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ABSTRACT. In the present paper, we establish new strong convergence theorems of the
modified Mann and the modified Ishikawa iterative scheme with errors for a mapping which is
asymptotically nonexpansive in the intermediate sense in a uniformly convex Banach space.
Our theorems significantly extend and improve Kim and Kim’s results. The results in the

paper even in the case of asymptotically nonexpansive mappings are new.
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1 Introduction

Let X be a real Banach space and C' be a nonempty subset of X. A mapping T : C — C'is
said to be asymptotically nonexpansive if there exists a sequence {k,} of real numbers with
k, > 1 and lim,,_, ., k, = 1 such that

1Tz = Ty < kallz = yll,

for all z,y € C' and all n > 1. If k, = 1, then T is known as a nonexpansive mapping. The

mapping T is called uniformly L-Lipschitzian if there exists a positive constant L such that
[Tz = T[] < Lz =y,

for all x,y € C' and all n > 1. The mapping T is called asymptotically nonexpansive in the

intermediate sense (|1]) provided that 7" is uniformly continuous and

limsup sup (|T"z —T"y|| — ||lz — y||) <O0.

n—oo  I,yec
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From the above definitions, it follows that every asymptotically nonexpansive mapping is
uniformly L-Lipschitzian. Furthermore, if T': C' — C' is asymptotically nonexpansive and
C is bounded, then T is asymptotically nonexpansive in the intermediate sense. There
is a mapping which is asymptotically nonexpansive in the intermediate sense but is not

Lipschitzian as the following example shows.

Example 1.(sce [5]) Let X =R, C'= [, 1] and |k| < 1. For each z € C, we define

ksin i if 0,
T — sin— if x#
0 it z=0.

The concept of asymptotic nonexpansiveness was introduced by Goebel and Kirk [1] in 1972.
They proved that every asymptotically nonexpansive self-mapping of a bounded closed con-
vex subset of a uniformly convex Banach space has a fixed point. Several authors have studied
methods for the iterative approximation of fixed points of mappings which are asymptotically
nonexpansive and asymptotically nonexpansive in the intermediate sense (see for example
[2, 3, 5, 7]). In [7], Schu introduced the modified Mann and the modified Ishikawa itera-
tive schemes. Recently, Kim and Kim [5] considered the modified Mann and the modified
Ishikawa iterative schemes with errors in the sense of Xu |1 1] of a mapping which is asymp-
totically nonexpansive in the intermediate sense in a uniformly convex Banach space. The

scheme is defined as follows.

Let C' be a nonempty convex subset of a Banach space X and T': C' — C' be a mapping.
Algorithm 1. For a given x; € C, compute the sequences {z,} and {y,} by the iterative

schemes

Yn = Ty + BT T + 0,
Tl = QpTy + ﬁnTn?/n + YnUn, N > 17 (11)

where {a,.}, {6.}, {}, {a,}, {5} and {7/} are appropriate sequences in [0, 1] with «;, +
Bn+ v =al, + 0, +, =1, and {u,} and {v,} are bounded sequences in C'. The iterative

scheme (1.1) is called the modified Ishikawa iterative scheme with errors in the sense of Xu.
If 6/, =~/ =0 and o, = 1, then Algorithm 1 reduces to
Algorithm 2. For a given x; € C, compute the sequence {x,} by the iterative scheme

Tyl = QuTp + BT Ty + Yptty, n > 1, (1.2)

where {«a,}, {#.} and {~,} are appropriate sequences in [0, 1] with o, + 5, + 7, = 1, and
{u,} is a bounded sequence in C. The iterative scheme (1.2) is called the modified Mann

iterative scheme with errors in the sense of Xu.
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If v, =/, = 0, then Algorithm 1 reduces to modified Ishikawa iterative scheme, while setting

Bl = =1, =0 and o], = 1, reduces to modified Mann iterative scheme.

The purpose of this paper is to establish several strong convergence theorems of the Ishikawa
iterative scheme with errors for mappings of asymptotically nonexpansive in the intermediate

sense in a uniformly convex Banach space.

