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Semi-linear cooperative elliptic systems involving
Schrodinger operators:
Groundstate positivity or negativity

ABSTRACT. We study here the behavior of the solutions to a 2 x 2 semi-linear cooperative

system involving Schrédinger operators (considered in its variational form):
LU := (=A+q(2))U = AU 4+ pU + F(z,U) in RY

U(Jﬁ)mﬁoo — 0

where ¢ is a continuous positive potential tending to +o0o at infinity; u is a real parameter
varying near the principal eigenvalue of the system; U is a column vector with components
up and uy and A is a square cooperative matrix with constant coefficient. F' is a column

vector with components f; and f; depending eventually on U.

1 Introduction

We study here the behaviour of the solutions to a 2 x 2 semi-linear cooperative system

involving Schrodinger operators (considered in its variational form):
LU := (=A+q(2))U = AU 4+ pU + F(z,U) in RY

U(33)|m|ﬁoo —0

where ¢ is a continuous positive potential tending to +oo at infinity; U is a column vector
with components u; and u, and A is a square matrix with constant coefficients; moreover
A is a cooperative matrix (which means that its coefficients outside the diagonal are non
negative). F' is a column vector with components f; and f, depending eventually on U.
The real parameter p varies near the principal eigenvalue of the system and plays a key
role. According to its position it determines not only the sign of the solutions but also their

position w.r.t. the groundstate.
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Such systems have been intensively studied (very often for p = 0) and mainly for Dirichlet
problems defined on bounded domains ([16], [17], [18], [21], [20], [25], [12], [1]). When the
whole RY is considered, as here, 2 cases are generally studied: either "Schrédinger systems"
([1], 12], [3], [7]), that is system involving Schrédinger operators, as here, or systems with
a weight tending to 0 ([23], [6]). It is also possible to consider a combination of these 2

problems with a potential ¢ and a weight ¢ :
LU := (=A 4 q(2))U = g(2)AU + pg(x)U + F(2,U) in RY

as far as 2 tends to 0 at infinity which is the condition for having some compactness and

q
therefore a discrete spectrum.

The first results on Schrodinger systems, when F' does not depend on U (linear systems)

deal with cooperative systems and with the Maximum Principle (MP) that is:
"If the data F is non negative, # 0, then, any solution U is non negative”.

As for the case of one equation, this Maximum Principle holds for a parameter u < A*,
where A* is the principal eigenvalue of the system, which means that LU — AU — A*U =0

has a non zero solution which does not change sign.

For the classical case of an equation defined on a bounded domain with zero boundary
conditions, —Au = pu + f(x), f > 0, Clément and Peletier 1] have shown that the
solution u changes sign as soon as p goes over \;, the first eigenvalue of the Dirichlet
Laplacian defined on 2. More precisely there exists a small positive ¢, depending on f, such
that for all 4 € (A1, A\ +9), u < 0. This phenomenon is known as "Anti-maximum Principle"
(AMP).

In our present case, where we have no boundary, we have improved these results giving not
only the sign of the solutions but also comparing the solutions with the groundstate (principal
eigenfunction); it is what we call "groundstate positivity" (GSP) (resp. negativity) (resp.
GSN). We extend in particular previous results established in [5] for linear systems to some
semi-linear cooperative systems. For being not excessively technical, we limit our study to
radial potentials and cooperative systems. Extensions to more general cases will appear

somewhere else.

Our paper is organized as follows:

We recall first some previous results of the linear case that we use. Then we study a semi-

linear equation. Finally we study a cooperative semi-linear system.
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2 Linear Case: one equation

We shortly recall the case of a linear equation with a parameter p varying near the principal

eigenvalue of the operator.

(B) Lui= (~A+q(z))u = pu+ f(z) m RY,
‘ |hr£ u(z) = 0.

(H,) qis a positive continuous potential tending to +o0o at infinity.

We seek v in V where
1/2
V= {u € L*(RY) s.t. ||lully = (/ |Vul|® + q(:v)uQ) < oo} :

If (H,) is satisfied, the embedding of V into L?(R") is compact (see e.g. [19], |15]). Hence

L possesses an infinity of eigenvalues tending to +oo:

O<Mi< <. <X<.., \N—>+xask — 0.

