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Systems of Schrodinger Equations in the Whole Space

ABSTRACT. We present in this paper results for the sign of the weak solutions of some el-
liptic systems defined in RY involving Schrédinger operators with indefinite weight functions

and with potentials which tend to infinity at infinity.
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1 Introduction
1.1 The problem settings
We study the elliptic system:
(A + g)u; = pymiu; + gi(z,ug, .. up) in RY, i=1,... n, (1.1)
for i =1,...,n. We consider the following hypothesis for each i =1,...,n:

(HY) ¢ € L, (RM) N LY

loc loc

(RM), p > %, such that lim,|—e ¢i(2) = 00 and ¢; > cst > 0.

We will later specify the form and the hypotheses on each weight m; and on each function
g; and we denote by pu; real parameters for ¢ = 1, ..., n. The variational space is denoted by
Vo  (RY) x -+ x V, (RY), where for each i = 1,...,n, V,,(RY) is the completion of D(R"),

the set of C* functions with compact supports, with respect to the norm
Jully = [ 196 + g (12)
RN
We recall that the embedding of each V,,(R"Y) into L*(RY) is compact.

The aim of this paper is to study the sign of the solutions of (1.1). This extends earlier

results already obtained for the Laplacian operator in a bounded domain (see |16, 18]), for
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equations or systems involving Schrédinger operators —A + ¢; in RY with positive weights
(see [9-11]).

Our paper is organized as follows: In section 1.2 we recall some results for the scalar case,
for the existence of principal eigenvalues in the case of indefinite weights. We also recall
extensions of the maximum and antimaximum principles called ground state positivity and
negativity (see |3, 1]). We study systems of the form (1.1) in Section 2. In Section 2.1 we give
results for the maximum principle in the case of cooperative systems (2.1) by considering the
positive principal eigenvalue and the negative principal eigenvalue of each operator —A + ¢;
associated with the indefinite weight m;. Note that our results are more restrictive than those
usually obtained when the weights m; are positive (see [11, 16, 18]). In Section 2.2, first we
give a result concerning the existence (and also Courant-Fischer formula) of a global positive
eigenvalue Ay s for the cooperative system (2.8). Note that we can compare Ay s to each
principal eigenvalue of —A + ¢; associated with m;. Then we obtain a maximum principal
result for (2.8). Finally, in Section 2.3, for the two-by-two system (2.17), we present some
results for the sign of the solutions. We decouple the system (2.17) in order to apply the
results of the ground state positivity or negativity for each equation. Note that even if
our conditions are restrictive, there are few results for the antimaximum principle for such
systems (see [2]). Besides note that, to our knowledge, even the antimaximum principle,
for the operator —A + ¢ associated with an indefinite weight function m defined in the
whole space, is not achieved yet (whereas it is well known for the Laplacian operator —A
on a bounded domain in the case of an indefinite weight function, see [20], and for the
Schrédinger operator —A + ¢ in RY but without any weight, see [3, 1]). In Appendix A, we
give a brief recall of the proof of the antimaximum principle for the scalar case in the case

of a positive and bounded weight m.

1.2 Review of results for the scalar case

1.2.1 The Schrodinger operator

We begin this section studying the Schrodinger operator —A + g associated with the weight
m. We will assume throughout the paper that ¢ is a potential which satisfies (Hé) The

weight m will assume one of the following hypotheses:

(HL)) There exist two positive reals a and 3 such that 0 < o« <m < 8 in R".
(H:}) 0 <m < cstin RY,

(H2) m e LN2(RY) N L2 (RY) (N > 3), m > 0, meas{z € RN, m(x) >0} # 0.

loc
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(H2) m € L>®(RY), m is positive in an open subset 0} = {z € R m(z) > 0} with non
zero measure and m is negative in an open subset Q- = {x € RY m(x) < 0} with non
Z€ro measure.

(H2) m € LN?(RN)n L®

loc

(RN) (N > 3), meas(2h) > 0, meas(£2,,,) > 0.

For a positive weight m, we have:

Theorem 1.1 (cf. [12, Theorems 2.1,2.2|) Assume that q satisfies (H}) and m satisfies
(HL) or (H:Y) or (HZ). Then there exists a unique principal eigenvalue \i g, which is

simple and associated with a positive eigenfunction ¢y 4., and:

. N
- »q,TM = g, g, ? »q,Mm ) ,q,m . .
( A+q)¢1 /\1q mgblq in R™Y: )\1(1 > 0; leq >0 (13)
. ~[IVo? + q°
Mgm = 1nf{fR Hf | 5 ], Q€ \C](RN) s. t. / m¢? > 0}. (1.4)
RN m¢ RN

For a weight m which changes sign in R, we have:

Theorem 1.2 (cf. [12, Theorem 3.1]) Assume that q satisfies (H) and m satisfies (H})
or (H'2). Then the operator —A + q associated with the weight m has a unique positive
principal eigenvalue Ay 4. associated with a positive eigenfunction ¢1 4. and (M gms ®1,4.m)
satisfy (1.3) and (1.4). Moreover the operator —A + q associated with the weight m has a

unique negative principal eigenvalue My 4., associated with a positive eigenfunction ¢1qm and
()‘17q,m7 ¢1,q,m) Satisfy

(A + Q)Prgm = Magm M Prgm i RY; X1 < 0; b1gm > 0. (1.5)
N fRN[|V¢|2 + Q¢2] N / 2
A .gm = Sup , o € Vo(RY) 5. t. mo~ < 0}. 1.6
We have: M.gm = —M.q—m-
1.2.2 Maximum principle for the scalar case
We consider the following equation in a variational sense
(=A+q)u = pmu + f in RY (1.7)

where p is a real parameter and f € L*(RY). First we recall the classical weak maximum

principle for (1.7) in the case of a positive weight m.

