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ABSTRACT. In the paper a dependence is established between the 1-exponential dichotomy
of a homogeneous impulsive differential equation in a Banach space and the existence of -

bounded solution of the appropriate nonhomogeneous impulsive equation.
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1 Introduction

The impulsive differential equations are an adequate mathematical apparatus for simulation
of numerous processes and phenomena in biology, physics, chemistry and control theory,
e.t.c. which during their evolutionary development are subject to short time perturbations
in the form of impulses. The qualitative investigation of these processes began with the
work of Mil’'man and Myshkis [17]. For the first time such equations were considered in an

arbitrary Banach space in [2, 3, 18, 19].

The problem of i-boundedness and 1-stability of the solutions of differential equations in
finite dimensional Euclidean spaces, introduced for the first time by Akinyele [I| has been
studied later by many authors. A beautiful explanation about the benefits of such a use of

weighted stability and boundedness can be found for example in [15].

Inspired by the famous monographs of Coppel [6], Daleckii and Krein [7] as well as Massera
and Schaeffer [10], where the important notion of exponential and ordinary dichotomy for
ordinary differential equations is considered in details, Diamandescu [$]-[10] and Boi [4]-]]

introduced and studied the 1-dichotomy for linear differential equations in finite dimensional
Euclidean space, where v is a nonnegative continuous diagonal matrix function. The concept
of 1-dichotomy for arbitrary Banach spaces is introduced and studied in [I1] and [12]. In

this case ¥ (t) is an arbitrary bounded invertible linear operator for all .
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The goal of the present paper is to study such a weighted dichotomy for linear differential
equations with impulse effect in arbitrary Banach spaces. We will establish a dependence be-
tween the y-exponential dichotomy of a homogeneous impulsive equation in a Banach space
and the existence of a solution of the corresponding nonhomogeneous impulsive equation

which is 1-bounded on the semi-axis R .

The first investigation in this direction was made in [20] for the particular case of i-ordinary
dichotomy.
It must be mentioned that in |13, 11] the attempt to introduce ¥-exponential dichotomy for

impulsive differential equations in finite dimensional spaces is a real disaster - due to the

meaningless use of the fundamental matrix there even the definitions are wrong.

2 Preliminaries

Let X be an arbitrary Banach space with norm |.| and let LB(X) be the space of all linear
bounded operators acting in X with the norm ||.|| and identity I. Denote R, = [0, c0).

We consider the nonhomogeneous impulsive equation

dz
LA+ 1) (4 1) ()
z(t, +0) = Quz(t,) + h, (n=1,2,3,...) (2)

where the operator valued function A(.) : Ry — LB(X) and the function f(.) : Ry — X
are strongly measurable and Bochner integrable on the finite subintervals of Ry, {Q,},, is
a sequence of impulsive operators @, € LB(X) (n =1,2,3,...), T = {t,},—, is a sequence
of points on the semi-axis R, satisfying the condition

0<t; <ty<.. limt, =00

n—o0

and {h,} -, is a sequence of elements h, € X. The corresponding homogeneous linear

impulsive equation is

dx
5 = Az (t#t) (3)
z(t, +0) = Qur(t,) (t=1,2,3,...). (4)

Definition 1 By a solution of the impulsive equation (1), (2) (or (3), (4)) we shall call
a function x(t) which for t # t, satisfies equation (1) (or (3)), for t =t, satisfies condition
(2) (or (4)) and is continuous from the left.
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It is known (see [18], [3]) that for the impulsive equation (3), (4) there exists an evolutionary
Cauchy operator associating with any element £ € X a solution z(t) of the impulsive equation
which satisfies the initial condition z(s) =¢ (0 < s <t < 0).

Lemma 1 ([3]) Let the conditions A(t),Q, € LB(X) hold, wheret € Ry (n=1,2,...).

Then the evolutionary operator V (t,s) (0 < s <t < 00) of the impulsive equation (3), (4)

has the form
(

Vb(t, S), ty, <8<t <1pt1
k+1

V<t7 S) = %(ty tn) H Qj%(tja tjfl) Qk‘/(](tku 8)7
j=n

ktk,l<$§tk<tn<t§tn+1

where Vy(t,s) (0 < s <t < o0) is the evolutionary operator of equation (3).

