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De Rham’s singular function, its partial derivatives
with respect to the parameter and binary digital sums

ABSTRACT. In this paper we show connections between sums related to the binary sum-
of-digits function and the function of de Rham R,(z), and its partial derivatives with respect
to the parameter. Starting point is a formula from [3] for the calculation of R,(x) for dyadic
rational z. From this we derive an exact formula for exponential sums of digital sums, and by
means of usual differentiations we find exact expressions for some digital sums. In particular,
we get the well known result of Trollope-Delange concerning the sum-of-digits function and

the formula of Coquet for power sums of digital sums.
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1 Introduction

In 1956 G. de Rham [13] proved that for a fixed parameter a € (0, 1) the system of functional

equations
f(5) = af(w),
() = a+(1-a)f(2)

has a unique bounded solution f = R,(x) with R,(0) =0 and R,(1) = 1. It is Ry s(z) = =,
but for a # % de Rham’s function R,(x) is a strictly singular function with the property

(z €[0,1]) (1.1)

/01 R,(z)dz = a. (1.2)

In the literature this function is also called Lebesgue’s singular function, cf. e.g. [16] or [1].

For z € [0, 1] with the binary expansion
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it holds -
R.(z) = deak_s’“(l —a)’ (1.4)
k=1
where s; =0 and s, =dy + ...+ dp_q for k > 1, cf. [I1]. In [2] it was shown that for / € N
and n =0,1,...,2° — 1 de Rham’s function satisfies the equations
n+x n s(n
R (55) = B (3) + e Ra) @elo) (15
where ¢ = =2 and where s(n) denotes the number of ones in the binary representation of
n. Let us mention that s(n) = s, for n = [2¥x]. Moreover, for n = 0,1, ...,2° it holds the
formula .
n S
Ra () = o (16
k=0

which is starting point of this paper.

In [3] it was considered de Rham’s function in connection with two-scale-difference equa-
tions. In this paper we uncover connections between de Rham’s function R,(z), its partial
derivatives with respect to a and several binary digital sums. The fundamental result in
the theory of digital sums is the well known Trollope-Delange formula. It expressed the

sum-of-digits function

S(N) = : s(n) (1.7)
by the exact formula ([15], [5])
sy = Yo% N pog, W) (1.8)

where F'(u) is an 1-periodic function given by

1— 1 1
F(u) = 5 v o (21_u) 0<u<1)

with Takagi’s function T'(x) defined by
T(x) = i RN
n=0 2"

where A(z) = dist (z,Z). The function F is continuous but nowhere differentiable. Formula

(1.8) was proved in |7] by means of Mellin transforms and in [10] it was shown that

U 1
Flu) = =5~ 5

Digital sum problems are investigated by many authors, cf. e.g. [6], [1], [12]. For a historical

T(2Y)  (u<0). (1.9)

survey see |14], [7].
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In this paper we also investigate some digital sums. At first we show by means of formula

(1.6) that the exponential sum
E,(N) = Nzlqs(”) (1.10)
with ¢ > 0 can be expressed by the exact formflzj
E,(N)= N®G,(log, N) (1.11)

where o = log,(1+¢) and where G,(u) is a continuous, 1-periodic function which is connected

with de Rham’s function by

Gy(u) = a"R,(2") (u<0)

where a = 1+rq. The case ¢ = 1 is trivial, namely F1(N) = N. However for ¢ # 1 the
function G,(u) has the interesting property that it is differentiable almost everywhere and
the local maxima and minima are dense in R, Theorem 2.1. Let us mention that Fy(N) is
equal to the number of odd binomial coefficients in the first V rows of Pascal’s triangle and

that E9(N) was already investigated by many authors, cf. e.g. [14], [7].

