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Existence of solutions of nonlinear differential
equations with generalized dichotomous linear part in
a Banach space

ABSTRACT. A generalization of the well known dichotomies for a class of homogeneous
differential equations in an arbitrary Banach space is introduced. The aim of this paper is
the consideration of the nonlinear differential equation with generalized dichotomous linear
part. By the help of the fixpoint principle of Banach and Schauder-Tychonoff are found

sufficient conditions for the existence of solutions of the nonlinear equation.
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1 Introduction

The notion of exponential and ordinary dichotomy is fundamental in the qualitative theory

of ordinary differential equations. It is considered in detail for example in the monographs
21, [3116-5].

In the given paper we use a (M, N, R) dichotomy, introduced in [5], which is a generalization

of all dichotomies known by the authors.

It is considered a nonlinear differential equation with generalized dichotomous linear part.
A nonlinear operator, acting in the phase space is introduced. Sufficient conditions for the
existence of fixed point of this operator are found. These fixed points are solutions of the

differential equation.

2 Problem statement

Let X is an arbitrary Banach space with norm |.| and identity I and let J = [c, 00) where

c € R. Let L(X) is the space of all linear bounded operators acting in X with the norm ||.||.

We consider the nonlinear differential equation

dx
i A(t)x + F(t,x), (1)
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where A(.): J — L(X), F(.,.): Jx X — X. Let F' is continuous.
By V(t) we will denote the Cauchy operator of
dx
— = A(t 2
T At)a 2
where A(t) € L(X),t € J.
We consider also the nonhomogeneous equation

dz
S~ AW+ £ Q

where f(.) : J — X is continuous and bounded.

In this paper we will use the (M, N, R)-dichotomy, introduced in [5] with both following

theorems.

Let R(t): X — X (t € J) is an arbitrary bounded operator.

Lemma 1 [5] The function

)= [ VRSV @ - [ VO ROV W
c ¢
is a solution of the equation (3) if the integrals in (4) exist.
Following conditions are introduced
Hl. |[V(O)R(s)V7Hs)z |[< M(t,s,2),t >s,z2€ X
H2. |V(@)(I — R(s))V 7 (s)z |< N(t,s,2),t<s,z€ X
For all considered cases the right hand part of (H1) and (H2) will have the form

M(t,s,z) = p1(t)pa(s) | 2|, (t = s), z€ X
N(t,s,2) = hi(t)s(s) | 2|, (t<s), z€ X
where oy (1), pa(t), 11 (t), 1b2(t) are positive scalar functions. We set
a(t) = max{p: (), ¥1(t), 1},
pu(t) = min{ep1(t), ¥1(4)},
B(t) = max{ps(t),va(t)} (t € J).

Definition 1 We call the equation (2) be a (M,N,R) - dichotomous if the conditions
(H1), (H2) are fulfilled.
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Let a(t) is an arbitrary positive scalar function. We consider the following Banach spaces :
t
K,={9:J— X :sup a(t)/ M(t,s,g(s))ds < oo}
teJ c

with the norm

t
’ g ‘Ka = Stug a,(t)/ M<t7s7g(s))ds’
c C

L,o={g:J— X :sup a(t) /too N(t,s,g(s))ds < oo}

teJ

with the norm

| g1, = sup a(t)/ N(t,s,g(s))ds,
teJ t

Co={g9:J— X :supa(t)|g(t) |< oo}
teJ
with the norm
| 9 |¢, =sup a(t) | g(t) |
tey

and
Ta—{g:J—>X:/ a(s) | g(s) | ds < oo}

with the norm

19|y, = /Ooa(s> | g(s) | ds.

The case, when X = R, will be denoted with 7T, :

T,={g:J—=R,: /OO a(s)g(s)ds < oo}

with the norm

19 lz, = /OO a(s)g(s)ds.

Theorem 1 |5] Let the equation (2) is (M, N, R) - dichotomous. Then for every function
€ K, L, the equation (3) has a solution in the space C,.

Corollary 1 [5] Let the equation (1) is (M, N, R) - dichotomous of the form (5).

