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ABSTRACT. The purpose of this work is to construct C'-smooth local center-unstable
manifolds at a stationary point for a class of functional differential equations of the form
#(t) = f (z;). Here the function f under consideration is defined on an open subset of the
space C'([—h,0],R"), h > 0, and satisfies some mild smoothness conditions which are often
fulfilled when f represents the right-hand side of a differential equation with state-dependent
delay.
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1 Introduction

The interest in delay differential equations (abbreviated by DDE, respectively DDEs) dates
back at least to the work [10] of Poisson from the year 1806. Even so, the general the-
ory started to be systematically developed only at the beginning of the second half of the
last century. During the 60th and 70th the theory of DDEs became an established field of
mathematical research. In that progress, the development of another, more abstract class
of differential equations, namely the so-called retarded functional differential equations (ab-
breviated by RFDE, respectively RFDEs), was essential. The development of the theory
of RFDEs has also been started in the second half of the last century. We point out the
fundamental work [3] and the newer edition || of Hale. Great parts of the theory of RFDEs
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is now as well understood as that for ordinary differential equations as presented in the

monographs [2, 5].

Different DDEs with constant as well as with time- or state-dependent delay can be rep-
resented in the more abstract form of an RFDE. Accordingly, after carrying out such a
transformation, one may ask whether basic or even far-reaching results for RFDEs may be
used to study the original differential equation with delay. It turns out that the solution
of this question is essentially dependent on the involved delays of the considered DDE. The
reason is that the representation of a DDE in the more abstract form of an RFDE may lead
to a loss of smoothness of the right-hand side if the involved delays are not constant. There-
fore, the theory of RFDEs is in general not applicable to study DDEs with state-dependent
delays and a lot of problems such as linearization and invariant manifolds for differential

equations with state-dependent delay at a stationary point stayed open for many years.

In recent times, Walther introduced a modified class of functional differential equations and
developed the fundamental theory in the series [13-15] of works under mild smoothness hy-
pothesis. The main idea of Walther’s approach is to study an abstract functional differential
equation only on a smooth submanifold, the so-called solution manifold, of a function space.
He proved that under mild smoothness assumptions the Cauchy problem is well-posed on
the solution manifold, and the solutions generate a continuous semiflow with continuously
differentiable solution operators. In particular, this framework seems to be often applic-
able in cases where the corresponding functional differential equation represents a DDE with
state-dependent delay. Additionally, in cases of applicability it solves the difficulties concern-
ing the linearization of a semiflow generated by differential equations with state-dependent
delays. As long as the problem of linearization had not been solved, heuristical methods
based on formal linearization were used for considerations as local stability and instability

of stationary points. The work [1] of Cooke and Huang is indicative for such an approach.

In connection with the semiflow from the framework in [13-15] the existence of different
types of local invariant manifolds at a stationary point is also well know by now. For
instance, in |7] Krisztin considers an abstract class of functional differential equations and
proves the existence of local unstable manifolds under a hyperbolicity condition but without
knowledge of a semiflow. However, the result in [7] is also applicable in the situation of the
semiflow discussed in [13-15]. Additionally, [7] discusses the construction of so-called fast
or strong unstable manifolds without the hyperbolicity condition. A proof of the existence
of continuously differentiable local stable and local center manifolds at stationary points is
contained in the survey paper [0] of Hartung et al. and in the work [8] of Krisztin. The
occurrence of continuously differentiable local center-stable manifolds is confirmed by Qesmi
and Walther in the recent work [11].

The aim of this work is to prove the existence and C'-smoothness of local center-unstable
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manifolds at stationary points for the semiflow from [13—15]. For this purpose, we first follow
the approach used in Hartung et al. [0] for the construction of local center manifolds, and
apply a modification of the Lyapunov-Perron method contained in Diekmann et al. [2]| to
establish the existence of Lipschitz continuous local center-unstable manifolds. Hereafter,

we employ the techniques from Krisztin [] to prove C'-smoothness.

2 The Main Result

Let h > 0,n € Nand || - |[gn a norm in R™. For abbreviation, let us denote by C' the set of

all continuous functions from the interval [—h, 0] into R™, equipped with the norm

lielle s= max. llo(s)]ze

of uniform convergence. Analogously, we write C! for the Banach space of all continuously
differentiable functions ¢ : [—h, 0] — R™, provided with the norm ||¢||c: = [|¢|lc + ||¢]|c-

For a given function x : I — R™ defined on some interval I C R, and ¢t € R with [t—h,t] C I,
the segment x, of = at t is defined by the relation z;(9) := z(t + ), ¥ € [—h,0]; that is,
by x; we restrict the function z to [t — h,t] and shift it back to [—h,0]. In particular, if the

function z is continuous, then clearly z; € C.

Let U C C! be an open neighborhood of the origin 0 € C! and a function f : U — R" with

f(0) = 0 be given. Throughout this paper, we consider the functional differential equation

(t) = f () (1)

under the following conditions on the right-hand side:

(S 1) fis continuously differentiable, and

(S 2) each derivative D f(y), ¢ € U, extends to a linear map
D.f(p): C — R",

and the induced map
UxC3(p,x) — Def(0) x

1S continuous.

By a solution of the differential equation (1) we understand either a continuously differen-
tiable function z : [ty — h,t.) — R™ with ¢y < t, < oo such that x;, € U for ty <t < t, and
Eq. (1) holds for ty < t < t., or a continuously differentiable function x : R — R" such
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that x; € U and Eq. (1) holds everywhere in R. Additionally, we will consider solutions
on unbounded, right-closed intervals (—oo, t.|, —0o < t., which are defined in an analogous

way.

By assumption z(t) = 0, t € R, is a solution of Eq. (1) as f(0) = 0. Therefore, the closed
subset

Xp={p cU]£0)=flv)}

of C' is not empty. Under the above conditions on f the framework developed in [13-15]
implies the following fundamental results. The solution manifold X/ is a C'*-submanifold
of U C C' with codimension n. Each ¢ € X uniquely defines a constant ¢, (p) > 0 and a
(in the forward time direction) non-continuable solution =¥ : [—h,t (¢)) — R™ of Eq. (1)
with initial value z{ = ¢. All segments z{, 0 < t < t;(p) and ¢ € Xy, belong to X and

the equations

define a continuous semiflow F': 2 — X on the solution manifold X; where
Q={({t,p) €[0,00) x Xy [0 <t <ii(p)}.
For every ¢ > 0 the solution map at time ¢, that is, the map
Fo{yeXp0<t <t (¥)} 29— F(t,p) € Xy,
is continuously differentiable, and for each ¢ € X; the tangent space of Xy at ¢ is
T,X;={xeC"| X' (0)=Df(p)x}.
For all (t,¢) €  and all x € T, X the derivative
DF,p : T, Xy — T Xy

satisfies the equations
DFt(@) X = ,UZP:X,

where v#X : [—h,t, (¢)) — R™ is the solution of the (linear) initial value problem

{D(t) = Df(F(t, ) v )

Vo =X
for x € T, X;. Here a solution of the Cauchy problem (2) is a continuously differentiable

function v : [=h,t.(¢)) — R such that v = X, vy € Tp(,,) Xy for all 0 <t < t.(¢) and v
satisfies the differential equation for all 0 <t < t.(y).
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Obviously, we have F'(t,0) = 0 for all t € R; that is, ¢y := 0 € X[ is a stationary point of
the semiflow F'. As discussed in Hartung et al. [0] the linearization of F' at ¢y = 0 is the
strongly continuous semigroup 7" = {7(t) };>0 of bounded linear operators T'(t) = Dy F(t,0),
t > 0, on the Banach space

ToX; ={x €C" | X(0)=Df(0)x},

equipped with the norm || - ||c1 of C*'. For any ¢t > 0 the action of T'(¢) on an element
x € ToXy is determined by the relation T'(t) x = vy, where vX : [—h,00) — R" is the

unique solution of the variational equation
0(t) = Df(0) vy (3)
with initial value vy = x. The infinitesimal generator G of T' is given by the linear operator
G:D(G) > xr— X € To Xy
with domain

D(G) ={x € C*|X(0)=Df(0)x, x"(0)=Df(0)x'},
where C? denotes the set of all twice continuously differentiable functions from [—h, 0] into
R™.
Remark 2.1 For the convenience of the reader we repeat that an RFDE on some open

subset V' C R x (' is an equation of the form

() = fe(t, xt) (4)

with a function f. : V' — R". A function x is a solution of Eq. (4) on the interval [to—h,t}),
if there are ty € R and ¢, > ¢y such that x : [to — h,t;) — R™ is continuous, (¢,z;) € V for
all tg <t < t,, and z satisfies Eq. (4) for all ¢y <t < ¢,. Solutions on unbounded intervals

(—o0,ty) or (—oo,ty] for some t, > —oo are defined in an analogous way.

By assumption (S 2) on f the linear operator D f(0) may be extended to a bounded linear
operator D.f(0) on the larger space C. The operator L. := Df.(0) induces the linear
autonomous RFDE

0(t) = Le vy

and the solutions of the associated initial value problem

{Mﬂ=hw

Vo = X
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for initial values x € C define a strongly continuous semigroup 7, = {T.(t)}+>0 on C as

shown, for instance, in Diekmann et al. [2]. The infinitesimal generator of T, is
G.:DG.)>x+— Y €l
with the domain

D(Ge) = {x € C'[X(0) = Lex}

which particularly coincides with 75X ;. We have T'(t) ¢ = T,(t) ¢ for all ¢ € D(G.) and
t>0.

