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The partial derivatives of de Rham’s singular
function and power sums of binary digital sums

ABSTRACT. This note is a supplement to the paper [9] on the partial derivatives T,, of de
Rham’s function R, (z) with respect to the parameter a at a = 1/2. In particular, Ty(z) = =
and Ty(z) = 2T (z) where T is Takagi’s continuous nowhere differentiable function. We
present a new representation of 7;,. From this we derive a limit relation at dyadic rational
points. Moreover, we show that real linear combinations of 7,, with n > 1 are nowhere
differentiable. Thus we are able to prove that the functions which appear e.g. in the well
known formula of Coquet for power sums of binary digital sums are nowhere differentiable.

Finally, we derive a corresponding formula for power sums of the number of zeros.
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1 Introduction

For a fixed parameter a € (0, 1) the system of functional equations

f(%) = af(w),

f(57) = a+(1-a)f()
has a unique bounded solution f = R,(z) with R,(0) = 0 and R,(1) = 1, cf.[6]. It is

Rijs(z) = x, but for a # 3 de Rham’s function R,(x) is a strictly singular function which

(z € [0,1)) (1.1)

is also called Lebesgue singular function, cf.e.g.[l|. In [2] it was shown that for £ € N and
n=0,1,...,2%it holds

n—1
R, (%) =a' ; ¢V (1.2)

where ¢ = (1 —a)/a and where s(j) denotes the number of ones in the binary representation
of j. As consequence of (1.2) it was shown in [9] that for ¢ > 0 it holds

N—-1
0 = NG, (log, ) (1.3)

J=0
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where a = log,(14¢) and where G, (u) is a continuous, 1-periodic function which is connected

with de Rham’s function by
Gy(u) = a"R,(2%) (u<0) (1.4)

where a = . Formula (1.3) was the start point for the proof of explicit formulas for digital

N) = g (5(;)) (1.5)

sums. For the binomial sum
with integer k& > 1 it holds the formula ([9])

1 1 [log, N\* 1%
_ 2
NBk(N) T ( 9 ) 7! ; log, N Fké (logy N) (1.6)
and for the power sum
N-1
S(N) =Y s(j)" (1.7)
7=0
with k£ > 1 it holds the formula of Coquet [3], (cf.also [5], [11] and [9])
log, N\ © &=L
500 = () + Y (g, 3 Gialon, N) (15)
2 =0

where Fj o(u) and Gy ¢(u) are continuous, 1-periodic functions. In this note we show that the
functions Fj ¢(u) and Gy 4(u) are nowhere differentiable. (For Gy ¢(u) this is already known
from [5]). In case k = 1 both formulas yield the well-known formula of Trollope-Delange
([13], [1]) for the sum of digits

N-1

1 , 1
N Z s(j) = 510g2N+ Fi (logy N) (1.9)

=0
where the 1-periodic function Fj(u) is connected with Takagi’s function 7'(x) by

U 1
Fi(w) = =5 — 5um

cf. [8, Theorem 2.1]. In [9] the functions Fjy ,(u) and Gy (u) were expressed by means of the

1
2

T(2Y)  (u<0), (1.10)

partial derivatives of de Rham’s function R,(x) with respect to the parameter a at a =
i.e.
(x €10,1]). (1.11)

a=1/2
In particular, Ty(x) = x and T} (z) = 27'(x) where T is the Takagi function, cf. [9]. We show
that for 0 < x <1 we have

n—1

—T,,(z) = (=2)"(logy )" + Y _ (1ogy )" g,y (l0g, 7)
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where the functions g, (u) are 1-periodic, continuous and nowhere differentiable. At dyadic

points x = % it hold the one-sided limits

T.(x+ h) — T,(z)

wo+0 h(logy 1)
and T(z+h) —T
im n(x + ) _1 Z(x) _ (_1)77,—&-1277,.
w2 [hl(logy )

Finally, if so(j) denotes the number of zeros in the binary expansion of j then

1 i sol)t = (oY (=D | i(logz N)'H,o(log, N) (1.12)
N N

, 2
j=1 =0

where Hy, ¢(u) are 1-periodic continuous, nowhere differentiable functions.

In this note we use the Stirling numbers of first and second kind sl(ﬁl’z, 51(2 given by

k
x 1
k'(k) =) st (1.13)
/=0
and

k
# =32 u @) (1.14)

=0for k> 1 and s,(cl,)C = s,(f,)c =1 for

o=
I
V2
=
o —

These numbers are integers. In particular, s,
k> 0.

2 Partial derivatives

In [9] were introduced the partial derivatives of de Rham’s function R,(z) at a = 1, i.c.

