihnen denke man sich mit einer der Marken
0,1,..., N —1 versehen, entsprechend dem durch Ay, Ay, ..., Ay_1 gegebenen Muster; f sei
der Inhalt eines jeden von ihnen, dabei ist f = p? fiir N > 3 (f = p fiir N = 2) und stets
Nf<1.

Liegen nach dem (n — 1)-ten Schritt (n — 1 > 1) N"~! Exemplare P~V vor, jedes vom
Inhalt f"~!, so entstehen im n-ten Schritt aus jedem (festen) P~V neue N Exemplare des
Typs P™ | die wir uns analog jeweils mit einer der Marken 0,1,... , N — 1 versehen denken

und die einzeln vom Inhalt f™ sind.

Hieraus kann dreierlei abgelesen werden:

1) Im Konstruktionsprozef§ entstehen Folgen von ineinandergeschachtelten abgeschlosse-
nen N-Ecken, deren Durchmesser gegen Null streben, die somit jeweils genau einen
‘innersten’ Punkt enthalten: Cy existiert als nicht leere Menge dieser innersten Punk-
te. (Fir N > 2, im 2-Dimensionalen, hat man nach Projektion auf orthogonale Koor-

dinatenachsen zwei Intervallschachtelungen.)

2) Jede dieser N-Eck-Folgen ist charakterisiert durch eine Folge der vergebenen Marken,
die Elemente von Cy entsprechen daher eineindeutig den Folgen aus 0,1,... ,N — 1,
und alle moglichen solchen treten im Prozefl auf: Cy hat die Méachtigkeit des Konti-

nuums.

(Die Teilmenge der Folgen ohne Periode N —1, als Nachkommateile der Darstellung re-
eller Zahlen im Positionssystem der Basis IV gedeutet, stellt die Zahlen des halboffenen
Intervalls [0, 1] dar.)

3) Nach dem n-ten Konstruktionsschritt ist Cy enthalten in der Vereinigung von N™ Ex-
emplaren des N-Eck-Typs P®™ vom Gesamtinhalt N”f" und dabei gilt
(N f)"* — 0: Cy hat den Inhalt 0.

Die Menge Cy ist gleichméchtig zum vollen Ausgangs-N-Eck P und zerfillt in flichenlosen
(oder ldngenlosen) ’Staub’! Diese dem Kenner geldufigen aber gleichwohl staunenswerten
Bewandtnisse vergdnnen einen Blick in die Mengenlehre des Unendlichen, ins ,,Paradies, das
CANTOR uns geschaffen” (D. HILBERT 1925, Math. Annalen 95).
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