Furthermore, for m € N we investigate the partial derivative gl—ﬂ:nRa(x) which is a continuous

function with respect to x, cf. [16], [I]. In particular we obtain the well known connection

OR,

(z) — 2T () (1.12)
da |, /2

between de Rham’s function R, and Takagi’s function T', cf. [16]. Moreover, we calculate the

functions T,,(2) = 25 Ro()|a=1/2 at all dyadic rational x € [0, 1], Proposition 4.2. These

da™

functions are used for the representation of some digital sums.

For the binomial sum N
-1

Bn(N) = ; (SEZ)) (1.13)

with m > 1 it holds the exact formula

N [log, N\™ =2
B¥) = 3 (7)o N 3l ) ot

where F,, ;(u) are 1-periodic, continuous functions which can be expressed by the functions
Ty(z),...,T(z), Theorem 5.3 and Proposition 5.1. In particular for m = 1 we get the

Trollope-Delange formula (1.8).

Finally we investigate the digital power sum

Si(N) = s(n)™ (1.14)
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with m € N. Stolarsky [I1] has proved the asymptotic formula

Sm(N) =N (mTQN>m + O{N(log N)™ 1)}

which is optimal in the sense that for the values

2
N(log N)m—1

Sn(N) — N (l'oﬂ)m

Q,, = lim sup

(1.15)

and [3,,, the corresponding liminf, it holds: —oc0 < 3,, < a,, < co. In particular a; = 0,

1 = (log3/log4) — 1. Coquet || obtained the precise formula

m m—1
log, N
-2 ) + N> (logy N) G e(logy N) (1.16)

=0

Sp(N) = N(

where G, ¢(u) are certain 1-periodic functions, and in [0] it was shown by means of binomial
measures that these functions are continuous, cf. also [12].

We also prove the formula (1.16) of Coquet with explicit representations for the functions

Gme(u), Theorem 6.1, and determine the values «,,, and 3,,, Proposition 6.2.

2 Exponential sums of digital sums

For the exponential sum (1.10) with given ¢ > 0 it follows from (1.6) that for N < 2¢ it
holds

1 N
Eq(N) - yRa (?) (21)
where R, is de Rham’s function corresponding to a = ﬁ. In particular E,(2°) = (¢ + 1)

In order to obtain a formula independent of ¢ we note that with
a = —logya =logy(1+ q) (2.2)

the first equation of (1.1) with f = R, yields

R()Z()? - R;(f) 0<z<1). (2.3)
Hence the function R
gq(7) = g” 0<z<1) (2.4)

has for 0 < z < 3 the property g,(2z) = g,(z) so that it can be extended for all z > 0 by

94(2x) = g4(2). (2.5)
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According to (2.5) the function
Gy(u) = g,(2%) (u e R) (2.6)
is periodic with period 1.
Theorem 2.1 For g > 0 the exponential sum E,(N) from (1.10) can be expressed by the
exact formula
E,(N) = N°G,(log, N) (2.7)
where o = logy(1 + q) and where G4(u) is an 1-periodic function which is connected with de
Rham’s function R, corresponding to a = ﬁ by
Gy(u) = a"R,(2") (u <0). (2.8)
G, is continuous and differentiable almost everywhere. For ¢ # 1 the mazima and minima

of G, are lying dense in R.

Proof: For given N € N we choose £ such that 2¢ > N. For the exponential sum (1.10) we

get from (1.6)
1 N o (2" N
Eq(N) — JRCL (7) - N (N) Ra (7)

where we have used that a = ﬁ and 1 = 2% according to (2.2). In view of (2.4) and (2.5)
we get
Eq(N) = Ngy(N) (2.9)
and it follows (2.7) with the 1-periodic function G,(u) given by (2.6). For u < 0 we have
0 <2* <1 and from (2.6) and (2.4) with 2 = 2* we get in view of 35z = a
Rq(2")
2ua

Gy(u) = = a"R,(2")

i.e. the representation (2.8).

