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Compactness in function spaces with splitting
topologies

1 Introduction

Let (X, 7), (Y, 0) be topological spaces, and let be ) # 2 C PB(X). We consider the set-open
topology my for Y or for C'(X,Y), generated by the family 2, and we assume that 7, C 7y
holds, where 7, denotes the pointwise topology. For H C C'(X,Y’) we want to characterize
the Ty-compactness of H. We will need the condition that H is evenly continuous on each
A € . Hence we consider both sets C(X,Y) and C(A,Y) and of course we can link these
spaces by the map qa : qa(f) := fja, the restriction of f to the subspace (A, 7)) of (X, 7).
So we have g4 : C(X,Y) — C(A,Y).

Using these maps, we give a new and interesting proof of a "final” kind of the Ascoli theorem,

as former derived by use of hyperspaces in [1].

Most notions used here are standard and explanations can be found in standard books on
general topology such as [3], [1], [7]. Concerning some more special notions we refer to |2],

more explanations can be found in [6] and [1], too.

2 The continuity of the map ¢4

Now let be B C X with ) # B # X; let A CPB(X), B CP(B), A # 0 and B # (. Then
we can consider the set-open topologies 7y on YX and 7y on Y'Z respectively, and for fixed
B we have our map ¢p : Y* — Y5 : q(f) := fip. Here at first the question arises, when is
g : (YX,74) — (YB,7y) continuous? (Remark: If g5 : (YX,79) — (YP, 7g) is continuous,
then ¢p : (C(X,Y), ) — (YB, 73) is continuous, and we know that qz(C(X,Y)) C C(B,Y)
so we find ¢p : (C(X,Y), 7q) — (C(B,Y), 7s) being continuous.)

Proposition 2.1 [fB C 2 holds, then qp : (YX,79) — (Y8, 73) is continuous.
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Proof: For the generating subbase-elements of our topologies we use the symbols (Z,V)p :=
{9 € YBl g(Z) CV}and (Z,V)x == {f € Y| f(Z) C V} with elements Z of B or 2,
respectively, and open subsets V' of Y.

To prove continuity of ¢g, it is enough to show that the preimage of every subbase element of
Ty belongs to 7y, so let Z € B CP(B) and V € o be given. Then we have ¢3'((Z,V)p) =
{feY¥ fipe(ZV)st ={f €Y¥| f5(2) SV} ={f €Y f(2) SV} =(ZV)x €
Y- |

Some options to define suitable families 2, *B:

1. Let £ be a property, which is defined for subsets of topological spaces (such as compact-
ness, relative compactness or closedness, for example; but even such "non-topological”
defined things as finiteness may be considered). The family of all subsets of a topo-
logical space (X, 7) having property £ w.r.t. 7 is denoted by £(X,7).! Then we can
define A := £(X, 7) and B := E(B, 75).

2. We start with a family 2 C (X ) and define VB € A : Az :={A €A | AC B}.

3 Basic lemmas

We provide a few lemmas, which are very useful for our considerations.

Lemma 3.1 Let (X,7) a topological space, (Y,o) a Hausdorff topological space. Let ¢
be a topology (lim a convergence structure) on C(X,Y) with 7, < ¢ (1, < lim) and let
H C O(X,Y) be compact w.r.t. ¢ (resp. lim). The H is T,-closed in Y.

Proof: Because of 7, < ( (7, < lim) the compactness of H w.r.t. 7, follows from assumtion.

So, H is T,-closed in Y¥ as a compact subset of the Hausdorff-space (Y, 7,). [ |

Lemma 3.2 Let (X,7),(Y,0) topological spaces; let ) # B C X and O # B C B(B) be

given with the properties:

(1) VZ C B:Z is 1g-closed = Z € B and

(2) Vf e C(B,Y) : f(B) is a Ts-subspace of Y.

Then the set-open topology Ty is conjoining for C'(B,Y).