T.(x) = %Ra(.’z) (x €[0,1]). (2.1)

a=1/2

Thus Ty(xz) = z and T3 (x) = 2T (x) where T is Takagi’s function. For n > 1 the function T,

is continuous and has the symmetry property
T,(1 —z) = (=1)""'T,(z) (2.2)
and for n > 2 it satisfies the functional equations

T, (%) = nT,_i(z) + 3T, (2)
(z € [0,1]). (2.3)

T, (xT“) = —nT, 1(x)+ %Tn(x)
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In [1] were investigated the functions

1

T(), (2.4)

there with the notation T,,(z). For every ¢ > 0 there exist constants C, . such that if
0<zxr<z+y<l1, then
To(z +y) — Tu(z)] < Cocy' ™, (2.5)

cf.[1]. By [9, Proposition 4.2] we know that for n > 1 the derivatives (2.1) of de Rham’s

function R, satisfy the functional relations
k+a k -
T, ( 5 ) =T, (?> +> a,T,(x) (2.6)
v=0

where f € N, k=0,1,...,2° =1, 2 € [0, 1], To(z) = x and where a, are the constants

a, — ("> O (g _ gy

(2.7)

v) da™ "

a=1/2

which depend on n, k and ¢. In particular, a,, = 1/2°. Moreover, for k =0, 1,...,2" it holds

" ( % ) _ ;!n ’“i z"x_l)r (59) (e;_sg)) (28)

7=0 r=0

Proposition 2.1 For(eN, k=0,1,...,2° -1, z € [0,1] we have

k—ax k =
T, ( 5 ) =T, (?> + T, (z) (2.9)
v=0
where b, are the constants

b, = (—1)** (n) o a1 (1 — q)sk-1)

v) danv

a=1/2

which depend on n, k and £. In particular, b, = (—1)"1/2¢.

Proof: If we denote the coefficients (2.7) more precisely by a,  (for fixed n and ¢) then
from (2.6) with & — 1 instead of k and 1 — x instead of = we get

n

k—x k—1
Tn (7) = Tn ( o ) + Zau,kflTu(l - $)
v=0

E—1 -
= Tn (7> + a07k_1 + Z(—l)y+1ay7k_1Ty(J})

v=0

where we have used (2.2) and Tp(x) = . For x = 0 it follows

k k—1
Tn (?) - Tn (7) + g, k-1

and hence (2.9) with the coefficients b, given by (2.10). O
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3 Non-differentiability of linear combinations of 7,

The following proposition is a generalization of ||, Theorem 1.5] to linear combinations

n 5 n CV
fal@) = T (x) = (@) (z€[01]) (3.1)
v=1 v=1l
with certain constants c;,...,c,. We will modify a bit the nice proof in [I| where we use

largely the same notations.

Proposition 3.1 Ifc, # 0 then the function f,(z) from (3.1) is nowhere differentiable.

Proof: For zy € [0,1) and positive integers k we put jj, = [28x¢] such that 0 < j, < 2F -1

and . _
Jk Jk +
? S Zo < 2k )

Observe that jri1 = 2jk or jrr1 = 2jx + 1 where A = {k : ji41 = 2jx} is always infinite and

N\ A ={k: jry1 = 2jx + 1} is finite if and only if x( is dyadic rational.

ke N. (3.2)

For an arbitrary function f : [0,1] — R we define

flG+1)-27%) = f(G-27Y)

5 keN, j=0,1,...,28—1. (3.3)

Ag(k,j) =

Let be K, the set of all functions (3.1) with ¢, # 0. We show by induction on n that for no
f € K,, the limit
lim A (k, ji) (3.4)
k—o0

exists. For n = 1 this is true since each f € K; has the form f(z) = ¢,T1(z) = 2¢,T(z) with
c1 # 0 and the Takagi function 7'(z) for which the nonexistence of the limit is well known
(cf.[12]). Assume for a fixed n > 2 that for no f € K, _; the limit (3.4) exists. Now we
consider the function f,(z) from (3.1) with ¢, # 0 which belongs to K, and assume that

there exists a finite number A such that

lim Ay (k,jx) = A. (3.5)
k—o0
It follows
kﬁloloI,II}JGA Afn(k + 1, 2jk) = A (36)
and
lim o Ag (b 12 +1) = A (3.7)

whenever N\ A is infinite, cf. [1].
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Put A (k,j) = Az (k,7) then Ag(k, j) = 1 since To(z) = = and by (3.1) we have

n

A (k) =) e (k, j).

