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LAURE CARDOULIS

Existence of solutions for a system involving the
(2,9)-Laplacian operator in a bounded domain

ABSTRACT. In this paper we study the existence of a non trivial weak solution for a system
involving the Laplacian operator and the g-Laplacian operator in a bounded domain 2 of

RY with sufficiently smooth boundary.
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1 Introduction

We consider in this paper the following system for ¢ = 1,--- ,m,

—Au; — Agu; +w; Ui|q_2ui + 20 aguy = gi, ur, e Upy) 0 S,
{ ! ‘ Zj_l s (S7Q7g>

u; = 0 on O0f).

where  is a bounded domain with sufficiently smooth boudary, Q C RV.

We recall that the g-Laplacian operator is defined by A,¢ = div(|V¢|?2V¢) and we sup-
pose ¢ > 2 in the whole paper. We study the existence of a weak non-trivial solution v =
(up,- -+ ) € W for the system (S, ¢, g) where the variational space is W = (W, %(Q))™,
W, () being the usual Sobolev space endowed with the norm [|¢]|g?() = ([, |[Vo|7)/.
We also denote H = (W;?(Q))™ and |.||w, ||.||z, the norms on W and H (||ul|w =

(S il ) )

We assume throughout all the paper that the bounded functions a;;,w; (for i,5 =1,--- ,m)

satisfy the following hypothesis

Assumption 1.1 i) a;,w; € L®(Q), ai; >0, w; >0 a. e. on Q.

ii) The matriz A = (a;;) is symmetric and satisfies '€AE > 0 for all’§ = (&, ,&n) € R™.
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Note that the above Assumption 1.1ii) is satisfied when the matrix A is a positive definite

one. Introduce now the following functionals for v = (uq,- - ,u,,) € W

Hl(u):Z/ﬂ(|Vui|2+aiiu?+ S aiuu), (1.1)
=1

=Li#i
and

o) = Y /ﬂuvum - wilug]). (1.2)

Since A is symmetric then Hy(u) = >, [o(|Vwil® + agui +237070 o aguju;).

Note that (H;(u))"/? and (Hs(u))'/? define norms on H and W equivalent to the norms ||.||z

and ||.|[w respectively.

We consider different cases for the functions g; : in the second section we deal with g;(., uy, -+,
Up) = h; € W~H9(Q) the dual space of W;*?(Q) with % + & = 1. In the third section, we
define g;(.,uy,+* , Up) := m;|u;|7%u; where the functions m; are bounded and indefinite. In
the fourth section we consider the case g;(.,u1, -, Up) = Afi|u;|""2u; where the functions
fi are still bounded and undefinite, A is a positive real parameter and the coefficient ~ sat-

isfies some hypotheses in which v < q.

In each of the precedent cases, the system (S, ¢, g) will be rewritten under a variational form
with I(u) an adapted Euler functional defined in W and the existence of weak solutions for
the system (.59, ¢, g) will be equivalent to the existence of critical points for this functional
I. In the second and third sections, we will mimimize the Euler functional I using either
standard arguments (cf. Theorem 1.1.2 in [1&]) or the Moutain-Pass Theorem. In the third
section, we will use the principal eigenvalue A\, , , of the g-Laplacian operator associated with

a weight p whereas in the fourth section we will define a characteristic value A\{ (see (4.7)).

Equations and systems with the p-Laplacian have been widely studied for the existence of
solutions or the maximum and antimaximum principles (see for examples |3, 9—13], see also
[11] for the fibering procedure). These last few years, equations with the (p,q)-Laplacian
have been studied (see for examples [1, 6, 15, 19, 21] in a bounded domain and [5] in RY).
Authors study the existence of solutions (sometimes the sign of these solutions and gen-
eralized eigenvalue problems) mainly by minimization of the energy functional either by
standard arguments or the mountain-pass geometry, also by using the method of sub- and
super-solutions. The case of the (2,q)-Laplacian arises in quantum physics (see [2]). A few
systems with two equations have been studied (see for example [10] for a system with two

equations, one with the p-Laplacian and the other one with the g-Laplacian ; see also [20)]
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for a system of two equations with the (p,q)-Laplacian with critical nonlineariries) but as

far as we know, there is no system with n equations for the (2,q)-Laplacian studied yet.

This paper is organised as follows: in section 2, we use standard arguments for minimizing

the functional I when we consider the case where g;(.,u1,- -+ ,uy) = h; € W™H(Q). In
section 3 (in the case of g;(., w1, ,um) = myu|"*y; and ¢ < 2* where 2* = 22 if

N > 2 and 2* = oo if N < 2), first we recall some results of the existence of the principal
eigenvalue for the g-Laplacian operator associated with a bounded weight (and the existence
of a positive eigenfunction associated with). Then we use the Mountain-Pass Theorem in
order to get the existence of a non-trivial solution for our system. Finally in section 4 (when
Gi(y U, Uy) = Afilw|"72u; with 2 < v < ¢ and v < 2* where 2* = f if N > 2 and
2* = 00 if N < 2), first we follow a method introduced by Cherfils-II’Yasov in [7] for one
equation involving the (p-q)-Laplacian operator to define a characteristic value A{". Then
we get the existence of a non-trivial solution by means of global minimization of the FEuler

functional.