Theorem 1.3 (cf. [12, Theorem 2.3]) Assume that q satisfies (HY), m satisfies (H},) or
(H:Y) or (HZ), f >0 and u is a solution of the equation (1.7). If 1 < M\ gm, then u > 0.
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Now we consider the equation (1.7) in the case of an indefinite weight m.

Theorem 1.4 (cf. [12, Theorem 3.2| Assume that q satisfies (H}), m satisfies (H..) or
(H2), p € R, f € LARY), f >0 and u is a solution of the equation (1.7). If N gm < pt <
A,gm, then u > 0.

1.2.3 Ground state positivity or negativity for the scalar case

We recall here a result of ground state positivity or negativity for the Schrodinger operator
—A + ¢ associated with a strictly positive and bounded weight m in RY (see [1]). We will
add in this section the following hypothesis upon the potentiel ¢.

( (i) ¢ is radially symmetric.

(ii)) There exists a constant ¢; > 0 and a positive real Ry such that
(H2) 1Q(r) < q(r) for Ry < r with @ an auxiliary function which satisfies
() is positive and locally absolutely continuous , Q’(r) > 0,

\ ;FOOO Q(r)Pdr < +oo with 0 < 8 < 1.

Definition 1.1 i) A function u € L*(RY) satisfies the ground state positivity if there

exists a constant ¢ > 0 such that u > c¢14.m almost everywhere in RY.

ii) A function u € L*(RYN) satisfies the ground state negativity if there exists a constant ¢ > 0

such that uw < —c@1qm almost everywhere in RV,

These notions are similar to the maximum and antimaximum principles in a bounded do-
main @ C RN, N > 1, which have been established by [13], [22], [23] (for a function
f e LP(Q),p > N). But for the Schrédinger operator defined in the whole space, the
hypothesis f € LP(Q2), p > N, is no longer sufficient and we need to take a smaller space for

f, namely, a stronger ordered Banach space introduced in [/

Xym = {u € L*(RY) e L=(RM)}

u
" Prgm
endowed with the ordered norm |julx,,, = inf{C € R, |[u| < C¢yq4m a. e. in RV} We
denote by S™V~! the unit sphere in RY centered at the origin and by o the surface measure
on SN~!. For any s > 0, we introduce the Banach space X7 of all functions f € Lj (RY)

having the following properties:
[(=Ag)*"%f](r,.) € L*(SN71) for all r > 0,

where Ag denotes the Laplace-Beltrami operator on the sphere S¥~1, and there is a constant
C > 0 such that

;<s—}v1> </3N1 £, 2")Pdo(a’) + /SNI 1(=45)*211(r,2")Pdo(a')) < [C1gm(r)]?
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for almost every r > 0. The smallest such constant C' defined the norm ||f|| xo2, 0 X
Notice that, for f(z) = f(|z|), we have f € X2 if and only if f € X, together with

the norms || f|

x:2 = | fllx4.m- We recall from [1] the following result (which extends, for a

Schrodinger equation with weight, former results in [1]):

Theorem 1.5 (see [I| Theorem 2.1) Assume that the potential q is radially symmetric
and satisfies (H), (H2) and the weight m satisfies (H},). Assume that uw € D(—=A + q) is
one solution of (1.7), p € R, f >0 a.e. in RN with f > 0 in some set of positive Lebesgue

measure.

(1) For every p1 € (—00, A1,4m), there exists a constant C(f, ) > 0 such that:
u > C(f, 1)1 qm i RN, Moreover, if the weight m is radially symmetric and if f €
X352 then there exists a positive number 5(f) (depending upon f) such that, for every

gm>
€ Argm = 0(f); Agm), C(f, ) = ﬁ‘i“%,f + T (p, f) with limy, oy, ., T, f) =T <
+o00. And furthermore, if f € X, m, then there exists a constant C'(p, f,m) > 0 such
that: O fom)
) 7m .
C(f, W)d1gm <u < )\u—qbl,q,m in RY.
Lgm — H

(ii) Assume that the weight m is radially symmetric and that f € X;’fn. Then there exists
a positive number §'(f) (depending upon f) such that, for every p € (M gm,M.gm +
5w < —C"(fop)brgm in BY with C"(f,p) = LdPam _ Dy ) and with
lim,, o, . (s f) =17 < +o00.

For the proof, see Appendix A.

As for the case of a positive weight, we can obtain a result on ground state positivity but not
on ground state negativity (because our proof for the antimaximum principle in Theorem
1.5 (ii) needs to consider a weight m such that ||ul],, = \/ [pn mu? defines a norm in L*(R"Y)

equivalent to the usual norm).

Theorem 1.6  Assume that the potential q is radially symmetric and satisfies (H}), (HZ)
and the weight m satisfies (H.L) or (H'2). Furthermore if m satisfies (H?2), assume also
that m* € L=¥(R"Y) and that |m(z)| < cstQ(|z])/?>? for all x € RN (with Q the auziliary
function associated with q which satisfies (HZ)). Assume that u € D(—A+q) is one solution
of (1.7), p € R, f > 0 a.e. in RN with f > 0 in some set of positive Lebesque measure.
Then for every ju such that My gm < jt < M gm, there exists a constant C(f, 1) > 0 such that:
w> Cf,1)61,4m in RY.