2 Auxiliary Lemmas

For convenience, we use the notations lim,, = lim,,_,, liminf,, = liminf,,_, ., and lim sup,, =

lim sup,,_, ... In the sequel, we shall need the following lemmas.

Lemma 2.1 ([9], Lemma 1) Let {a,} and {b,} be sequences of nonnegative real num-
bers such that an1 < a, + b, for alln > 1. If 220:1 b, < 0o, then lim, a,, exists.

Lemma 2.2 ([6], Lemma 2.2) Let {\,} and {u,} be sequences of nonnegative numbers
such that > > Ay, =00 and > " | Apptn, < 00. Then liminf, u, = 0.

Lemma 2.3 Let {a,} and {b,} be sequences of monnegative numbers such that
> minf{ay,, ans1} = 00 and Y7 apnb, < co. Then there exists a subsequence {n;} of
{n} such that lim; b,, = 0 and lim; b, 11 = 0.

Proof: We first observe that

Z min{an7 an+1}(bn + bn—i—l) = Z min{ana an-i—l}bn + Z min{ana an—i—l}bn—i—l
n=1 n=1

n=1
x oo
< Z apby, + Z A 1bn g1 < 00.
n=1 n=1

Since )2, min{a,, a,11} = oo and Lemma 2.2, we have liminf,, (b, +b,+1) = 0. Then there
exists a subsequence {n;} of {n} such that lim;(b,, + b,,41) = 0. It follows from b, > 0 that
lim; b,; = 0 and lim; b, 1 = 0. ]

Lemma 2.4 Let C be a nonempty convex subset of a Banach space X, T : C — C be a
mapping which is asymptotically nonexpansive in the intermediate sense and the fixed-point
set F(T) := {x € C : x = Tx} is not empty, and {x,} be a sequence in C defined by
Algorithm 1 with the following restrictions:

o0 oo o0
nyn < oo,Zﬁn’y; < 00, and Zﬁncn < 00,
n=1 n=1 n=1

where ¢, := max {0,sup, ,cc (|72 — T"y|| — |l — yll) } for each n > 1. Then we have the

following conclusions.



78 W. Nilsrakoo, S. Saejung
(i) lim, ||z, — p|| exists for any p € F(T).

(i) lim, d(z,, F(T)) exists, where d(x, F(T)) denotes the distance from x to the fized-point
set F(T).

Proof: Let p € F(T). We note that {u, — p} and {v, — p} are two bounded sequences in
C. Let

M = sup{||u, — ||, [|[vn — p|| : n > 1}.
By using (1.1), we have
yn = pll < oy llzn — pll + BT 20 — pll + v, llon — 1|

< (al, + B )lzn — ol + B, (|1 T "z — p|| = |0 — pl) + v M
< Nn — pll + Bren + 1o M,

and so
|Znt1 — Dl
< O‘onn _p“ + 5n||Tnyn _pH + 'Vn”un _p”
< anlln = pll 4 Bullyn — Il + Ba(IT" Y0 — pll = [lyn — pll) + M
< (o + Bp) |0 — pl| + BubBcn + By M + Brcn + M
Then

d(Tni1, (1) < d(zy, F(T)) + 2Bncy + Buyn M + 7M.

Consequently, the conclusions of the lemma follow from Lemma 2.1. This completes the
proof. O

By Xu’s inequality |10, Theorem 2|, we have the following lemma.

Lemma 2.5 (3], Lemma 1.4) Let X be a uniformly convex Banach space and B, :=
{z € X :|z|| <r},r > 0. Then there exists a continuous strictly increasing convez function
g :[0,00) — [0,00) with g(0) =0 such that

IAa + py + €217 < Mlll® + ullyll® + €ll=1* — Mgz = yl)),

for all x,y,z € B, and A\, i, & € [0,1] with A+ p+ & = 1.