In order to obtain properties of GG, we investigate g,. Obviously, g, is continuous in [%, 1]
and hence at any x > 0. Moreover, g, is differentiable almost everywhere in (0, 00) since
R, is increasing. For ¢ # 1 we have a = ﬁ #* % Since for fixed a # % the function R, is
singular there are points x € (0,1) where the derivative R/ (z) = 400, and equation (1.5)
implies that such points lie dense in (0, 1). This is valid also for the function g, so that there
is no interval where it can be decreasing. On the other side, since R, is singular, it follows

for such 2 with R/ (z) = 0 that
(Ra(a:))' _ Ry(#)a® —ax* 'Ry(z)  aR.(x)

Tre T2 - rotl
Hence, the function g, is differentiable almost everywhere in (0, co) with g} (z) = —%g,(z) <0

so that there is no interval where g, can be increasing. By (2.6) it follow the assertions for
Gy. O
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3 Partial derivative of de Rham’s function

It is known that R,(x) is differentiable with respect to a, cf. [16]. Here we show the

differentiability by means of a method as in |2], Proposition 2.3.

Proposition 3.1 For fized v € [0,1] with the dyadic representation (1.3) de Rham’s
function R, is differentiable with respect to a and the derivative 6%Ra(yc) 1S a continuous

function with respect to x which has the representation
Z di(k(1 — a) — s;)a" 1 (1 — a)*! (3.1)
with s1 =0 and s, =dy + ...+ dp_1 for k > 1.

Proof: We denote the formal derivative of (1.4) with respect to a by ¢(z,a) which reads

de —Sk k Sk 1 deskak sk — )Sk_l. (32)

We show that for fixed z this function is an analytic function with respect to a in the complex
domain D = {a : |a|] < 1,|1 — a|] < 1}. Namely, for fixed ¢ > 0 choosing max (|a|, |1 — a|) <
1 — & we obtain for x = 3 d;27% the estimate

- 2

k-1 _
o) <23 K1) = 3
in view of 0 < s, < k — 1. This implies that the series (3.2) of polynomials in a is uni-
formly convergent in every compact subset of the domain D = {a : |a| < 1,|1 —a| < 1}.
Consequently, in this domain ¢(z, a) is a continuous function with respect to a and it is the
derivative of R,, cf. [9, p. 353]. Hence, from (3.2) we get the derivative (3.1) of R, with

respect to a. U

In the following we denote the first partial derivative of de Rham’s function with respect to

a by

Dy(z,a) = %Ra(x). (3.3)

Differentiation of (1.1) with respect to a yields the following system of functional equations:
f(3) = Ralz)+af(2),
f(53) = 1-Ru(2)+(1—a)f(x)

By a result of Girgensohn [3] this system has exactly one continuous solution f. Hence, we
have f(x) = Di(z,a).

(z € [0,1)). (3.4)
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Proposition 3.2 For fivred a the first partial derivative (3.3) satisfies D1(0,a) =
Di(1,a) =0 and Dy(z,a) >0 for 0 <z <1 with Di(3,a) = 1. Moreover, it holds

Di(1 —x,a) = Dy(z,1 —a) (x €[0,1]) (3.5)
and
1/2 1
Dy(z,a)dx = a, Di(z,a)dr =1 — a. (3.6)
0 1/2

Proof: The property (3.5) follows from R,(1 — ) = 1 — Ry_,(x), cf. [2, Proposition 2.3].
Equation (3.4) for x = 0 yields D;(0,a) = 0 for each a € (0, 1), and hence it holds D;(1,a) =
0 in view of (3.5). The second equation (3.4) for x = 0 yields D;(3,a) = 1. In order to
show that D;(x,a) > 0 for 0 < x < 1 we remark that D;(x¢,a) > 0 for a certain z, implies
Di(%,a) > 0, since (3.4), and also Dy(1 — %, a) > 0 in view of (3.5). Hence, D;(3,a) =1
implies D;(z,a) > 0 for all dyadic rational x € (0,1), and in view of the continuity of
Dy (z,a) with respect to z it follows D;(x,a) > 0 for all 0 < z < 1. Equation (3.4) implies
Di(z,a) > 0 for 0 < z < 5, and therefore D;(x,a) > 0 for 0 < 2 < 1 according to (3.5).