For the spectra 0(G.),o(G) C C of the generators G., G of both semigroups we have
0(Ge) = o(G)

by [6]. The spectrum o(G,) is given by the zeros of a familiar characteristic equation, is
discrete and contains only eigenvalues of finite rank, that is, the generalized eigenspaces are

finite-dimensional. Setting

V

ou(Ge) :=={\ € 0(Ge) | Re(A) > 0},
0o(G.) ==\ € o(G.) | Re(\) = 0}

and

0.(G.) ={\ € 0(G.) | Re()) < 0},
we obtain the decomposition

0(Go) = 0u(Go) U (Go) U o(Go).

As proven in Hale and Verduyn Lunel [5] or in Diekmann et al. [2], for each f € R the
half-plane {A € C | ReA > 5} of C contains at most a finite number of elements of o(G,),
so that spectral parts o,(G.), 0.(G.) are empty or finite. Hence, the associated realified
generalized eigenspaces C, and C,, which are called the unstable and the center space
of G, respectively, are finite dimensional subspaces of C. In contrast, the stable space
Cy C C of G, that is, the realified generalized eigenspace associated to the spectral part
0s(Ge), is infinite-dimensional. The subspaces C,, C. and Cy are closed, invariant under

T.(t), t > 0, and provide a decomposition

of C'. The restriction of T, to the finite dimensional spaces C,, C. has a bounded generator

so that T, may be extended to a one-parameter group in each case.
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As a consequence of the above decomposition of C' we obtain also a decomposition of the

smaller Banach space C!, namely
ct=C,eC.adC, (7)

with the closed subspace C! := C, N C! of CL.

The sets C,,, C, lie in D(G,) = To Xy and coincide with the unstable and the center space of
G, respectively. The stable space of G'is CsNTy X . Consequently, we have the decomposition

ThX;=C,®C.® (CsNTHXy).

All spaces are closed subspaces of TpX; and positively invariant under the operators 7'(t),

t > 0, and T forms a one-parameter group on each of the finite-dimensional subspaces C,
and C..

Using the notation C,, := C\, @ C. for the center-unstable space of GG, we are now able
to state our result on the existence of local center-unstable manifolds for the semiflow F' at

the stationary point ¢y = 0.

Theorem 1 (Existence of Local Center-Unstable Manifold) Suppose in
addition to the previous assumptions on f that {\ € o(G,) | Re(\) > 0} # () or, equivalently,
Cey # {0}. Then there are open neighborhoods Ceyo of 0 in Ce, and 05170 of 0 in C! with
New = Ceuo+Ciy C U, and a Lipschitz continuous map We, : Couo —> Cy g with we,(0) =0,
such that the graph

Wew i= {#+ wal9) | ¢ € Caro }

has the following properties.

(i) The set W, belongs to the solution manifold X; of Eq. (1). Moreover, W, is a
k-dimensional Lipschitz submanifold of Xy where k := dim C.,.

(ii) For each solution x : (—o0,0] — R™ of Eq. (1) on (—o0,0], we have

{2, ]t <0} C N = {&] t<0} C W

(iii) The graph We, is positively invariant with respect to the semiflow F' relative to Ng,;
that s, if p € We, and t > 0 then

{F(s,gp)\ ogsgt} Cc N, = {F(5,¢)| ogsgt} C We,.

The submanifold W, of X; is called a local center-unstable manifold of F' at the sta-
tionary point ¢y = 0. It is C'-smooth and passes ¢, tangentially to the center-unstable

space C, as we shall have established by our next theorem.
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Theorem 2 (C'-Smoothness of Local Center-Unstable Manifold)
The map

. 1
Wey - C(cu70 ? 0570

obtained in Theorem 1 is continuously differentiable and Dw.,(0) = 0.

In the next three sections we prove the above theorems. Even though the proofs are quite
long and at certain points technical, they are nevertheless not difficult to understand. As
mentioned in the introduction, we follow the construction of local center manifolds in Har-
tung et al. [6] and apply the Lyapunov-Perron method to obtain the existence of local
center-unstable manifolds as claimed in Theorem 1. The basic idea of this method is to
transform the differential equation (1), or more precisely, a smoothed modification of it,
into an integral equation such that the corresponding integral operator forms a parameter-
dependent contraction in an appropriate Banach space of continuous functions. The fixed

points of this contraction define a mapping whose graph forms the desired invariant manifold.

After the described construction, we follow the procedure in Krisztin [3] and show the C'-
dependence of the obtained fixed points on the parameter which leads to the continuous

differentiability of the manifolds asserted in Theorem 2.

3 Preliminaries for the Proof of Existence

For the transformation of the considered differential equation into an integral form we will
employ a variation-of-constants formula, which is established in Diekmann et al. [2] and
involves duality and adjoint semigroups. For the convenience of the reader and to make our
exposition self-contained, we repeat some of the relevant material from Diekmann et al. |2]

without proofs. Afterwards we discuss some preparatory results.

Duality and Sun-Reflexivity

Recall that for a Banach space X over R the dual space X* is the set of all continuous
linear functionals on X, that is, X* consists of all continuous linear maps from X into R.
We write z* for elements of X*, and for * € X* and € X we use the notation (z*,z) € R

instead of z*(x). Provided with the norm

%) x- == sup (2", @),
[l x <1
where || - ||x denotes the norm on X, the dual space X* becomes also a Banach space over

R.
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If A:D(A) — X is a linear operator defined on some dense linear subspace D(A) in X,
then its adjoint A* is defined by

D(AY) = {x* € X*| dy* € X* with (y*,x) = (¢, Ax) for all z € D(A)}
and then for 2* € D(A*)
A*x* — y*.

If A: X — X is a bounded linear operator, then for each z* € X* the induced map
X 3z +— (2%, Az) € K is linear and bounded. Thus, in this case, the relations

(A*z*, x) = (2", Ax)

for all x € X and z* € X* uniquely define a bounded linear operator A* : X* — X*. In

particular, we have ||Al| = ||A*]|.

Consider now the Banach space C' and the strongly continuous semigroup T, = {7.(t) }+>0
of bounded linear operators defined by the solutions of the initial value problem (5). For
every t > 0 the adjoint T7(¢) of T.(t) is a linear operator with norm ||77(¢)|| = ||7.(¢)|| on
the dual space C* of C' and the family 7 = {T(t) }+>o obviously constitutes a semigroup
of operators on C*. We also have T/(0) p* = ¢* for all p* € C*, but T/ is in general not
a strongly continuous semigroup. Indeed, if C* is equipped with the topology given by the

norm || - [|¢+, it is not difficult to see that for ¢* € C* the induced curve
[0,00) 2t +——T"(t)p" € C* (8)

is not necessarily continuous. However, the set of all functions ¢® € C* for which the curve

(8) is continuous, in other words, p® € C* with the property ||T(t) p© — ¢®]|c+ — 0 as
t N\ 0, forms a closed subspace C® of C*. Furthermore, T(¢)(C®) C C® for all t > 0 so
that the family of operators

TO(t) : C9 2 % — TH(t) ¥ € C°

e

constitutes a strongly continuous semigroup 7. on C'®.

Remark 3.1 It is worth to mention that the family 7)° of linear operators on C* is a weak*
continuous semigroup, and G the associated weak™® generator. More precisely, if the dual
space C* of C' is equipped with the so-called weak™ topology, that is, the coarsest topology
on C* such that for all ¢ € C the functions C* 5 ¢* — (p*, @) € R are continuous, then
for each ¢* € C* the induced curve (8) is continuous. In this way, 7 becomes a continuous

semigroup and G its generator.
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Similarly, we can repeat the above process with the Banach space C® and the strongly
continuous semigroup 7. At first, we introduce again the adjoint operators T*(¢) of
T2(t), t > 0, on the dual space C®* of C®, and afterwards we restrict the semigroup 7% :=

{T**(t) }+>0 to the closed subspace C®®, for which the semigroup is strongly continuous.

The original Banach space C' together with the strongly continuous semigroup 7T, is ®-
reflexive in the sense that there is an isometric linear map 7 : C — C®* with jC = C®®
and T (t) (o) = j(T.(t) ) for all ¢ € C and t > 0. We omit the embedding operator j of
C' in C®* and simply identify the Banach space C' with C®® as usual

The spectrum o(G*) of the generator G¥* for the semigroup 7°* coincides with o(G,), and

the decomposition (6) of C' results in the decomposition
C*=C,0C.®C (9)

of C%*, where C,,, C., and C?* are closed and invariant under 7°*. Furthermore, there are
constants K > 1, ¢, < 0 < ¢, and ¢, > 0 with ¢, < min{—cs, ¢,} so that the asymptotic

behavior of T®* on these subspaces is given by
IT.(t) elle < Ke*'llglle, <0, €y,

IT.(t) ¢llc < Ke“|plle,  teR, peC, (10)
|T2%(8) 09 |oor < Ke®H|o*||cox, t >0, ¢ € CF*.

The decompositions (7), (9) of C' and C®* induce continuous projections P,, P., P, and
analogously P2* P®* P®* onto subspaces C,, C., C!, and C,, C., C®*, respectively. Also,

using the identification of C' with C®® we see at once C! = C' N CP*.