Proof: Assume that A\ g < f# < Agm and (=A + ¢)u = pmu + f in RY. Note that
u > 0 by the maximum principle (Theorem 1.4). Let o« > 0 be a positive real such that
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a+(u—A1gm)m > 0in RY (which is possible for « sufficiently large since either m is bounded
(case (H.L)) or m™ € L>®°(RY) (case (H/2)). Therefore u satisfies (—A + g — A\ g mm)u =
—au+ g in RN with g = (a + (4 — A\ gm)m)u + f > 0 in RY. Moreover 0 is the principal
eigenvalue of the operator —A + ¢ — Ay, ,,m in RY. Thus, since —a < 0 we can apply the
Theorem 2.1 in [1] to obtain that u > C'¢y 4., with C a positive constant which only depends
of p and f. 0

2 Results for systems
2.1 Results for linear systems

In this section, we consider (1.1) in the form:
(—A + ql)uz = U;mu; + Z QiU + fz in RN, 1= 1, ...,n (21)
J=Li#i
where each of the potentials ¢; satisfy (H[) and each of the weights m; satisfy one of the
hypotheses among (H})), (H:}), (H.L), (H2), (H?2). We consider the hypotheses:
(H3) Foralli,j=1,---,n, a;; € L°RY) and a;; > 0if i # j.
(H4) For alli=1,--- ,n, f; € L*(RY).

(H5) For all 4,j = 1,---,n, @ # j, there exists a positive constant K;; such that a;; <

Kij\/ |mlm]|

Note that if each of the weights m; satisfy (HL ), then (H5) is automatically satisfied. Note
also that in the particular case where m; = 1 for each 7, we can take Kj; = ||a;| oo mny. We
denote by

)\i = )\Lqmmi and (ﬁl = (bl,qmmi (22)

the eigenpair for the operator —A + ¢; associated with the weight m; in RY. We denote by

L = (l;;) and P = (p;j) the n x n-matrices given as follows

lii == Ay — p; and lij = _Kij (@ 7é j) (2-3)

pii i= 1 — || Ci|lmy|| and pi; = _Kij\/cicj“miHHij (i # J) (2.4)

where ||m;|| denotes either [[my]|peo@mny if m; satisfies (HL) or [[my]|paszgny if m; satisfies
(H2) and where C; = max(1, ——)C, with either Cy = 1 if m; satisfies (H'.) or Cj is the

’inf ¢;
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square of the Sobolev constant for the embedding of H'(RY) into L? (RY) if m; satisfies

(H?). Note that (see (1.2))
/RN e < Cillmal] ol for all u; € Vi, (RY). (2.5)
For positive weights m;, we recall the maximum principle (see |1 |, Theorem 2.1] in the case

of weights m; which satisfy (H.))).

Theorem 2.1 Assume that each of the potentials q; satisfy (Hcll) and each of the weights
m; satisfy (HXY) or (H2)). Assume also that (H3)-(H5) are satisfied and that the matriz
L, defined by (2.3), is a non singular M-matriz.

(i) Then the cooperative system (2.1) satisfies the maximum principle (i.e. for any f =
(fi, -, fn) =0, then u; > 0 for all i, with uw = (uq,- -+ ,uy,) solution of (2.1)).

(ii) Assume here that each of the weights m; satisfy (H:L). Then the cooperative system
(2.1) satisfies the ground state positivity (i.e. for any f = (f1,--+,fa) =20, fi #0
then there exists a positive constant C such that u; > C'¢; for all i, with ¢; defined by

(2.2)).

Proof:
(i) Assume that for all i = 1,--- ,n, f; > 0. Let v = (uy,--- ,u,) be a solution of the
system (2.1) and define u; = max(0, —u;). Multiplying by u; and integrating over RY,
using (H5) we get:

n 1/2 1/2
o< ol < [ e 30wy ([ ) ([ mir?)
RN . Y. RN RN
J=Lj#
(2.6)
Let X the vector be defined by ‘X = (zq,--- ,z,) with ; = ([pu mi(u;)z)lﬂ. From

the characterization of \; and from (2.6), we have:

n 1/2 1/2
) [ o= 3 g ([ omer) ([ mr) <o @)
RN . = RN RN

J=Lj#i
We denote by (LX); = (A — pi)w; — D27 Kijzj. From (2.7) note that (LX); <0
for each i and so LX < 0. Since L is a non singular M-matrix (see [0]), we can deduce
that X <0 and thus X =0, i. e. x; = 0 for each 7. So from (2.6) we get for each i :

o =0i e u; >0.

[y

(i) We combine the maximum principle for the system (2.1) with the ground sate pos-
itivity for an equation. Indeed, from (i) we know that uw; > 0 for all ¢ and so
gi = Z;‘:l. i @iguj + fi 20, g > 0 in a set of non zero measure. Therefore, since

i < A;, we get that there exists a positive constant C; such that u; > C;¢;. -
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Proceeding as for Theorem 2.1, we obtain the following maximum principle for indefinite

weights.

Theorem 2.2 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (HL) or (H2). Assume also that (H3)-(H5) are satisfied.

(i) If the matriz P, defined by (2.4), is a non singular M-matriz, then the cooperative

system (2.1) satisfies the mazimum principle.

