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L, - equivalence between two nonlinear impulse differ-
ential Equations with unbounded linear Parts and its
application for partial impulse differential equations

ABSTRACT. An L,-equivalence of two impulse differential equations with unbounded lin-
ear parts is proved by means of the Schauder-Tychonoft’s fixed point theorem. An example

of the theory of the partial impulse differential equations of parabolic type is given.
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1 Introduction

We study an equivalence in L, (1 < p < 00) of two ordinary impulse differential equations
with a possibly unbounded linear part. This means that to every bounded solution of the
first equation there corresponds a bounded solution of the second equation such that their
difference is in L, and vice versa. In Theorem 1 we prove the L,-equivalence making use
of the Schauder-Tychonoft’s fixed point principle. Further we give an example with an
important application in physics. We consider two partial impulse differential equations
with elliptic linear parts and reduce them to two ordinary impulse differential equations.
These equations satisfy the conditions of Theorem 1 and are therefore L,-equivalent. In this

case, we establish “L,-dependence” between the solutions of two partial equations.

2 Statement of the problem

Let X be a Banach space with norm ||.|| and identity I. By D(T) C X we will denote the
domain of the operator T': D(T') — X. We consider the following two impulse differential

equations
dui

dt

= Ai(t)u; + fi(t,w;) for t#t, (1)
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ui(t)) = QL (us(tn)) + Al (uit,)) for n=1,2,.., (2)
where A;(t) : D(A4;(t)) — X (t € Ry) and Q! : D(Q') — D(Ai(t,)) (i = 1,2) are linear
(possibly unbounded) operators. The sets D(A;(t)) and D(Q%) (1 =1,2; ¢ >0, n=1,2,...)
are dense in X. The functions fi(.,.) : Ry x X — X and Al : X — X(n = 1,2,...) are
continuous. The points of jump ¢, satisty the following conditions 0 =¢t, < t; < ... < t, <
ey lim ¢, = 00. Weset Qy =1, hi(u) =0 (i=1,2, u e X).

n—oo

Furthermore, we assume that all considered functions are left continuous.

Let U;(t,s) (1 = 1,2; 0 < s <t) be Cauchy operators of the linear ordinary equations

dus; o .
o= Aitui ((=1,2). (3)
It is easy to prove that the functions  w;(t) = Vi(t, s)&;
for & € D(A;(s)) (i =1,2) with
Vilt, s) = Ui(t, ta) QuUi(tn, ta1)@p 1 Qi Ui(th, ) (4)

(0 < s <ty <t, <t) satisfy the linear impulse Cauchy problems
dUZ‘

= A;(t)u; for t#t, (5)
ui(th) = Q' (ui(t,)) for n=1,2, ... (6)
ui(s) =& (i=1,2). (7)

Let us note that the operators V;(t, s) (i = 1,2) are bounded if one of the following conditions
holds

1. Q' U;(tn,t,_1) are bounded operators (1 = 1,2; n=1,2,...).

2. Ui(tps1,t,)Q" are bounded operators (i = 1,2; n=1,2,...).

Definition 1 The solutions of integral equations

t

ui(t) = Vi(t, 5)& +/V(t 7) filT, wi(T))dT + Z Vi(t, t)Re (ui(t,)) (8)

s s<tn<t

for 0 < s <t & € D(Ai(s)), ui(s) =& are called solutions of the impulse equations (1),

(2) (i=1,2).

By L,(X), 1 < p < oo we denote the space of all functions

: R, — X for which f||u )|[Pdt < oo, with the norm |lu]|, f||u |pdt . Set
B, ={ue X: |ul| < 7‘}.
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Definition 2 The equation (1), (2) for i = 2 is called L,-equivalent to the equation (1),
(2) for i =1 in the ball B,, if there exists p > 0 such that for any solution ui(t) of (1),
(2) (i = 1) lying in the ball B, there exists a solution us(t) of (1), (2) (i = 2) lying in the
ball By, and satisfying the relation us(t) — ui(t) € Ly(X). If equation (1), (2) (¢ = 2) is
L,-equivalent to equation (1), (2) (i = 1) in the ball B, and vice versa, we shall say that
equations (1), (2) (i =1) and (1), (2) (i = 2) are Ly-equivalent in the ball B, .