From (3.4) with f(z) = D;(z,a) we get

1
D, <g,a> + D, (x;— ,a) = Di(x,a) + 1,

and by integration we obtain

1
/ Dy (z,a)dx = 1.
0

Hence and in view of (1.2) we get by integration of the first equation in (3.4) that
1/2 1 1
2 Di(z,a)dx = / R.(x)dx + a/ Dy (z,a)dx = 2a,
0 0 0

i.e. the first relation in (3.6), and the second relation follows in view of (3.5). O

We are especially interested in the case a = % where the system (3.4) with g = 2f attains

the form
9(3) = 3+390),
(x €10,1]) (3.7)
9(3) = 5+ 3@
which has the unique solution g(z) = 3D (z, 3), i.c.
10
o) =5 LR 3.
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It is known that also Takagi’s function T satisfies the system (3.7), cf. [10]. Hence, we have

the interesting connection

%Ra(x) . = 2T (z) (3.9)

which is proved in [16] by means of Schauder expansion of R,(z). According to Proposi-

tion 3.1 for the Takagi function T we find the representation

> k—2s
T(x) =Y dy o i (3.10)
k=1

with x from (1.3).

4 Partial derivatives of higher order

We investigate the derivatives of higher order with respect to a of de Rham’s function R,(x),

cf. [16]. The existence of

Oa™
follows from the fact that R, is holomorphic in a. From (1.1) we find for m > 2 by repeated

Dy (x,a) = R, () (4.1)

differentiation with respect to a the functional equations

Dy (%2,a) = mDy_i(z,a)+ aDy(z,a)
(z €10,1]) (4.2)
Dy, (2,a) = —mDy_1(z,a) + (1 —a)Dy,(z,a)

2
and by a result of Girgensohn [%] the functions D,,, are continuous with respect to .
Proposition 4.1 The function D,, (m € N) has the property
D,,(1 —m,a) = (=1)""'D,,(z,1 - a). (4.3)

For m > 2 it holds .
/ D, (z,a)dx = 0. (4.4)
0

Proof: The symmetry property (4.3) follows from R,(1 — z) =1 — Ry_4(x), cf. |2, Propo-
sition 2.3]. For m > 2 we get from (4.2)

1
D,, (g,a> + D,, <:v—2|— ,a) = Dy, (z,a).

From this equation we find by induction on n that

2" —1

Z D,, (m;u’a) = Dy, (z,a).
v=0

Dividing by 2" we obtain as n — oo equation (4.4). O
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In particular we use the derivatives at a = %, ie.

am
Tn(z) = 5 Ra(z) : (4.5)
da a=1/2
Thus Ty(x) = x and Ty(z) = 2T (z) where T is Takagi’s function. These functions were
investigated already in [!| where it was shown that for m > 1 they are continuous but

nowhere differentiable. In particular the extreme values of T, and T3 were studied.

Proposition 4.1 implies that for m > 1 the function 7,, has the symmetry property
T,,(1 —x) = (=1)™"'T,, () (4.6)
and according to (4.2) for m > 2 it satisfies the functional equations

T (%) = mTu_1(z) + 3T,(2)
(x €10,1]). (4.7)

T (xTH) = —mTy,_1(x)+ %Tm(x)

Hence, T,, is a so-called Knopp-function

To@) = 3 5-m(2'0)

with the generating function g,, given by g,(r) = mT,,_1(2x) for 0 < z < 1 as well as

2
gm(l — ) = —gm(z) and g, (1 + ) = gp(z) for z € R.