2 First case: gi(.,u1,+ -+ ,uUp) := h; € W14 (Q)

In this case the system (9, ¢, g) is rewritten under the following form

{ —Aui — Agu; + wilwi|"Pu; + 30T agguy = hi in Q, (2.1)

u; = 0 on 02,

with h; € W=59(Q) for each i = 1,- -, m. Recall that —A, may be seen acting from W, (1)
into W~ (Q) with § + & =1 by

< =Dy, Y > 4= /Q IVo|92V ¢ - Vo for all ¢, 1) € Wolvq(Q)

(see [¢, 17]) where < .,. >, , denotes the duality mapping between W =14 () and W, ().
Therefore the Euler functional is, for v = (uqy, -+ ,u,) € W,
1
I(u) = §H1( u) + H2 Z < hiyus > g - (2.2)

The result of the existence of solution for the system (2.1) is the following.

Theorem 2.1 Assume that Assumption 1.1 is satisfied and that h; € W19 (Q) for each

i=1,---,m. Then the system (2.1) has a unique solution.
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Proof. The functional I : W — R defined by (2.2) is weakly lower semi-continuous by
the compactness of the embedding of W to (L4(Q))™ and (L*(2))™ and of class C* on W.

Moreover this functional [ is also coercive. Indeed by the Young’s inequality we have

1 /
| <hiyui >q 0 | < [|Rilly—ra @il o) < 2—q||ui|!31,&,q(m + Cllly 1 g

with C' > 0, C independent of u. And since Hy(u) > 0 and Ho(u) > |lullw we get that

1 = /
](u) 2 Q_QHUHW - CZ ||hi||({1/V71,q'(Q)'
1=1

Therefore the functional I has a gobal minimizer (cf.[18, Theorem I.1.2]) and the system
(2.1) has a solution.

Let us prove now the uniqueness of the solution. Suppose on the contrary that there exist
two distinct solutions u = (uy, -+ ,uy,) € W and v = (v, ,v,,) € W for (2.1), so there

exists k such that uj # vg. Since

(I'(u) = TI'(w) - (u—v)=T"(u) - u—T'(W) - u—T(u)- v+ I'(v) v=0,

we have . . .
i=1 Y ij=1"% i=1 7%
- Z/ Vv, - Vu; — Z / Q;jVjU; — Z / (|Vvi|q_2Vvi -Vu; + w¢|vi|q_2v,~ui) =0
i=1 79 i,j=1"¢ i=1 79

and on the other hand

Z/ Vu; - Vu; + Z / a;ujv; + Z/(|Vui|q_2Vui Vo + w;|ug| T2 u;)
=1 Q Q i=1 Q

i,7=1

=3 [wul =30 [ aguu =3 [ (Vul - wiful) <o
i=1 Y Q i=1 7/

1,j=1

So we get

Z/ Vu, . (VUZ — VUZ) + Z / aijuj(ui — Ui) + Z/ |Vui|q_2Vui . (VU, — VUZ)
=1 Q Q i=1 Q

i,j=1

+ Z/le|uz\q2uz(ul — Ui) — Z /Q sz- . (Vul — VU1> — Z /QCLijUj(UJZ' — Ui)
i=1 i=1 i,7=1

- Z/ |Vv,~|q_2Vvi . (VUZ — VUZ) — Z/ wi|vi|q_2v,~(u,~ — 'Ui) =0.
i=1 7 i=1 78
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Thus

Z/ ywi—w,-|2+z/<|w\q2vui— VT 2V0,) - (Vs — Vo)
i=1 78 i=1 7

+ / agj(u; —v;)(u; — v;) + Z/ wi (|| u; — [vi]T%0;) (u; — v;) = 0.
=179 i=1 79

i,j=1

The last equality can be rewritten under the following form with the duality product
< .. >dq

m m
Z < —Aul -+ Avi, U; — V; >o9 + Z < —Aqui + Aq’UZ’, Ui — Vi >q' g
=1 =1

m m
+ Z < aij(u; —vj),u; —v; >99 + Z < w;(Jug 2wy — o] T 20), ui — v > 4= 0.
ij=1 i=1

Moreover a consequence of the strict convexity of the spaces Wy*(Q) and W,(Q) is that
the duality mappings —A and —A, are strictly monotone. So from wuy # vy we get

< —Auk + Avk, U — Vi >22> 0,

and

-1 ~1
< =gt + Bgi e = Ve > ([unllna gy = 10kll5 1 o)) Nlellwpag) = llvellwpag) 2 0

since x — 297! is increasing on [0,00) (and even < —Ajug + Ayvg, up — v >44> 0 from |3,
Proposition 1]).
Thus

m m
Z < —AUZ + A’UZ', Uj — Vi >22 +Z < —Aqui + Aqvi,ui — Vi >q.q> 0.

i=1 i=1
Furthermore, since the function z + |z|?7%z is increasing and w; > 0, we have
m
Z —2 -2
< w@(|u1|q U; — |Ul'|q vi),ui — V; >q',q2 0.
i=1
Finally from Assumption 1.1,
m
E < aij(u]- — vj),ui — V; >2722 0.
,j=1

Therefore we get a contradiction. O]
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Remark: We can generalize Theorem 2.1 replacing the 2-Laplacian operator by the p-

Laplacian with 2 < p < ¢, that for the following system

—Apui — Aqui + wi|ui|q_2ui + Z;nzl QU5 = hz in Q,
u; = 0 on 0f),

and even for

—Apui — Aqui + bi|ui|p_2ui —+ wi\ui|q_2ui -+ Z;nzl Qi jUj = hz in Q,
u; = 0 on 0%,

under the additional hypothesis that the bounded functions b;, ¢ = 1, - - - , m are non-negative.