(i) Assume also that, in the case of each of the weights m; satisfy (H2), m{ € L>*(RY)
and |my(x)] < cstQq(|z])/?# for x € RY (with Q; the auziliary function associated
with the potential q; which satisfies (HZ)). If the matriz P is a non singular M-matriz,

then the cooperative system (2.1) satisfies the ground state positivity.

b

Note that, as for one equation, the condition “P is a non singular M-matrix” is a stronger
hypothesis than the condition “L is a non singular M-matrix.” Indeed, note that the hy-
pothesis 1 — |p;|Cyl|m;]| > 0 is stronger than the hypothesis Ai g m, < fti < Aig.m, (sce
(1.3)-(1.6),(2.5)).

For positive weights, we now recall the following result for the existence of solutions for the

system (2.1) (see [ 1, Theorem 2.2 and Theorem 2.3] in the case of weights m; which satisfy
(H))-

Theorem 2.3 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (H:Y) or (HZ). Assume also that (H3)-(H5) are satisfied. If the matriz L is

a non singular M-matriz, then the system (2.1) has a unique solution v = (uy,--- ,u,) €

Vi (BY) 5 - x V,, (RV).
For indefinite weights m;, existence and uniqueness of a solution is stated as follows and is

an application of the Lax-Milgram Theorem (see [11]).

Theorem 2.4 Assume that each of the potentials q; satisfy (Hé) and each of the weights
m; satisfy (H2) or (H?2). Assume also that (H3)-(H5) are satisfied. If the matriz P is

a non singular M-matriz, then the system (2.1) has a unique solution v = (uy,--- ,u,) €
Vor RY) x -+ x Vg, (RY).

2.2 Existence of a global principal eigenvalue for a system

In this section, we consider the eigenvalue problem for the following system

(A +q)u; = A (mu + > ml-juj> nRY, i=1,---,n, (2.8)

J=li
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where each of the potentials ¢; satisfy (H(ll) and each of the weights m; satisfy one of the
hypotheses among (HY ), (H:!), (HY). We denote by M is the n X n-matrix given by
M = (m;;) with m;; := m;. We will consider the following hypotheses:

(H8) For all i # j, m;; € L™(R") and m;; > 0.
(H9) M is a symmetric matrix.

(H10) Q:=n2,Qf is an open subset of RY with non zero measure and with
Qf == {z € RN, my(z) > 0}

We add another hypothesis upon the potentials ¢; which assures that any weak solution
u; € Vg, (RY) of the equation (—A + ¢;)u; = f; in RN, with f; € L*(RY), belongs to the
strong domain D(—A + ¢;) C L*(RY). It is the following hypothesis. For all i = 1,--- ,n,

i(x+h)—q;(z
(H3) Forallz € RN and all h € RN, h # 0, |20 < et /g ().

Note that for example, the potential ¢(z) = 1 + |z| satisfies (HJ).

Lemma 2.1 Assume that the potential q satisfy (H}) and (H,). Let u be a weak solution
of (A +q)u = f in RY with f € L>(RY). Then u € H*RY), qu € L*(RY) and therefore
u € D(—A+q).

The proof of Lemma 2.1 is based on the methods of translations (see Appendix B). For strictly
positive and bounded weights m;, proceeding as for one equation (see |12, Theorem 2.1|), we
can prove the existence of a positive eigenvalue associated with a positive eigenfunction for
(2.8). Therefore, we extend here to Schrodinger operators defined in the whole space, some

results of [21] and [3] for elliptic operators defined in a bounded domain.

Theorem 2.5 Assume that each of the potentials q; satisfy (H}l) and each of the weights
m; satisfy (H:L). Assume also that (H8) is satisfied. Then there exists a unique principal

eigenvalue Ay > 0 associated with a positive eigenfunction ®1p = (P10, s Gnr) €
Vo= Vo (RY) x -+ x Vo (RY) for the system (2.8). Moreover if (H9) and (HZ) are satisfied

then
" ||
Ay =inf{ =z %”“J% ,
Zz’:l fRN miu; + Zz’,j;z’;ﬁj fRN MU Uy

u=(uy, - ,uy) €V

such that Z/RN mul + Z /RN MUt > O} . (2.9)
i=1 j

1,J317]
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Note that the condition Y7 | [on msu? + Z?M 4 S~ mijuiu; > 0 is automatically satisfied
if M is a definite positive matrix (i. e. for all X # 0, *XMX > 0).

Proof: We denote by M the operator of multiplication by the matrix M in (L?(R"))"™ and

we consider the operator
LM (LR, Ll aramye) = (LR gy

The operator L™'M is compact and strongly positive in the sense of quasi-interior points in
(L?(R™))", in the sense of Daners and Koch-Medina [15]. This implies that L='M is irre-
ducible and we apply the version of the Krein-Rutman Theorem given in [15, Theorem 12.3|
to deduce that r(L~'M), the spectral radius of L™ M, is a strictly positive and simple eigen-
value associated with an eigenfunction ® 5 = (¢1ar, -, dnar) which is a quasi-interior
point of (L*(RM))", that is ¢;»y > 0 in RY for all 4. Of course Ay = W > 0 and

r(L~1M) is the only one eigenvalue of L~ M associated with a positive eigenfunction.

We recall that V' := V,(RY) x --- x V,, (R") and the inner product in V is defined by
<u, v >y= >0 < u,v; > forall uw = (ug, -, u,) €V and v = (vy,- - ,v,) € V. We set

the bilinear form

n

Blu,v) = Z M v; + Z / miju;v; for allw € V and v € V.
i=1 JRY ij=LyiAj 7 RY

From hypotheses (H8) and (H9),  is a bilinear, symmetric and continous form. From the

Riesz Theorem, we get the existence of a continuous operator T': V — V. T' = (T3, --- | T},),

such that f(u,v) =< Tu,v >y for all u € V and v € V (see [17] for the Lax-Milgram

Theorem). We can easily prove that the operator T' is compact.