Notation (A, ¢): We set from now on A := A; the smallest one (which is positive and

Ssiumpile) an € asSsoclated eligeniuncrion os1tive and wi -norm = 1.
imple) and ¢ th iated eigenfunction, positi d with L? ol =1

It is classical (see e.g. [24]) that if f > 0,%# 0, and p < A, there exists exactly one solution
which is positive: the positivity is "improved", or in other words, the (strong) maximum
principle (MP) is satisfied:

(MP) f>0,20 = u>0.

Lately, as said above, another notion has been defined ([3], [10], [22]) the "groundstate
positivity" (GSP) (resp. "negativity" (GSN)) which means that, there exists k& > 0 such
that the solution u > k¢ (GSP) (resp. u < —k¢ (GSN)).

We also say shortly "fundamental positivity" or "negativity", or also "¢-positivity" or "neg-
ativity". Indeed these properties are more precise than MP or AMP. But for proving them,
it is necessary to have a potential growing fast enough, a potential with a super quadratic

growth.

In [10] a class P of radial potentials is defined:

[e.9]

P = {Q € C(Ry,R})/3Ry > 0,Q" > 0a.e.on [Ry, c0), Q(r) 2 < oo} : (1)

Ry
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The last inequality holds precisely if @ is growing sufficiently fast, indeed faster than 72 (the
harmonic oscillator). In this paper we consider only a radial potential ¢ € P. Note that our
proof is valid for more general potentials, in particular for perturbations of radial potential
[9] or [10] . We assume here

(H;) qisradial and is in P
Remark 1 Note that since ¢ is in P it satisfies (H,).

On f we assume
) fer®), = [ oo

For having more precise estimates on u, in particular the "groundstate negativity" (GSIN),

we have to define another set X in which f varies, the set of "groundstate bounded functions":
X ={he L*R"): |hl/¢ € L*([R")}, (2)
equipped with the norm ||h||x = esssupga(|h|/®).

Theorem 1 Assume (H,) and (H}), f € X. For p < A or A < p < Ay there exists
0 > 0 (defined below) depending on f and a positive constant C, depending on f such that
if 0 <|A—pul <9,

A=d<pu<A = uzAC ¢ >0,

— B

A<pu<A+9o = ugAC ¢ < 0.

—H
Proof of Theorem 1 Decompose now u and f in (£) on ¢ and its orthogonal:
u=ulotuts f= ok £t = [uo [uto= [ oo
we derive from Equation (E)
(L—pu'e = (A= pu'e¢ = f'o, Lut = pu™ + f. (3)

Choose pp < A or A < pp < Ay . From the first equation we derive

S
(A —p)

By use of Theorem 3.2 (c) in [9] or [10], we know that the restriction of the resolvent (L— )™

— +oo0 as (A—p) — 0.

to X is bounded from X into itself. The following lemma is a direct consequence of this

result as it is shown in the proof of the Theorem 3.4 in |9].
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Lemma 1 There exists &y small enough and there exists a constant cg (depending on &)
such that for all p with A —dg < pu < AN or A < pp < A+ dp < Ao,

—coll fllx < llutllx < coll flx-

Finally we take in account Lemma 1 and (3):

fl
A—p

lu*llx < coll f]lx and u = ¢+ u;

for |A — u| — 0, %Qﬁ — 400 when ut stays bounded. Hence, for |A — u| small enough,
1

more precisely for |A — p| < 6;(f) := m, we have

1

——— > ¢ f|x-
|A — pf

We deduce that Theorem 1 is valid for § := min{dy, d1(f)}.

3 Semi-linear Schrodinger equation

We study now the case of a semi-linear equation. We first obtain bounds for the solutions, if
they exist and then we show their existence via the method of "sub-super solutions". Finally,

with additional assumptions, we prove the uniqueness of them.

Consider the semi-linear Schrodinger equation (SLSE)
(SLSE) Lu:= (=A+q(2))u = pu+ f(z,u) in RY,

lim wu(z) = 0.
|z|—+o0
We assume that the potential ¢ satisfies (H,) and we denote as above by (A, ¢) the principal
eigenpair with ¢ > 0.
We work in L?(RY) and we consider the problem in its variational formulation. We seek u
in V for a suitable f.