v=1

In view of

Ak+1,27) — Ay(k+1,2j + 1) =4A, 1 (k,§), (v >1) (3.8)
cf. [1], we find

Ap(k+1,20) = Ap (k+ 1,2jk+1) = > de,A (ki)
v=1

n—1
= derBo(k, Gi) + D Aeui Au(k, i)
pn=1
and hence
Afn(k’ + 1, 2jk) - Afn(k‘ + 1, 2jk + 1) = 461 + Af(k’,jk> (39)
where f is the function
f(@) = deoTy(x) + - - -+ de, Ty (2). (3.10)
Obviously,
Ag, (k+1,25) + Ag, (k+ 1,25 + 1) = 244, (k, ji).- (3.11)

Now we consider two cases:

1. If zy is not dyadic rational, i.e. N'\ A is infinite, then (3.5), (3.6) and (3.7) imply

k—oo

2. If xy is dyadic rational, i.e. N\ A is finite, then there exists ko such that ji,1 = 2j; for
k > ko and (3.6) can be written as

m Ag (k+1,25;) = A (3.12)

k—o00

Now, (3.11), (3.5) and (3.12) imply
lim Ay (k+1,2j,+1) = A
k—ro0

So in both cases from (3.9) we get limg_,oo Af(k, ji) = —4cy for f from (3.10) which belongs
to K, since ¢, # 0. This is a contradiction to the induction hypothesis. Thus f,(z) with
¢, # 0 is not differentiable at zy € [0,1) which is valid also at o = 1 in view of (2.2). [

Remark 3.2 The proof makes use of the recursion (3.8) which in [I| was derived by a

system of infinitely many difference equations for the functions 7, n(z), cf. |1, Corollary 2.5]|.
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Theorem 3.3 Ifg,(x) (v=1,...,n) are differentiable functions for x € [0,1] then the

function
fl@) =) g (@)T(x) (ze[0,1])
v=1
is differentiable at a point xq if and only if g,(xo) =0 forv=1,... n.

Proof: For zy € [0, 1] we consider h # 0 such that also zy 4+ h € [0, 1]. Obviously,
f(zo +h) — f(xo)

= >
A 1+ 29
where
— gu(xo + h) — gu(x0) . T,(zo + h) —T,(x0)
—= Tl/ h , 2 - v °
2 ;:1 Y (zo + h) 2 u§—1 9u(20) N

Note that 3; converges as h — 0 since g, (z) is differentiable and T, (z) is continuous and

that Y5 is convergent by Proposition 3.1 if and only if g,(zg) =0 for allv =1,... n. O

4 Relations to periodic functions

In [9] were introduced the continuous, 1-periodic functions Fj(u) given for u < 0 by

8k:

Fk(U) = a—qka

R, (2Y) (u < 0). (4.1)

q=1
In particular, Fy(u) = 1 and Fj(u) is the function from (1.10) which appears in the formula
(1.9) of Trollope-Delange. For k£ > 1 the 1-periodic functions Fj(u) have the representations

Fi(u) = 2u1+k L ’“2‘5“> Ti(2Y)  (u<0) (4.2)

=0

with the binomial polynomials

Pre(u) = (=15,

Kl (u+k—1
14

) 0<t<h) (1.3)

of degree k — ¢ and the partial derivatives T, from (2.1). In particular,
Pro(u) = (=) u(u+1)--- (u+k—1),  Peg(u)=(-1)", (4.4)
cf. [9, Proposition 5.1]. From (2.4), (2.5) and (4.2) it follows
Proposition 4.1 For h >0 and € > 0 we have
|Fy(u+ h) — Fi(u)] < A h' e

with a constant Ay.
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A consequence of Theorem 3.3 and (4.2) is the following

Proposition 4.2 If the functions hy(u) are differentiable then

F(u) =) hg(u)Fy(u)
k=1

is differentiable at ug if and only if hi(ug) =0 for all k € {1,2,...,n}.

If we put Pge(u) = 0 for ¢ > k then for n € N equation (4.2) can also be written in the

matrix form

. 11 1 i
(1,2Fy(u), ..., 2"Fy(u)" = A, (Q—u, ﬁTl(u)v R an(U)) (4.5)
with the lower triangular matrix A, = (Pys(u)), 0 < k, ¢ < n.

Lemma 4.3 For arbitrary integer n > 1 the matriz A,, is invertible and for the inverse
matriz it holds A,)' = A,,.