Proposition 4.2 For m > 1 the derivatives (4.5) of de Rham’s function R, satisfy the

functional relations
n—+x n “
T, ( > ) -7, @) +3 0T () (4.8)

pu=0

where { € N, n =0,1,...,2° =1, z € [0,1], To(x) = = and where a,, are the constants

m\ 9" sy ()
a, = at s\ — q)5\" A 4.9
o= () g (49)
Moreover, forn =0,1,...,2% it holds

n—1 m . .

n m! (SO (€= s()
T (ﬂ) ~ 2tm Z(_1> ( r )( m-—r ) (4.10)

7=0 r=0

Proof: By m differentiations of (1.5) with respect to a we find

n+z\ n " ’m omH (—s(n) s(n)
Dm< 5 ) =D, (?) +Z( )Du(x)aam_#a (1—a)

pu=0 H
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so that for @ = 3 it follows (4.8) with the constants (4.9). Next we want to determine ay.

For this reason we compute

m " /m s(n)(1 — a)*™=" (¢ — s(n))lat—s)—mtr
8aa_m<1 _ a)s(n)aﬁ—S(n) _ Z ( )(_1)7’ (n)!(1 ) (¢ (n))!

so that for a = % we obtain

() (L)

In view of Ty(1) = 1 and 7),(1) = 0 for u > 1 equation (4.8) with j instead of n yields

T, (j ; 1> =T, (%) + 2;’}1” z (—1)7"(3(:)) (EW;i(Z))

and equation (4.10) follows by summation. O

In particular for m = 1 we obtain
n nt 1 _
T (3) = 31~ 3 22 00)
in accordance with T (x) = 2T (z), cf. [10, formula (2.2)]. Equation (4.10) for n = 1 yields

1 m! [/
Tol =)= )
(ze) 75 ()

ie. Try(5=) =m!and Ty, (5,) =0 for £=0,...,m — 1.

5 Binomial sums of digital sums

Before we investigate the power sum (1.14) first we consider the binomial sum (1.13). By

Theorem 2.1 it holds
1 o™
By (N) = — ——N"G,(log, N)

ml 9gm (5.1)

g=1

where ¢ = q(a) = . In order to obtain an explicit expression for the formula (5.1) we use

1
(2.8). So for u < 0 we get

am (e am a u

5.2
T o (5:2)
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where a = a(q) = ﬁ. Since the function u +— a“R,(2*) for u < 0 is continuous and of
period 1 also the functions Fj(u) defined by
ak
Fi(u) = m—a"Ra.(2") (u<0) (5.3)
OqgF =1

are continuous and of period 1 so that they can be extended by Fj(u + 1) = Fj(u) for all

u € R. In particular, in view of a(1) = 1 and Ry )(z) = = we find

Fo(u) = a"Ra(2%)] =y = 1. (5.4)
In order to express Fj(u) for k> 1 we introduce polynomials
k' fu+k—1
P, 1 <l <k). .
=0 (MTEY) osesn (5.5)
Obviously, Py ¢(u) is a polynomial of degree k — ¢. In particular
Peo(w) = (=D u(u+1)--(u+k—1),  Puplu)=(-1)" (5.6)

It is easy to see that for 1 < /¢ < k we have
Pk+17g<u) = —Pk’g_l(u) — (U + k) + é Pk g( ) (57)

)

Proposition 5.1 For k > 1 the 1-periodic function Fy(u) has the representation
(
¢

) = (-t e i D ey A

Wrey  w<o 68

(=1

with the polynomials Py 4(u) from (5.5) and the partial derivatives Ty from (4.5).