Moreover, since the matrix M is assumed to be symmetric, the operator T is selfadjoint. So

the largest eigenvalue of T is given by:

< Tu,u >y Z?:l fRN mu; + ZZj:l;i;éj fRN ;U
fuy = sup ————— = sup - ST SR
ueVuo < U, U >y u€EV,u0 Zizl fRN[|VUi| + q;u7]
Choosing u = (uy,- -+ ,u,) € V such that supp u; C {z € RN m;(z) > 0} for one i and

uj = 0 if j # 4, we get that py 2 > 0.
Now, we prove that Ay = M—IM We have L 'M®, 5, = r(L™*M)®, ) or equivalently
L®y pr = Ay py M Py pr. Therefore for all i =1,--- ,n:
(—A+ q) i = Mave(midi v + Z mi;biar) in RY.
J=1ig#i

Thus for all v = (vq,- - ,v,) € V, we have:

Voinm-Vui + qids mvi] = Ay, m;d; mv; + / MijQjm; | -
> [ ¥ el =M S { [ morit 3 [ s

J=lj
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For v; = ¢ mr, we get:

1 2y Jav mudiag + 200 iy Jan Mg by i
Av >y Jan IV Oine? + @i ]

Moreover, since (i1 5 is an eigenvalue of the operator 7" defined above, let 1 = (¢, - -+, ¢y)

< H1,m- (2.10)

be an eigenfunction associated with p; . Since T% = pq 70, we have for allv € V' :
i < P,v >y=<Ty,v >y= [(¢,v) and so

JANY; Z /]RN (V) Vv, + qpiv;] = Z /]RN mv; +
i=1 i=1

For v = (0,---,0,v;,0,---,0) € V, we get:

1 n
/RN (V. Vv, + qibiv;] = " ( . mv; + Z /Rn miquz)jvi) .

LM =
J=157#i

n
Z / mijl/JjUi.
Rn

i =1y

Therefore, using Lemma 2.1, we have Ly = —— M4 or equivalently L='M1) = iy pr¢p. Thus

M1, M
1.2 is an eigenvalue of the operator L™'M and

1
0<piy <r(L7'M) = : (2.11)
A m
From (2.10) and (2.11), we deduce that p p = ﬁ and A; ) satisfies (2.9). O

Now, for indefinite bounded weights m;, proceeding as for one equation (see [12, Theo-
rem 3.1]), we prove the existence and the uniqueness of a principal positive eigenvalue for
(2.8). This is the following result.

Theorem 2.6  Assume that each of the potentials ¢; satisfy (H}) and (H3) and each of
the weights m; satisfy (H.Z). Assume also that (H8)-(H10) are satisfied. Then there exists

a unique principal eigenvalue Ay > 0 associated with a positive eigenfunction @y =

(P1.ary s Pus) €V i=Vy (RY) x - x V (RY), ¢ ar > 0 and Ay p satisfies (2.9).

Proof: We follow a method developed in [19] (for one equation in a bounded domain). Let
QF = {z € RY my(z) > 0}, meas (Q) > 0, Q7 = {z € RN, m;(z) < 0}, meas () > 0,
and QY = {x € RY m;(z) = 0}. Let (uy,--- ,u,) be a solution of (2.8). We have for all i :

(A + g)us + Amyug = A(mfui+ Y myuy) in RV, (2.12)
j=13j#i

For given A > 0, we rewrite (2.12) as an eigenvalue problem with parameter o(\). For all i,

J=Lj#i
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where 1; denotes the characteristic function of QY UQ;. We denote by Q; := ¢; + A(m; +1;)
and p; :==m; + 1;. Then (2.13) is equivalent to

(A +Q)u; = o(N)(pius + > myuy) in RY. (2.14)
i=Li#i
Note that the weight p; > 0 in RN, p; € L®(R") since m; € L>(R"Y) and Q; satisfies (H)
since A > 0. From Theorem 2.5, we deduce that the system (2.14) has a unique principal
eigenvalue o(\) associated with a principal eigenfunction ®y = (¢1x, -, Pnr), dix > 0.
Moreover, since D(—A + Q;) = D(—A) N D(Q;), from (2.9), we get:

n 2 2 n — 9
\) = inf zlfRN|v¢z| + @)+ A0 fen (my + 1)1
U( ) " { Z 1fRN + + 1 ¢2 +ZZ] 1;i#7 fRN mzﬂ/h%

7¢:(¢177¢n)ev

such that Z/ m 4 1;)0? + Z / mw’g/}ﬂ/}]>0} (2.15)

i,j=1;1#]

Therefore, o(\) < Al,Q, n the principal eigenvalue of the operator L associated with the
matrix N = (n;;) where Lo = diag (=A + Q;), ni = p; and ny; = my; in Q = M, Q with
Dirichlet boundary condition. Note that o : A — o(\) is increasing and continuous and that
(0) > 0. Therefore for all X > 0, we have 0 < ¢(0) < g()) < Af, y and A, y is in fact
independant of X\. Thus we deduce that there exists 0 < A < A, y such that o(A) = A.
Proceeding as in [19], we can show that A is unique.