The Variation-of-Constants Formula

Next, we proceed with recalling the variation-of-constant formula for solutions of the inho-
mogeneous linear RFDE
2(t) = Le xy + (1) (11)

with given function ¢ : I — R™ on some interval I C R. For this purpose, let L>([—h, 0], R")
denote the Banach space of all measurable and essentially bounded functions from [—h, 0]

into R™, provided with the norm || - ||z~ of essential least upper bound. With the norm

| (e, @)||gnx Lo := max{||a|rn, ||| <},

the product space R" x L*([—h, 0], R™) becomes also a Banach space, which is in particular
isometrically isomorphic to the space C®*. Using the temporary notation k& : C®* —
R"™x L>([—h, 0], R™) for a norm-preserving isomorphism from C'®* onto R™x L*>([—h, 0], R"™),
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we define elements 77" := k~1(e;,0) € C®*, i = 1,...,n, where ¢; is the i-th canonical basis
vector of R™. Clearly, the family {r{’*,... ,r2*} constitutes a basis of the linear subspace
YO := kHR"™ x {0}) of C®*, and the requirement I(e;) = r* for i = 1,...,n uniquely
determines a linear bijective mapping [ : R™ — Y* with ||I|]| = [[I7}]| = 1.

For reals a < b < ¢ and a (norm) continuous function w : [a,b] — C®* the weak™® integral
b
/ T (e — ) w(r) dr € C°* (12)

is defined by

([ T e-nyumdre) = [0 - n)uir). o) dr

for p® € C®. Furthermore, set

/a T (¢ — 7)w(r) dr = — /ang*@ — ) w(r)dr

b

as usual. It turns out that, under the above condition on w, this weak™ integral belongs to

C' (more precisely, to C®® = j(C)). Additionally, one obtains the formulas

TE*(t) / T (c — 1) w(r)dr = / T?*(c+t—T7)w(r)dr (13)
for all t > 0, \ ,
e / T (e — 1) w(r) dr = / TO(c — 7) PO* w(r) dr (14)

with A € {s,¢,u}, and finally the inequality

If g: I — R™ is a continuous function defined on some interval I C R and if the function
x : I 4+ [—h,00 — R" is a solution of the inhomogeneous RFDE (11), then the curve
u:l>t+— x, € C satisfies the abstract integral equation

b b
/ T (c — 1) w(r)dr < / HTGQ*(C—T)’LU(T)HC@* dr. (15)
a COx* a

w(t) = To(t — s) uls) + / Tt — 1) Q(r) dr (16)

for all s,t € I with s < ¢, where @ : [s,t] © 7 — [(¢(7)) € Y®*. On the other hand, if
Q : I — Y®* is continuous, and if u : I — C' is a solution of Eq. (16) then there is a
continuous function z : I + [—h,0] — R" with z; = wu(t), t € I, solving the differential
equation (11) for the inhomogeneity ¢ : I > 7 — [71(Q(7)) € R™. In this sense we have a

one-to-one correspondence between solutions for Eq.s (11) and (16).
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Preliminary Results on Inhomogeneous Linear Equations

As the last step to prepare the construction of local center-unstable manifolds for Eq. (1),
we establish the existence and some properties of special solutions of the integral equation

(16). In doing so, we will need certain Banach spaces which are introduced below.

Let X be a Banach space with norm || - ||x. For every n > 0 we define the linear space
(50,01, 3) = {9 € Cl(=200, )| _swp_* o(o)x < o0
s€(—00,0
where C'((—o0, 0], X') denotes the Banach space of all continuous functions from the interval

(—00,0] into X. Providing C,((—o0,0], X) with the weighted supremum norm given by

lglle, = supe™[[g(t)]x,

$€(—00,0]

we obtain a one-parameter family of Banach spaces with the scaling property

Cm((_OO’ 0]7 X) C CTIQ((_Oov O]>X)

for all 9 < ny and

l9lle, = llglle,
for all g € C,, ((—00,0], X). To simplify notation, we use the abbreviations Y, C’g , and C’%,
for the spaces C,((—o0,0],Y®*), C,((—00,0],C), and C,((—oc,0],C"), respectively, which
are mainly regarded in the sequel.

From now on, let us denote by P2* the projection of C®* along C'®* onto the center-unstable
space Cyy, that is, PS* := PP* 4+ P®*. For a given function @ : (—o0,0] — Y®* we formally
introduce a mapping K @ from (—oo, 0] into C®* by

t

(K Q)(t) = / TO(t — ) P2* Q(r) dr + / T 1) PP Q(r)dr (17)

for t < 0. Note that the right-hand side of Eq. (17) may not be well-defined for arbitrary
(). However, in our next result we show that for maps ) € Y, with n € R such that
¢. < n < min{—cs, ¢, } the integrals in (17) do not only exist, but the functions K @ form
also solutions for the abstract integral equation (16).

Proposition 3.2 Let n € R with ¢, < n < min{—c,c,} be given. Then Eq. (17)

induces a bounded linear map
K:Y,5Q+—K"QeC.
In addition, for every Q €Y, the function u = K Q is a solution of the integral equation
t
u(t) = Te(t — s)u(s) + / T (t —7)Q(7) dr (18)

for —oco < s <t <0, and the only one in C’g satisfying P2*u(0) = 0.
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Proof: The proof falls naturally into three parts. In the first one, we show that, under the
stated assumption on 7 € R, the formal expression (17) forms indeed a well-defined mapping
K @ from (—o0,0] into C for all Q) € Y. Afterwards we prove that K is a bounded linear
operator and finally we conclude the part of the proposition concerning the abstract integral

equation. From now on to the end of the proof, we fix n € R with ¢, < 7 < min{—cs, ¢, }.

1. In order to see (K Q)(t) € C for all Q €Y, and t <0, recall that for given @ €Y, and
t < 0 both

t 0
/ Tt — 7) P Q(r) dr = — / T (—r) T2 (1) P2* Q(r) dr
0 t
and

I(s) :== / TO*(t — 7) PP*Q(7) dr

with s <t belong to C'. Hence, it remains to prove the convergence of I(s) in C' as s — —o0.
To show this, we assume {sy }reny C (—00,t] with sy — —o0 as k — oo. Then, by inequality
(15) and the estimate (10) for the action of 7°* on the center space,

() = I (sl o :‘ /k1 Tt —7) P Q(r) dr

Sk Co*
Skq

< [T -0 P Q) o dr
Sko

<K [P [ e 10 e

Sk

2
Sk
<K e e les-ar
Skz

Sky
< IRl [ e ar

Skz

_ecst
< K| po* [ —(csHm)s, _ ,—(cs+n)sk,
S 1@y, |e e
_ecst
< K P@* —(es+m) sk,
P 127 I1Qlv, e

for all ki, ko € N with s, > sg,. Thus, {I(sk)}ren constitutes a Cauchy sequence in C.
In particular, I := limg_,o I(s) exists. Furthermore, in the same manner we see that
for any another given sequence {S;}reny C (—00,t] of reals with § — —oo, we also have
|1I(8x) — I||ce~ — 0 as k — oo. This implies the desired conclusion I = lim,, ., I(s).
Hence, (K Q)(t) € C for all Q €Y, and t < 0.

2. The technical results in Diekmann et al. |2, Chapter I11.2] on the continuous dependence

of the weak* star integral on parameters and estimates (10) enable to show that the induced
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curve (—00,0] 3 t — (K Q)(t) € C is continuous for every @ € Y,. Consequently, Eq.
(17) defines by @ — K@ a mapping from Y, into C((—o0,0],C). This map is also
linear. In addition, we claim K Q € Cg for all @ € Y;. To this end, consider the apparent

inequality

K Q) cor < M / TO(t — 1) PO Q(r) dr

Cox

¢
+ e / TO*(t — 1) PP*Q(7)dr
0 CO*
¢
Tem / Tt — ) P&* Q(r) dr
—0o0 CO*

for fixed @ € Y,, and ¢ < 0. Using the inequalities (15) and (10) as in the part above, we
estimate the first term on the right-hand side by

e

/ T (= 1) PO Q(r) dr
0

t
<o [T =1 P Qe dr
CO* 0
t
< —Ke”t/ ecClt_T‘HPC@*Q(T)Hc@*dT
0
t
_ K / e 0 || PO Q)| dr
0
t
< KB |0 Q(r)oedn
0

0
< KIP* 1@y, / e g
t

1

< K| 1Ry, :
n—=Ce

In the same manner we can see that

t
1
e /Tf*(t—T)PE*Q(T)dT < K[ PIQlly,
0 Y O Cu+77
and
t 1
| [ - nreamard <Kl
—o0o Y O —hbs T
Summarizing, we get
(R A v |
er]t }Ccu t *<K C _|_ U _ S ’ 19
[ Q) < HQHYn<n_cc i (19

and thus £ Q € C’g . It follows that Q — K@ forms a linear mapping K from Y, into

Cp, which in particular is bounded as claimed.
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3. Given any @ € Y, define 0(t,s) = (K™ Q)(t) — T.(t — s)((KQ)(s)) for all reals
—00 < § <t <0. Then, by the linearity and formula (13), we get

t

o(t,s) = /Ot TO*(t — 1) P2 Q(7) dT + / T (t — 1) PP*Q(7) dT

—00

—Te<t—s>< / T (s — 1) P Q(r) dr + / T (s — 1) PP Q(r) dr>

t

= /t T (t — 7) P2*Q(7) dT + / TO*(t — 1) P*Q(7) dT
0

—0o0
S

— /8 TO*(t — 7) P2 Q(7) dr — / TO*(t — 1) PE*Q(7) dr

0 —00

= /t TO*(t — 7) P2*Q(7) dr + /t TO*(t — 1) PP*Q(7) dr
= [ -namar

which yields that u := K @ satisfies Eq. (18) for all —co < s <t < 0. Moreover, in view
of Eq. (14) for the relation of the weak™* integrals and projections on the decomposition of

C®* for t = 0 we have

u(0) = (K*Q)(0)
— [ 1n P Qe ar

— 00

=Ps@*( | reen Qmm)

implying P2* u(0) = 0.