The operator-valued function V' (t, s) satisfies the equalities

V(t,t) =1 (0<t< o0), (5)

Vi(t,s)=V(t,T)V(r,s) (0<s<7<t<o0). (6)
Moreover, it is differentiable at the points t € (¢;_1,t;] (j =1,2,3,...) and s € [t;_1,t;) (j =
1,2,3,...), and it is
dV(t, s) dV (t,s)
dt ds
At the points t,, (n = 1,2,3,...) the following equalities are staisfied:

= A(t)V (¢, s),

=V(t,s)A(s). (7)

V(t,+0,8) =@,V (ts,s) (0<s<t, <o0). (8)
Lemma 2 ([ ]) Let the following conditions hold:
1. A(t),Q, € LB(X), wheret € Ri(n=1,2,...).
2. The operators Q,, have continuous inverses Q' (n=1,2,3,...).

Then the evolutionary operator V (t,s) (0 <t,s < 0o) of the impulsive equation (3), (4) has
the form

;

%(t78)a tn < S;t S tn-i—l

k+1

Vb(t7tn) (H Q]%(t]7t]—1)) Qk‘/()(tkv 3)7
Jj=n

V(t,s) = Qtpor <5 <tp <t <t <tp

%<t7 tn) (knl Qj_l‘/ﬂ(t]a tj-i—l)) Q;1%(tk7 S)?

j=n

tn_1<t§tn<tk<8§tk+1
\
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where Vp(t,s) (0 < s,t < 00) is the evolutionary operator of the equation (3).

If the conditions of Lemma 2 are satisfied, then the following equalities hold:
V(t,s) =V (s,t), V(t,s)=V(t,1T)V(r,s) (0<s,7,t<00), (9)

V(t,+0,5) =@,V (tn,s) (0 <s,t, < o0). (10)

Let RL(X) be the subspace of all invertible operators in LB(X) whose inverse operators are
bounded, too. Let ¥(t) : Ry — RL(X) be a continuous operator-function with respect to
teR,.

Definition 2 A function u(.) : Ry — X is said to be y-bounded on R if ¥(t)u(t) is

bounded on R, .

Definition 3 A function f(.) : Ry — X is said to be 1-integrally bounded on R, if it
is measurable and there exists a positive constant m such thatffrl | (7)) f(T)|dr < m for all
te R;.

Definition 4 A sequence of points h = {h,}>", is said to be -bounded on R, if
sup  |Y(tn)hn| < o0 h, € X,t, € T(n=1,2,3,...).

n=1,2,3,...

Let Cy(X,T) denote the space of all functions with values in X and ¢-bounded on R, which

are continuous for ¢ # t,,, have discontinuities of the first kind for ¢ = ¢,, and are continuous

from the left which is a Banach space with the norm

l1£llle, = sup [w () f (¢l

Let My (X,T) denote the Banach space of all functions with values in X and #-integrally
bounded which are continuous for ¢ # ¢,,, have discontinuities of the first kind for ¢ = ¢,, and

are continuous from the left for ¢ = ¢,, with the norm

t+1
1l = sup [ () (sl

teRL
Let Hy(X,T) denote the space of all ¢-bounded sequences h = {h,} —, in X, i.e.

Hy(X,T)={h: sup [¢Y(tn)h,| <o00,h, € X t, €T ,n=123,...}

n=1,2,3,...

with the norm

1Al = sup [e(tn)hn].

n=1,
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Definition 5 The homogeneous impulsive equation (3), (4) is said to be 1-exponential
dichotomous on Ry if there exist a pair P, and Py = [ — Py of mutually complementary

projections in X and numbers M, > 0 for which the inequalities

L@V OV () (s)]] < Me ™) (0< s <t < 00), (11)

[V RV () ()| < Me*t™0 (0<t < s < o) (12)
hold, where V (t) = V(t,0) and V(t,s) (0 < s,t < 00) is the Cauchy evolutionary operator
of the impulsive equation (3), (4).