Now, we verify that X satisfies (2.9). Let us denote by

. it Jen VO + qi]]
Ay = inf - 5 -
Dict Jev it + Zz‘,j:1;z‘¢j Jaw Mg

7¢:(¢1a"'>¢n)€V

such that Z/ mzw + Z / Mgy > 0}

1,7=1;i#7
Since

> JenlIVe 517 + %’ﬁbi;\] +AYL, Jen (m; + 11’)975?,;\

x = n n
Zi:l fRN<mj + 1i)¢i;\ + Zz‘,j:l;i;éj fRN mij¢i,i X

)

we have \ > A
Moreover let ¢ = (11, -+ ,1,) € V besuch that >°" | [0y mﬂﬁf—i—zzjzl;#j Jan mijhih; > 0.

= 3 3 _ 3 Zz 1 ]RNHVwZ' Jrl]ﬂ/) ] Y
From (2.15), since A = o()\), we get A\ < ST Ton R ST v S Tl Thus A < Ay .
[l

Note that for all e =1,--- ,n, Ay < \i.
Indeed, from (1.4) and (2.9), we have Ay 5y < A;. Suppose that Ay = A;. Then

(=A+¢:)(Pim — &) = Mmi(dim — &) + s Z mg;¢;m in RY,

J=Lj#
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where ¢; (resp. ¢; ) is defined by (2.2) (resp. Theorem 2.6). Multiplying by ¢; and in-
tegrating over RV, we obtain (since A; > 0), [on Z?:h#i mi;djm¢i = 0. Since m;; > 0,
¢im > 0 and ¢; > 0 we get a contradiction.

Now, we consider the following system

(=A+q)u; = A (m,uZ + Z mijuj> +fimRY, i=1,--- ,n. (2.16)
j=Lijti

We give a maximum principle result.

Theorem 2.7 Assume that each of the potentials ¢; satisfy (HY) and (HE) and each
of the weights m; satisfy (H:L) or (HY). Assume also that (H8)-(H9) are satisfied. Fur-
thermore if the weights m; satisfy (H'Y), assume also that (H10) is satisfied. Assume that
fi € L*(RY) for all i. If 0 < X < Ay, then the system (2.16) satisfies the mazimum
principle: if f = (fi,--+, fa) =0, then u; > 0 for all i with w = (uy,--- ,u,) solution of
(2.16).

Note that we have the same condition 0 < A\ < A; 5 as in [21, Proposition 2.2|.

Proof: Multiplying (2.16) by u; , integrating over RY since A > 0 and f; > 0, we have:

0< lurllz < A0 /RN miu )P+ /RN myuy ;) == AC(u”) = AC(ug, -+, uy).
i=1 i=1 j

1,j=13i#j

n u_— 2
If C(u™) >0, then Ay 5 < % < X and we get a contradiction with the hypothesis
A < Ay Thus C(u”) = 0. Then 7, [lu; ||2, = 0 and therefore u; > 0 for all 4. O

We can state a result for the existence of solutions for the system (2.16) as follows.

Theorem 2.8 Assume that each of the potentials q; satisfy (Hé) and (Hz) and each
of the weights m; satisfy (H:L) or (HY). Assume also that (H8)-(H9) are satisfied. Fur-
thermore if the weights m; satisfy (H.L), assume also that (H10) is satisfied. Assume that
fi € LARY) for all i. If 0 < X < Ay, then the system (2.16) has a unique solution
u=(up, - ,u,) €V.

Proof: We introduce a bilinear continuous form [ and we apply the Lax-Milgram Theorem.

Let [ : (V,(RY) x --- x V, (RY))?> = R be defined by

l(u, 1)) = Z /RN [VulVUZ + qiu;v; — )\mzulvl - A Z mijujvi].
=1

J=Lj#i
First note that from (2.9) we have: Ay C(u) < 377 [Jugl]2, for all u = (uy,--- ,u,) € V.
Therefore, since A > 0, we get: [(u,u) > % > iy lluill2, and so I is coercive. By the

Lax-Milgram Theorem, we get the existence and the uniqueness of a weak solution for the
system (2.16). O
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2.3 Study of the signs of the solutions for a 2 x 2 system

We consider in this section the following system (for N > 2):

_ — N
{( A+qu= +au+bv+ finR (2.17)

(—A+qv=X +cu+dv+gin RV,

The real A is a real parameter and the potential ¢ is radially symmetric and satisfies (H}l) and
(Hfl) The aim of this section is to present some results concerning positivity or negativity
of the solutions of the system (2.17). We can find results for the antimaximum principle for
a system of two equations with constant coefficients in [2]; the ideas, there, are to decouple
the system, and then to apply the results of the antimaximum principle for each equation.

We will follow this method in this section.

We denote by M (z) = Zg; Zgg

(2.17). Following [14], we introduce S an invertible 2 x 2 matrix of constants such that S

the coupling matrix of the coefficients of the system

diagonalises M (z) for all z. In [14], it is proved that such a choice is possible only if either
(case I) b(x) and c¢(x) are both multiples of a(z) — d(x) or (case II) a(z) = d(z) for all z and

b(x) and c(z) are positive multiples of each other. We define the functions u* and v* by

) () ()

and since S is a constant matrix, we obtain from (2.17)

T CAN Y rsmwms ()] 219
0 —A+q v* v* v* g
We suppose that the coefficients a, b, ¢, d of the system satisfy the following hypothesis:

(i) a,b,c,de LRY).
(H11) (ii) either b and c are positive multiples of a — d (case I)
or a = d and b and ¢ are positive multiples of each other (case II)

(iii) a,b,c,d are radially symmetric functions.