3 Second case: g;(.,u1, - ,Up) = m;|u;|9%uy;

In this section we assume that

Assumption 3.1 ¢ < 2* where 2* = 22 if N > 2 and 2* = oo if N < 2,

and we rewrite the system (S, ¢, g) under the following form:

fori=1,---,m,
—Aui — Aqui + wi|ui]q_2ui + Z;nzl aijuj = mi|ui]q_2ui n Q, (3 1)
u; = 0 on 9. '
Note that the decomposition with the weights ¢; := m; — w; does not necessarily coincide
with the decomposition ¢; = ¢;1 — ¢;— where ¢;; = max(c¢;,0) and ¢;— = max(—c;,0). Define
now for u = (uy,- -+ ,uy) € W the functional
M(u) = Z/ ], (3.2)
i=1 /9
The Euler functional associated with (3.1) is consequently for u = (uq, -+ ,u,,) € W,
1 1 1
First let us recall the usual weighted eigenvalue problem for the g-Laplacian:
—Ayu = Np|u|9?u in Q, (3.4)
u =0 on 0f),

with a bounded weight function p and a real parameter \. It is said that \ is an eigenvalue
of the g-Laplacian associated with the weight p if (3.4) has a non-trivial solution u which

is called an eigenfunction associated with A. It is well known (see [1]) that if the Lebesgue
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measure of {x € 2, p(x) > 0} is positive, then the first positive eigenvalue A\, , , of —A, with

weight function p is obtained by the Rayleight quotient

fQ |Vul
Jo plule

Moreover, A 4, has a positive eigenfunction ¢, ,, € Cy*(Q) (for some a, € (0,1)). Assume

My, — inf{ cu e W), / plul? > 0}. (3.5)
Q

in this section that

Assumption 3.2 i) Foralli=1,---,m, m; € L=(),

ii) For alli=1,---,m, the real 1 is not an eigenvalue of the g-Laplacian with the weight

Assume also in this section that either Assumption 3.3 or Assumption 3.4 holds

Assumption 3.3 There exists k € {1,--- ,m} such that:
meas{z € Q, (my —w)(x) > 0} # 0 and A\ gmy—w, < 1.

Assumption 3.4 There exist k,1 € {1,---,m}, k # [ such that:

meas{x € Q, (mg —wg)(x) > 0} #0 and A gmy—w, + /(wl — )| 1. gmp—wi|T <0
Q

With @1 qm,—w, the normalized eigenfunction associated with Ai g, —w,-

Note that Assumption 3.4 is satisfed when Ay g, —w, (Mr — wg) +w; —my < 0 a. e. in .
Our aim is to study the existence of a weak solution for the system (3.1) by minimizing the
functional I defined by (3.3). As in section 2, the functional I is weakly lower semi-continous
on W but may be no more coercive so we cannot use standard arguments for minimizing I.
First, we prove that any Palais-Smale sequence is bounded in W and has a strong convergent
subsequence. Then we are able to apply the Mountain-Pass Lemma and Assumptions 3.3 or

3.4 allow us to get a non-trivial solution.
We say that (u,) C W, u, = (t1n, -+, Umn), is a Palais-Smale sequence if it satisfies the
following conditions

|I(u,)| < D for all n € N and |[I'(u,)||w+ — 0 as n — o0 (3.6)

with some constant D > 0, W* being the dual space of W.

Lemma 3.1 Assume that Assumptions 1.1 and 3.2 are satisfied. If (u,) C W, u, =

(Win, s Umn), 18 a Palais-Smale sequence, then (u,) is bounded in W.
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Proof. Let (u,) C W, u, = (U1p, -+ ,Umn), be a Palais-Smale sequence. We want to prove
that (||un||lw)n is bounded or equivalently that (Hz(uy,)), is bounded. But

éHQ(un) ~ I(uy) — %Hl(un) + éM@n) <D+ EM(%) <D+ Clunllpuaye (37)
with C' a positive constant, C' independent of w,, (since the functions m; are bounded in the
functional M (u) defined by (3.2)). So it is sufficient to show that (||u,||(zs(q))=) is bounded.
We adapt ideas from [19]. Assume on the contrary that o, := ||ty (ze(@))m —n—eo 00 (for a
subsequence) and denote v, = iun = (Vin, "+, Umn). From (3.7), we deduce that (||v,|w)
is bounded and from the compact embedding of W into (L%(£2))™ we get the existence of
vo = (Vo1, -+ ,Vom) € W such that (v,) converges to vy, strongly in (L?(€2))™ and weakly in
W (for a subsequence).

e Now we prove that (v,) converges strongly to vy in W. Indeed by taking

OMBES ?(Un — ), we obtain

1 m
— Z / (Vin.V (Vi — v0:) + Qiiin (Vin — V0;))
i=1 7§

ag

I'(up).¢p =

1 m
+— Z / (Vi | Vi V (vin — v0:) + Wilttin] ™ win (Vin — v07))
— Jo

q
n

1 1 &
A Ujn (Vin — Voi) — ——1 M| Win| i (Vi — 03).- 3.8
= 3 [ atntn o) gz 3 [t )69

+ o
gy

But u,, = a,v, so (3.8) becomes

, 1
I'(up).¢p = 2 Z /Q(va-v(vm — 00;) + QiiVin (Vin, — Vi)

m
+ Z /Q(|va‘q2vvm-v(?fm — vpi) + wi|Um|q72?Jm(Um — Vi)
i=1

1 “ _
+ —= Z / @ Vjn(Vin — Voi) — Z/ M| Vi |7 QUm(Um — Vp;)- (3.9)
/O i=1 79

q
«Q =
N R

Note that |7(un).dal < 17'(un) - [ alliw = 17/ ()l =2t [0 — w0l s0

I'(uy).¢0n, —nsoo 0 from (3.6), a;, —psee 00 and (||v,||w) bounded. Moreover, since the
functions a;;j, w;, m; are bounded there exists a positive constant, denoting C' at each step,
such that