The following lemmas are the important ingredients for proving our main results in the next

section.
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Lemma 2.6 Let C be a nonempty convex subset of a uniformly convex Banach space X,
T : C — C be a mapping which is asymptotically nonexpansive in the intermediate sense
and the fized-point set F(T') is not empty, and {x,} be a sequence in C defined by Algorithm

1 with the following restrictions:

0o 00 [e's)
> <00, Bl < o0, and Y B < ox.
n=1 n=1 n=1

Then o
> Bl = B)g(IT"yn — 2nll) < o0 (2.2)
n=1

Proof: Let p € F(T), it follows from Lemma 2.4 that {z, — p}, {T"z, — p}, {yn — 0},
{T"y,, — p}, {u, — p}, and {v, — p} are all bounded. We may assume that such sequences
belong to B, where r > 0. By Lemma 2.5, we have

1y — D>

< apllwn = plI* + BT 0 = plI* + W llvn — pII* — 7 B 9(IT" 20 — )

< (af, + B[z = plI® + B, (1T 20 — plI* = |20 — plI?) + 757

< lwn = plI? + B, (1T — pll = [0 = pI) (1T 20 — pl| + 20 — pl) + 307
<l = plI® + 21 41

< |l = plI® + (en + ) M,

and

|21 — pl|®
< apllzn = plI* + Bl Ty — pII* + llun — pI* = anBug(1T"yn — 2all)
< a2 — plI* + Ballyn — 2 + Ba(IT"yn — PI? = llyn — PI*) + 0r?
+ VB g (I T" Y — 20 ll) — (1 = B2) Bag (I Ty — @)
< apllzn = plI* + Ballyn — pII* + 2rBucn + yur? + YnBng(2r)
— (1= B) Bag(IT"yn — wul])
< (n + Bo)llen — plI* + Balen + )M + (Bucn + 290) M
— (1= 82)BugUIT"yp — wall)
<z — plI* + (2Bucn + By + 29m)M — (1 = 50) Brg(IT"yn — ),

where M = max{2r,72, g(2r)}. This implies that
(1= Ba)Bag(IT"yn — 2all) < llwn = pI? = llwnsr — pI* + (28ncn + Buvy, + 270) M.

By Lemma 2.4(i), we obtain (2.2) and the proof is finished. O
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Lemma 2.7 Let C be a nonempty convex subset of a Banach space X, T : C — C be a
mapping which is asymptotically nonexpansive in the intermediate sense and the fixed-point
set is not empty, and {x,} be a sequence in C defined by Algorithm 1 with the restrictions
that lim,, v, = lim,, v}, = 0. If there exists a subsequence {n;} of {n} such that

lijm |17 2y, — || = 0 = li;rn 1T @ 1 — @] (2.3)
then lim; || T2y, — ;|| = 0.
Proof: We note that

lim ¢, = limmax {0, sup (||[7"z —T"y| — ||z —y||)} = 0. (2.4)
n n x,yeC

Using (1.1), we see that

1Ty, — o, |
S T yn, = T @, | = lyn, = 20, 1) 4 lym, — @, [+ 1T 20, — 2 |
< oy + yny = 2o, |+ (1T 20, — 2 |
< Cny + B 1T 0, = @ || 4 Y l0n; — Tyl + 1T 20, — 2y [| — 0,
and so,
12,41 = @, | < B, 1T Yn; — @ |+ Y, ten; — @, | = 0. (2.5)

Thus
||Tnj+1xnj+1 - Tnj—Hxnj || < Cnj+1 + ||xnj+1 — Ty || — 0. (26)

Finally, we have

||'Inj - Txnj || < ||wnj+1 — T, || + ||xnj+1 - Tnj+1xnj+1||

+ | T g0 — T || 4+ | T 2, — T, || — 0,

since (2.5), (2.3), (2.6) and uniform continuity of 7. We reach the desired conclusion. [

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convexr Banach
space X, T : C'— C be a mapping which is asymptotically nonexpansive in the intermediate
sense and the fized-point set F(T') is not empty, and {x,} be a sequence in C defined by
Algorithm 1 with the following restrictions:

(1) 2oy min{B.(1 = Ba), Bap1(1 = Bri1)} = o0,
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(i) limsup, G, <1,
(1) Y07 n < 00, Yoo Bayh < 00, limy, 7y, =0, and Y07 | Buc, < 00.