So the assertion of the proposition follows if we are able to prove that u is the only solution of
Eq. (18) in C’g with vanishing C'., component at ¢ = 0. For this purpose, suppose v € C’S is
also a solution of (18) for —oo < s <t < 0 with P2*v(0) = 0. Then the difference w = u—v

belongs to Cg, has a vanishing C., component at ¢ = 0, and satisfies the equation
w(t) =T.(t — s)w(s) (20)
for all —oo < s <t < 0. Furthermore, w can be extended by

w(t), for t <0,
T.(t)w(0), fort>0
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to a solution @ : R — C' of Eq. (20) for all —oo < s <t < co. Since

sup e~ " [[w(t)]lc = sup e || T.(t) w(0) ¢
£>0 >0

< Ksupe e ||w(0)|c
>0
= Kllw(0)l[c

due to (cs —n) < 0 we get

sup e~ || @(t)|c < sup e™ || (t)]|c +sup e[ (t)|c

teR t<0 >0

= [[wllcg + K|w(0)[le < oo
Now from Diekmann et al. |2, Lemma 2.4 in Section IX.2] it follows w(0) € C,, and w(0) € C..
As w(0) = w(0) and C, N C. = {0}, we conclude w(0) = w(0) = 0, and so by Eq. (20),
0="T.(s)w(0) =Te(s) Te(—s) w(s) = T.(0) w(s) = u(s) — v(s)

for all —oo < s < 0. This completes the proof. O

Next, we prove a smoothing property of the integral equation (21). This property will be

useful in combination with our preceding result.

Proposition 3.3 Suppose that Q € Y, for somen > 0. Ifu € Cg satisfies the abstract

integral equation

u@y:n@—@u@y+/z§wp~ﬂQuyh (21)

S

for all —oo < s <t <0, thenuEC% and
[ulles < (1+e™[|Le])[[ullcg + ™[ Qlly,-

Proof: Consider the mapping g : (—o0,0] — R" defined by ¢(t) = [7*(Q(¢)), —oo < t < 0.
Of course, g € C((—o0,0],R™). Moreover, since

sup e"[lg(t)][zn = sup " [I7H(Q)) I
t€(—00,0] te(—00,0]

sup e[| Q(t) |y
te(—o0,0]

= Q]
we see at once ¢ € Cy((—o0,0],R") with lalle, = 1@y,

By assumption, u satisfies Eq. (21) such that, taking into account our discussion about the
one-to-one correspondence between solutions for (11) and (16), the function x : (oo, 0] — R”

given by z(t) = u(t)(0) is a solution of the differential equation

#(t) = Lo + q(t)
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for all —oo < t < 0. Accordingly, = is everywhere continuously differentiable, x; belongs
to C* for all —oo < t < 0, and the map (—o00,0] 3 t — u(t) = z, € C' is continuous.

Furthermore, by the differential equation for z and the estimate for ¢, we have

l&@) e < [ Lellllzllo + llg() [l
< [Lelllu@®lle + e ™llallc,
< e ([ Lellllulleg + 1Q1ly,)

and therefore

sup M dlle = sup ( sup ua'cuw)uw)
te(—o00,0] te(—o00,0] d€[—h,0]

< ([ Lellllullco + 1Qlly,) sup (e”t sup e—n(tﬂ?))
te(—o0,0] 9€[—h,0]

< e™ ([ Lellllullcg + 1QU,),

for all —oo < ¢ < 0. From this, it follows that u € C, and
ulley = sup ™ [lu(t)lles
te(—o00,0]

= sup e"||xlen
te(—00,0]

= sup e"([lzlle + [[@lle)
te(—00,0]

< llulleg +e™ (I Lellllulles + 1Q1ly,)
as claimed. n
As an easy consequence of the last two results we conclude that the formal definition (17) gen-

erates a bounded linear mapping from the Banach space Y;, into C’% for ¢, < n < min{—c, ¢, }.

Corollary 3.4 For each n € R with c. < n < min{—c,,c,}, relation (17) defines a
bounded linear mapping
Ky:Yy5Qr— K™QeCl

with

[OX O O
||’C77|| S K(1+e’7h||Le||) ”Pc H + Hpu H . Hps H _}_enh.
n—Ce Cy+ 1 Cs + 1)

Moreover, for all Q €Y, the function u = K, Q) is a solution of

u(t) =T.(t — s)u(s) + / Tt —7)Q(7) dr

for —oo <'s <t <0, and the only one in C) with Py u(0) = 0.
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Proof: Apply Propositions 3.2 and 3.3, taking into account the estimate (19) for the bound
of the linear map K. O

Remark 3.5 Observe that the bounds of the linear maps K, in the above corollary are

given by a continuous function in n. This will be a crucial point in the proof of Theorem 2.

4 The Construction of Local Center-Unstable Manifolds

This section is devoted to the actual proof of Theorem 1 about the existence of local center-
unstable manifolds for Eq. (1). Throughout the proof, we consider the differential equation

(1) in the equivalent form

&(t) = Loy + r(x) (22)
with the linear part
L:=Df(0)
and the nonlinearity
r:U3pr— f(p) — Ly € R". (23)

Obviously, r also satisfies the same smoothness conditions (S 1) and (S 2) as f and we have
r(0) = 0 and Dr(0) = 0.

The proof is organized as follows. In the first part, we modify the nonlinearity r outside
a small neighborhood of the origin and assign the resulting differential equation to an ab-
stract integral equation by the variation-of-constants formula. Then, using the changes on
the nonlinearity in combination with the auxiliary conclusions of the last section, we show
that the associated integral operator forms a parameter-dependent contraction in C’% for
an appropriate n > 0. In the final step, we prove that the graph of this contraction is an
invariant manifold for the modified differential equation and that a part of this graph also

satisfies the assertions of Theorem 1.

Smoothing Modification of the Nonlinearity

As the Banach space C., is finite-dimensional, there exists a norm || - ||, on C., being
infinitely often continuously differentiable on C.,\{0}. Introducing the projection operator

P.,:= P.+ P, of C! along C! onto the center-unstable space C,, and defining

el = max {[| Pew @llcus || Ps llcr } (24)

for ¢ € C', we get a second norm on C*, which is equivalent to || - ||c1.
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Let 0 : [0,00) — R be a C*°-smooth function with o(t) =1 for 0 <t <1, 0 < o(t) < 1 for
1 <t<2 and g(t) =0 for all ¢ > 2. Further, let the map 7 : C' — R" be given by

r(p), forpel,
0, for p £ U.

Using these two functions, we introduce for all § > 0 the smoothing modification

rs: C' 3 s Q(H%;ch) -9(”%“01) -P(p) €R"

of the nonlinearity r, where we write ¢.,, @ for the components P,, ¢, P; ¢ of v, respectively.

For every v > 0 let B,(0) = {¢ € C'||¢|l1 < v} denote the open ball in C! of radius
with respect to the || - ||;-norm and centered at the origin. Since U C C' is open and r
continuously differentiable due to property (S 1), we find a sufficiently small §; > 0 with
Bas,(0) C U, so that the restriction r[p,; ) of 7 to Bas,(0) together with the associated
derivative Dr| Bas, (0) 1€ both bounded. Subsequently, for small reals 6 > 0, the modifications
of r in a neighborhood of the origin are also bounded and continuously differentiable with

bounded derivatives. More precisely, the following result holds.

Corollary 4.1 For all reals 0 < § < &y the restriction of the map 75 to the strip

= {v € C"] |[¥s]h < 0}

in O is a bounded, C'-smooth function with bounded derivative. Moreover,

o) = o 122l

forallp e S.

Proof: Given any positive constant 0 < § < Jy suppose that ¢ € S. Then, by definition
of rs in combination with the inequality ||psllcr < |lps||1 we get

rit) = o 12l ) p(Iden ) g — g (Pomlen) o,

Consequently, we have rs(¢) = r(¢) for all ¢ € S with ||p|i < 0, and rs5(¢) = 0 for
all o € S with |||y > 20. Since r, ¢ are C'-smooth and the norm || - ||; continuously
differentiable on C,, \ {0} by assumption, the restriction of rs to the strip S is clearly also
continuously differentiable. Moreover, using the above expressions for r5 on S together with
the boundedness of r and Dr on By, (0) C U, we conclude that both r5 and Dr; are bounded
on S as claimed. O]
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For sufficiently small § > 0, the functions rs are even globally bounded and Lipschitz con-

tinuous with constants continuously depending on ¢, as proved in [9].

Proposition 4.2 [Proposition 11.2 in Krisztin et al. [9]] Under the above assumptions
there exists 0, € (0,00) and a monotone increasing A : [0,91] — [0,1] with A(0) = 0 and
A(0) N\ 0 as § \( 0 such that

175() lrn < 6 - A(0)

and

I75() = rs(¢)l[en < A() - [l — Yllen

for all 0 < § < &, and p, € C*.