Proof: We have to show that B,, = (by¢) = A2 is the unit matrix, i.e. by, = dx,. We have
n k
bie = > Prj(u)Pio(u) = Ppj(u)Pyo(u)
=0 =t

and hence by, = 0 for 0 < k < ¢ — 1. In view of Pys(u) = (—1)* we get byy = 1. Now let be
k > ¢+ 1. Note that

Py y(u) = (1) (];) (u+k—1D(ut+k—2)---(u+0)

so that ,
Py j(u)Pje(u) = (—1)F (f) @) (u+k—1(ut+k—2)(u—1")

and therefore

ber = (=1 (u—k— )=k —2)--- (u—10) g(_w (’;) @

J

()0 -G

Now

and

Hence by =0 for k > ¢ + 1. O
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As consequence we get from (4.5)

Proposition 4.4 The partial derivatives (2.1) of de Rham’s function R,(x) have the

representations

2u+ka (2%) ZPH )2 Fy(u (u <0) (4.6)

with the polynomials (4.3) and the l—pemodzc functions (4.1).

Remark 4.5 According to Pyg(u) = —u, Pii(u) = —1, Fy(u) = 1 and Fi(u) in (1.9) we

get
1

2u+1
Putting z = 2" and using the fact that T}(z) = 27 (z) where T'(x) is the Takagi function,

we find

—T11(2") = —u — 2F;(u) (u <0).

1
ET([E) = —log, © — 2F(log, 7) (0<z<1), (4.7)

cf. [8, Formula (2.5)].

By means of (4.6) we can give a new representation of 7,, using the explicit representation
of the polynomials Py ¢(u) of degree k — ¢

k—¢

thg(u) = Z cW’juj. (48)

J=0

In view of (4.3) and the Stirling numbers of first kind s,(;% given by (1.13) it is easy to compute

e = C(E) X s (Y (19

r=0

the coeflicients

In particular, the coefficient of ©*~¢ reads

k
Chpk—t = (—1)* (€> (4.10)
which can be seen directly from (4.3).

Theorem 4.6 Forn > 1 the derivatives (2.1) of de Rham’s function R, have the repre-

sentations

i
L

“T,(@) = (<2)"(logy2)" + > (logy ) guu(logyw)  (0<x<1)  (411)

<
Il
o

where g, (u) are 1-periodic functions given by

n—v

() =2 " Cn 02 Fio(u) (4.12)

=0

with the coefficients from (4.9). They are continuous and nowhere differentiable.
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Proof: For u < 0 we have by (4.6) and (4.8)

k k-t
1 .
WT;C(QU) = Z Z ck,&juJ?ng(u)
=0 j=0
k k—j
= Z cM’juerFg(u).
j=0 ¢=0
For k = n we get
1 y n , n—v
g In(2) = D u Y cng2Fi(u)
v=0 =0
n—1 n—v
= (=1)"u"+ Z u” Z Cnin2 Fy(u)
v=0 =0

where we have used that ¢,, = (—1)" and Fy(u) = 1. With u = log, = it follows (4.11)
with (4.12). Obviously, the function g, ,(u) is 1-periodic and continuous. By (4.12) we have

n—v—1

gn,l/(u) = 22n_ycn,n—u,an—u(U) + 2" Z Cn,Z,V2£F€(u)
=0

where according to (4.10) it is ¢, = (—1)"(") # 0. Therefore, by Proposition 4.2 the

function gy, (u) is nowhere differentiable. O

5 Limit relations

For the Takagi function 7' it is known that at each dyadic point = = 2% it holds

lim T(x+h)—T(x)
h—0 hlog,

=1, (5.1)
h

cf. |7, Proposition 3.2]. We remember T} (x) = 27 (x) so that the following result is a gener-

alization of (5.1).

Proposition 5.1 Forn > 1 the derivatives (2.1) of de Rham’s function R, satisfy at

each dyadic rational point x = 2% the limit relations

To(z+ h) —T,(x)

=27 5.2
h—+0 h(logy )™ (5:2)

and T y T
im n(z+ )_1 Z(x) = (—1)~*t2m, (5.3)

2% Fl(logs 1)
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Proof: For x = 0 equation (5.2) is a consequence of Theorem 4.6. Let x = 2% and
0 < h < 1/2% According to (2.6) we have

To(z+h) = To(x) =Y _a,T,(2')

v=0
where a,, = 1/2° so that
T.(x+h) = T,(x)  T.(2'h) Zl T, (2h)
h(log, )" 2€h log2 X e log2 h)

In view of (log, +)* ~ (log, 577)” as b — 0 it follows (5.2) by Proposition 4.6.