\ /Qaijvjn(vm —v0i))| < Cllvjnllz2@)[vin — voill2@) < Cllvnllw lvn — voll o)y
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and therefore
/ ;Vjn(Vin — Vo)) — 0 as n — oo. (3.10)
Q

By the same way, for b; = w; or b; = m;,

- o=t -
I/ bilvin|"*Vin (Vin — v0:))| < C(/ [vin?) (/ [vin = v0il ) < Cllvallfy lvn = voll zayym
Q Q Q
S0

/ bi]vm|q’2vm(vm —vg;)) — 0 as n — oc. (3.11)
Q

Recall that < .,. >, is the duality product between W59 (Q) and W, () with %—Fi = 1.
From (3.9), (3.10), (3.11), we deduce that

1

q—2

m m
Z < — A, Vip, — Vo; >22 + Z < —Ayin, Vin, — Vi >gq—> 0asn —oo. (3.12)
679

i=1 i=1

Moreover we have (see also the proof of Theorem 2.1)

—1 —1
< =D gUin+Ag0i, Vin — Vi >¢q> (Ilvmll‘v’V&,q(Q)—IIUOiII‘V’V&,q(Q))(IlvmIIWg,q(Q)—IIUOiIIWOLq(Q)) >0

(3.13)
and

< —A'Um + AUQZ‘,UM — Vo; >2’22 ||Um — UO/L'H?/V(}Q(Q) > (“U’mHWOl’Q(Q) — H’UOiHWOl,z(Q))2. (314)
From (3.13) and (3.14) we get
-1 -1
0< Z(Ilvmll‘évg,q(m - ||U0iH;I/VOLq(QQ(HvinHWOlvq(Q) - ||U0i||W01’q(Q)>
i=1

m

1
= 0 (lemllwgz = Neoillwg o)’
n =1
1 & -
< i Z < —A?)m,?)m — Voi >>2,2 + Z < —Aqvinavin — Voi >¢'q
an ~ i=1

m m
1
+ Z < AgVoi, Vin — Voi >q'q +W Z < Avg;, Vi, — Voi >22 -

: a4

i=1 i=1
Because the right-hand side of the above estimate tends to 0 as n tends to infinity (from
(3.12) and the weak convergence of (v,) to vy in W) we obtain that for i = 1,---  m,
||Um||WO1,q(Q) — ||U0i||Wg,q(Q) as n — oo and therefore (v,,) strongly converges to vy in W.
e Finally, we prove that vy is a non-trivial solution of the eigenvalue problem of the g-
Laplacian with weight m; — w; for at least one 1.

Let ¢ = (¢1,- -+ , ) € W. Taking #gb as a test function, since u,, = a,v,, we have

1 1 m m
I/(un> _1¢ = ) ZZ;/Q(VUWLV(bZ + jz_;\/gaijvjn(m)

al al
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+ Z /Q(|va|q_2va.V¢i + Wil Vi "0 s — M| Vin| T Vi ).
=1

Letting n — oo, we see that for each ¢ =1,--- ,m,
— A, vg; + w;|ve; |92 v0; = my|vg; |7 20; in
v [voi v [voil v . (3.15)
Voi = 0 on 0f)
Since ||vp||(za@)y» = 1 and (v,) converges strongly to vy in W we get that [lvollw > 1.

Therefore there exists ¢ such that vy; is a weak solution to (3.15). This contradicts Assump-
tion 3.2. O

Lemma 3.2 Assume that Assumptions 1.1 and 3.2 are satisfied. If (u,) C W, u, =

(Uiny -y Umn), 1S a Palais-Smale sequence, then (u,) has a strong convergent subsequence
m W.
Proof. Let (u,) be a Palais-Smale sequence in W, u,, = (41, " , Umn). By Lemma 3.1, the

sequence (u,) is bounded in W. From the compact embedding of W14(Q) into L(Q) we
get the existence of ug = (ug1,- -+ ,uom) € W such that (u,) converges to ug strongly in
(L9(€2))™ and weakly in W (for a subsequence still denoted by (u,)). We want to prove that
|lunllw — |Juollw as n — oo and we proceed as in the proof of Lemma 3.1.

Since |I'(uy).(un — ug)| < || (un)||w(

lun||lw + [Juollw) we deduce that

I'(uy).(up, — ug) — 0 as n — oo. (3.16)
But
I (un - uO Z/ vum : uzn qu + Zamu]n Uip — qu))
+ Z / (IVUin| " Vi V (Ui — o) + (Wi — ) [tin] ™ *in (win — ug;)).-
— Jo
As in Lemma 3.1, denoting b; either w; or m;, we have for ¢,5 =1,---,m,,

/ bi|um|q_2um(um —ug;)) — 0 asn — oo,/ @ijUjn (Win, — ug;)) = 0 as n — oo, (3.17)
Q Q

From (3.16) and (3.17), we get that
Z < =AUy, Ui, — Ui >22 + Z < =AU, Ui — Ug; >¢7g— 0 @8 1 — 00.
i=1 =1

Moreover we have

m

Z (lin e gy = N0l 10 ) (ttin g oy = luoillzoey)
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m

+ Z(HUinHWOl’Q(Q) - ||U0i||W01’2(Q))2

=1

m m
< g < =AU, Ui, — Ugi >22 + E < =D gUin, Uin — Ugi >q' g
i=1 =1

m m
+ Z < AqUOiauin — Up; > ¢ q + Z < Aui,um — Ug; >2,2 -

i=1 i=1
As in Lemma 3.1 we deduce that for i = 1,--- ,m, HumHWOl,q(Q) — HuOiHW&,q(Q) as n — 00
and therefore (u,,) strongly converges to uy in W. O

So we can state the main result of this section

Theorem 3.1 Assume that Assumptions 1.1, 3.1 and 3.2 are satisfied. Assume also that
either Assumption 3.3 or 3.4 holds. Then the system (3.1) has a non-trivial solution in W.