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fixed point of T.

Let {u,} be a given sequence in C. Recall that a mapping 7' : C' — C with the nonempty
fixed-point set F(T') in C' satisfies Condition (A) with respect to the sequence {u,} (|3]) if
there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all
r € (0,00) such that

f(d(un, F(T))) < ||Tuy — uy||, for all n > 1.
Proof: By (2.2) and Lemma 2.3, there exists a subsequence {z,,} of {z,} such that
im (1T, — 2, ) = 0 = lim g |77y, 11— )
From g is strictly increasing and continuous at 0 with g(0) = 0, it follows that
i [Ty, — ) = 0 =l [Ty, 11— 2 ] (3.1)
By using (1.1), we have

[T w — 2|l < |NT"yn — T || + [Ty — 20|
< (T"yn — Tz |l = llyn — @all) + lyn — @all + 1 T"yn — 20|
<cn+ 5;;||Tnxn — T, + V;ann — T + [Ty — 20|

This together with (2.4), (3.1) and lim, v/, = 0 gives
(1 — 3, T, — 7, | = 0 = Tim(1 — ) IT™ 41— ]
As liminf, (1 — 3),) = 1 — limsup,, ), > 0, we have
i [T, =, | = 0 = lin |77,y = ]

By Lemma 2.7, we have
lim || Tz, — 2, = 0. (3.2)
j

Let f be a nondecreasing function corresponding to Condition (A) with respect to {z,}.
Then
fd(zn,, F(T))) < [Ty, — x| = 0.
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Next, we prove that lim,, d(z,, F'(T)) = 0. By Lemma 2.4(ii), suppose that lim,, d(z,, F'(T)) =
b > 0. Then there exists K € N such that

0< g < d(wy,,;, F(T)) forall j > K.
By the definition of f, we obtain
0< f(2) < fld(esy, FT)) Torall j > K.
Therefore lim; f(d(z,,, F(T))) > f(%) > 0, this is a contradiction. Hence
lian d(z,, F(T)) = 0.
Let a, = 28,¢n + Buv M + M for all n € N and p € F(T). Then, by (2.1),

[zn1 = pll < llzn = pll + an,

and hence
m—1

e = pll < e —pll + 3 a (3.3)

i=n

for all m > n. We now prove that {z,} is a Cauchy sequence in C. Let £ > 0. Since

limd(z,, F(T)) =0 and Zan < 00,

n=1

there exists a positive integer N such that

> ™

c oo
d(zn, F(T)) < 2 and Zai <
=N
There must exist ¢ € F(T') such that
£
ley — gl = d(zn, q) < 1

From (3.3), it follows that, for all m,n > N,

[Tm = @all < 2w — gl + lzn — 4l
n—1 m—1
<2an —qll+ ) ai+ Y a
i=N i=N

<2ljzy — gl + QZCM
i=N

g 9
2.2 42. - ==¢.
< 4+ 1 €
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Hence {x,} is a Cauchy sequence in C. In virtue of the completeness of C', we may assume
that x,, — ¢’ as n — oo where ¢’ € C. By the continuity of 7" and (3.2), we have T¢' = ¢/,
so ¢’ is a fixed point of T'. This completes the proof. O

Letting ), = 7/, = 0 and o/, = 1 in Theorem 3.1, we obtain the following Mann-type

convergemnce.

Theorem 3.2 Let C be a nonempty closed convex subset of a uniformly conver Banach
space X, T : C' — C be a mapping which is asymptotically nonexpansive in the intermediate
sense and the fized-point set is not empty, and {z, }be a sequence in C' defined by Algorithm
2 with the following restrictions:

<i> 22021 min{ﬁn(l - 671)7 5n+1(1 - /BTL+1)} = 00,

(i) D0 yn <00, and Y7 Buc, < 00.