According to (2.9) we have

v=0
where b,, = (—1)""!/2¢ and hence
T,(x—h) =T, T, (2" — T2
n('x h) - TL(:C) _ (_1)n+1 h‘ Z h‘
h(log, )" 2% log2 h log2 :
which implies (5.3). O

Remark 5.2 Relations (5.2) and (5.3) imply that at dyadic rational points z = % there

exists the improper derivative

To(x+h) — T, (2)

A h = too,
whenever n > 2 is even, whereas for odd n it holds
T _
lim n(z 4 h) — Tn(z) = 400,
h—0 ||

i.e. T, with odd n has at = a local minimum. Note that in case n = 3 there are further

points x where T3 has a local minimum, cf. Theorem 6.24 in [1].

Start point for the proof of (5.1) in [7] was the fact that for 0 < z < 1 the Takagi function
T satisfies the estimate . .
zlog, — < T(x) < xlog, — + cx (5.4)
x x

with a constant ¢ < 2, ¢f. |7, Lemma 3.1|. By [10, Lemma 2.1| the estimate (5.4) is valid for
0<ax<1.
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Proposition 5.3 The Takagi function T satisfies for 0 < x < 1 the estimate (5.4) with
the optimal constant ¢ = 2 —log, 3 = 0,415 ... where on the right-hand side we have equality
if and only if v = % 20 (1 =0,1,2,...).

Proof: For the Takagi function 7" we know that
1
—T(z) = —log, x — 2F;(log, x) 0<x<1)
x

where Fi(u) is the the fractal function in (1.9), cf. (4.7). The assertion follows by Proposition

2.2 and Proposition 2.5 in [¢] in view of ¢ = —2min Fi(.) = —2(}222 —1)=2-1log,3. O

Proposition 5.4 For n > 1 the 1-periodic functions F,(u) given by (4.2) for u < 0

satisfy at each point u with 2% = % the limit relations

h—+0 h(logy )" 2n

and Fy(u+h)—F 1
im n(u+ 1) — (1) = —In2. (5.6)
h=0 |h|(logy o)" 2"

Proof: For 2% = 2% < 1 and h > 0 such that 2" < 1 we have

1 u+h 1 u u+h U 1 1 u+h
2Hth(2+) 2T(2 = {T (2t —T,,(2%) }—|——(2—h—1)Tn(2+)
and by (5.2) the asymptotic relation

In view of (2" —1)/h — In2 as h — 0 as well as

10g2 m = —u -+ 10g2

2h — 1
and 1 h 1 1
logy —— S =logy —— T log, — o~ log, — h (h = +0)
we get
L@~ 1@ ~ 27 hIn2 (log, - ’ h
Qu+h n( ) — u n(24) ~ n 089 I3 (h — +0).

By (4.2) we have

Ew = o C o o LS B0 <)
=0

and it follows
F.(u+h) — F,(u) N (=)™ 1n2T”(2u+h) — T,.(2%)
h(log 7)) 2n h(log 7))
Hence (5.2) implies (5.5) at u with 2* = % < 1 which is true for arbitrary u with 2* =

(h — +0).

k.
7

DI\D

since Fi(u) is an 1-periodic function.
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6 Binomial and Power sums

In [9] it was shown that for integer k£ > 1 it holds

ak N

k
aq ) k (logy N)a. (6.1)

=1

with certain coefficients a , which satisfy a recurrence relation. However, we have overlooked
that a, is the Stirling number s,(:z of first kind, given by (1.13). By a hint of L. Berg this
can be seen as follows: We have N = (1 + ¢)” with 8 = log, N and hence

8k
g
In view of (1.13) it follows (6.1) with

N =BB=1)(B=k+1)(1+q""

(lkg = Sgglz (62)

Theorem 6.1 For the binary binomial sum (1.5) with integer k > 1 we have the explicit

formula

1 1 [log SR
2
NBk(N) il ( ) o ; (logy N FM (log, N) (6.3)

where

Fielu) = o (k)Fk olu +kzejl< )‘ﬁ)ﬂf Fy () (6.4)

with the Stirling numbers of first kind Sk,f and the 1-periodic functions Fy(u) from (4.1).
In particular, Fyo(u) = Fp(u) and Fyp(u) = 1/2F. For ¢ < k the functions Fy(u) are

continuous, nowhere differentiable and of period 1.