Using the modification rs of the nonlinearity r, we introduce for each 0 < § < §; the retarded

functional differential equation
(t) = Ly + rs(ze), —00 <t <0, (25)

and the associated abstract integral equations
t
u(t) =T.(t — s)u(s) + / T (t — 1) (rs(u(r))) d, —00 < s<t<0. (26)

We have now a one-to-one correspondence in the following sense: If x : (—o0,0] — R"
is a continuously differentiable solution of RFDE (25), then u : (—00,0] — z; € C! is a
solution of Eq. (26). On the other hand, for a continuous mapping v : (—o0,0] — C!
satisfying integral equation (26), the function x : (—oo, 0] — R™ defined by z(t) = u(t)(0),

—00 < t <0, forms a continuously differentiable solution of (25).

Center-Unstable Manifolds of the Smoothed Equation

Until the end of this section fix n € R satisfying the estimate
¢ <n < min{—cs, ¢, }. (27)

Then we find a constant 0 < § < §; with

1
1411 A0) < 5 (28)
where the mappings K, and A are defined in Corollary 3.4 and Proposition 4.2, respectively.
Below, we construct a parameter-dependent contraction on the Banach space C’%, such that
the fixed points will form solutions for the abstract integral equation (26). For this purpose,

we assign to Eq. (26) an integral operator. We begin with the nonlinear part.
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Corollary 4.3 Let R denote the map, which assigns to u € C((—o0,0],C') the mapping
(—00,0] 3 s — I(rs(u(s))) € Y in C((—00,0],Y®*). Then R maps C, intoY,, and the
induced mapping Rsy, : C} 3 uw+— R(u) € Y, satisfies

[ Ron(w)]ly, < dA(9) (29)
and
[ Rsy(u) — Ry (v)|ly;, < A(0)[lu — vllcy (30)
for all u,v € C*.

Proof: First, note that R indeed assigns a continuous function from (—oo, 0] into Y®* to
a function u € C((—o0,0],C'), as the mappings [ and rs are continuous. Given u € C%,
Proposition 4.2 implies

sup " [|R(u)(t)llye- = sup e™||i(rs(u(t)))llye-
te(—o00,0] te(—o00,0]

= sup e"|lrs(u(t))|lrn
te(—o00,0]

< sup e™IN()
te(—o0,0]

= SA(6).

This shows R(C)) C Y, and in particular the boundedness of Rs, by dA(0) as claimed.
Using the Lipschitz continuity of 75 from Proposition 4.2, we also see that Rs, is Lipschitz
continuous with Lipschitz constant A(d), and the corollary follows. []
Remark 4.4 The mapping R : C((—o0,0],C?") — C((—00,0],Y®*) in the last result is
called the substitution or the Nemitsky operator of the map C* 3 p — I(rs(p)) € Y©*

on (—o0,0].

Next, we consider the linear part of the integral equation (26) and prove that it constitutes

a bounded linear operator from the center-unstable space into C%.

Corollary 4.5 For each ¢ € C.,, the curve (—o0,0] 3 t — T,(t) p € C* belongs to Cj,
and S, : C* D Cpy — C, defined by (S, ¢)(t) = To(t)p for ¢ € Cey and t <0 is a bounded
linear operator with

ISyl < KPS+ 1P2°1): G1)

Proof: To start with, recall that 7. defines a group on C., C C' and coincides with 7.
Thus, for all ¢ € C,,, the curve (—00,0] 3 t — T,.(t) ¢ € C., takes values in C' and is in

fact a continuous map from (—oo, 0] into C*. Furthermore, we have

ITe(t) eller = I1Te(t) elle + || G Te(t) ¢l
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and
%(Te(t) 80) = Te<t> Gep = Te(t) 90,
for ¢ € C.,. Hence, by the exponential trichotomy under our assumption (27), it follows
sip IO pler = sup e (I plle + 1T ¢lc)
te(—o0,0] te(—o00,0]

< sw e (L) P pllo + IT(0) P2 el

te(—o0,0]

+IT(t) P2 e + ITo(0) P ¢l

< swp (I P pllo + IT.0) P ¢l

te(—o00,0]
+ swp (L) P plle + IT.0) P )
te(—o00,0]
<K sup e @B e+ P2 o)
te(—o0,0]
+K swp e ([P pllo+ 1P ¢l
te(—00,0]

< K[ (I(lelle + ')+

KRl (lellc + 1€'le)
= K12 + 12 1 eller-

Accordingly, S,p € C% for ¢ € C.,, and thus S, is well-defined. In addition, the mapping

S, is obviously linear by definition, and
ISwelley < EIP N+ 112711

for ||¢||cr < 1. Therefore, inequality (31) holds and this completes the proof. O

Using Corollaries 3.4, 4.3, and 4.5 to guarantee the well-definedness, we introduce the map-

ping G, from the product space C} x C, into C, given by

Gy(u, p) == Sy + K, 0 Rsy(u). (32)

In the next proposition we prove that each function ¢ € C,, uniquely determines a solution
of u = G,(u, ) in C}.

Proposition 4.6 For each ¢ € C.,, the mapping G, (-, ) : Cy — C) has exactly one

fized point u = u(yp). Moreover, the associated solution operator
Uy : Cou 3 @ — u(p) € C) (33)

of u = G,(u,p) is (globally) Lipschitz continuous.
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Proof: We begin with the claim that, for given ¢ € C.,, G,( -, ¢) maps sufficiently large
closed balls centered at the origin into themselves. Indeed, for fixed ¢ € C., we find a

positive real v > 0 with 2[|S, || [|¢||c1 < v so that both estimates (28) and (30) together
imply
1G9 (s )lley = [[Sh e + Ky © Rsp(u)|cy
< IS, SOHC,% + |1 0 Rén(“)”c},
< [ISylllleller + ANyl [[ullcy
e

< il
S5t =7

for all u € C} with |ulley <. Hence, G,(-, ) maps {ue ] ulley < v} into itself. The
mapping G,(-,¢), ¢ € Ce,, is also a contraction since, by application of (28) and (30),

1Gn (1, 0) = Gy(v, )l = (1K © Ray(u) = Ky 0 Riy(v) ey
< [ 1 By (u) = Roy(0)ly,
< AO) Kyl = wlle

< 1
< Sllu = vle

for all u,v € C%. Consequently, using the Banach contraction principle, we find a unique
u(yp) € C, satisfying u = G, (u, ).
To see the global Lipschitz continuity of u, : Cpy, 3 ¢ — u(y) € C’%, assume @,V € Cyy.

Using the two inequalities (28) and (30) once more, we see

18, (p) — an(w)HC}, = |Gy (T (), ) — Qn(ﬁn(w),w)l\c;
= [[Sh(p =) + Ky 0 Ry (ty () = Gy © Ry (1 (¥)) |
< 1Syl I = @ller + 1Kl 1Ry (tin(0)) = Ry (tin(¥))],
< 1Syl lle = ller + A Iy () = ()l

L . -
< 1ol lle = ¥ller + 5 llan() = @) lley-
Therefore
[y () — () llcy < 2[5yl [l = Yller,
which completes the proof. n

For all ¢ € C,,, the associated fixed point @(p) of the last proposition forms a solution of
Eq. (26) in C’,l] with the property that its component in the center-unstable space at ¢t = 0

is just given by ¢, as shown in the following.

Corollary 4.7 For all p € C,, the mapping i, () is a solution of the abstract integral
equation (26) with P.,(t,(¢)(0)) = ¢.
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Proof: The proof is straightforward. Given ¢ € C,, define z = 1u,(p) — S, ¢. By Corollary

3.4, we have
A0 =Tt 5)2(5) + [ T2 - ) Rl (), —oo <5 <220,
and Py, 2(0) = P2* 2(0) = 0. From this we conclude
i ()(0) — To(t) 0 = il )(1) — (5,01
"
=Tt 5)2(5) + [ 120 = 1) Ruialo)(r)dr
— Tyt — ) Tl)(5) — Tult — 9)(5,0)(6)
# [ 1200 1) Rl

t

=Te(t = 5) tn(p)(s) = Te(t)p + | TE*(t = 7) Ry i1y () (7) d

S

for all —oco < s <t <0 and

P (i (0)(0)) — ¢ = Peu(tiy(0)(0)) — Pewtp
= Peu(tin(9)(0)) — Peu((Sy9)(0))
=P, 2(0)=0
Adding T.(t) ¢ and ¢, respectively, yields the assertion. ]

By the discussed one-to-one correspondence of solutions for the differential equation (25)
and the associated abstract integral equation (26), the above corollary shows that for all
¢ € Cy, there exists a continuously differentiable function z : (—oo,0] — R™ satisfying
z; = u(p)(t) for —oo < t < 0 and solving Eq. (26) on (—o0,0]. The set W consisting of all

segments of these solutions at time ¢ = 0, that is, the set

W= {i()(0) | ¢ € Cun},

is called the global center-unstable manifold of RFDE (25) at the stationary point
0 € C!. Note that W" can also be represented as the graph of the operator

w" : Cpy D ¢ — Py(t,(9)(0)) € CL.
Indeed, applying Corollary 4.7, we see at once
W = {<p+w”(g0) | p € Ccu}.

We close this subsection with the conclusion that the values of every solution v € C’% of the

abstract integral equation (26) belong to the global center-unstable manifold W™.
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Proposition 4.8 Suppose that v € C) is a solution of Eq. (26). Then
v(t) e W
for all t <0.