The equation (3), (4) is said to have a ¥-ordinary dichotomy on Ry if (11) and (12) hold
with 6 = 0.

Lemma 3 Equation (3), (4) has a 1-exponential dichotomy on R, with positive constants
vy and v if and only if there exist a pair of mutually complementary projections Py and

P, = I — P, and positive constants M, Ny, Ny such that following inequalities are fulfilled:

WEVOPE < Ne™ T e(s)V()Pig] (€€ X,0<s <), (13)

[V () PoE| < Noe 2 C0g(s)V (s)Pot] (€ € X,0<t < s), (14)
lbOVEO PV OO <M (t=0). (15)

The proof of the lemma is similar as the proof of Lemma 3.1 in [11] for equations without

impulses and will be omitted.

Definition 6 The homogencous impulsive equation (3), (4) is said to have a Y-bounded

growth on Ry if for some fized | > O there exists a constant ¢ > 1 such that every solution

x(t) of (3), (4) satisfies
[W()z(0)] < clp(s)z(s)] (0<s<t<s+1). (16)

Lemma 4 Equation (3), (4) has 1-bounded growth on R if and only if there exist pos-
itive constants K > 1 and o > 0 such that

l@OVEOV ) ()] < K™ (0<s <), (17)

The proof of the lemma is similar as the proof of Lemma 3.2 in [11] for equations without

impulses and will be omitted.

Remark 1 It is easy to see that the condition for -bounded growth (and for bounded
growth) of (3), (4) is independent of the choice of I. Hence we will use the Definition 6 with
fixed [ = 1.
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Lemma 5 If (3), (4) has ¥-bounded growth on R, then (15) is a consequence of (13)
and (14).

The proof of the lemma is similar as the proof of Lemma 3.5 in [11]| for equations without

impulses and will be omitted.

3. Main results

We shall say that condition (H) is satisfied if the following conditions hold:
H1. A(t),Q, € LB(X), wheret € R, (n=1,2,3,...).
H2. Q. € RL(X) (n=1,2,3,...).

H3. ¥(t) : Ry — RL(X) is a continuous operator-function with respect to t € R,.

Theorem 2 Let us assume the following:
1. Condition (H) is satisfied.
2. Equation (3), (4) is v-exponential dichotomous.

3. There exist a number | > 0 and a positive integer \ such that each interval on R, with

length | contains not more than \ points of the sequence T'.

Then for any function f € Cy(X,T) and any sequence h € Hy(X,T) there exists a solution

of the nonhomogeneous equation (1), (2) which is 1¥-bounded on R..
Proof. Consider the function

i(t) = / SOV PV () f(s)ds — / T LV BV (s) f(s)ds
Y SOVt + 0)hy = Y vV PV (¢ + 0)hy

ti<t tj>t

(18)

In order to prove the boundedness of Z(¢) we shall estimate the norms of the summands in
(18). By (11) and (12) we have

| [ vV PV (s)f(s)ds| =
=| [ vV PV (s)) (s)1(s)f(s)ds]

; (19)
< [ @V OPV = (s)v™ (s)l] [(s)f(s)]ds

0

< me [ eas 1. < i
—_— 0 Cﬂ, —_— 5 Cw
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| / T OOV PV () (5)ds

=1 [ VO Ry v s
< [ Iw@VORY T ©u @)l w5l
<M [ e 5s 1l < Ml

Analogously having in mind also the conditions 3 and H3 we obtain for the next summands

and

(20)

|Z¢ “(t; + 0)hy]
— |Zw Tty 4+ 0)9 7 (5 + 0)9(t5 + 0)hy]
= ti 4+ 0)(t; + 0)(t;)h;
r;w Tty A+ 0t + 0)eb(t5)hy| o)
< ZW Tty 0) Tt 0N [eb(t) Ry
MM
<M (Ze‘s(“”) 2l g, < =T gy
and
|Zw Mty + 0)hy|
= |Z¢ Tty 0) Tt + 0)Y(t; + 0)hy]
= ti +0) H(t; + 0)(t;)h,
rKZt]w Tt 4 0) T (t + 0)eb(t5)hy| 22)
< ZH@D “Ht A+ 0) Tt + 0)] [0 () hy)

t<t;
» M
<M (Zew m) 1Allla, < 7=z Pl
tSt]‘

From (18) - (22) it follows that Z(¢) is bounded on R, and satisfies for ¢t € R, the inequality