Proof. The C'-functional I satisfies the Palais-Smale conditions and I(0) = 0.
e First, we claim that there exist positive constants p* > 0 and § > 0 such that [(u) > § for

any u = (uy,- -+ ,uy,) € W satistying |Ju|lw = p*.
Let w = (uy, -+ ,uy,) € W. Put p = ||u|lw and note that Hy(u) > ||u||% and Hy(u) > p?.
Moreover, since ¢ < 2*, for i =1,--- ,m,

1 1
|/mi|ui|q| < (/ |mi|r)1/r(/ |ug| )Yt with = + = =1 and s := gt < 2.
Q Q Q ot

From the continous embedding of W'2(Q) C L*(Q) we deduce the existence of a positive

constant Cy such that | fo mylwi|| < Cillui|[f1,2(q)- Thus

[M(u)] < Chllully

and o0
).

Recall also that there exists a positive constant Cy > 0 such that ||u||g < Cyflu|lw for all
uec W X

Therefore if p < p* := & (ﬁ)ﬁ , then 1 — %Hu”%{2 >1-— %(Cgp)q_Q >0 and

1 1
Iu) > g+ gl - =

e Assume here that Assumption 3.3 is satisfied with & = 1 for simplicity.
Let ¢1 4.m;—w, be the normalized eigenfunction associated with Ay m,—w, (i. €. be such that

Jo(m1 — w1)[é1,g.my—w, |2 = 1, we may choose such ¢ g m,—w, because the equation (3.4) is
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homogeneous). Denote ®, = (¢1 4my—uy;0,---,0) and take R sufficiently large such that
|R®,|lw > p*. We have from (3.4) and (3.5)

R? R
H(R®,) = S (@) + [ (90100l + (101 = 100 61 gm0
R? R
= - Hi(®g) + v /(Al,q,mlwl(ml —wi) + w1 — m1)|P1gmy—w, |
Q

S0, since Ai gmy—w;, < 1,

2 q

(D) = - Hi(®) 4~ g — 1) <0
for R sufficiently large. Therefore we can apply the mountain-pass theorem to deduce that [
has a non-trivial critical point which is a non-trivial weak solution of the system (3.1).
e Assume now that Assumption 3.4 is satisfied with £k = 1 and [ = 2 for simplicity.
Denote again @1 g m,—w, the normalized eigenfunction associated with Aq ., —w, such that
fQ(ml — w1)|®1,4my—uws [T = 1 and denote here ¥, = (0, ¢1 gmy—us;0,---,0). Take R suffi-
ciently large such that ||RV,||w > p*. We have here

R? R q q
I<R\I’q) = 7H1(\1jq) + 7 Q(|v¢1,q,m1—w1| + (w2 — m2)|¢1,q,m1—w1| )
R? R1
= 7H1(\DQ) + ? /(Al,q,ml—wl (ml - wl) + Wo — m2)|¢1,q,m1—w1 |q'
Q

From Assumption 3.4, we get that [(RY,) < 0 for R sufficiently large.Therefore, as in the
precedent case, we apply the mountain-pass theorem and deduce that I has a non-trivial

critical point. O

Remark: Asin section 2, we can generalize Theorem 3.1 replacing the 2-Laplacian operator

by the p-Laplacian with 2 < p < ¢ for the following system

—Apui — Aqui + bi|u,~|p’2ui + )\wi|uz~|q’2ui + Z;nzl Qjju; = /\mi|ui|q’2u,~ in Q,
u; = 0 on 01,

under the additional hypotheses that the bounded functions b;, 7 = 1, --- , m are non-negative
and A is a real parameter. Then the hypothesis ii) in Assumption 3.2 is replaced by A is not an
eigenvalue of —A, associated with m; —wj for each ¢. Moreover the hypothesis A\ 4, —w, <1

in Assumption 3.3 is replaced by A1 gmy—w, < A
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4 Third case: ng(.,’u,l, ce ,’U,m) = )\fi|u,~|""2u,;

In this section we rewrite the system (S, ¢, g) under the following form:

fori=1,---,m,

{ —AUZ — Aqui + wi|ui|q*2ui + Z;nzl AijUj = )\fi|ui|7*2ui in Q, (4 1)

u; = 0 on Of).

We assume throughout all this section that the indefinite bounded functions f; and the
coefficients v and ¢ satisfy the following hypotheses

Assumption 4.1 i) 2 <y <g,
ii) v < 2 whereZ*‘:]\Q[—]_V2 if2< N and 2* = > if 2> N,
iii) For eachi=1,--- ,m, f; € L>(Q) and meas{z € Q, fi(x) > 0} # 0.