Proof: In view of (6.2) and sélz) = 1 the representation (6.3) with (6.4) is already proved
n |9, Theorem 5.3] where Fj o(u) (¢ < k) is continuous and of period 1. By Proposition 4.2
the function Fj ,(u) is nowhere differentiable since the coefficient of Fj_,(u) is different from

Zero. O

Remarks 6.2 1. By Proposition 5.4 it holds that if 2" is dyadic rational then for ¢ < k
the functions Fj, from (6.4) satisfy the limit relations

_ _1\k—¢
lim Fk"(“+h>1 Frelw) (D70 (RY ) o (6.5)
wto h(logy 1)~ SV
and Fiolu+h) — Foo(w)  —1 (k
k(W + 1) — L e(u -
: AW _ 2 (M) e, 6.6
% Thllogy Tyt % (i) (60
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2. In case k = 1 formula (6.3) yields the formula (1.9) of Trollope-Delange and in case k = 2

we get

1 _1(log2N)2+log2N

1 1
5 5 {—Z+F1(log2N)}+§F2(log2N).

(In the corresponding formula in |9, p. 70,] the term 1F (L) is to cancel and in the previous
formula the term (") Fy(u) is to replace by (") Fi(u)).

Next, we consider the formula (1.8) of Coquet for the sum of digital power sums.

Theorem 6.3 For the power sum (1.7) it holds the formula of Coquet

_5k< ) = (10g22N ) +i(1og2N)€Gk,e(1og2N) (6.7)

where

k=t k <
n—jt
Gre(u Z Z ( ) o Jj s,(leFJ(u) (6.8)

7=0 n=0+j

with the Stirling numbers of the first and second kind given by (1.13), (1.14) and the 1-
periodic functions Fj(u) from (4.1). So Gyx(u) = 1/2% and for ¢ < k they are continuous,

nowhere differentiable 1-periodic functions which can be written as

k—(—1

Go(u) = 21£ (k)Fk o(u) + Z a; Fj(u (6.9)

Jj=

with certain constants a; which depend on k and £.

Proof: In view of (6.2) the representation (6.7) with (6.8) is already proved in [9, Theorem
6.1] where Gy (u) is continuous and of period 1. Obviously, the function Gy (u) has the

form
Gk g Z CL]

where the constants a; depend on k and ¢. From (6.8) we get for the main coefficient a;_,

1
. k Sgg) (2) 1 [k
Wt =) 2k T\

which yields representation (6.9). By Proposition 4.2 the function Gy ¢(u) (¢ < k) is nowhere
differentiable since a;_, # 0. O

the term
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Remarks 6.4 1. In view of (6.9) the statements for Fy, in Remarks 6.2/1. are valid also

for the functions Gy .

2. In case k = 1 formula (6.7) yields the formula of Trollope-Delange (1.9) and in case k = 2
we get the formula of Coquet [3]

—52( ) = <1°g22N) —|—log2N{%+F1(log2N)}+G(10g2N)
where G(u) = Fi(u) + Fo(u).

Proposition 6.5 For every integer k > 1 we have

ak
%N G,(logy N)

log, N
:N(%) —i—NE:logQ )G e(log, N)
t=0

where ¢ = €' and o = logy(1 + €').

Proof: With ¢ = e’ we get from (1.3)

=2

e*9) = NG, (log, N) (6.10)

Il
o

J
where o = log,(1 + €') and Where the 1-periodic function G, is connected with de Rham’s
function by (1.4) with a = —. It follows

A\ k ak «
S()F = £ NGy log, N)

j=0 t=0

and by (6.7) the assertion. O

7 The number of zeros

If 27 < j < 2" then the number of zeros is so(j) = n + 1 — s(j) where s(j) denotes the

number of ones.
Lemma 7.1 Forg>0 and 2" < N < 2"! we have

T\ 1 1\"
- NG, (logy N) — q + (q——> <1—|——) 7.1
— (Q> = gtV Galloga N) q q (-1

J

where a = logy(1 + q) and where Gy4(u) is a continuous, 1-periodic function given by (1.4).
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Proof: By formula (1.2) we get for 2" < N < 2!
N-1
N 1 n+1 s(7)
Ra <ﬁ) _Ra(ﬁ) = a) ¢
j=an
N-1 1 s0(4)
_ an+lqn+1 Z (_) .
j=on N4

Moreover, (1.2) yields R,(1/2") = a". If 2"~! < j < 2" the number of zeros is so(j) = 7 —s(j)

and by (1.2) we get

or 2r—1 2"-1 )
w(z)-m () - 2
]:2'r—1
2r—1 1 SO(j)
0
j:2r—1 q
and hence
2" —1 so(7
1 o) _ 1 n—r n—r+1\ __ l—a _ 1
Z o Tl (a —a ) o ro r—1"
q a'q (aq)”  (aq)

j:2r—1

In view of ag =1 — a and

we get
— 1\ N 1 1
— q - (1 _a)n—l-l @\ on+1 anqn+1 q a qn—l
1.e.
N-1 1 s0(J) B 1 . N q2 +1
— ; - qn+1an+1 a on+1 — 4 + anqnfl :
Hence
N-1 s0(4) 2
1\ 1 N q +1

with a = % which yields the representation (7.1).
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With ¢ = €' we get from (7.1)