The paper aims at finding sufficiently conditions for the existence of L,-equivalence between
the impulse equations (1), (2) (1 = 1,2).

3 Main results
3.1 Ljy-equivalent impulse equations

Let us set
v(t) = ua(t) — wa(t),
where u;(t) (i = 1,2) being defined by (8).

Then the function v(t) is a solution of the integral equation
v(t) =T (u1,0)(1),

where

T(uy,v)(t) = Va(t,0)(u1(0) + v(0)) — Vi(t, 0)us (0)+

+ bf{Vz(ta 7) fo(T,ua (1) + 0(7)) — Vi(t, 7) fo(7, ua (7)) Ydr+ (9)
+ 0<;<t{Vz(t, )i (un () +v(tn)) — Vit 6 by (ua (tn) }

We shall prove that for each solution u,(t) of equation (1), (2) (i = 1) lying in the ball B,
the operator T'(uy,v) has a fixed point v(t) such that u,(t) +v(t) € B,4, for some p > 0 and
which is in L,(X).

Let S(Ry, X)) be linear set of all functions which are continuous for ¢ # ¢, (n = 1,2,...),
have in a both left and right limits at points ¢, and are left continuous. The set S(R,, X)

is a locally convex space w.r.t. the metric

max [u(t) —v(t)]|

~1 0<t<T
p(u,v) = sup (1+7) :
0<T<o0 L+ max flu(t) —v(t)]

The convergence w.r.t this metric coincides with the uniform convergence on each bounded

interval. For this space an analog of Arzella-Ascoli’s theorem is valid.



48 A. Georgieva, S. Kostadinov

Lemma 1 [1] The set M C S(R,, X)is relatively compact if and only if the intersections
M(t) = {m(t) : m € M} are relatively compact for t € R, and M is equicontinuous on
each interval (t,,t,+1] (n =0,1,2,...).

Proof: We apply Arzella-Ascoli theorem to each interval (¢,,t,.1](n = 0,1,2,...) and con-

stitute a diagonal line sequence, which is converging on each of them. O
Lemma 2 [1] Let the continuous compact operator T  transform the set
Clp) ={ve SRy, X): v(t) € By, t € Ry}

onto itself. Then T has a fixed point in C(p).

3.2 Conditions for L,-equivalence

Theorem 1 Let the following conditions be fulfilled.

1. There exist positive functions K;(t,s) (i = 1,2) such that
IVi(t, s)Ell < Ki(t, s)[[€l] (0 < s <t, & € D(Ai(s))),
where the functions K;(t,0) (i = 1,2) satisfy the following condition:
There exist constants r,p > 0 such that
K (8, 0)[|€]] + Ka(t, 0)lInll < xrp(t) (£ € Ry, n € Bryy, € € By),
where x.,(t) € Ly(Ry).

2. The functions f;(t,u) and K;(t,s) (i = 1,2) satisfy the conditions:

2.1 sup [Ki(t,7)|fi(r,w)|ldr+ sup [ Ko(t, )| fo(7, w)||dT < 4y ,(t), where i, ,(t)

Jull<r ol <r+p 0
is continuous and P, ,(t) € L,(Ry).

t
2.2 [Va(t,7) fo(T,us(7) + v(7))dT € K (1)
0
(v € B,, ui € B, wy — fized), where for any fized t € Ry K(t) is a compact
subset of X.
3. The functions hi (u) and K;(t,s) (i = 1,2) satisfy the conditions

31 swp X Kt + s Y Kot R2 W) < gnplt), where

Jul|<r 0<t, <t Jw]|<r4+p 0<t, <t

Prp(t) € Lp(Ry).
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3.2 > Vu(t, tN)R2 (uy(t,) +v(t,)) € K,
0<tn<t
(v € B,, u1 € By, uy — fized), where for any fired n = 1,2,..., K, is a compact

subset of X.
4. The function f(t,w) satisfies the condition

sup (L, 7) [ fo(T, )| < @r (2, 7),

lwl|<r+p
¢
where [ @, ,(t,7)dT < oo for any fized t € R;.
0
5. The inequality
Xrp(t) + Ui p(t) + () < p

holds for each t € R.

Then the equation (1), (2) fori =2 is L,-equivalent to the equation (1), (2) fori=1
in the ball B,.