Then for every function f € Tj the equation (2) has a solution in the space Co-1 and the
following estimates hold

sup (1) [a(0) < [ B(s) | £(5) | ds+ [ T B(s) | £(s) | ds < oo

teJ
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Theorem 2 [5] Let the equation (2) is (M, N, R) - dichotomous.

Then following estimates hold
| z1(t) |< M(t,s,21(s)), t >s>c¢ (6)

for all solutions x1(t) of (1) ,(t > ¢), which started in the set

ﬂ Fiz R(s)

seJ
and
| 22(t) |[< N(t,s,25(s)), c<t<s (7)

for all solutions x5(t) of (1) ,(t > ¢), which started in the set

ﬂ Fix(I — R(s))

seJ
(By FizS we denote the set of all fixed points of the map S, S : X — X.)
Remark 1 Let R(t) = P,where P : X — X is a projector.

For
M(t,s,2) = Kie 00 (4 > 5 2 € X)

N(t,s,z) = Kpe  JF 00 (s > ¢, 2 € X)

where K7, Ky are positive constants and 01, 0o are continuous real-valued functions on J, we

obtain the exponential dichotomy of [7]:
| VPV (s) < Krie 007 (> )
| V()T — P)V 7 (s) || < Kae™ Je 2047 (55 ¢),
For 6;(t) =0 (¢ <t < o0, i = 1,2) we obtain the exponential dichotomy of [2], 3], [6], for
which case we have K, (L, = C, by a(t) = 1.

For
M(t,s,z) = Kh(t)h *(s)|z] (t >s>¢,,z € X)

N(t,s,z) = Kk(t)k™'(s)|z] (c <t <s,2€X)

where K is a positive constant and h, k : [0,00) — (0,00) are two continuous functions, we
obtain the dichotomy of [3-10]:

| V)PV (s) |< Kh(t)h ' (s) ,(t > s > ¢)

V(I = P)VH(s) < K6k (s) ,(c <t < 5)

It may be also noted, that the dichotomies [I]|, [7—10] are a generalization of the dichotomy

in [3].
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3 Main results

By the help of the fixpoint principle of Banach we will find sufficient conditions for the

existence of solutions of the nonlinear equation (1).

Let r > 0. We introduce following conditions

H3. There exists a positive function m € T, such that

F(t,a)| <m(t) (2] <7, te ).

H4. There exists a positive function k& € TB: such that

|[F(t,w2) = F(t,21)] < a7 (0)k(t)wa — 2] (|21, [ao] <7, t € J).

We set a1 = |m|g,, a2 = |klz,-

Definition 2 We say that the equation (1) belongs to the class D(ay, as,7) if there exists
r >0, such that the conditions (H3) and (H4) are fulfilled.

Theorem 3 Let the linear part of (1) is (M, N, R) dichotomous with R(s) (s € J) be
linear and the conditions (H1) and (H2) have the form (5).

Then there exist numbers ay,as > 0 and p < r with following property:

If the initial value & fulfilled || < p and if the equation (1) belongs to the class D(aq,as, 1)
fora; € (0,a1), az € (0,az) then there exists an unique solution x(t) in the ball | z |, <,
1.€.

sup a () |x(t)] < r
ted

Proof: First we shall prove, that the operator ), defined by the formula

(Qz)(t) = V(t)£+/ V() R(s)V ™! (s)F (s, 2(s))ds—

—/ V(t)(I — R(s))V1(s)F(s,z(s))ds
t
maps the ball | z [, < into itself. Indeed we have

t

(@a)(B] < 1 (DalOle] + r(D@le] + [ rea(sIm(s)ds+ [ r(OvaoImls)ds

((Qz)(8)] < alt)(pa(c) + 1ha(e)) €] + a?) /wﬁ(S)m(S)dS
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Hence
o ()|(Q2)(®)] < (pae) +12(c))p + ar
For sufficiently small p and ay, @ will map the ball | x | o, ST into itself.
Now we shall prove, that the operator ) is a contraction in the ball | = ’C,fl <r