Proof: At first we show by induction on k£ that for u < 0

0" : 9"
_@uRa(Qu) _ Z ij(u u+k+£ R, (2u>

oqgF Oat
This is valid for £ = 1, then by g—‘; = (1;;)2 = —a? we have for u <0
0 0 da
—a"R,(2%) = —a"R,(2"%)—
2" (2%) 5% Fa(2")5 .
= —uad""'R,(2%) — a“+2%Ra(2“).
If this is true for a fixed k then it follows in view of fjl—g = —a?
ak—l—l (9 8k
-~ uRa 2u — 2 7 uR
o1 (29 = ~a da (861 2 >>
k gl+1
_ Z(u +k+ K)ij(u) u+k+€+1 Zpkf u+k+€+2WRa(2u>
(=0
k+1 8@

— P, u-‘rk-‘rl-‘rf_Ra Uy
Z k-‘rl,Z(u)a aag ( )
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According to (5.3) we have to take ¢ = 1, i.e. a(1) = 3, and applying (4.5), Ryi/2(z) = = as

well as (5.6) it follows the assertion. O

Remark In particular, formula (5.8) for £ = 1 yields

U 1 u
Fi(u) = —5 " g2 11(2°) (u<0),
and it follows by (1.9) that
Fi(u) = F(u) (5.9)

in the formula of Trollope-Delange.
Now for k € Nand ¢ =0,..., k we introduce numbers ay, as follows:

arr = 1 for £>0

agp = 0 for k>1 : (5.10)

g1y = pe—1 — kag for E>1, 1 <0<k

The numbers can be represented in a modified Pascal triangle, cf. Figure 1.

1 E=0
0 1 k=
0 -1 1 k=2
0 2 -3 1 =
0 —6 11 —6 1 k=
0 24 —50 25 —10 1 k=5

Figure 1: The first numbers ay .

It is easy to show by induction that for £ > 1 we have:

k
ak,l = (—1)k_1(/{5 — 1)', ak7k_1 = — (2) (511)
and for k > 2
_ (k\3k—1
A k-2 = 3 1
Lemma 5.2 For integer k > 1 it holds
ak N k p
—N¢ = log, N 5.12
dg 1+ q) ;( 082 ) (5.12)

with the coefficients ay o from (5.10).
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Proof: From «(q) = log, (1 + ¢) and g—‘; = we get

1
(1+q) log2

(e}

dq I+gq
so that (5.12) is true for k = 1 since a;; = 1. Assume that (5.12) is valid for a fixed k& > 1

then in view of a; o = 0 we get

QN _Nalog2N

ak—l—l N k a1 kN k ;
—NY = ——— log, N) " agy — ——— log, N) ae
dgh+1 (14 q)k+1 ;( 2 N) (14 q)k+! ;( 2 V)
k+1
NOé
= — log, N)‘a
(] Z( &2 k+1,0
(1+ ) =
on account of (5.10) and agy1 1 = axr = 1. So (5.12) is proved by induction. O

Theorem 5.3 For the binary binomial sum (1.14) with integer m > 1 we have the exact

formula

1 1 [logs N —
B (V) = — < ) ZE logy N)*F}, ¢(log, N) (5.13)

where Fy, o(u) are continuous functions of period 1 which have the representations

5 e( )‘;”; Tkl () (5.14)

k=0

with ag e from (5.10) and Fy(u) from (5.3).

Proof: We apply (5.1) with the 1-periodic function G,(u). In order to express the term

am
— N©
5 VGl

g=1

as 1-periodic function we use (5.2) for u < 0. By Leibniz’s formula

8 au - m 8k aamik u u
pgr ) = Z(zc)@]v g )

Now, a(q) = logy(1 + ¢) yields «(1) = 1 and by Lemma 5.2 we get

N k
= ? Z(log2 N)Zak’g
£=0

with ay, from (5.10). Using (5.3) we obtain for u <0

8k
dg*

q=1

am
NOC u 2u
o a"Rq(2")
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Since the right-hand side is 1-periodic for all u € R, it follows by (5.2)

am
gV o] =3 () o ¥
qm (=0 k=¢
and by (5.1) we get
1 1 m m a
vB :%;;( ) = (logy N)* Fy_p(log, N).
=0 k=

Replacing k& by m — k it follows

1
ml

1 o '
NBm(N) = ;(logQ N)*E,, ,(log, N)

with the functions (5.14). In particular, Fj,.,(u) = “="Fy(u) = 5= since Fy(u) = 1, cf.