Proof: We shall show that for any function w;(t) € B, (t € Ry) the operator T'(uq,v)
defined by equality (9) maps the set

Clp) ={ve SR, X): v(t)e B,, te Ry}

into itself.

Let uy(t) € B, (t € Ry) and let v € C(p). Then, making use of (9), we obtain the estimate
1T (g, ) (B[] < [[Va(#, 0)(u1(0) + v(0)[] + [[Va(£, 0)ua (0) ]|+

+0f IVa(t,7) folrun(7) + o(r)) dr + f IVa(t7) s () -t
b5 VAR nta) o) 5 Vi 828 1)

< Ks(t,0)[Jui (0) + v(0)|| + K1 (t,0)]|ui (0)]|+

+ sup [ Ko(t,7)|lfo(r, w)lldr + sup [ Ki(t,7)[Lfi (7, w)l|dr+

lwl|<r+p 0 lull<r o
+ sup 30 Kot )k (w)l + sup 3T Ki(t 60| (u)]
l|w||<r+p 0<tn<t [|ul| <r 0<tn<t

< Xrp(t) + Urp(t) + @rp(t) < p
for each t € R,..

Let M = {m(t) = T'(u1,v)(t) : ||v]| < p, t € R, }.
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We shall show the equicontinuity of the functions of the set M. Let ¢ > t” and ¢',t" €

(tn,tns1]. Tt is easily seen that

[m(t) —m(t")|| <
< |[Va(#,0)ug(0) — Va(t”, 0)uz(0)|| + ||Vi(t, 0)us (0) — Vi(t”,0)us (0)||+

t”

+ sup f"‘/?(t/77—)f2<7_7w) _‘/Q(t”>7_)f2(7_7 w)”d7—+
||w||§r+/70
t

+”81|J|1p JIVA(t, ) fi(r,w) = VA", 7) o7, w) |dr+
ul|<r 0
4 t/
+ sup [ Ky(t',7)|| a7, w)|dr + sup [ Ky (t, 7)|| fo(7, w)lldT+

wll<r+pe l[ul|<rr

+ sup 30 (IVa(t £) by (w) = Va(t, )by (w) ||+

lwl|<r+p 0<t,, <t

+sup 30 (VA £y (w) = VA(E, £ by, ()]

lull<r o<t, <t

The continuity of functions V(¢,7) (i = 1,2) on (t,,t,+1] and condition 2.1 of Theorem 1
imply the equicontinuity of the set M.

It follows from conditions 2.2, 3.2 and (9) that the sections M (t) = {m(t) : m € M} are
compact for any t € R,. Consequently, Lemma 1 implies the compactness of the set M.

Now, we shall show that the operator T'(uy,v) is continuous in S(R,, X).

Let the sequence {vx(t)} C C(p) be convergent in the metric of the space S(R,,X) to
the function v(t) € C(p). Then, for ¢ € R, the sequence fo(t,ui(t) + vi(t)) converges
to fa(t,ui(t) + v(t)). Utilizing condition 4 of Theorem 1, we obtain that the convergent
sequence of functions Vi(t,T)fa(T, ui(7) + ve(7)) is majorized by the integrable function

®, ,(t, 7). Therefore, we may pass to the limit in the formula.

T (uy, vg)(t) = Va(t, 0)(ur(0) + vk(0)) — Va(#, 0)us (0)+

T Of{%(t, ) ol un () + () — Va(t, 1) fu(r (7)) Y+
Y VAt R (1) + oeta)) — Vi (1R (s (1))}

0<tn<t

Hence, T'(uy, vg)(t) tends to T'(uq,v)(t) for t € R,.

From Lemma 2 it follows that for any u; € B, the operator T'(u;,v) has a fixed point v in
C(p) i.e., v ="T(uy,v).
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We shall show that this fixed point v(t) lies in L,(X).
lo()]] < Ka(t, 0)[[ur(0) + v (0)] + Ki(#, 0)[[ua (0) ][+

+ sup [ Ko(t,7)|lfao(r, w)lldr + sup [ Ki(E,7)[Lfi(7,w)l|dr+

[w][<r+p 0 ull<r 0
+ osup 30 Ko(t )| hn(w)l + sup >0 Kyt 60) |y (u)|
|w]| <r4p 0<t, <t [Jul|<r 0<t, <t

< Xr,p(t) + ¢T7p(t) + @T,P(t)

-

P

[vll, < (1o (®) + P (8) + rp(1) )
0
< Axrpll, + 1ol + ller,ll,

Hence, this fixed point belongs to the space S(R., X) i.e., equation (1), (2) for i = 2 is
L,-equivalent to the equation (1), (2) for i =1 in the ball B,.

