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Results on partial Derivatives of the incomplete Beta
Function

ABSTRACT. The incomplete Beta function B(a, b;z) is defined by

B(a,b;x):/ N1 =)t at,
0

for a,b > 0 and 0 < x < 1. This definition was extended to negative integer values of a and
b by Ozcag et al. Partial derivatives of the incomplete Beta function B(a, b;x) for negative

integer values of a and b were then evaluated. In the following, it is proved that

T In(1 —=x
Bo,l(—l,l;x):—lnl_x _ ( - ) 1
and o
nByi(—n,l;2) = —1In - f - 1n(2n— x) - ; x;
forn =2,3,..., where
gm+n
5amaan(a’ b;x) = Byn(a,b;x).

Further results are also given.
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1 INTRODUCTION

In a change of notation, the incomplete Beta function B(a,b; x) is defined by
B(a, b; x) :/ N1 — ) a, a,b>0, 0<zx<l
0

see Ozcag et al [0].

The following definitions were given by van der Corput [].
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Definition 1.1 A neutriz N is defined as a commutative additive group of functions
v(€) defined on a domain N' with values in an additive group N”, where further, if for some
v € N, v() = for all ¢ € N, then v = 0. The functions in N are called negligible

functions.

Definition 1.2 Let N’ be a set contained in a topological space with a limit point b which
does not belong to N'. If f(&) is a function in N’ with values in N" and it is possible to find
a constant ¢ such that f(§) — c € N, then c is called the neutriz limit of f as & tends to b
and we write N—limg_y;, f(£) = c.

Note that if f tends to c in the normal sense as & tends to b, then it converges to ¢ in the

neutriz sense.

Now let N be the neutrix having domain N’ = (0,z) (0 < z < 1) and range N” the real

numbers, with the negligible functions finite linear sums of the functions

An" e, In"e (A<0, r=1,2,...)

and all functions which converge to zero in the normal sense as € tends to zero.

It was proved, see Ozcag et al. [6] and [7] that

x

B(a,b;z) = N—lim [ " (1 —t)"dt

e—0 €

for all values of a and b and in general

am+n
8am8b"B(a7 b;x) = Bn(a,b;x)
= N—_}lém jt“l In"t(1—t)""'In"(1 —t)dt
for m,n=0,1,2,... and all values of a and b.

Note that B,, ,(a,b;x) is not necessarily equal to B,, (b, a; x).

Note also that if a > 0, then

x

Bpn(a,b;z) =lim [ '™ ¢ (1 —¢)" ' In"(1 —¢)dt

e—0 ¢
for m,n=0,1,2,....

The following results were proved in [2]:

B(0,0:2) = In——, (1)

— X

n—1

B(n,0;x) = —In(l —z) —
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the sum being empty when n =1 and

x U
B(—n,0;x) =1 =12, ....
(n7 71’) n]_—(l: — Z" n )

2 MAIN RESULTS

We now prove the following theorem:

Theorem 2.1

form=1,2,..., where

1s the n—th harmonic number.

Proof. We have

T 1—e
/ tH(1 —t)”ldt:/ (1 —t) " dt
€ 11—z

1—e€ n+1
:/H [1—t +Zt ]

—_

1
=Inz—Ine—In(l —2)+1In(l —¢) — Z_{l 7
( —€)

=1

and it follows that

T

B(0,—n;z) = N—lim [ ¢ '(1—¢)"tdt

e—0 €

"1 1

— N—lim[lne —In(1 —€)] — lim » - [(

— X e—0 E—>0. 1 1

; {1‘ <1—1a:>2} |

Equation (4) follows.

Equation (4) corrects a result given in [6].

1—e)
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Theorem 2.2
Bio(l,—1;2) = (1—x)_1lnx—ln1_x (5)
and
x = (1—x)™"
nBio(l,—n;z) = (1—2)"Inz —In—— — ; et d(n— 1) (6)
form=2,3,....

Proof. We have
n/xlnt(l —t) " dt = /x Intd(l—¢)"
=(1—2z)"lnz—(1—¢)"lne— /90 (1 —t) " dt
and it follows that

nBio(l, —n; ) = N—limn/ Int(1—¢) " 'dt
e—0 e

=(l—2)"Inr —N-lim(1 —€) "Ine— N-lim [ ¢ (1 —¢t)"dt

e—0 e—0 €

=(1—2z)"lnz—-B(0,—n+1;z).

Equation (5) now follows on using equation (1) and equation (6) follows on using equation

(4) forn=2,3,.... O
Theorem 2.3
T In(1 -2z
Bo,l(—l,l;x):—lnl_x— <x )—1 (7)
and
‘ x In(1 — x) . U g
nBo,l(—n,l,ac):—lnl_x— e +izl = (8)
form=2,3,....