We assume that f satisfies :

(Hy) f : RY x R — R is a Caratheodory function i.e. the function f(e,u) is Lebesgue
measurable in R, for every u(z) € R and the function f(z,e) is continuous in R for almost

every x € R™. Moreover, f is such that

() vu € LA(RY), f(.,u) e L*(RY),

(i1) dk>0 st. Yu eV, f(z,u) > kp(z) >0
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(i11) AK>k>0 st Yu eV, f(z,u) < Ko(x).

Later we also suppose

f(z,u)

[l

(H%) Vo e RN, u — is strictly decreasing

Remark 2 Note that, by (i) and (ii3), for any u € V, f(.,u) € X and hence the solutions,
if they exist, are in X.

Let a parameter p be given, with | — A| “small enough”. In this section we prove groundstate

positivity and negativity for the semi-linear Schrodinger equation.

Theorem 2 If (H)) and (Hy) are satisfied , then there exists 6(f) > 0 (6 = o(f) =
min{do, 81 (f) := ¢} where & and ¢y are given in Lemma 1) such that, for 0 < |p—A| <4
there exists a solution u to (SLES) such that

ullx < + 20K,

K
A — p
Also

-forA—(5<u<A,u>Afu¢>O,

-forA<u<A+5<)\2,u<A—I_(ﬂ¢<0.
Moreover if (HY}) is satisfied, the solution to (SLSE) is unique.

Remark 3 If (ii) does not hold, for u < A, there exists a solution u such that

ullx < + 200K,

K
A —p
The existence is classical (e.g. [3]) and the estimate follows from the proof below.

Proof of Theorem 2

We do the proof in 3 steps: first maximun and anti-maximum principles, secondly existence

of the solution such that u > Af“qﬁ >0 for A —§ < u < A and such that u < AL_“QS < 0, for

A <y < A+ 0, and thirdly the uniqueness.

Step 1. Maximun and anti-maximum principles

We prove the positivity or negativity of the solutions exactly as for the linear case, but,
since f depends on u we have to show that ¢ (which depends on f in the linear case) is now

uniform. This follows from hypotheses (iz) and (ii).
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Let u be a solution to Lu = pu + f(x,u). For this u, set

FHu) = / fawo(@)de, fHeu) = f(ou) — L)),

Also u!' = [u¢(z)dr and ut = u —u'¢.
Note that, always by (i7) and (ii7), 0 < k < fl(u) < K.

With this decomposition, reporting in (SLSFE), we obtain 2 equations:
(L—pu'ed=(A—pu'o=f'o, Lu"=pu"+ f"

Choose < A or A < 1 < Ay . From the first equation we derive

1
1 f
u = —— — fooas(A—pu)—0.
(A —p)
Now we proceed exactly as for the linear case. By use of Theorem 3.2 (¢) in [9] or [10], we
know that the restriction of the resolvent (L — u)~! to X is bounded from X into itself.
So by (7i7) and by Lemma 1 there exists a dy small enough and there exists a constant cg

(depending on dy) such that for all p with |A — p| < do,

Jut|lx < ol f(z )| x < coll flz,u) — fHu)d(x)]|x < 26K.

Write now
)
u =
A=p

é+ut

1 w 1
Hence ||ul|x < ﬁ + Jut]x < ﬁ + 2¢oK. For |A — u| — 0, Af—_u¢ — 400 when ut

stays bounded. For |A — p| small enough, that is here |A — u| < §1(f) ==
71> 0)

. :
5oz We get (since

1
f s K
A —p| — A =y

Finally Maximum and anti-maximum principles are valid for

0(f) := min{do, 01 (f)}-

> 2COK > C(]HfJ'H)(.

Step 2. Existence of solutions

We prove the existence of solutions by Schauder fixed point theory; for this purpose we need
some classical elements: a set K* constructed with the help of sub-super solutions and a
compact operator T acting in K* such that K* stays invariant by T: T(K*) c K*.

1: "Sub-super solution" :

o Case A — 0 < pu<A.



48 B. Alziary, J. Fleckinger
Obviously, by (1), uy = ﬁqﬁ > (0 is a subsolution:

L(u—uo) = plu—uo) + f = (A = pJuo = p(u — uo) + f — K¢
and by (éi) and GSP, u — ug > 0.