Theorem 1 is proved. O

We shall illustrate Theorem 1 by an example of the qualitative theory of the nonlinear partial

impulse differential equations.

Example In the example we consider two partial impulse differential equations and reduce
them to two ordinary impulse differential equations. For these ordinary impulse differential
equations, the conditions of Theorem 1 are fulfilled. Many notations and results for ordinary
differential equations are taken from capite 5—7 of [4]. The short introduction in the general

theory of nonlinear partial impulse differential equations follows [2].
Let ©2 be a bounded domain with smooth boundary 92 in R", @ = (0,00) x Q and T" =
(0,00) x ON.
We denote .
Py ={(tn,z): z€Q}, P=JP,

n=1

Ap=A{(tn,x): 2 €00}, A=A

n=1

Consider the impulse nonlinear parabolic initial value problems

65? = A;(t,z, D)u; + fi(t,x,u), (t,z) e Q\ P (10)
D%u;(t,z) =0, |af <m, (t,z) e\ A (11)
ui(0,2) = vi(x), € (12)
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where

Ai(t,z, D)= Y al(t,x)D",

la|<2m

Q! : D(Q') — D(A;(ty,z,D)) (n =1,2,...;i = 1,2) are linear operators, f;(.,.,.) : Ry x
R" x R — R and iL}l : R — R are continuous functions.

Let X = L,(,R) (1 < p < 00), where

L,(Q,R)={v:Q—R; /|v(m)|pdx < oo}

with norm [v], f lv(z)[Pdx) %

With the family Ai(t, x,D), t € Ry, (i =1,2) of strongly elliptic operators we associate a
family of linear operators A;(t), t € Ry, (n =1,2) acting in X by

Az(t)ul = /L(t, x, D)U“ for U; € D.

This is done as follows D = D(A;(t)) = W?™P(Q)Wy"' (), (i=1,2; teR,).
Let v; € X. We set
filt,u)(x) = filt, 2, us(t,x), v € X, t€R, 2€Q(i=1,2),
Qi (wi(tn))(2) = Qi (wiltn, ), 1, (ui(tn))(x) = B (ui(tn, 7)),
where Q) : D(Q!) — D (D(Q!) C X lie dense in X (i = 1,2)) are linear operators,
fr Ry x X — X and hj, : X — X are continuous functions.
We shall prove the L,-equivalence between the equations (1), (2) (i = 1,2).
Let U;(t, s) (i = 1,2) are the Cauchy operators of the equations

dUi
dt

Sufficient conditions for the validity of the estimates

\Ui(t,s)|, . < Cie kill=9) (0 < s <t; C;, k; > 0 constants, i = 1,2)

p—p —
are given in [1].
We shall consider the concrete case when ¢, =n (n =1,2,...),
filt,z,uy) = 67”%, falt, 2, up) = € sinuy(t, @),
Qrér = Wfla Q26 = %&7

AL (u(ty, ) = e 27w ln®) B2 (yy(t, 1)) = 6“2”—1+u§<tn,x>
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where —1 < 7; + k; < 0 and ai+ki<ln% (1=1,2).

Then
filt,ug) = e'“t% fa(t,ug) = €7t sinuy(t),
Q & = W&» Q §o = Wf%
(un(t)) = €270 B () = 2" h s

Let Vi(t,s) (1 =1,2; 0 < s <t) are the Cauchy operators of the linear impulse equations

dui
dt

ui(t)) = Qi (ui(ty)) forn =1,2, ...
Then for 0 < s <k <n <t, £ € D the following estimates are valid
Vi(t, $)l, = [UL(t, 1) @y, QiUn (t, 5)E],,

1(t—n) kin kik —k1(k—s)
< Cle C1(1+n2)ecl+k1 Cl( k‘ ) Cl+k1 016 |€|p

ek (s s
=~ ecl(ncilk—&—l) ekl(;_k_i_l) klne kit )‘€|p S kflte ki(t )‘€|p

Similarly

Va(t, s)€|, < kate *2t=2)j¢| .
We set

k’z(t, S) = kite_ki(t_s) (2 = ]., 2)
Let » > 0 and 5
1
P> ——(r+2(u(2))?) (14)

We shall show that the conditions of Theorem 1 are fulfilled. For any £ € B,, n € B,,,,
t € R, we obtain

K1 (t,0)[€], + Ka(t, 0)[n], = kite ™ ¢] 4 kate 2|, <
< kyte Rty 4 kote 2t (r + p).