Proof: Assuming v € C,% satisfies the abstract integral equation

¢
ult) = Tu(t - s) u(s) +/ TO(t — 1) (rs(u(r))) dr
for —oo < s <t < 0, we begin with the claim that v(0) € W". In order to see this, let
z: (—00,0] — C' be defined by 2(t) = v(t) — T.(t) Puyv(0). As

swp ()l = sup e o(t) — To(t) Pry (0) e
te(—o00,0] te(—o00,0]

< sup e"|lv(t)]en

te(—o00,0]
+ sup ™| Tu(t) Py v(0)|cn
te(—00,0]
< |vlley + sup ™| To(t) P.v(0)]|cn
te(—o00,0]

+ sup €™||T.(t) P,v(0)|cn

te(—o00,0]

S lloley + K _sup e Pev(0)lex
€(—o0,

+ K sup e(C“+")t||Puv(O)||Cl
te(—00,0]

< lvlley + KNPl [loO)ler + K[ Pullllo(0) e
< (L+K|P] + K[ P lvlley < oo,

we have z € C’%. Moreover, for all s <t < 0, we have
2(t) = v(t) — T.(t) P.,v(0)
t
=T.(t —s)v(s) + / TO*(t — 1) l(rs(v(7))) dr — To(t) Payv(0)

=T.(t —s)v(s) — Te(t — 8) T.(s) Py v(0) + / T (t — 1) l(rs(v(T))) dT

=T.(t —s)2(s) + / Tt — 1) 1(rs(v(r))) dr.

Since furthermore Ry,(v) € Y, by Corollary 4.3 and PS* 2(0) = P., 2(0) = 0, we obtain
z = K o Rs,(v) due to Corollary 3.4. Hence, by definition

v(t) = 2(t) + Te(t) P v(0) = (K, 0 Ry (v))(t) + Te(t) Py v(0)
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for all £ < 0, or equivalently,
v =K, 0 R (v) + S, (P v(0)) = G(v, Py v(0)).

This implies v(0) = G(v, Pp, v(0))(0) = @, (P, v(0))(0) € W as claimed.

The proof of v(t) € W as t < 0 may now be reduced to the above claim as follows. For

given to < 0 consider the translation

A

D:(—00,0] 35— vty +s) € Ch.
Obviously, we have © € C} and © is a solution of Eq. (26). Therefore v(—to) = 9(0) € W
by the above claim. This completes the proof. O]

Remark 4.9 Note that by application of the above result we easily deduce the identity

U (@) () = Uy (Pou Uy (0)(2))(0)

for all ¢ € C,,, and t < 0.

Proof of Theorem 1

In this final part of the present section we complete the proof of Theorem 1 on the existence
of Lipschitz continuous local center-unstable manifolds. We conclude that in a neighborhood
of the origin, the global center-unstable manifold W of Eq. (25) has the properties asserted

in Theorem 1.

Our proof starts with the following series of definitions depending on the constant § > 0

from condition (28):

Cono = {# € Cau | Il < 0},
Chyi={peClllel <o},
Ney := cu,0 + 051’07

[———
Wey = W
cu Cou0’

and

Wow i= {0 +wal) | ¢ € Cavo .
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Given an open neighborhood V' of 0 in X, note that one may choose ¢ > 0 with W, C V.
Applying Corollary 3.4 and estimate (29) of Corollary 4.3, we obtain for all ¢ € C,,

[weu ()l = [l () lx

( — Lcu
34
) (34)

= [|(Ky © Ry (1)) (0) | o2
< 1Ky o Rsy(a(@))ll ey
< Gyl Ran (@)
< [IK55[[6A(9)

~_ —

v,
and thus, we,(Ceypo) C Csl,o by assumption (28). The mapping w,, is also Lipschitz continu-
ous, because for all ¢, € C,, o we have
¥)llen
Py(ty(¢)(0)) e

[weu(p) = weu()l[cr = [[w"(p) — w"
= [1Ps(ay () (0)
< [|Ps[[[lt () (0) =ty () (0) |

< 1Bl () = () lley

and the operator 1, is (globally) Lipschitz continuous due to Proposition 4.6. Moreover,

(
) —

since G,(0,0) = 0 by definition, we have @,(0) = 0 and hence w,,(0) = 0. Consequently,

Theorem 1 follows if we verify properties (i) - (iii) for W,,, which is done below.

Proof of Assertion (ii): Assuming that = : (—oo, 0] — R™ is a solution of the differential
equation (1) with z; € N, t < 0, we have to show z;, € W, for all ¢ < 0. To this
end, notice that by definition || P., z¢||1 < d and || Psz¢||; < d so that Corollary 4.1 yields
r(z) = rs(x;) for all ¢ < 0. Therefore x satisfies the smoothed differential equation (25) as
well. Setting u(t) = x4, t < 0, we consequently obtain a solution of the smoothed abstract
integral equation (26). In particular, as u is bounded on (—o0, 0], we conclude that u € C’%,
and hence u(t) € W", ¢t <0, by Proposition 4.8. This implies x; € W, for all ¢ < 0, which

is the desired conclusion. O

Proof of Assertion (iii): Assume that for a function ¢ € W, and txy > 0 we have
{F(t,p) | 0 <s<ty} C Ne. To deduce {F(t,p) | 0<s <ty} C W, from this, consider
the function

Uy (Pey ) (tn + 1), fort < —ty,

F(ty +t,9), for —ty <t <0,
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where 1, (P, ) € C} is the solution of Eq. (26) with 1, (P.. ¢)(0) = ¢ from Corollary 4.7.

As v takes values in C1, it is continuous at the questionable point ¢ = —tx in view of the
limits
t}EIth o(t) = t}‘lzrth un(Pcu P)(tn +1) = un(Pcu ©)(0) = ¢
and
Am o(t) = lim F(ty +1,0) = F(0,¢) = ¢.
In addition, v is bounded in the [| - [|cz-norm due to

sup M o(tlor < meax{ (P 9l e 1900 len < o
te(—O0,0] te[0,tn]

we have v € C%. Moreover, we claim that v is also a solution of Eq. (26). Indeed, suppose
s,t € (—00,0] with s < ¢t. Then the cases s <t < —ty < 0 and —ty < s <t <0 are
obvious, whereas in the situation s < —ty <t <0, we get

v(t) = T.(t —s)v(s) =v(t) = T.(t +tn) To(—tn — s) v(s)

=T.(t +tn)v(—ty) + / TE*(t — 1) l(rs(v(T))) dr

—tN

—Te(t+tn) Te(—ty — s)v(s)
— T(t +tn) <v(—tN) Tty — 5) v(s))

+ /t T (t — 1) l(rs(v(T))) dr

— Tt + tN)/ T (—ty — 1) I(rs(v(r))) dr

S

+ / T (ot = 1) l(rs(o(r) dr
- / T (b — ) Ura(o(r))) dr + / T (t — 1) i(rs(v(r))) dr

—/ T (t — ) U(rs(v(7))) dr .

Thus, v is a solution of Eq. (26) in C; as claimed.

Now Proposition 4.8 shows v(t) € W" for all t < 0. Consequently, for constants 0 < ¢t < ty
we have
F(t, (p) = ’U(t — tN) € Ncu N Wn,

and hence F(t,¢) € W,,, which proves our assertion. O

Proof of Assertion (i): It remains to prove that W,, is contained in the solution manifold
Xy of Eq. (1), and that W, forms a Lipschitz submanifold of dimension dim C,,. For the
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first part, let ¢ € W,, be given. Then from Corollary 4.7 it follows that the equations
xy = Up(Peu ) (t), t < 0, define a continuously differentiable function = : (—o0,0] — R”
satisfying the smoothed differential equation (26) on (—o0,0] and zy = ¢. In particular,
©(0) = Ly +rs(e). As p € W, C N, and in addition rs = r on N, due to Corollary 4.1
we conclude

$(0) = Lo +r(p) = flp) € Xy
This proves W, C Xy.

To see the second part of the assertion, we consider an n-dimensional complementary space
E of Y = TyX; in the Banach space C'. We claim that there is no loss of generality in
assuming £ C C!. In fact, let {ey,...,e,} denote a basis of E. Then by the decomposition
C!' = C., & C! according to Eq. (7) we get for each i =1,...,n

ei:ui—l—si

with uniquely determined u; € C,., and s; € C!. As the center-unstable space C,, is

contained in Y, we conclude that s; € Y foralli=1,... n.
Define vectors é; = ¢; — u; for i = 1,...,n and suppose we have
n
> Xié=0
i=1
with reals \;, i = 1,...,n. Using the definition of é;, we obtain

E> i/\zez = i)\zuz € Ccu'
i=1 =1

Since C.,,NE = {0} it follows A; = 0 for all¢ € {1,...,n}. Thus, the elements é;,7 =1,...,n,
generate an n-dimensional subspace E of C', which is complementary to Y in C!'. In
particular, £ C Cl.

In view of the above, we suppose now that indeed £ C C!, which leads to

Cl=Ea®((C!nY),
Y =C., @ (ClnYy),

and

Let Py : C' — C!' denote the projection operator of the Banach space C! onto Y along
E. Then we find an open neighborhood V' of 0 in Xy such that the restriction of Py to
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V forms a manifold chart of X; with a C'-smooth inverse mapping from Yy = Py (V) onto
V. Additionally, we may assume that 6 > 0 is sufficient small such that W,., C V and
Py W, CYy. Consequently, we shall have established the assertion if we prove that Py W,
is an dim C,,~-dimensional Lipschitz submanifold of the Banach space Y. But this is clear,

since
PYWcu = {PY(SO + wcu(@)) | (RS Ocu,O} = {90 + Py wcu(SO) | (RS Ocu,O}

and we,(p) € CF for all ¢ € Cupo. Therefore, for every ¢ € C.,o we obviously have
Pywe, () € CLNY, so that PyW,, is the graph of the map

{90 € Cul ol < (5} 3> x +— Pywa(x) €CINY.