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fized point of T'.

Corollary 3.3 (|5], Theorem 1) Let C be a nonempty closed convex subset of a umni-
formly convexr Banach space X, T : C — C be a mapping which is asymptotically nonexpan-
sive in the intermediate sense and the fized-point set is not empty, and {x,} be a sequence
in C defined by Algorithm 1 with the following restrictions:

(i) 0<e< B, <l—-e<1,
(ii)) 0 <& < ay,
(iii) limsup,, B, < 1,
(1v) T, 90 < 00, Y55, 7 < 00, and Y32, ¢ < oo.
If T is completely continuous, then {x,} converges strongly to a fized point of T'.
Proof: By (i), we have €2 < 3,(1 — 3,). Then

0< 52 < min{ﬁn(l - ﬁn)aﬂnﬁ-l(l - ﬁn-&-l)}'

Therefore Y2, min{3,(1 — 3,), Bus1(1 — Bug1)} = oo. Moreover, since T is completely
continuous, T satisfies Condition (A) with respect to the sequence {z,} (see [3, Corollary
2.5]). The proof is finished, by using Theorem 3.1. O]

Remark 3.4 Condition (ii) is superfluous because (ii) is exactly implied by (i).
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Corollary 3.5 ([5], Theorem 2) Let C be a nonempty closed convex subset of a uni-
formly convex Banach space X, T : C — C be a mapping which is asymptotically nonexpan-
sive in the intermediate sense and the fized-point set is not empty, and {x,} be a sequence

in C defined by Algorithm 2 with the following restrictions:
(i) 0<e< B, <1l—-e<1,
(i) 0 <& < ay,
(i) D07 v <00, and Y7 ¢, < 00.
If T is completely continuous, then {x,} converges strongly to a fixed point of T

Remark 3.6 Theorem 3.1 extends and improves Theorem 1 of [5] in the following ways:
(i) The condition Y>>, min{3,(1 — 3,), Bnt1(1 — But1)} = o0 is strictly weaker than the
condition 0 < ¢ < 3, < 1 —¢ < 1. In fact, our result is applicable to the case

of B, = 1/n while such chosen parameters are not satisfied the requirement of |5,
Theorem 1].

(ii) The condition 0 < &’ < a, is removed.

(iii) The restrictions Y >~ v, < oo and > - ¢, < oo are weakened and replaced by
o Bl < 00, limy, ), =0, and Y7 Bue, < o0

(iv) The complete continuity imposed on 7' is replaced by the more general Condition (A)
with respect to {x,}.
Since every asymptotically nonexpansive mapping is asymptotically nonexpansive in the

intermediate sense whenever C' is bounded, we have the following theorems.

Theorem 3.7 Let C be a nonempty closed convex and bounded subset of a uniformly
convex Banach space X, T : C — C be an asymptotically nonexpansive mapping with a
sequence {ky,} of real numbers, and {x,} be a sequence in C defined by Algorithm 1 with the

following restrictions:
(i> 220:1 min{ﬁn(l - 571)7571—&-1(1 - 6714—1)} = 00,
(ii) limsup, 4, <1,
(i) D07 <00, Dot Byl < oo, lim, v, =0, and > 07 Bu(k, — 1) < 00,

If T satisfies Condition (A) with respect to the sequence {z,}, then {x,} converges strongly
to a fixed point of T.
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Theorem 3.8 Let C be a nonempty closed convex and bounded subset of a uniformly
conver Banach space X, T : C' — C be an asymptotically nonexpansive mapping with a
sequence {k,} of real numbers, and {x,} be a sequence in C' defined by Algorithm 2 with the

following restrictions:

(i> Zzozl min{ﬂn(l - 671)7 ﬁn+1(1 - BnJrl)} = 0Q,

(i) D02 vn < o0, and Y07 Bu(k, — 1) < o00.

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fized point of T'.

Remark 3.9 Theorem 3.7 and 3.8 extend and improve Theorem 1.1 and 1.2 of Chang [2],

respectively.
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