Indeed, we have

Q1) (H)—(Qu) ()] < / VRV () (F (s, 21(s)) = Fls.2a(s)) s+
[T IVO = RV OF (s a1(s) ~ Fls.aa(s))lds <
< [ o) Fs.1(6) — Flo.mals)ldst
+ [ Ol P (6) = P a)lds <
<a(t) [ 851" (h(s)laa(s) — aa(s)lds
We obtain

T ONQu1)(8) — (Qu2) ()] < supa ()] (t) — ()] /Oo P(s)k(s)ds

teJ
Q1 = Qualy , <[t = 2ale [kl = 21 = 2ae a2
Hence for sufficiently small ay, the operator @ is a contraction in the ball | z [, <.
The assertion of the theorem follows from the theorem of Banach - Cacciopolli [1]. O

Other sufficient conditions for existence of solution of the equation (1) we will find, using
the fixed point principle of Schauder-Tychonoff. In connection with its applying, we will use

a generalization of the Arzella-Ascoli’s theorem for locally convex spaces.

Let S(J, X) is the linear set of all functions, acting from J in X, which are continuous. The

set S(J, X) is a locally convex space w.r.t. the metric

max [[u(t) — (1)

c<t<T
plu,v) = sup (1+71)7" :
e<T<co 1+ CI?;?EF [u(t) —v(®)]l

The convergence with respect to this metric coincides with the uniform convergence on each

bounded interval. For this space an analog of Arzella-Ascoli’s theorem is valid.

Lemma 2 The set H C S(J, X)is relatively compact if the intersections H(t) = {h(t) :
h € H} are relatively compact subsets of X for everyt € J and H is equicontinuous on each

finite closed interval.
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Proof: We apply Arzella-Ascoli’s theorem to each finite and closed interval. n
Let C is an unempty subset of X and let

C={ueSX):ult)eCtecJ}

Lemma 3 Let C is an unempty, convex and closed subset of X and the operator F maps
C into itself and is continuous. Let F(C) is relatively compact subset of C.

Then F has a fized point in C.

Proof: It follows from the fixed point principle of Schauder-Tychonoff [1]. O

Let
C(r)={xe€ S(J,X): ]x\ca_l <r}

Obviously C(r) is unempty, convex and closed.

Theorem 4 Let the following conditions are fulfilled:

1. Let the linear part of (1) is (M, N, R) dichotomous and the conditions (H1) and (H2)
have the form (5).

2. There exists a number r > 0 such that

sup |F(t,u)| = m(t), where m € Tp.

lul<r
3. The function F(t,u) is continuous (t € J, |u| <r).
4. The set K(r) = {m Y (t)F(t,z): t € J,|u| <r} is relatively compact.
5. R(t)u is continuous for every uw € X by any fived t € J.

Then for sufficient small \m|TB and initial value || < r the nonlinear equation (1) has a
solution x € C(r).

Proof: We consider the operator () defined by the formula

(Qu)(t) = V(1) + / V(O)R(s)V () (s, 2(s))ds—

- /too V(t)(I = R(s))V ™" (s) F (s, 2(s))ds,

where (|| < r). First we shall prove, that () maps C(r) into itself. Let = € C(r). Then

(Q2)(1)] < pr(E)palE)lE] + 1 (a(c)€] + / ' or(t)pa(s)mis)ds + / (B a(s)mis)ds
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(Q2)(1)] < alt) (a(e) + vn(e))IE] + alt) / " B(s)mis)ds

Hence
o (O)[(Q) ()] < (¢a(c) + ¥alc))p +
For sufficiently small |¢| and |m|TB we obtain o™ (¢)|(Qx)(t)| < r (t € J), i.e. Q maps C(r)

into itself.

Now we shall prove that the set QC(r) is relatively compact in S(J, X). For this aim we shall

show, that the functions of QC(r) are equicontinuous on each finite closed interval [a, b].