In particular, the above map is Lipschitz continuous. This finishes the proof of the assertion

(i) and so of Theorem 1 as a whole. O

5 The C!'-Smoothness of Local Center-Unstable Manifolds

Having proved the existence of local center-unstable manifolds in the last section, below we
establish Theorem 2, asserting the C''-smoothness of these manifolds. For this purpose, we
follow very closely the procedure in the proof of smoothness of local center manifolds in

Krisztin [¢] and show that the technique also works in our situation.

Auxiliary Results

The main idea of the proof for Theorem 2 is to employ the following abstract lemma stating
under which conditions the fixed points of a parameter-dependent contraction form a C*-

smooth mapping of the involved parameter.

Lemma 5.1 (Lemma I1.8 in Krisztin et al. [9]) Let X, A denote two Ba-
nach spaces over R, let P C A be open, and let a map £ : X x P — X and a real
Kk € [0,1) be given satisfying

1€z, p) = &(2, p)llx < wllw — Zllx

forall z,z € X and all p € P. Consider a convex subset M of X and a map ® : P — M
with the property that for every p € P, the element ®(p) is the unique fized point of the
induced map (-, p) : X — X. Furthermore, suppose that the following hypotheses hold.

(i) The restriction &g of the mapping & has a partial derivative

:'S’MXP
Dggo T MXP — E(A,X),

and D&y 1s continuous.
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(i)

(i)

(iv)

There exist a Banach space X; over R and a continuous injective map j : X — X3
such that the composed map k = j o &y is continuously differentiable with respect to M

in the sense that there is a continuous map

B: MxP— L(X, X))
such that for every (z,p) € MxP and every e* > 0 one finds a real 6* > 0 guaranteeing

|k(Z,p) — k(z,p) — B(z,p) (T — x|, <& |7 —z[lx
for all & € M with ||& — z||x <.
There exist maps
WM xP — L(X,X)

and

WM X P — L(X1, X))

such that
B(x,p) i = (j o £Ma,p) (@) = (&N, p) 0 j) (@)
for all (x,p,z) € M x P x X and
|0z, p)|| < &

as well as

w,)|| < s
on M xP.

The map
M xP 3 (z,p) — jo&Wz,p) € LIX, X1)

18 continuous.

Then the map jo® : P — Xy s continuously differentiable and its derivative satisfies

D(j 0 9)(p) = & (®(p). p) 0 D(j o B)(p) + j 0 Dao(P(p). p)

for all p € P.

To verify the hypotheses of the last lemma in our situation, we will need another auxiliary

result on some smoothness properties of Nemitsky operators between scaled Banach spaces.

This result is a negligible modification of Lemma I1.6 in Krisztin et al. [9] and Lemma 3.1

in Krisztin [3].
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Lemma 5.2 Given any two Banach spaces E, F over R, consider for a real n > 0
the scaled Banach spaces E, = C,((—00,0], E) and F, := C,((—00,0], F). Further, let
q : U — F be a continuous and bounded map defined on some subset U C E and let
M((—00,0],U), M((—00,0], F') denote the sets of all mappings from the interval (—oo, 0]
into U, F, respectively. Then for the induced substitution operator

q:M((—00,0],U) — M((—00,0], F)

defined by
G(u)(t) = q(u(t))
for all u € M((—00,0],U) and t <0 the following holds.
() 11,77 2 0, then G(M((—00,0,U) N E,) C F,

(ii) If U is open, if q is continuously differentiable with a bounded derivative Dq and 0 <
n <, then, for all u € C((—o0,0],U), the linear map

A(u) : M((—00,0], E) — M((—o0, 0], F),

given by
A(u)(v)(t) := Dq(u(t))v(t)
for v e M((—o0,0], E) and t < 0, satisfies

A(u)(Ey) C Fy
and

sup [ A(w)(v)|lr; < sup[[Dg(2)];
vl e, <1 xzeU

the induced linear maps
Anﬁ(u) : EW — Fﬁ

are continuous and in case n < 1), the map
Anﬁ : (C((—OO, O], U) N Eﬁ) SU+—— Anﬁ(U) S E(En, Fﬁ)
18 continuous as well.

(iii) If additionally to the hypothesis stated above there holds n < 7 and the set U is conver,
then for every € > 0 and u € C((—o0,0],U) N E, there exists 6 > 0 such that for every
v € C((—00,0],U) N E, with |[v — ul|g, < 6 we have

13(v) = 4(w) = Ay (W) (v = W)y, < Elv = ullg,.
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Proof: We adopt the proof of Lemma 3.1 in Krisztin [¢] which falls naturally into three
steps.

1. The proof of (i). Assuming u € (M((—o0,0],U) N E,), we see at once that the continuity

of u and ¢ implies the one of
(=00,0] 5t — q(u)(t) = q(u(t)) € F.
Moreover, the boundedness of g leads to

sup e™|lq(u(t))|r < sup €™ sup lg(u(t))|[r < suplg(z)|F < oo,
te(—o00,0] te(—00,0] te(—00,0] xcU

and thus ||¢(u)

F, < 00. Consequently, we have ¢(u) € [, which is the desired conclusion.

2. The proof of (ii). We begin with the observation that for all elements u € C'((—o0,0],U)
the map A(u) is well-defined, linear and that under the stated assumption the image A(u)v €
M((—o0,0], F') of an element v € E,, that is, the map

[0,00) 2t — Dq(u(t))v(t) € F,

is continuous. As in this situation we also have

™ | Da(u(t)) v(t)]|p < T [Ju(t)]| sup || Dy ()|

< sup e"|ju(t)||gsup || Dg(x)]

< [lvll, sup [ Dg(z)]| < o0
zelU
due to the boundedness of Dg on U, we conclude A(u)(E,) C Fj; and additionally

swp_ [[A(w)vlle; < sup [ D()]

[0l &, <1
In particular, this shows the continuity of the maps A,; : £, — Fj.

The only point remaining of assertion (ii) concerns the continuity of the map
Ay s Cl(=00,01,U) N By 3 u— Ayy(u) € L(E,, Fy)

in case n < 7. To see this, choose u € C'((—00,0],U) N E, and let € > 0 be given. As n < 7
and Dq is bounded on U, there clearly is a real ¢y < 0 satisfying

2¢0 sup || Dg(x)|| < &
zelU
for all t < tg. Furthermore, in view of the continuity of v and Dq we find a constant §>0

such that
Bi(w) = {y € B|lly —u@®)lls < de™} c U
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as to <t <0 and such that additionally

| Dq(y) — Dq(u(t))|] <€

holds for all y € B;. Consequently, if @ € C((—o0,0],U) N E, with ||i — ul|z, < 4, and if
v € B, with |[v||g, <1, then the above estimates yield

et H (Dq(ﬂ(t)) — Dq(u(t)))v(t)HF <ée
for all £ < 0. Indeed, in case t <ty we see
" [[(Da(@(®) = Da(u())v(®)]| < 267 " lo(®)]lsup [ Da()]

< 2€(ﬁ_n)t||v||En Sug ||Dq(l’)||
re

<,

whereas, for o < t < 0, we first conclude
la(t) —u(t)||r < de M < e Mo

and hence

™ ||(Dg(a(t)) — Dg(u(t))v(t)||, < e e o(t)| 5| Dg(alt)) — Dg(u(t))]|
< lvlle, [Dg(a(t)) — Dg(u(?))]
< E.
This shows
[ Ay (@) — Agg(u)]| < €,

and the continuity of A,; is proved.

3. The proof of (iii). Note that from the additional assumption on the convexity of the open
set U in E it is easy to check that the set C((—o0,0],U) N E, is convex as well. Hence, for
all u,v € C((—00,0],U)N E, and all t <0 we have

™ ||q(v(t)) — q(u(t)) — Da(u(t)) (v(t) — u(®)) ||,
/0 (Da(svt) + (1~ s)u(t) — Da(u(t)) ) (v(t) — u(®)) ds

< T o (t) — u(t)||s

. ngﬁxl] HDq(sv(t) +(1- s)u(t)) - DC](U(t>) H

< e(f”")tHv _ U”En

: Srg[%ﬁ | Dg(sv(t) + (1= s)u(t)) — Dq(u(t))]| -

g ent

F
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Fix u € C((—00,0],E) N E, and € > 0. Then, using < 7, we find constants ¢, < 0 and
0 > 0 as in the last part. Let now an arbitrary v € C((—00,0],U) N E, with |Jv — ul|g, < 0
be given. Then, in the situation t < ¢;, the estimate (35) and the choice of the real ¢, yield

™ || av(t)) - <w>—D«<wxmw—u@Hu

< e o — ullp,

- max || Dg(sv(t) + (1 = s)u(t)) — Dg(u(t)) |

s€[0,1]

< 26(77*77) I?Eal;( HDq(x)HHU - uHEn

< élv —u||g,
On the other hand, if {5 <t < 0, then we have
[v(t) — u(t)|| g < de™™ < de™.

This implies sv(t) + (1 — s)u(t) € By(u) for all 0 < s < 1 and hence, by inequality (35), we
get again

e™ || a(v(t)) - q(@)—D«<wxmw—uwﬂu

< Ty — ullg,

- max HDq(SU(t) + (1 - 5)“@)) - Dq(u(t)) H

s€[0,1]
< geli=—mt v — ull g,
< 5“1] — uHEn
Combining these yields
|| q(v) — q(u) — Anﬁ(u) (U - u) HFT, <é&lv— uHEn )

and the proof is complete. n

Proof of Theorem 2

After the preparatory results above, we return to the local center-unstable manifolds from

the last section and prove Theorem 2.