2M 2M M\
201 < Sl + g Ikl

Let be z(t) = ¢~ (¢)Z(t). Obviously z(¢) is ¢-bounded on R, . It is immediately verified
that the function z(t) is continuous for ¢ # t,, and that the limit values z(¢,+0) (n = 1,2, ...)
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exist. We shall show that the function z(t) satisfies the impulsive equation (1), (2) using the
equalities (7) and (10).

We differentiate z(t) by ¢ # t,, and get

A0 [ VIRV e+ VORY 05
FVORVOS0) - AW [ VORY 956
+Y AV PV + 0)hy — ZA “Ht; + 0)h,
AW+ VIORV-O £+ VPV (£
— A)e(t) + F(0).

Analogously we obtain for t =t,, (n =1,2,...) taking into account (10)

z(t, +0)

- /tn V(t, +0)PLV 1 (s)f(s)ds — h V(t, +0)PV 1 (s) f(s)ds
0 tn

+ ) Vit + 0PVt + 00y — D Vity +0) RV (t; + 0)hy
=0 [ VIRV (s - Q. [ V)PV (o))
+QnZV '(t; + 0)h QnZV “(t; + 0)hy
+V(ty +0)PV Ht, +0)hy, + V(t, + O)PQV‘l(tn +0)hy,
= Qnx(ty) +h

Hence the function z(t) is a ¥-bounded solution of the nonhomogeneous impulsive equation
(1), (2) on R;. Theorem 2 is proved. O

Remark 3 Theorem 2 still holds, if the condition f € Cy(X,T) is replaced by the weaker
condition f € My(X,T).

Proof. In the case f € My (X, T) the estimates (19) and (20) can be replaced by the following
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estimates

t

| i DOV )PV (s) f(s)ds|

= | i POV PV T (s)) (5)v(s) f(s)ds]

< W( WPV ()™ ()] [¥(s) f(s)lds (23)

<M/ 6= J(3) f(5)|ds < M| Iy, 3 e
k=0

< =1l

[ wovery s
=1 [ VO Ry v e s
< [ IsOVORY e 6l e o)ds (1)
<M [Tt s <s>|dssM|||f|||Mw§;e-5k

< 1l
0

Remark 4 Theorem 2 obviously holds without condition 3 if we consider inhomogeneous
equations with h = 0. In this case the 1)-bounded solutions lie in the subspace C’g(X ,T) of
the space Cy(X,T') which consists of the functions satisfying the condition

x(t, +0) = Qux(t,) (n=1,2,3,...). (25)

Let X; be the linear manifold of all £ € X for which the functions V(¢)¢ (t € Ry) are
1-bounded.

For our next main result we will need the following lemma.

Lemma 6 ([20]) Assume the following:
1. Condition (H) is satisfied.

2. By(X) is an arbitrary Banach space of functions f(.) : Ry — X and for any function
f € By(X) the nonhomogeneous equation (1), (2) has at least one 1-bounded on R solution
T < 01!1 (X, T)
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3. The set X is a complementary subspace of X and X5 is a complement of it (X;14+Xo = X).

Then to each function f(t) € By(X) there corresponds a unique solution x(t) which is 1)-
bounded on R and starts from Xs, i.e. x(0) € Xo.

This solution satisfies the estimate

lellle, < KI5, (26)

where k > 0 is a constant not depending on f.

Now we are ready for our second main result - a theorem, which is like an inverse of Theorem
2.

Theorem 5 Let us assume the following:

1. Condition (H) is satisfied.

2. The homogeneous impulsive equation (3), (4) has a ¥-bounded growth on R, .

3. The linear manifold

Xi={e X sup [¢())V(t)§| < oo} (27)

0<t<o0o
is a complementary subspace (i.e. there exists a subspace Xy of X for which X = X7+ X5).

4. For each function f € Cy(X,T) the nonhomogeneous impulsive equation (1), (2) for
h={hn},—y = 0 has at least one solution belonging to the subspace C)(X,T).