Proof. We have

n/ " n(1 —t)dt = —/ In(1 —t)dt™

=e¢"In(l—¢)—z"In(1 —2z) — / (1 — )" dt
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and it follows that
nByi(—n,1;z) = N:_}(i)mn/x 7" (1 —t) dt
=-n"'—2"In(l—z)— B(-n+1,0;7).

Equation (7) now follows on using equation (1) and equation (8) follows on using equation

(3) forn=2,3,.... O
Theorem 2.4
Bor(enr 1) =5 EV (Y |t~y
—n,r+1;2) = ' "In(l —z
oL ’ ~ n—i \i 1—x
n—i—1 _r
x 1
AN 9
Z k +n—z] )
k=1
forn=1,2. . andr=0,1,2,...,n—1, the sum > 1%~ 1”” “ being empty when i =n — 1,

n—1

oy

Boyl(—n, n -+ 1, .Z') =

S

forn=1,2,..., the sum > ;" I “ being empty when i =n — 1 and

n—1 ;
. _ (_1)1—1 r i—n T
Bojl(—n,rjtl,x)—lz: — |, x ln(l—:zr)—l—lnl_x

n—i—1
xr

?v\

n—z
k

r _1 anx
+Z§——n [Z”lnl—x) In(1 —x) E] (11)

i=n-+1 k=1

1

form=12,...andr=n+1,n+2,....

Proof. Integrating by parts, we have

/j £ (1 =) In(1 — t)dt = i(_ly (D

=0

— - ﬂ(r) {xi_”ln(l —z)— € "In(1 —e)+/jt"—”(1 —t)_ldt} , (12)

- 7 —1Nn \1?
1=0

/ t" n(1 —¢) dt

€
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forr=20,1,2,...,n— 1.

Since
) 0 ¢iti—n
GZ_nln(l—E):—Z —,
= 7
it follows that
: —(n—1i) 0<i<n-—1
N—lime ™" In(1 — ¢) = { (=)=, 0sisn-—1, (13)
e—0 0, 1> n.

It now follows from equations (12) and (13) that

T

Boi(—n,7 +1;2) = N—lim [ ¢ " 'In(1 —¢)(1 —¢)"dt

e—0 €
~ (—1) : 1
:Zu(r) {x’”1n(1—x)—|—B(—n+i+1,0;x)— : }
—~i—n\i i—n
r (_1)7;_1 r - nzl _
= " In(1 — 1 —
2o =i \i) |" n(l =) +ng Z R

on using equation (3), proving equation (9).

For the case r = n, equation (12) has to be replaced by the equation

/jt”l(l —t)"In(1 — t)dt = i(—l)i (7;) / £V n(1 — t) dt

— nzl E__lfl (7;) [xi_” In(1 — .:1::) — ¢ In(l —€) + /x (1 —)7! dt}
+(—1Yi[xt1hm1—tyﬁ. (14)

It now follows from equations (13) and (14) that

Boi(—nmn+1;z) =N—lim [ ¢ " 'In(1—¢)(1 —t)"dt

e—0
n—1 i
RaYE)

; 1
: Cﬁ[ﬂﬂﬂml—x%+Bbm+d+1ﬁmﬁ—, }
z’:OZ_n 1 1T—"n

+(=1)"Boa (0, 1;2). (15)

tz— e i 1
/‘fiml—ﬁ E:/m - xae
€ 1

7

Now

)
._.
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and so
T o0 Ii
N—1Ii t In(l—t)dt =—Y = = By1(0,1; ). 16
e_}ém . Il( ) ;ZQ 0,1< ) 7':(;) ( )

It now follows from equations (15) and (16) that

Boi(—n,n+1;z) = ri <;1_):1 (7;)

1=0

7 "In(l —2) +1In . ’

proving equation (10).
When r > n, equation (12) has to be replaced by

/j (1 =) In(1 —#) dt = i(_l)i (:)

=0

:7.1_1 (=1) (7“) [x— In(1 - ) — e In(1 - ¢) + / T t>—1dt]

+ (=1 /x t ' In(1 —t)dt

€

n .Z (=1) (r) [xi_" In(1 —z) — ¢ "In(1 —€) + / 1 —t)7! dt} : (17)

/ t" (1 —¢) dt

€

It now follows from equations (16) and (17) that

xT

Boi(—n,r+1;2) =N—lim [ ¢t Y1 —1)"In(1 —¢t)dt

e—0 €
n—1 i n—i—1
(=)=t - T xF 1
- = n(1 — 2) +1 _ r
Z n—1i \1 7 In( x>+n1—:c Z k +n—z’
=0 k=1
™\ = T’ (=1 (r - 2 ok
— (=" - (1l —2) —In(l—2)— Y —
( >(n>z+z_n() [ n(l - )~ In(1 - 2) k]
since it was proved in [6] that
T n—1 xk
B(n,0;z) =N—lim [ " '(1-t)'dt=-In(1—2)— ) =
e—0 € k
k=1
for n =1,2,.... Equation (11) is now proved. ]

For further related results see [1], [2], [3] and [5].
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