=z

-1
e7t50l0) = I NOG (log, N) — et 4 (¢! — e ) (1 + )" (7.2)
1

J
where @ = log,(1 + €') and n = [log, N] since 2" < N < 2" — 1 and it follows for every
integer £ > 1

N-1
(=1F > s0(j)* = Ap(N) + Bp(N) — 1 (7.3)
j=1
where
ok
Ap(N) = [e "I NG, (logy N)] (7.4)
otk t=0
and
ak t —t 1 —t\n 75
BN) = e [ =] (75)
Lemma 7.2 For (7.4) we have the representations
1
A(N) = (Z1FN (g—) ¥ NZ logs N}/ Ay (log, N) (7.6)

where A o(u) are 1-periodic function given for 0 < u <1 by

¢ k
AW(U) = Z(—l)z Z (Z) (7) (u — 1)m7in,m’g,i(u) (77)
with the functions Gy ¢(u) from (6.8).

Proof: We put L = log, N. Observe that

ak

k
—t(n (0% m—n ak_m (03
atk[ ) NeG, (L :§j(> —n — 1)me ) [N°G(L)].
=0

It follows by (7.4) and Proposition 6.5 with n = [log, N|

J=0

with the 1-periodic functions G_, j(u) from (6.8). For 2" < N < 2" — 1 we write N =
2mtuN with 0 < uy < 1. In view of L =log, N = n + uy we have Gy, ;(L) = Gj—m j(un)

and
k L k—m .
=N Z‘B (m> (uN —1-— L)m 2; LJkam,j(uN).
m= j=
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We want to sort the right-hand side by powers of L = log, N. From

NZ( >Z( )@N_l ZLka]uN

we get
Ay(N) =N i L Ay o (un)
with ) h
Apo(u) EJ;@ Z( )( ) (u— 1) G (1)

which can be written as (7.7). In particular,

st = 0 (B st = oo (B g = Z () o - 2

=0 i=0

where we have used (6.9) and Fy(u) = 1. If we continue the functions Ay ¢(u) to 1-periodic

functions on R then we also get Ay ¢(un) = Ag (L) since uy = L—n, and it follows (7.6). [
Remark 7.3 In particular, for 0 < u < 1 we get by (7.7) in case k = 1
Al,O(u) =u—1+ Fl(U)
and in case k = 2
Ago(u) = u® — 2u + 2+ (1 — 2u) Fy (u) + Fy(u),
Aga(u) = 7 = (u—1) = Fi(u)

where we have used (6.8) with the 1-periodic functions Fj(u) from (4.1).

Now, for integer k£ > 1 we compute (7.5). Applying Leibniz formula it is easy to see that

k—1
N)=2") b n’ (7.8)
i=0
with certain coefficients by ;. The first sums read

Bi(N)=2-2" By(N)=-2n-2",  B3(N)=(n®+2n+2)2" (7.9)
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Lemma 7.4 For (7.5) we have the representations

e
—_

By(N) = N' Y (log, N)'By.s(log, ) (7.10)

Bus(u) = 2i > b (Z) (—u)it (7.11)

with the numbers by; from (7.8).

Proof:  Starting with (7.8) we prove (7.10) with (7.11). As before we write N = 2"+~
with 0 < uy < 1 so that L =logy N = n + uy, 2" = 27~ = N /2%~ and

. RN -
n'=(L—uy) = Z (6) LY (—un)™".
=0
From (7.8) we get
k—1
NZ logy, N Bke (un)
=0

with By ¢(u) from (7.11) for 0 < u < 1. If we By, continue to 1-periodic functions on R then
we have By ¢(logy N) = By y(uy) since N = 2"14~ . So we get (7.10) with (7.11). O

Remark 7.5 In particular, for 0 > u < 1 we get by (7.11), (7.8) and (7.9) in case k =1

1
BL()(U) = 2 . ﬁ
and in case k = 2
U 1
Byo(u) = a1’ Bai(u) = T ou-1

Lemma 7.6 For ¢ < k the 1-periodic function Ay(u) given for 0 < u < 1 by (7.7) is

nowhere differentiable.