Then the impulsive equation (3), (4) is v¥-exponential dichotomous.

Proof. Let z(t) be a nontrivial ¢-bounded solution of the impulsive equation (3), (4) with
initial value z(0) € X;. Set

y(t) = x(t) / (O (E)a(r)|dr,

where
1: 0<t<tyg+r7
Xt)=q1—(t—tg—7): to+7<t<to+7+1
0: to+7’+1§t

It is not hard to check that the function y(t) is a solution of the nonhomogeneous impulsive
equation (1), (2) for h = 0 and for

1O =xOmme@
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Obviously f € Cy(X,T) and |[|[f[l[c, = 1. But y(0) = 0 € X5, and applying Lemma 6 it

follows
ylllc, = sup [w@)y@)] < K[| flllc, =F
teERL

from (26). Hence

[y ()] = W(f)x(?f)l/0 X(s)(s)a(s)|"'ds <k (t € Ry).

By t =ty + 7 we obtain the inequality

[ (to + T)y(to +7)| = |1b(to + 7)(to + 7)] /0 " [ (s)z(s)| " ds < k. (28)

Let consider the function ,
o) = [ 1)) ds
0
From (28) it follows
ltotr) 1
olto+7) ~ k
After integrating the inequality with respect to 7 on [1, 7] this implies the estimate

(r—=1)
o(to+7) > p(to+ e ®

(t>1). (29)

From condition 2 of the theorem it follows for s € [ty,to + 1] that there exists a constant
¢ > 1 such that

o(s)2(s)] < ellto)z(to)
and that is why
fotl 1 1
wm+n=Z’ (s)2(s)| s = o to)ato)| -

From here, taking into account the estimates (28) and (29) we obtain for 7 > 1 the relation

7—1

k ke™ & 1 T
[(to + Tty + 7)| < ST < STl < keere  k|)(to)x(to)].

For 7 <1 we have

[0(to + 7)x(to + )| < e (to)a(te)] < ce & |¢(to)x(to)]-

Hence we obtain the estimate

[ (D)2(6)] < Nem (o) (to), (30)

where v =+ and N = max{cer, keer }, ie. the inequality (13).
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Analogously we consider the case if the solution z(t) of the impulsive equation (3), (4) has

an initial value z(0) € X5. Then we will consider the function

y(t) = x(t) /toO X(s)|¢(s)x(s)|flds

instead of y(t). It is easy to check that the function () is a solution of the nonhomogeneous

impulsive equation (1), (2) for A = 0 and for
(1)

10 = Opaaar

The solution §(t) is 1-bounded because g(t) = 0 for t > ¢ty + 7+ 1. But g(0) € X, and
obviously f € Cy(X,T). Now we can apply Lemma 6, and from (26), taking into account
that ||]f|||cw =1, it follows

)] o)) [ X)) ds < kI, =
By 7 — oo we find the inequality
1ot as < ua o] (31)
Setting
o) = [ loopals)las
we obtain

By integration the estimate
(1) < @lto)e (32)

follows. Now let 7 > ¢. From z(7) = V(7)V 'x(t) it arises

Y(1)a(r) = P(N)V(N) VY ()Y ()x(t)
and
[W(r)a(7)] = [V (Ve @] [z (2)].
Condition 2 of the theorem and Lemma 4 imply that there exist constants K > 1,a > 0
such that

[(7)z(7)| = Ke*T D[y (t)x(t)].
Then

B(OO15(0) = [(B(o) / e

o—als—t)
> / p(s)(s)| !

(s)a(s)| " ds = j( / me—a@—wds:K_

«
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Having in mind (31) and (32) it follows

(o) | (Ka)™ 1y (Ka)”
M e T E

This inequality is from the same type as the desired estimate (14). From condition 2 of

(t)z(t)] > et =0 (to) (L))

the theorem and Lemma 5 and Lemma 3 it follows that the impulsive equation (3), (4) is

1-exponential dichotomous. Hence Theorem 5 is proved. O

Remark 6 Theorem 5 holds without condition 3 if the space X is finite dimensional.
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