Analogously u® = AL_HQZ) >0 ( K given in (4i7)) is a supersolution :

A
Lu® = A—_Iquzb = Au® = pu® + (A — p)u®.

Remark 4 The sub- and supersolutions tend to 400 as u 7 A.

o Case A< u<A+6< X 0= Afugzﬁ < 0 is a supersolution. Indeed
L — ) = p(e® — ) + K — f
and by (H;) and the anti-maximum 0 > 0% > u.

Analogously, vy = AL_#(;S < 0 is a subsolution.

Remark 5 The sub- and supersolutions tend to —oo as pu N\ A.
Remark 6 Obviously, ug < u® for A — & < < A (resp. vg < v° for A < p < A+ 9).

2: The operator T’

We define T : v € L? — w = Tu € V, where w € X is the unique solution to Lw =
pw ~+ f(z,u).

3:  The invariant set Kt := [ug,u’] for A — 6 < p < A (resp. K= := [vg,0°] for A < p <
A+6).

If 4 < A, by the maximum principle and the hypothesis (i77) , u < u" implies w < u'.
Indeed,

L(u® —w) = p(u” —w) + (A = p)u’ — f(z,u) = p(u’ —w) + K¢ — f(z,u);

since, by (iii), K¢ — f(x,u) > 0, we apply the maximum principle and hence w < u°. The

3 other cases lead to analogous calculation.

4: T"is compact in X.

First note that Kt C X (resp. K~ C X). Lw — pw = f(z,u) can also be written w =
(L —pI)™  f(z,u) = T'(u). Since by [10], |9], the resolvent R(u) := (L — uI)~! is compact in
X for p € (A—=9,A) or (A,A+9), and since F' : v — f(z,u) is continuous, T' = R(u)F is

compact.
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We deduce from Schauder fixed point theory that there exists a solution to (SLSE) in KT,
(resp. in K~ ).

Step 3. Uniqueness

For proving uniqueness we follow [13], p.57. First we assume not only (Hy) but also (H}).

Assume that u and v are two solutions:
Lu=pu+ f(x,u), Lv=pv+ f(z,v)

The solutions are in X and we have shown that u,v > ug > 0 for A — 6 < p < A (resp.
u,v < v’ <0 for A< p < A+§). Hence we can write
flz,u)  Lv f(z,v)

Lu
u u v v

By subtraction ¢(x) and p disappear. Multiply by u? — v* and integrate.

/ [—Au N @] W — o7 = / [f(x,u) B f(?v)} ? — o?];

u (% u

the last term is non positive by (H}).

We transform exactly as in [13] the first term.
“A A 2 2
/{ u—l——vl[uQ—vQ]:/‘Vu—ng’ +’Vv—2Vu =
u v v u

> 0; (7)

Uy |2 v |2
JlvGl e
therefore both terms are equal to 0 and

W —1=0=> u=vae;

by regularity, u = v.

4 Semi-linear cooperative system

We extend here to a class of semi-linear systems previous results shown in [5] where linear
systems of the form LU = uU + AU + F(x) are studied.

We study for a > 0,6 >0,c>0

in RY,.

(S) { Luy = (p+a)uy + bug + fi(x,uy)

Luy = cuy + (p+ d)ug + folx,us)
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U1 (), U2 () ] —00 — 0.

We write shortly LU = pU + AU + F(x,U), where A is the cooperative matrix with com-

ponents a, b, ¢, d:
A a b
N dad )

Notation (£1,Y): Denote & the largest eigenvalue of A (the other one being denoted by

&); Y is the eigenvector associated with &;:
AY = &Y.

a+d+ +/(a—d)?+ 4bc
&1 = 5 :

An easy calculation shows that (L — A)(Y¢) = (A — &)Y ¢; moreover here Y¢ is with

components which do not change sign: we choose both components of Y positive:

d—a++/(a—d)?+4bc
>

5 0.

y1:b>0,y2:

Notation A*: A* := A — & is the principal eigenvalue of System (S) with associated
eigenvector Y ¢:
(L-A)Yo)=(A-&)Yo=AYo

Hypotheses We assume

(Hq) Ais a2 x 2 cooperative matrix with positive coefficients outside the diagonal.