Note that the hypothesis (H11)(iii) upon the coefficients of the matrix M of the system (2.17)
assures that the weights of each equation (after decoupling (2.17)) are radially symmetric.

Here we consider the case I and we rewrite the matrix M (z) under the following form:

I R T T R R
M (a*(a(x)—d(x)) i(r) ) e 220

where a # d and b* and ¢* are constants such that 14 4b*c* > 0.

Moreover we assume that the following hypothesis is satisfied:
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(H12) f,g € L(RY).

Then we define the two following constants p; = 1HviH4b7et ﬁ‘“”“c*, po = L idbe Vlgw and we choose

S = ) . Thus we have u = —b*(u* +v*) and v = pyu* + pov*. Now, if we define
P1 P2
the functions |
pa () = P [o1d() = paa() + 2p1p2(a(z) — d(x))] (2.21)
1
pali) = ———[prale) — pad(z) — 2pupafa(e) — )], (2.22)

then we can write the decoupled system (see (2.17)-(2.22)) as

slo2f +b7g] in RY
slonf + b ] in RY.

ppz

(—A + q)u* = Mu* + pyu’ +b*(
(—A + q)v* = Av* + pgv* —

(Pl p2)

Theorem 2.9  Assume that the potential q satisfies (H})-(HZ) and that the hypotheses
(H11)-(H12) are satisfied. Assume also that the matriz M has the form (2.20) with b*c¢* < 0
and 1 + 4b*c¢* > 0. Let py and po functions be defined as in (2.21) and (2.22). Assume
that py and po are functions such that A + py > est > 0 and X\ + py > cst > 0. Define

f* = wylo2f +0°g] and g* = — e [pi f + b g].

1. Assume that Mgxip — 6(f*) <1< M gatp Mgrtue — 0(0%) <1< M gatpus,
0< f*e X;i—&-,ul and 0 < g* € X;fﬂm, with §(f*), 0(g*) defined in Theorem 1.5
Then u has the same sign as —b* and v > 0.

2. Assume that Mgty < 1 < Mgatm + 0 () Mgt < 1 < Mgatus + 0'(97),
* 82 * 82
0<f eX:2 and0<g e€X:2, .

Then v < 0 and u has the same sign as b*.

Note that the above results are just consequences of the diagonalization of the coupling
matrix M and applications of Theorem 1.5. We can also obtain similar results in the case II.
Note that for A sufficiently large, since each function u; is bounded we have A+ > est > 0.
Moreover if b* > 0 e.g., choosing ¢ > 0 and f such that —=2 < f < —2Z, we have f* > 0
and g* > 0.

A Appendix: Ground state positivity and negativity

We only give a sketch of the proof in R%. We recall that the space X,,, is defined by
Xym ={u e LQ(RQ) — € L>(R?)} and the space X7, is defined by
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X2 = {f:R* > R, Z(r,.) € L*(—m,7) forall7 > 0 and there exists a constant

Lo Y.
C > 0 such that |f(r,0)| + (5 [ |55, 0)> df) < Corgm(r) ae.}.

Note that the ground state positivity is a simple application of the weak maximum principle
combined with |1, Theorem 2.1|. Note also that if f € X, and f > 0 then there exists a
positive constant C'(f) such that 0 < f < C(f)$1,4m- Choosing C'(f,m) = % with
mg = inf m > 0, from the weak maximum principle for the scalar case, writing

(_A + q)(cl(fv m)¢17q7m - u) - Mm(cl(fv m)¢1,q,m - u) + <>‘1,q,m - ,u)mC”(f, m)¢1,q,m - f in
R?, we obtain that u < C'(f,m)¢1g.m.

The proof of the ground state negativity is based upon ideas of [20] and [1]. We decompose

it in several steps.

Step 1: We denote by L, := —A + ¢ and by M the operator of multiplication by m.
As in Hess [20] we consider the operator L;'M and the same decomposition of L*(R?) =
span(¢1.gm) ® R(I — A gmL; M) where R(I — Ay gL, M) is the range of the opera-
tor [ — )\17q,mL;1M . But because of the unboundedness of our domain, we cannot study
R(I =X gmLy; ' M) as it done in [20] and we adapt to our case an idea developed in [3] which
is the following decomposition of L*(R?) = H, & Hy & Hj with

H, =span(¢1.4.m)
Hy ={f € I’(R): f(x) = f(jz]) with / (1) F(r)br g ()7 dr = 0};

Hs ={f € L*(R?): f(r,0)df = 0 for almost all r > 0}.
Note that ||.||,, defined by (1.2) is a norm equivalent to the usual norm in L*(R?) since m
satisfies (HL ). It is obvious that L?(R?) = H,® H,® Hj is an orthogonal decomposition. The
corresponding orthogonal projections Py, P, and Pj, respectively, take the following forms, for
cach f € LX(R?): Pif = gilfiamlu g Pof = (I — P)f* with f* = & [T f(r,6)do,
Psf=f—f"

Step 2 : Let u be a solution of (1.7), we decompose u and L;'f = g in L?(R?) under the
following way: u = B,¢1,q,m + U2 + uz with up € Hy, ug € Hs and g = g1 + g2 + g3. It is easy
to check that: g1 = (I — pL;'M)Bud1gm, g2 = (I — pL; ' M)uy and gs = (I — pL; ' M)us.
The idea then is to show that the sign of u is given by 3, and that uy and ug belong to X ,,,.

For that we need the two following Propositions based on Propositions 3.5 and 3.6 in [3].