We also define the functionals .
Flu)=>)_ / filwi|” (4.2)
i=1 7

and

1 1 A
I\(u) = §H1(u) + —Hy(u) — —F(u) (4.3)

q Y
where H; and H, are respectively defined by (1.1) and (1.2). We recall that we study here
the existence of a weak non-trivial solution u = (uy,--- ,uy,) € W for the system (4.1) with

respect to the real positive parameter A and that the existence of weak solutions for the
system (4.1) is equivalent to the existence of critical points for the Euler functional I). The
main result is the existence of a weak non-trivial solution for the system (4.1) associated
with A > Al where \] is defined by (4.7). For the first part of this section we follow a
method developed by Cherfils-1I"Yasov in |7] for one equation with the (p,q)-Laplacian oper-
ator. This method is based on proving the existence of solution for A = A" then on applying
the mountain-pass theorem for A > Af. Although we also could apply the mountain-pass

theorem for our case, we will use in fact standard arguments to minimize the functional .

In section 4.1 we present some preliminary results: we define A and we prove the existence
of a solution for the system (4.1) for A = A\{. The section 4.2 is devoted to the main theorem

of the existence of a solution for the system (4.1) associated with A > A\{.

4.1 Some preliminaries results

As in [7] we define for A > 0, t > 0 and u € W, I(t,u) = I,(tu).
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Lemma 4.1 Assume that Assumptions 1.1, 4.1 1), 4.1 iii) are satisfied. For given u in

: f t,u) =0
W, u # 0 such that F'(u) # 0, the unique solution (t(u), A(u)) of the system At u) =
8t2 [)\<t U) =0
s given by
y—2\7 (H, (u)> = Hy (1) Hy(u) =
t(u) = —— >0, MNu)=0C 4.4
() (q—v) (Hg(u) (u) = Cas F(u) (44)
with
q—" q—2
a=—-— (C,,= 4.5
—2 T -2 )
S ) 0
Proof. The system (5) %2 A is equivalent to the system
tH1<U)+tq_1H2( ) AT 1F< ) =0
Hy(u) + (¢ = D2 Hy(u) = Ay = )72 F(u) =0
and to the following system
Hy(u) +t972Hy(u) — M 2F(u) =0
Hy(u) + (¢ — D)t 2Hy(u) — My — D 2F(u) =0
Therefore
(q —2)t" 2 Hy(u) — Ay — 2)t7 2 F(u) = 0. (4.6)

Note that the system (S) is not solvable in the case where u € W, u # 0 satisfies F'(u) = 0
(since if u # 0, then Ho(u) # 0 and from (4.6) we deduce F(u) # 0).

We deduce that
(¢ — 2)t"*Hy(u)
(v =2 2F(u)

A:

Replacing A by % in Hy(u) + t72Hy(u) — AX772F(u) = 0, we get that

a2 = (= §>Z;EZ) And we obtain (4.4) associated with (4.5). O

Thus we can define the following characteristic points (recall that F' is defined by (4.2))

AT = inf{\(u),u € W, F(u) > 0} and \| = i AT (4.7)

2aqlfa

Lemma 4.2 Assume that Assumptions 1.1 and 4.1 are satisfied.
We have 0 < A < AT,
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Proof. Let u = (uy,--- ,umn) € W be such that F'(u) > 0.

First from v < 2*, let (t l) be such that v < ¢ < 2* and + + 2 = 1. Since Wy*() C L}(Q)
with a continuous embedding and since the functions fl are bounded, there exist positive
constants still denoting C at each step and depending on some Sobolev constants, such that

fori=1,-

| / A< A0 Bl < Ol < Ol

Then
F(U) S CHl(U)W/Q.

By the same way, from v < ¢, let s = % and 7 be such that % + % =1.

Then we have

[ < ml DY 1l < Ol < Clluliy g,

and
F(u) < CHg(u)V/q.

Therefore there exists a positive constant C’, independent of u, such that

2 q(1—a)

Hy(uw)® Hy(u)t= S C,quF(u)sF(u) o

=GRy 2T )

=C'Cqpy
since 2% + q(l =) — 1. Thus A} > 0.

Finally we prove that A < A\f.

Indeed note that A > A{ & 5z Al > Af & (3)77% > (§)72

Denote = ‘15—2 > 0and n = 5= 2 > 0. Since 2 < 7 < ¢ we have 1 > 7. Moreover the function
f defined by f(z) = (1+ x)l/“":, is strictly decreasing on (0, 00). Then (14 p)t/* < (1+n)Y/".
And we get that (2)772 < (3)972. So A] < A{. O

We obtain now the following result that will enable us to get the existence of a non-trivial

solution for the system (4.1) associated with A}

Proposition 4.1 Assume that Assumptions 1.1 and 4.1 are satisfied. Assume that u =
(ur, -+ ,uy) € W satisfies F(u) # 0 and N(u) = 0 (i.e. w is a critical point of \(u)).
Then 4 = (dy,- -+ ,Uy) € W is a non-trivial solution of the system (4.1) associated with
A= gag—aA(u) where for all i = 1,-- m, 4; = Tu; and * = (%)q—%t(u) > 0. Moreover
I(3) = 0,
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Proof. Let u = (uy,--- ,uy) € W which satisfies F'(u) # 0 and X (u) = 0.