(Hp) : fi,fo : RY x R — R are Caratheodory function i.e. the functions f(e, u;) or
fo(e,uy) are Lebesgue measurable in RY, for every wu;(z) or uy(z) in R and the functions
fi(z, @), fo(z,e) are continuous in R for almost every z € RY. Moreover, f, fo are such
that

(Z) Vul,ug € L2<RN), fl(x,ul), f2<l’,U2) € LZ(RN),
(17) Ik >0 s.t. filx,wy), fo(z,u) > ko(x) Yuy,uy € L*(RY),
(131) K > k> 0 s.t. fi(x,u1), fo(z,us) < Ké(x) Yur,uy € L*(RY).

(Hj) : fl‘(gfrl) and fz‘(z;rz) are decreasing w.r.t. u; and us.

We introduce 2 sets :

= K19 Ky
Kst = {(ul,UZ) € X?/u € (maX(y1,y2)<A* ~ ) min(yr, ga) (A" — M)) ,

Uy € ( KY2 Kya¢ )
* = \max(yy, 4) (A" — 1) min(yy, y2)(A* — p1)
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for p < A*, and

Ky KY19 >

Ks™ = {(ul’ug) € X"/ € (min(yl,yz)(/\* — )" max(yy, y2) (A" — p)

Uy € ( Ky KYo® )
min(yy, yo) (A* — p) " max(y1, y2) (A* — p)
for A* < p.

Theorem 3 If (H4) and (Hp) are satisfied there ezists 6 > 0, depending on f1 and fo such
that if A* — 0 < pu < A* (resp. A < pp < A*+3), (with § < min{%25, A, — A}) System (S)

has a solution which is in K, (resp. in Kg ). Moreover, if (H}y) is satisfied, the solution is

UNIQUE.

Proof of Theorem 3 We use of course the results above as well as previous results for
linear systems obtained in [5] where Theorem 3 is shown for suitable assumptions on f; and
fo (independent on u).

1. Maximun and anti-maximum principles

We diagonalize System(S) thanks to the change of basis matrix P, and we get a system of

2 equations. Here

b b _ 1 a—E& b
P = pl___ -
<§1—a 52—61)’ b(ﬁl—fz)<£1—a —b)’

&0

2

Set

D:=P'AP = ( > . U=PV;G:=P'F (12)

We obtain
LV =DV +uV +G (13)

which is a system of 2 equations (with obvious notation):
Lvy = (& + p)vr + g1(ur, u2);

Lvy = (& + p)va + go(ur, uz).
Note that g; and g, are in X.

The second equation, where the parameter {;+ p stays away (below) from A, has a ¢ bounded
solution v,. Concerning the first equation, we apply Theorem 2 above. We compute g1, go

and get
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(i1") K >0 s.t.gi(w,uy, ug) > Ké(x) Vuy,ug € LARY),

(1) AK' > K > 0 5.t g1 (z,u1,u2), [g2(, ur, ug)| < K'é(x) Vuy,up € L*(RY),

where x' and K’ are 2 positive constants depending on x, K and on the coefficients of A.
This follows from & — & > 0 and (a— &) = %54+ Y05 with (4 — @) + 4be > (a—d)?,

- T2
so that

1
g = [(a— &) fi+bfs] > K¢ > 0.
&1 — &
Analoguously we have g; < K’¢. Therefore Theorem 2 holds here with § = min(dy, CO””}/{,, %)
Finally we deduce from the maximum principle for A* —§ < p < A* that v; > Afluqﬁ > 0.

If A* < p < A*+ 0, reasoning similarly, we deduce v; < A*L_/Mgb < 0. As p — A*, vy tends to
oo when vy stays bounded. Indeed, by Remark 3,

! !

Volly € ——————— + 2c0 K’ <
Izllx A — & — pl ’ &1 — &

+ QCQK/;
the last inequality follows from ¢ < %
Now we go back to U = PV.

up = avy + buy, ug = (& — a)vy + (& — a)vs.

Combining the estimates above on v; and v, we conclude that, as |A* — | — 0, there exists
0*, depending only on L, A, k, K such that as p  A*, u; has the sign of a > 0 and uy > 0.
If ™\ A*, uy has the sign of —a < 0 and uy < 0.