(5.4). This completes the proof. O

Remarks 1. In case m = 1 we have B;(N) = S(N), cf. (1.7). Formula (5.14) yields
Fio(u) = Fi(u) and (5.13) simplifies to the Trollope-Delange formula (1.8) with F'(u) =
Fi(u), cf. (5.9).

2. Note

Frm1(v) = m,m—1 Fo(u) + Mam—1,m-1 Fi(u)

where we have used (5.11), Fy(u) = 1 and (5.9). So (5.13) yields the asymptotic

formula

b= (8) (8 () ) oy
with L = log, V.

3. Further,

Qm,m— Qm—1,m— my\ Gm—2m—
Frm—a(u) = om 2 Folu )+m2m+12F1(U)+ (2)%5(“)

) () (D)

Thus (5.13) yields for m = 2 the precise formula

L= (5 L L onn) - B+

again with L = logy, N and Fi(u) = F(u), cf. (5.9). Compare with (5.15) for m = 2.
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6 Power sums of digital sums

In order to obtain formulas for the power sums (1.14) we need the Stirling numbers of second

kind s,, , defined by
m T
x 5 Smn (n) (6.1)

n=0
These numbers are nonnegative integers. In particular, s, ,,, = 1 for m > 0 and s,, = 0 for

m > 1. Now we prove the formula (1.16) of Coquet.

Theorem 6.1 For the power sum (1.14) it holds the formula of Coquet

_s( )= (10g2 )m+ZIOg2 G e(logy N) (6.2)
/=0

where G, ¢(u) are continuous, 1-peridic functions given by

G o1 :ﬂig zmj ( )“2"n’jfsm7an(u) (6.3)

k=0 n=(+k
with the coefficients from (5.10) and (6.1) and the functions Fi(u) from (5.3).

Proof: According to (6.1) we have

= Zm: Smnn! Bp (N
n=0

and by Theorem 5.3 we find with L = log, N

%Sm(]\f) — ZsmanLéFn,z(L)
= ZLzzsmn n,l (L)

/=0 n=>~{

= Z LG (L)
/=0

where in view of (5.14) with n instead of m

0= e 3 (1) e

k=0
which implies (6.3). In particular, we have
a 1
Gmm = = m, mF = o
) = s Fi) = o

which completes the proof. 0]
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Proposition 6.2 For a,, from (1.15) and 3,, the correspond liminf it holds

m(m — 1) m log 3
o R T C— . 6.4
“ 2m+1(log 2)m-1 fn = @ (2log 2)m-t ( log 4 (6.4)

For m > 1 it holds 0 < 3, < a,, and o, — 0 as m — o0.

Proof: First we compute «,,. For a,, from (1.15) we get by (6.2)

m—1
ayp = lim sup — (logy NGy, pu(logy N)
(log N o

1
= W max Gm,mfl (U) .

By (6.3) we get

Am—1,m—1 Am,m—1

Gmm-1(u) = 2m—’_13m,m,1F0(u) + Sm.mFo(u) +m

2
1 m 1 /m m
= - — F
2m—1 (2) 2m (2> + 2m—1 (U)
1 /m m
= — F
2m@)+%4(w

where we have used that sy,m-1 = (), Fo(u) = 1 and Fi(u) = F(u) in the formula of
Trollope-Delange, cf. (5.9). We know max F'(u) = 0 and min F'(u) = (log3/log4) — 1, cf.
e.g. [11]. Hence

Am—1,m—1
2m—1

SmmF1 ()

max G, m—1(u) = Qim <T§)

which yields the value for «,,, where «,,, — 0 as m — oco. For 3,, we get

1 :
ﬁm = W min Gme_l(U)
which yields
m m—1 log 3
g (2log2)m-1 ( 4 log4>

and (6.4). Obviously 3, < a,,. Now 3y > 0 and hence 3, > 0 for all m > 2. O
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