For all test function ¢, we have

oA

So .
2C o(Hy(u)*  (Ho(u)) = *(F(u)) ™! /Q(Vul Vo +anui¢+ Z ayju;Qd)
j=2
+qCy5 (1 — ) (Hy(w)* (Ha(u)) ™ (F(u)) ™ /(Wullq_QVul Vo + wiug |70 9)
Q
—WCq,wa(Hl(U))Q(H2(U))1_Q(F(U))_2/Qf1|U1|7_2UJ1¢ =0.
And .
H o &
ZCq;yOé (H;EZ;) /g;(VUl : VQb + Gnul(b + ]; CL1jUj¢)
+qCqy(1 — a) (Z:EZD /Q(‘Vuﬂq_zVul Vo + wi|u |72 u10)
—A "Puip = 0.
(w1 [ il
Define 4; = tu; for i =1, ,m, s >0 and H(u) = Z;EZ% Then

2C, o(H(u))* s / (Vi - Vo + aning + Z a1;;)
Q

=2
+Cq77(1 - a)(H(u))@qsq—l /(|Vl[1|q_2Vu~1 . V¢ + w1|dl|q_2d1gb)
Q

—/\(U)Wsw_l/f1|d1|7_2131¢ = 0.
Q

And equivalently

QCq’W(X(H(U>>a715277 / (le : V(z) + Cln’lfl(b + Z (lu”lfj(ﬁ)
Q

j=2
£ (1 = a)(H(w)gs™™ / (V@[T - V6 + wi i |20, 0)
Q

—)\('LL)’}//Qfly’le_zdeS = O

Multiplying this last equation by 2aq+_a and denoting \ = QQqVI_Q)\(u) we get

2(q — ) = 2 ~ ~ - -
(m) S /Q(Vul : V(b + a11U1¢ + Z CL1jUj¢)

=2
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WL

q_fg q—" ~ 1q—2 ~ ~ 1q—2,~
25— ) ) [ (92 - Vo wn i)

—5\/ fild i = 0.
Q

1

Choosing s = (%) " Wwe obtain

/(VU} . V(b + a11u~1¢ + Z CLUQZJ‘QS) + /(|V’L[1|q_2V’L[1 . V¢ + IU1|U~1‘q_2U~1¢)
Q

j=2 @

—X/jumnﬂm¢:0.

Q

Doing the same for 4;, i = 2,--- ,m, we get that & = (u1,-- - ,,,) is a weak solution of (4.1)
associated with \.

Now we prove that I5(a) = 0.

Recall that @ = 1u and A= gag—aA(u). Then we have

_ Hi(u) . Hy(u) B Cq7,yH1(u)aH2(u)1fa.

I;(u) =
A( ) 252 qsq 20‘(]1_0‘87
Denoting r = cq,szl(gzzc:g;(u)l—a7 since £ = (g)q%t(u) >0 and a = 1= we get

Ii(a) =

o Gm) &) e o (C) (%)O‘(t(u))q—”—l].

But t(u) = <;2>qj <Hl(“)>qf2 > 0and C,, = (L SO

Ha(u) q—y)(y=2)1-@

. e
I (@) = L Z_ 1] =o.
5 () T[q_2+q_2 } 0

Proposition 4.2 Assume that Assumptions 1.1 and 4.1 are satisfied and
0 < XA < AT. Then the system (4.1) has no non-trivial solution in W associated with .

Proof. Assume that 0 < A < Af. Assume also that the system (4.1) has a non-trivial solu-

tion w = (uy,- -+ ,uy,) € W associated with A. Then we have
Hi(u) + Ho(u) = AF(u). Note that this is impossible if F'(u) < 0.
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Therefore assume now that F'(u) > 0.
Recall that I)(t,v) = I)(tv) = %Hl(v) + %HQ('U) - %F(U) for all t > 0 and v € W. We have
%fk(t, v) = tHy(v) + t7 ' Hy(v) — A" F(v) and in particular, since u is a weak solution of

(4.1), note that
8

)—[j\(u)-ﬁu:&

Dy((fll;
[[ull
Moreover we have %]}(t, v) = 7R\ (¢, v) with
Ra(t,v) = 27 THy(v) + t7 7 Hy(v) — AF(v).

Let v € W be such that v # 0 and F(v) > 0. Note that from Lemma 4.1 we have
Ry (t(v),v) = 0.

Moreover we can prove that Ry(t,v) > Ry (t(v),v) for all ¢ > 0.

Indeed let f(t) = t* 7H(v) + t% 7 Hy(v). The function f admits a global minimum on #(v)
on (0,00) so f(t) > f(t(v)) = (HlT(”))a <111T2T(;’)>1_a > (0. Therefore Ry(t,v) > Ry(t(v),v) for
all ¢ > 0.

Finally since A < AT < A(v), we get that Ry(t,v) > Ryu(t,v) for all ¢ > 0. Thus
Ry(t,v) > Rx(t(v),v) > Ry (t(v),v) = 0 and %f,\(t,v) = %_f,\(tv) > ( for all t > 0.

) v)
So, choosing t = ||u|| and v = ﬁu we get a contradiction since %f)\(HUH, mu) =0. O

Now we obtain a minimizer for A].

Proposition 4.3 Assume that Assumptions 1.1 and 4.1 are satisfied. There evists v =
(v1,++ ,um) € W such that M(v) = AT.

Proof. First note that A(tu) = A(u) for all ¢ > 0 and u € W.
Define #(u) = 1 for u € W\ {0} and note that

((H1(u))™(Ha(u)'~ @)%

(Hy(H(u)u)” (Ha () = 1.

Therefore we can derive that
AT = inf{\(u),u € W such that F(u) > 0 and H;(u)*Hy(u)' " = 1}.

Then we consider a minimizing sequence (v,) of Af.
We have v = 2a + ¢(1 — ), so

17
vall% = Noal% [val/ 5

and since W C H with a continuous embedding, there exists a positive constant C' such that

1—
[oallr < Cllvall2 JJoall i,
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But H, and H, are equivalent norms respectively in H and W so we get that
vl < C(Hl(Un))a(H2(Un))l_a =C

(for a positive constant C'). We deduce that (v,) is a bounded sequence in H. By the com-
pact embedding Wy *(Q) € L7(Q) (for v < 2*), we get the existence of v = (vy, -+ ,vp) € H

such that (v,) converges to v, strongly in (L7(€2))™ and weakly in H (for a subsequence).