Proof: We apply Proposition 4.2. According to (7.7) and (6.9) the function A ,(u) has

the form

Ak7g(u)

Il
>
<

<
~
.
£

0<u<l)

where




-0
w05 rk()

such that hy_s(u) # 0 for 0 < u < 1. By Proposition 4.2 the function Ay ,(u) is nowhere
differentiable. O

In view of

we get

Theorem 7.7 Ifsy(j) denotes the number of zeros in the binary expansion of the integer
j then for integer k > 1 we have

1 = log, N L
N So(j)k — < 5 ) —|—Z 10g2 Hkg 10g2 N) (712)
=1 =0
where
Hiyp(u) = (=1)" A e(u) + (=1)"B,e(u) (7.13)

with the functions Ay, from (7.6) and By, from (7.10). They are 1-periodic functions which

are continuous and nowhere differentiable.

Proof: The representation (7.12) follows from (7.3) in view of (7.6), (7.10) and (7.13) where
Hy . (u) = 1/2% since By, x(u) = 0. For ¢ < k the functions Ay ¢(u) are nowhere differentiable
(Lemma 7.6) and By ¢(u) from (7.11) are differentiable in [0,1) so that Hj¢(u) are nowhere
differentiable. By Lemma 7.2 we know that the 1-periodic functions Hy¢(u) are continuous
in [0,1) and that Hg (1 — 0) there exist. It remains to show that Hy (1 —0) = Hy,(1). For
that we show that for integer n it holds

= Zné{Hk,é(l) - Hk’g(l — 0)} = 0(1) (TL N OO)

which is possible only if Hy (1) — Hy (1 —0) =0 for £ =k, k—1,...,0. We write S(n) =
Y1(n) 4+ Xg(n) where

= 0" {Hy (1) = Hep(1+logy(1 — 27"},

Sa(n) = n'{Hy(1 +logy(1 —27") — Hy(1 - 0)}

and investigate both sums separately.
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1. Using (7.12) we get for so(N — 1)* the representation

k

> {N(logy N) Hye(logy N) — (N — 1)(logy(N — 1)) Hy,e(logy(N — 1)) } -

As N — oo we get the asymptotic equation

90N = 1) = S (log, N {Hi(logy N) — Hi(logy(N = 1))} + (1)
=0

since in view of

(logy N)*!

(logy (N — 1>>£ = (logy N +logy(1 — 1/N))Z = (log, N)Z + N

o(1)
and (logy N)*"1/N — 0 we have
(logy (N — 1>>[Hk,£<10g2(N — 1)) = (log, N)EHk,lf(logQ(N — 1)) +o(1).

We choose N = 2" with integer n. Note that so(2" — 1) = 0 so that

0="> n{Hru(n) = Hee(logy(2" — 1))} +0(1)  (n— o0),

and in view of log, (2" —1) = n+log,(1—27") and Hy o(u+1) = Hie(u) we get X1(n) = o(1)
as n — 0o.

2. Now, we consider the sum Y(n). In view of (7.13), (7.6), (7.7), (6.8) and the fact that
By ¢(u) are continuous differentiable in [0,1) (Lemma 7.2) we conclude that each function

Hj, o can be written as

Hy o(u) = ij(U)Fj(u) (0<u<1)

with certain continuous differentiable functions f;(u) which depend on k and ¢. By Proposi-
tion 4.1 the functions Fj(u) are Holder continuous with Hélder exponents 1 — & where € > 0.
It follows that for 0 < u < 1 the function Hj(u) is Holder continuous which is true for
0 <wu < 1if we choose Hy¢(1 —0) for u = 1. So we get

|Hio(1 — 0) — Hyo(1 +logy(1 —27™))| < Ce|logy(1 —27))F

with ¢ > 0 and in view of |log,(1 — 27")| ~ 27 and n/2"(17%) = o(1) as n — co we get
Yo(n) = o(n).

Consequently, S(n) = o(n) as n — oo and the functions Hy ,(u) are continuous. O
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Remark 7.8 In view of Remarks 7.3 and 7.5 we get in case k = 1 the known representation

N-1

1

. 1 1
N s0(j) = 5 logy N + — + Hjo(logy N)

N

j=1
with the 1-periodic function Hi ¢(u), given for 0 < u < 1 by

1—u

1
_ 21—u + —T(Qu_l)

HLQ(U) = ou

cf. |8, Theorem 3.2, and in case k = 2

N—-1 2
. 1 1
(s0(4))* = (510g2 N) N + Hy(logy N) + logy NHj 1 (log, N)

J=1

1
N

with the 1-periodic functions Hoo(u), Ha1(u), given for 0 < u < 1 by

H270(U) = UQ — 2u + 2 —I— (1 — 2U)F1(U) —f- FQ(U) —f- 2u71

and . .
ngl(u) = Z - (U — 1) - Ju—1

Acknowledgement. The author wishes to thank L. Berg for his hint to the Stirling num-

bers.
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