Let a and b are fixed and t',t" € [a,b], ' < t”. Then for x € C(r) we have

(Qz)(t) = (Qu)(t")| < L+ L+ Is

where

Iy = V()€ = V(t")¢]

L= / VY R(s)V = (5)F (s, 2(s))ds — / V") R(s)V () F (s, 2(s))ds—

—/ V(t"R(s)V " (s)F(s,x(s))ds |

L= [ V)T = RV ($)F (s 2(s))ds—

_ /t TV~ R(s)V () F (s, a(s))ds |

/

For t" — t' we have I, I — 0, because V(t) is continuous in respect to t. For I3 we obtain

the estimate

I3 < /IV(t')(I — R(s))V™H(s) F(s,x(s))

—V({#")(I — R(s))V 1 (s)F(s,x(s))|ds+ (8)

4 [ WV = RV s, als)]ds

For " — t' the second integral in (8) converges to zero. We will use the Lebesgue’s theorem
to prove, that the first integral in (8) by t” — ¢’ converges to zero too. Because V(t) is
continuous in respect to t we have

[V(E) I = R(s))V ™ (5)F (s, 2(5)) = V(t")(I = R(s))V ! (5)F (s, 2(5))| ~— 0

't
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From the estimates

[V - ROV st

+ /COO [V(t")(I — R(s))V 1 (s)F(s,2(s))|ds <

< /COO (1) pa(5) | F (s, 2(s))|ds + /:O (Y n(5) (5, () ds <
/:O (') B(s)m(s)ds + /:o o) B(s)m(s)ds <

< (alt') + at"))ml,,

IN

and from the Lebesgue’s theorem follows, that the first integral in (8) converges to zero.

Let t € [a, b] be fixed. We shall show, that the set (Qx)(t) (x € C(r)) is relatively compact
in S(J,X).

Let € > 0 be an arbitrary number. If the numbers 7" and N are large enough, we obtain the

inequality T
\/ W(t,s)F(s,x(S))dS—/ W (t, s)Fn(s,x(s))ds| < e
where
Wit.s) = 4 VOEEVTE) s
V(O = R(s)VH(s) t<s
and
Fy(t,u) = F(t,u) m(t) <N

0 m(t) > N

From condition 4 of the Theorem follows, that for F(s,z(s)) € NK we have the inclusion

/T W(t,5)F(s,2(s))ds € TN | ] W(t,5)K ()

c<s<T

The set in the right hand of (9) is compact. Hence the set

T
{ / Wt s)F(s,2(s))ds : o € C(r)}

is compact too. From the theorem of Hausdorff follows the compactness of the set
{/ Wi(t,s)F(s,z(s))ds : x € C(r)}

Hence the set QC(r) is relatively compact in S(J, X).

Now we shall prove that the operator () is continuous.
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Let {z,(t)} C C(r) is an arbitrary sequence which converges to z(t) in S(J, X) and let ¢t € J
is fixed. Then

(Q2)() — (Qea)(1)] < / V(6 R(s)V " (3)F (s, 2(s))—
V(1)

)

R(s)V 1 (s)F (s, za(s))|ds+ (10)
_|_/t V()T — R(s))V ' (s)F(s,2(s))—
— V()T — R(s))V " (8)F (s, z4(s))|ds

Because F and V (t)R(s)V~!(s) are continuous, the first integral in (10) converges to zero,

by n — oo.

Let
Ji(s) = V()1 = R(s))V " (s)F (s, 2(s)) = V()L = R())V " (s)F (s, 2u(5))]
Because V (t)(I — R(s))V~!(s) is continuous, so we have

Ji(s) — 0 for any s > t.

n—oo

From the estimate
| ntsis < [ st imisis < alolmy,

and the Lebesgue’s theorem follows, that the second integral in (10) converges to zero for

n — 0o. Because QC(r) is compact it follows, that

Qz, — Qz in S(J, X).
n—oo

From the Schauder-Tychonoff theorem [!]| it follows the existence of a fixpoint = of the
operator @ in the set C(r). O

Remark 2 By dimX < oo the condition 4 of Theorem 4 is not necessary.
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