Afterwards we prove that F(v) > 0, v € W and since H; and H, are weakly lower semi-

continous in H and W respectively, we get that A\(v) = A].

Indeed, since F' is a continuous function and F'(v,) > 0, F(v,) —n—e0 F(v), we have F(v) >
0. Moreover, if F(v) = 0, then A(v,) = <2 —, . 0o. This contradicts A(vy) —noe A

F(U,Z)
So F(v) > 0 and v # 0.

Now we prove that v € W. Recall that (v,) is a bounded sequence in H and that (v,)
converges to v # 0 strongly in (L7(€2))™. So there exists a positive constant C” such that
|vnll(zv@pm = C" > 0 for n large enough. Therefore, from the continuous embedding
H C (L7(Q2))™, we get that ||v,||g > C" > 0 for n large enough.

Finally from |Jv,||g > €' > 0 and ||v, |2 [lo]|l ¢ < € we obtain that (v,) is a bounded
sequence in W. Therefore (v,,) admits a subsequence, still denoted (v,,) such that (v,) con-
verges to v strongly in (L7(2))? and weakly in W. Thus v € W.

Finally we prove that A(v) = A{.

From the weakly semi-continuousness of H; and H, respectively on H and W we have

Hy(v) <liminf Hy(v,) and Hy(v) < liminf Hy(v,,).

But A(vn) = FC(Z,Z) o (v”;)(ng(vn))l_a —nsoo AT . Passing to the limit inf as n tends to
a j et
0o we get that A} > Cexh (UQ(U()HQ(”)) = A(v). We deduce that
Av) = AT
This concludes the proof. O

Contrary to [7], we are not able to prove that the minimizer v is non-negative because of the
coupling terms a;;v;v; in Hy(v). Finally combining Propositions 4.1 and 4.3, since v (defined
by Proposition 4.3) is a critical point of A(u), we derive the existence of a non-trivial weak
solution u™ = (uf,--- ,u}) for the system (4.1) associated with A\]. This is the following

result
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Proposition 4.4 Assume that Assumptions 1.1 and 4.1 are satisfied.

There exists u™ = (uf,--+ ,u}) € W a non-trivial solution for the system (4.1) associated

with . Moreover L+ (u") =0 and F(u™) > 0.

Proof. From Proposition 4.3 we have A\(v) = A} = inf{\(u),u € W, F(u) > 0}. Thus v is

a critical point of the function A on W. From Proposition 4.1 we derive that there exists

a non-trivial solution u®™ = (uf, - ,u}) of system (4.1) associated with g A(v) = A
where for all i = 1,--- ,m, uj = 1v; and : = (%)q%t(v) > 0. Moreover from Proposition

4.1, I+ (u") = 0 and from Proposition 4.3, F(u") = LF(v) > 0. O

4.2 Main result

Theorem 4.1 Assume that Assumptions 1.1 and 4.1 are satisfied. If X > X[, then the

system (4.1), associated with X, admits a non-trivial solution in W.

Proof. Even if we could follow [7] for proving this result using the mountain-pass theorem, we
use here standard arguments by global minimization of the C*'-functional Iy. Note that I is
weakly lower semi-continuous by the compact embedding of W into (L4(Q))™ and (L*(2))™.

Moreover I is coercive: indeed for any u € W,

Hs(u) — éF(u)

1
Li(u) > =
)\<) q Y

Since |F(u)| < C||ul|{; with C a positive constant, we get that

1 ACq _
B 2 Tl (1 - THuW) |

Thus I, is coercive. Furthermore from Proposition 4.4, we have I+ (ut) =0and F(ut) > 0.
Finally from the hypothesis A > A", we get that I(u®) < I s (") = 0. Therefore we deduce
that I, has a non-trivial critical point which is a non-trivial weak solution of the system
(4.1) associated with . O

Remarks: We can get the same results for a larger class of coefficients, assuming that
a;j, w;, f; € L"(2) for some r > 1 as in [7]. But we have not been able to adapt this method
for a system with a (p,q)-Laplacian operator (with p # 2) and even for a non-symmetric
system with a (2,q)-Laplacian operator. However in the particular case where the matrix A
is not symmetric and has the following form: A = (a;;) with aj; = Kay; for j =2,---,m
for some positive constant K > 0 (K independent of j) and a;; = aj; for ¢,j > 2, we can

generalize all the above results. Indeed we introduce the diagonal matrix D = (d;;) with
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diy1=K,dj;=1fori=2,--- ,mandd;; =0 if 7 # j. We replace the functionals H;, H, and
F (defined before by (1.1),(1.2),(4.2)) by

:id“/ |vuz|q+wz’uz ) de/fllul )
=1
Zd“/ |VUZ —l—amu + Z az]u]uz)

J=1,i#£]5
i=1 Q &

Therefore if we assume that the matrix DA satisfies the following hypothesis *¢ D AE > 0 for
all '€ = (&1, -+ ,&n) € R™, we still derive that the Euler functional I, defined by (4.3) (with
the new functionals Hy, Hy and F) is associated with the system (4.1) and the existence of
weak solutions for the system (4.1) is equivalent to the existence of critical points for 1.
Finally due to the coupling term of system (4.1), note that we just obtain the existence of a

non-trivial solution in Theorem 4.1 contrary to 7] where a non-negative solution is obtained.
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