We start our proof with the observation that an important, but probably inconspicuous point
of our construction of the invariant manifolds in the foregoing section was the choice of a
constant 1 > 0 satisfying condition (27), that is,

Ce <m < min{—cs, ¢, },
and hereafter the choice of a second constant 0 < ¢ < d; satisfying condition (28), that is,

1Kl A9) <

l\DI»—
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Now, recall from Corollary 3.4 that K, is a bounded linear map from the Banach space Y,

into C’},. Moreover, the bound of K, satisfies the inequality

1Syl < e(n) (36)

with the continuous map ¢ : (¢, min{—c;s, ¢, }) — [0, 00) given by

P&+ Po* Po*
C(n):K(HenhHLeH)(H [ L R H) o

n—=Ce Cu+77 Cs+77

Hence, fixing a constant r; > 0 with ¢, < 71 < min{—¢,, ¢s} and additionally a constant
0 <9 < 6, with

mNG) < 3.

we clearly find a real ¢, < 19 < 1; such that the estimate

AG) < 5 (37)

is fulfilled for all ny < n < ;. As an immediate consequence, we see that for any ny < n <
the pair (n,d) satisfies both conditions (27), (28), and thus the construction in the last

section works for any such choice of constants.

Below, we show the assertion of Theorem 2 for the map w™. Hereby, remember that w™

may be also written as the composition
w™ = Psoevyo iy,

with the projection operator P, of C' along the center-unstable space C,, onto C!, the
evaluation map

evy : C,lh > ur— u(0) € C*

and the fixed point operator iy, : Ce, — C, defined by (33). Since P, and evy are both
bounded linear maps, for a conclusion on the C''-smoothness of w™ we are obviously reduced
to proving the continuous differentiability of ,, on C.,. By application of Lemmata 5.1,

5.2, we show that ,, is indeed continuously differentiable on Cg, in the following.

Consider the open neighborhood
Os :={v eC"||P| <}

of the origin in C*. The set Os is clearly convex, and from Corollary 4.1 and Proposition
4.2 we see that the restriction of the function 75 to Os is bounded, C''-smooth and has a

bounded derivative with

sup || Drs()|| < A(6).
»€0;s



The existence and C'-smoothness of local center-unstable manifolds 39

Additionally, we claim
{f%(gp)(t) } pE Ccuat S 0} - 05

for all ny < n <. Indeed, combining the inequalities (29), (36) and (37) yields

[ ()l = [1Ps () (0) [l

- H (’Cﬁ © Rz?n(an(@)))(o)Hcl

S H (ICH © Rén(&n(ﬂp))) HC%

< Gyl Nl Bs (1t ()
< c(n) 5 A(9)

<9

as p € Cg and 1y < 1 < ny. Thus, in view of Remark 4.9 we obtain

1P () (D) = 1| Ps thy (P 1y () (1)) (O) |} = ([0 (Pew iy (0) (£))]]; < &

for all (¢,n,t) € Cu X [00,m1] X (—00,0], as claimed. Now, setting F := C!, F := Y%
O :=0s,q:=1lors, n:=mny, 11:=n and applying Lemma 5.2, we conclude that the linear
maps

A(u) : gﬁ((_ooa 0]7 Cl) — m«_OO? 0]7 YQ*)
define a continuous map A,,, from the convex set
M = {u € CL | u(t) €0, for all t € (—oo,()]}

into the Banach space £(C} Y,

no? £ m
every point u € M and every real € > 0 there is a constant §(€) > 0 such that for all v € M

with [Jo —ullep < 0 we have Rg,, (u), R, (v) € Y;, and

HR&M(U) — Ry, (v) — Aoy, (w) (U )Hy < Ellv—ulley -

70

. In addition, we see that A has the property that for
nom y

(38)
Next, we are going to employ Lemma 5.1. To this end, we regard the inclusion map
Jnom : Cpy Dur—ueC) .

As ng < 1, this map obviously is well-defined and is trivially linear and bounded. Moreover,
for all ¢ € Cyy, jnon, maps the fixed point a,,(¢) of G, (-, ) defined in Proposition 4.6 onto
the fixed point a,, (¢) of G, (-, ¢). Indeed, since for a given ¢ € C,, we have

G (noms (tino (9)), ) = Sy 0 + Koy, © Ry (Gnom (1 (£)))
=Te(+) o + K% R(tn, ()
= jnom( n P+ Kno © Réno(“no(@)))
= Juom (G (no (), )
(ting (0)),

= Jnom
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Jnom (T () is a fixed point of G, (-, ¢) : C; — C} and from the uniqueness of the fixed

point there actually follows
jnom (ano (90)) = ﬂm (90)

Set X :=C}, X1 :=C) , A:=P = Cey, § =Gy, j = Jyom and £ := 1/2. Then we see at

once that @,,(P) C M, and this implies that the unique fixed point of £(-,¢) : X — X is
given by the value @(p) of the map

D:P 3@ Uy (p) € M.

Additionally, for each ¢ € C¢, the map &(-,p) = Gy(-,¢) is Lipschitz continuous with
Lipschitz constant x due to the proof of Proposition 4.6. Thus, for an application of Lemma
5.1 with the above choice of spaces, maps and reals it remains to confirm conditions (i) -

(iv). This point is done below in detail.

Verification of hypothesis (i): Observe that for the restriction &, of the map & to M x P

we have
§o(u, @) = Gno (u, p) = Spo P + Ky © Ry (u).

Consequently, &, is partially differentiable with respect to the second variable, and for every
(u, ) € M x P its derivative Ds&o(u, @) € L(A, X) is given by

D2§0(u7 90)¢ = Sﬂod)

for all ©» € C.. Obviously, Dy&y : M x P — L(A, X) is a constant map and thus in

particular continuous. This shows hypothesis (i) of Lemma 5.1.

Verification of hypothesis (ii): The mapping k = j o {, reads

k(u7 @) - Sm Y+ ’Cm © R5m (](u))a

and the map
B: M xP3(u,p) — Ky 0 (A (u) € L(X, X7)

are so. Consider next an arbitrary point (u, p) € M X P

~ e*
s
L+ [[Ky, |

with the constant ¢ from estimate (38), we find that for all points v € M with lo—ullcy < 6"

is of course continuous as KCpy, , Apor,

and ¢* > 0. Choosing
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we have
|‘k(vv (10) - k(“? 90) - B(“? 90) (U - u) ||X1
= [| K (R(v)) = Koy (R(w)) = Koy (Ao (w) (v — )
< [l ||R(v) — R(u) — Ay (u) (v — u)

1
C"I 1

Iy,

< 1Ky o= ulles,

1+ H’Cm I
< flo —ulley, -
Thus, condition (ii) is satisfied.

Verification of hypothesis (iii): Next we note that for every u € M and all v € X we

have

A(u)(v)(t) = Dq(u(t))v(t)
= D(lors)(u(t))v(t)
= Di(rs(u(t))) o Drs(u(t))v(t)
=l o Drs(u(t))v(t)

for t < 0. Since sup e, | Drs(¢)|| < A(0) and [y, || < c(mo), and ||I]| = 1, it is obvious that
for every u € M, the induced map

Koo © (Aggne (1)) € L{X, X)

satisfies
1Ko © (Angne ()|l < c(n0)A(9).

In the same manner we see that for all u € M

IC771 ° (Amm <u>> S £<X17X1)

with
1Ko © (Agyn ()|l < (i) A(9).
Define
5(1) T MxP> (ua(P) — ’Cno © (Anono(u)) S C(X7 X)
and

G MXP 3 (u,0) — Ky, 0 (g, () € L(X, X))
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Then, for all (u,p,v) € M x P x X, we get
B(u, p)v = (Ky, 0 (Ayy, (u))) (v)
= K (A(u)v)
= (60 (u, p)v)
= &"(u,0) (j(v))-
Moreover, in view of the choice of 1y, 7; and 6 due to Eq. (37) we have
1€ )| <

and

<K

1

(1) ‘
(SRCIN
for all (u,¢) € M x P. This shows that hypothesis (iii) is valid too.

Verification of hypothesis (iv): Finally, we find that the map
M X P 3 (z,p) — jo&W(z,p) € L(X, Xy)

satisfies
F (€W (u, p)v) = (0 Ky © (Apgry (1)) (v) = K“(A(u)v) = B(u, p)v
for all (u,p,v) € M x P x X. As B is continuous, the continuity of the map

M x P> (2,p) — jo&W(z,p) € L(X, X))

follows, and this is precisely condition (iv) of Lemma 5.1.

As by the above all assumptions of Lemma 5.1 are fulfilled, we conclude that the map
Ty, :¢7'OQ5:C’CM—>C'%1

is in fact continuously differentiable. So, if we prove that additionally we have Dw,,(0) = 0,

the assertion of Theorem 2 follows. But this is easily seen in consideration of the formula

Dity, () = & (i (), ) © Dty (9) + j © Dot (), )

for the derivative of @,, at ¢ € Cq,. Indeed, by Drs(0) = 0, we first obtain A(0) = 0 and
(0,0) = 0. Thus, in consideration of T, (0) = 0 we get

Dﬂ’m (0)¢ = .] o D2§0<07 0)¢ = Sﬂ1¢
for all ¢ € C,,. This implies
Dw™ (0)¢ = (P o evg o Diiy, (0))(¢) = Pap =0

on C,,. Consequently, we get
Dw™(0) =0

and this completes the proof of Theorem 2.
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