Let us set
Xrp(t) = krte ™t 4 kyte™! (r 4 p).

We shall show that condition 2.1 of Theorem 1 is fulfilled.

sup le (t, ) fi(T, u)],dr + sup fK2 (t, T)| fo(7,w) | dr

ul,,<r 0 lw|,<r+p 0

= sup fk teFt=m)emr| L

lul,<r 0

1—0—u2 | dT+

+  sup fk te=R=TerT | sinw(7)| dr <
|w|,<r+p 0
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t
< kyte Mt (u(Q))p [ e®mrdry

—(k14+71) ka+72)
Let us set ) )
_ Q))r ot ((S)7
v o(t) = kyte *1t (pu( + kote k2t
Yralt) (ki +m) — (k2 +72)

We shall prove condition 3.1 of Theorem 1.

sup > Ka(t )| (u(tn))l, + sup 35 Ka(t, )by (w(tn))], =

ul,,<r 0<n<t |wl,<r+p 0<n<t

= sup », klte—kn(t—n)eozmp—u(tn)‘p_i_

u],,<r 0<n<t

+ sup ). kzte‘k2(t_")ea2”|—leQ(tn)\ <

|wl|,<r+p0<n<t p

< Jte Mt (p(Q))r 3 elhrenng

0<n<t
Fhate 2 (u(Q))r 3 elhroan <
o<n<t
l (e l o
< ate ™ (u(S)) 7 TEE e Rate R (u(Q))r 122 A

Set et ) 6a1+k1 e ) €a2+k2
Prplt) = kate™™ (u(Q))? T+ Rate ™ ()P
It is not hard to check if the functions x,,(¢), ¥.,(t) and ¢, ,(t) lie in the space L,(R,).

Condition 4 of Theorem 1 is fulfilled with
By (1, 7) = hgte ™™ (u(Q)) e @27 € Ly(R)
for any fixed t € R.
We shall show that condition 5 of Theorem 1 holds
Xrp(t) + rp(t) + orp(t) =

= ke Mt (r — (u(Q)? = + ()7 15k )+

— 1 1 ec2tk
Fhate 2 (r + p = (1(Q)? i + ()7 15575
From condition (14) we obtain
Xrp(t) + U p(t) + @rp(t) < p for each t € Ry

By means of a compactness criterion from [3] we shall prove condition 2.2.
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The set .

M(©) = (m(t) = [ Valt. Do)+ olr))dr s Jol, < )
0
is a compact subset of X for any fixed t.

Indeed,
t
Im(t)(z)| < kote k2t [ e®272)7| sin(v(7)(2) + wi (7)())|dT
0
j‘ (k2472) Tdr = m(e(kfr’yz)t . 1)’ ie
0 . 1
x)|Pdr)?r < L (elk2t12)t _ 1)(u(Q))>
Q ka+y2
and hence |m(t)(z)|, < N (N-constant).

We show that
im(t)(x + h) —m(t)(z)], = 0 (h—0).

This follows from the relations below

Im(t)(z + h) —m(t)(z)| <
< et sin(o(r)(o + 1)+ () -+ 1) = sno(r) o) + (7o)
< je(“ﬂ?)ﬂv(ﬂ(a} +h) —o(7)(z)|dr + je(k2+72)7|u(7)(x + h) —u(r)(x)|dr

In a similar way, we show the validity of condition 3.2. The conditions of Theorem 1 are
fulfilled and hence the ordinary equations (1), (2) (i = 1,2) are in B, L,-equivalent. Hence,
every solution u;(t,z) of (10)-(13) (¢ = 1) induces a solution uy(t,z) of (10)-(13) (i = 2)
such that the function oy (t) = |ui(t, z) — ua(t, x)| lies in L,(R;) for any =z € Q.
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