Proposition A.1 (see [I, Proposition 3.1]) Assume that q is a radially symmetric po-
tential which satisfies (H(ll)—(H?l) and that m is a radially symmetric weight which satisfies
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(H}). Assume that uz,go € D(L,), Lyus — M gmMus = Lyga € L*(R?) with g2 a radial

symmetric function.

(i) If fR2 L,g2.01.4m = 0 and fR2 Usmpn qm = 0, then ug is radial and there ezists a
constant T' > 0 (depending exclusively upon the potential ¢ and the weight m) such that
|Lqg2| < ch1gm = |uz| < Tch1gm.

(ii) If ng m.Lyg2.01,9m = 0 and fR2 Ugmy gm = 0, then uy is radial and there exists a
constant I' > 0 (depending exclusively upon the potential g and the weight m) such that
’Lq92| S C¢1,q,m = ‘UQ‘ S 1—‘Cqsl,q,m'

Proposition A.2 (see [I, Proposition 3.2]) Assume that q is a radially symmetric po-
tential which satisfies (Hé)—(Hfl) and that m is a radially symmetric weight which satisfies
(HL). Assume that us, g3 € D(L,), Lyuz — A gmMus = L,g3 € L*(R?) with L,g3 € Hs and
uz € Hs. If Lygs € qufn, then there exists a constant I' > 0 (depending exclusively upon the

potential g and the weight m) such that ||u3||X;,31 < FHnggHX;,?n.

Step 3 : First note that if f = L,g = Lyg1+Lqg2+ L4gs then L,g1+ Lygo is obviously radially
symmetric and so L,g3 = P3f. Note also that if f € X, then L,g1 € Xy, Lgg2 € Xgm
and Lqgs € Xg . Indeed f* = 5= [T f(r,0)df is in X, too and Lygs = Psf = f — f* is in
Xgm- More Lgg; belongs to X, since m is bounded. Then we get L,g2 € X .

Now, we study each component of the decomposition of .
First, we calculate 3,. Recall that g, = a¢; 4., with the constant o = (Lq_1 [y 1.4.m)m

adl,qm

o fRQ f@1,4m- Since f is positive, o > 0. Therefore, we get 3, =

Al,q,m Al,gm—p’

Then, we prove that uy € X, ,,. Writing down the Neumann series for the resolvant (I —
pL M)

up = Y (= A gan)" (M Ly — Ay gand) (I = Mg Ly ' M) go.

n

Let call gJ = (I—qu*lM)*lgg and apply Proposition A.1. Indeed g, € Hy and L g, satisfies:

/ Lq92-¢1,q,m = / gQ-Lq¢17q,m = )\l,q,m/ m'g2-¢1,q7m = 0.
R2 R2 R2
We obtain g3 € Hy and |g9] < ey gm.

Then call g3 = (ML, — M\ gmI)¢3; g3 satisfies the following equation:
(I = ArgmLy'M)gy = L' Mgy

We check that
/ m.L;lMgg.gzﬁL%m =0.
RQ
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Applying again Proposition A.1, we get that g € Hy and |g3| < T'||Mg3| x,,.¢1,4m. Using

the same method at each step, we deduce that the following sequence:
g = (M7 Ly — Agml) " g3
satisfies [g5™| < T||M g ||x,..#1,4m. Finally, we get that, if |s1 — A1 4| is small enough,u, €
Xy m- To conclude, we prove similarly that us € X ,.
We finish the proof, saying that there exists some A\g such that for A ;,, < p < Ao

A 1gm
U = ¢17q,m+u2+u3g(
)‘17q,m -

05)\1 qm
— =" 4C m
ALq,m _ [1/ )¢11q7

where the constant C' depends only on Ag. Then the Theorem 1.5 follows immediately.

B Appendix: Proof of Lemma 2.1

We use the methods of translations (see [5], [7, p. 182]). Let u be a weak solution of
(—A+q)u= fin R".
Let h € RY and define

~u(r +h) —u(z)

Let v = D_,(Dyu), v € Vy(RY). From [on[Vu.Vv + quv] = [y fv, we get:

/RN [V (Dyu)|* + Dy (qu).(Dpu) = FD_n(Dyu).

RN RN

Since Dp,(qu)(x) = q(z + h)Dpu(z) + u(z)Dpg(z), we get:

/ IV (Dyu)[2 + / o(z + 1) Dyu()2 dz + / uDnaDvii = | FD (Do),
RN RN RN RN

Using ¢ > est > 0, we deduce that there exists a positive constant C' = C(q) (depending
upon q) such that:

[ v@0af+ [ Dl <@ [ 1Dl [ laDy@lDyl

Recall from [7, Proposition IX.3] that for all w € H'(RY), |D_pwl|r2@y) < ||[Vwl| 2@
Thus, since for all h, |Dy(q)| < cst \/q, we have |uDy(q)| < cst |ul\/q and there exists a

positive constant C' such that

[ Dl ey < Cllfllz2@ny + luy/qll 2] < oo
We conclude as in [7] by for all i and for all A,

ou
axi

||Dh ||L2(RN) < C[||f||L2(RN) + ||u\/a||L2(]RN)]'
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Using [7, Proposition IX.3] we get that 2 € H'(RY). Therefore u € H*(R") and —Au €
L2(RY). Moreover, we have for all ¢ € D(RY), Jan (Au+qu—f)¢ = 0and —Au+qu—f €
L}, .(RM). From |7, Lemma IV.2], we get that —Au+qu = f a. e. in RY. Thus qu € L*(R")

and in particular we deduce that u € D(—A + q).
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