2. Existence of the solution in K}, (resp. in K5 )

Sub-supersolutions:

1. Case A* — 0" < pu < A*. Recall that Y has positive components y; and y, and the

principal eigenvector ® = Y ¢ satisfies
Lo — pud — AD = (A" — p)d.
Inspired by the case of one equation, we seek a subsolution Uy, of the form c¢Y ®.
LU —-Uy) = AU — Up) + p(U = Uy) + (F(z,U) — (A" — p)c®).

For ¢ such that F(z,U) — (A* — p)cYo(z) > 0, for p < A*, we get U — Uy > 0 by the

maximum principle. Finally, since F(z,U) — ﬁng > (, a subsolution is
maxiyi, Y2

K 1
Uy, = Yo.
O max(yy, y2) (A — p) ¢
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K
min(yy, y2)(A* — p)

Analogously U° = Y ¢ is a supersolution.
2. Case A* < p < A*+6*. We have similar results with change of sign and replacing K by
K. %
Vo= — Yo
min(y1, y2) (A* — )
K 1

max(y1, y2) (A* — p)

VO =

Yo

The operator T: We define T' : (u1,us) — (wy,wp) where (wy,ws) is the solution to the

linear system

(57)

inRY .

Lwy, = (a+ p)wy + bws + fi(z,u)
Lwy = cwy+ (d+ p)ws + folz,us)

w1 (), Wo () [z) 00 — 0.

The rectangle: If (uj,uz) € K& for A* — 6% < p < A* (vesp. (ug,uz) € Kg for A* < p <
A* +6%) then (wy,wq) € K¥ (resp K3). Indeed, for A* — §*u < A*, this can be written with

obvious notations

LW = U) = (n+ AW = Up) + F;

for < A*, since F' has non negative components, F' # 0, then W — Uy > 0. Analogously,
we obtain the supersolution U° — W > 0.

We argue exactly as for one equation: K& or Kz is invariant by T and LW = (A + pu)W +
F(z,U) can be written W = (L — A — )" F(x,u) = T(U). Since by [10], [9], the resolvent
R(p) == (L — pI)™" is compact in X for u € (A* — §*,A*) or (A*,A* 4+ §*), and since
F:u— F(z,u) is continuous, T = R(p)F is compact.

We apply the fixed point theorem. There exists a solution U.
3. Uniqueness

We assume now (HJ). assume there are 2 positive solutions (ug, us) and (vy,vq) to (S); for
the first equation we have Luy; = (pu+a)u;+bus+ f1(z, u1) and Lvy = (p4a)vy+bug+ f1(x, va).
Since we are in Kt (resp. K7), divide by bu; the first equation and by bv; the second one

and subtract:

_Aul+ﬂ:%_%+fl(x7ul)_fl(x7vl). (14)
bu1 bU1 (751 () bu1 bU1

Exactly as in [13] multiply by (u? — v?) and integrate; hence

—Aul AUl 2 2 _/ U2 V2 fl(‘T?ul) f1($,U1) 2 2
/( buy +bv1)(u1 W= T n T b))
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The first terme is non-negative by (7):

—Au1 AUl 2 2
/( b, + bvl)(ul vy) > 0.

Then do exactly the same calculus with the second equation in (S) and add these two lines:
we derive from (14) that T} = T, with

B —Auy | Avy 2 2 / —Auy | A\ 5o
T = /< bu, + boy ) (ui —vy) + ciiy + s (uy — v3).
T2 — / (% _ % + fl(xvul) . f1<ZL',U1)> (u% —U%)—l—

Uy (%1 bu1 b'U1

/ (ﬂ _n folw,uz) fz(iﬁaw)) (u2 — o2).

(5) (%) ClU2 CU2

Of course the 1st term 77 is non-negative by (7). By (Hp),

/(f(x,ul) - fl(:c,vl)) (2 —v%>+/ (fz(x,uz) _ f2(1:,v2)> (12 — v2) < 0.

buy buy cuy vy

We develop what is left and get
Y2 V23 2,2 YUY 2 2y =
/ (U1 Ul) (uy — v1) +/ <u2 U2> (uz — v3)
/ Ugv? uwQ vgul U1u2
Uy

Hence T7 =T, = 0 and u; = v1,us = v9. The solution is unique.
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