! Although any dependence of our property € on 7 is not required, it remains still allowed, so, we respect 7
as a parameter. Somewhat more precise: such an “property” £ is just a map from the class of all topological
spaces to the class of all sets fulfilling the condition, that the image £(X, 1) of every topological space (X, 7)
is a subset of P(X).
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Proof: We will show, that the evaluation map
w:BxCB,Y)—=Y 1w f) = f(x)

is continuous w.r.t. 7 X 7y, 0. For arbitrary x € B and f € C(B,Y) let V € ¢ be given with
w(z, f) € V. Because f(B) is T3 by assumtion and V N f(B) is open in f(B), there exist a
closed subset Z of f(B) and an open subset W of f(B) such that

fle)eWCZC f(B)nV.

since f : B — (Y, 0) ist continuous, it is continuous, too, viewed as a map from B onto f(B)
w.r.t. o). Thus f~1(Z) is closed and f~*(W) is open in B, and of course, z € f~1(W)
holds. So, by assumption (1), we have f~*(Z) € B and consequently (f~*(Z),V) € 7. Now,
f(fY(2Z)) € Z CVimplies f € (f1(Z),V), so (f1(Z),V) is an open Tyg-neighborhood
of fin C(B,Y) and obviously, f~'(WW) is an open neighborhood of z in B. Now we have
w(fT(W) x (f~%Z),V)) C V, thus w is continuous. |

Lemma 3.3 Let (X,7),(Y,0) be topological spaces; let ) # A C P(X) be given and for
every B € 2 let Ap be a subset of P(B) such that B € Ag. Now we consider a filter F on
YX and a function f € YX. Assume

VB eA: qp(F) =L fip .

Then we have F =5 f in VX,

Proof: The sets (B,V)x with B € 2l and V' € ¢ form a subbase of 7y, so we have to show,
that F contains all such neighborhoods of f.

To do this, let B € A, V € o with f € (B,V)x be given; we have f(B) C V and hence
fis(B) C V; by this way fig = ¢s(f) € (B,V)s = {h € YP| h(B) C V}; since B € Up,
(B,V)p is an open subbase-element of 7, in Y. Since ¢p(F) — fip w.r.t. 7, there
exists A € F such that gg(A) C (B, V)p and so follows A C (B, V)x implying (B,V)x € F.

|

4 T9-compactness

Now, we want to formulate and prove the compactness criterion.

Proposition 4.1 Let (X,7),(Y,0) be topological spaces, let H C C(X,Y) and let ) #
A C P(X) be given. Moreover, for every B € U let Bp be a nonempty subset of P(B).

Assume T, < Ty.
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1. If H 1s 7q-compact and if

(i) (Y,0) is Hausdorff,

(i) VBeA:Bp C A,

(iii) VBe A, Z C B: Z 1g-closed = Z € Bp,

(iv) VB e, f e C(B,Y): f(B) is aTs-subspace of Y

hold, then we have:

(a) Vo € X : H(x) is relatively compact in'Y .
(b) H is evenly continuous on each B € 2.

(c) H is Tp-closed in YX.
2. Let (a), (b), (c) be true and let hold

(i) VBeA:Bp CA,
(v) VB : B € By,
(vi) VB € 2 : the set-open topology T, is splitting in C(B,Y).

Then H is Ty-compact in C(X,Y).

Proof: (1) By lemma 3.1 we get (c); moreover by the proof of lemma 3.1 we know that H is
Tp,-compact, too, and hence H is 7,-relatively compact in YX, but then we obtain (a) by the
Tychonoff-theorem for relatively compact sets (see 2], [I]). Now by condition (ii) and by
proposition 2.1 we get: VB € 2 : qg(H) is 7 ,-compact in C(B,Y"). (iii) and (iv) yield that
Ty, 1s conjoining and hence #H is evenly continuous on B since Y is Hausdorff (see theorem
32 in [2]). Thus we got (b).

(2) By (a), H is 7p-relatively compact in Y¥ and hence 7,-compact by (c). Let F be an
ultrafilter on C(X,Y) such that H € F; by the 7,-compactness of H there exists f € H
with F 25 f: now, for all B € A the map gz : (C(X,Y),7,) = (C(B,Y),7,) is continuous,
implying that ¢z(F) 2 ¢s(f) = fis in C(B,Y) yielding by (b) that ¢(F) = ¢p(f) in
C(B,Y) holds. By (vi) we get qp(F) =g qs(f), thus F 2 f, by lemma 3.3 - showing that

H is Ty-compact. [

Assume 2 := {A C X| A compact} and for all B € A let B := {Z C B| Z compact}.

Then for the families 2, By the assumptions (ii) ... (vi) are obviously valid. So, we get:

Corollary 4.2 Let (X,7),(Y,0) be topological spaces, (Y, o) Hausdorff. Let
H C C(X,Y) be given and consider the compact-open topology 1., on C(X,Y). Then are

equivalent:
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(1) H is Teo-compact.

(2) (a) Vo € X : H(x) is relatively compact in'Y,
(b) H is evenly continuous on every compact set K C X,

(c) H is in Y 7,-closed.
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