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Weak and strong convergence of a scheme with errors
for three nonexpansive mappings

ABSTRACT. We establish weak and strong convergence theorems of modified Ishikawa
iteration with errors with respect to three nonexpansive mappings. We improve and extend
many results due to Khan and Fukhar-ud-din, Tamura and Takahashi and many authors.

We also point out that an additional condition imposed in Rafiq’s paper does not make sense.
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1 Introduction

Nonexpansive mappings have been widely and extensively studied by many authors in many
aspects. One is to approximate a common fixed point of nonexpansive mappings by means

of an iteratively constructed sequence.

Let C' be a nonempty convex subset of a normed space £ and R, S, T : C' — C' be three

mappings. Xu [13] introduced the following iterative scheme,

(a) The sequence {x,} defined by

X1 € C, (1>

Tpi1 = pxy + 0, T2, + cru,, n > 1,

where {a,},{bn}, {cn} are sequences in |0,1] such that a,,+0b,+c, = 1 and {u,} is a bounded
sequence in C', is known as Mann iterative scheme with errors. This scheme reduces to Mann

iterative scheme if ¢, =0, i.e.,

T C
- 2)

Tps1 = Ty + (1 —ap)Tz,, n>1,

where {a,} is a sequence in [0,1].
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(b) The sequence {x,} defined by
r€C

Yp = ahx, + b, Tx, + v, (3)

Tl = ApTy + bnTxn + Cplip, n > 17

where {a,},{b.},{cn},{a},{b.},{c.} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =
a, + b, + ¢, and {u,},{v,} are bounded sequences in C, is called the Ishikawa iterative

scheme with errors. This scheme becomes Ishikawa iterative scheme if ¢, =0 = ¢, i.e.,

T € C
Yn = a,xn + (1 —a,)Tx, (4)

Tpr1 = apnTp + (1 —ap)Tx,, n>1,

where {a,},{al,} are sequences in [0,1].

A generalization of Mann and Ishikawa iterative schemes was given by Das and Debata

[3] and Takahashi and Tamura |1 1]. This scheme dealt with two mappings:
xr1 € C
Yn = ahx, + (1 —al)Tx, (5)

Tpt+1 = ATy + (1 - an)Synu n =1,
(¢) The sequence {x,}, defined by

x| € C
Yn = ahxy, + 0, Tz, + v, (6)
Tpi1l = Xy + 0, SYn + cptt,, n>1,

where {a,},{b.},{cn},{a.},{V.},{c,} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =

al + b, + ¢, and {u,},{v,} are bounded sequences in C| is studied by S.H. Khan and
H. Fukhar-ud-din [4].

Inspired by [1] and [5], we generalize the scheme (6) to three nonexpansive mappings with

errors as follows:

(d) The sequence {x,}, defined by

xg € C
Yn = a, Rx, + U, Tx, + v, (7)

Tpt+1 = anRxn + bnsyn + crun, n > 17
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where {a, },{b,},{c.},{al},{b.},{c,} are sequences in |0,1], a,, + b, +¢c, =1 =al, + b+,
and {u,}, {v,} are bounded sequences in C.

2 Preliminaries

Let E be a Banach space and let C' be a nonempty closed convex subset of E. When {z,}
is a sequence in E, we denote strong convergence of {x,} to z € E by =, — x and weak

convergence by x,, — .

A Banach space F is said to be satisfy Opial’s condition [7] if for any sequence {z,} in E,
x, — x it follows that limsup,, ., ||z, — z|| < limsup,,_, . ||z, —y|| for all y € E with y # x.

For every € with 0 < ¢ < 2, we define the modulus dg(g) of convexity of E by

[z +yll
2

op(e) = inf {1 - Al < 1yl <1, e =yl > e}

A Banach space F is said to be uniformly convex if dg(¢) > 0 for every € > 0.

A mapping T : C' — C is said to be nonexpansive if |7z — Ty|| < |z — y|| for all z,y € C.
A mapping T : C — FE is said to be demiclosed with respect to y € FE if for each sequence
{z,} in C and each z € F, x,, — = and Tz, — y it follows that z € C' and Tx = y.

Next we state the following useful lemmas.

Lemma 1 ([ ]) Suppose that E is a uniformly convex Banach space and 0 < p <t, <
q < 1 for all positive integers n. Also suppose that {z,} and {y,} are two sequences of E
such that limsup,, . ||z,]| < 7, imsup,_. [|y.|| < 7 and lim, o ||tpz, + (1 — t)yn|| = 7

hold for some r > 0. Then lim, o ||z, — yn|| = 0.

Lemma 2 ([12], Lemma 1) Let {s,},{t.} be two nonnegative real sequences satis-
fying
Sni1 < Sp+t, forall n>1.

If S0t < 00, then lim,_. s, exists.

Lemma 3 ([ ]) Let E be a uniformly convex Banach space satisfying Opial’s condition
and let C' be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C

into itself. Then I — T is demiclosed with respect to zero.

3 Main results

In this section, we shall prove the weak and strong convergence theorems of the iteration
scheme to a common fixed point of the nonexpansive mappings R, S and T'. Let F'(T') denote
the set of all fixed points of T'.
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Lemma 4 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset. Let R, S, T : C'— C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y7 ¢, <00, Yy " ¢, <oo. If F(R)YNF(S)NF(T) # 0, then lim,_.« ||z, — |
exists for allp € F(R)NF(S)NF(T).

Proof: Assume that F(R)NF(S)NF(T) #0. Let p € F(R)YNF(S)NF(T). Since S, T, R

are nonexpansive mappings, we have

1yn — pll = |lay, Ry + b, Tx, + con — p|
< ay||Rzy — pl| + 0| Tz — pl + ¢, [l — pll
< apllzn — pll + 1z — pll + ¢ llon — pl|
= (ay, + b)) [|zn — pl| + cllvn — pll
= (1= &)lzn = pll + &, llvn = pll
<z = pll + i llvn — pll (8)

|Tns1 — pl| = lan Ry + b0 Syn + cruy, — p|
< an|| Ry — pl| + 0nl[Syn — pll + callun — pll
< anlyn — pll + ballzn — Pl + cnllun — pll
< ap([lzn = pll + cpllvn = pl) + bullwn — pll + enllun — pl]
= apl|zn — Il + ancy[vn — pll + bullzn — pll + callun — pl]
= (an + o) |20 — pll + ancyllvn — pll + callun — pl|
< lzn = pll + ey llve = pll + callun — p| (9)

By Lemma 2, lim,,_,« ||z, — p|| exists. O

Lemma 5 Let E be a uniformly convexr Banach space and C' its nonempty closed convex
subset. Let S,T,R: C — C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y7 cp <00, Y00 ¢y <ooand 0 < <b,b, <1-06<1. IfF(R)NF(S)N
F(T)# 0 and

e — Syl < IRz — Syl| for allz,y € C, (10)
then
lim ||Sz, — z,| = lim ||Tz, — z,| = lim ||Rz, —x,|| =0

forallp € F(R)NF(S)NF(T).
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Proof: From Lemma 4, we get lim,, . ||z, — p|| exists. Let lim, o, ||z, — p|| = ¢. Then if
¢ = 0, we are done. Assume that ¢ > 0. Next, we want to show that lim,,_, [|Sy,—Rz,|| = 0.

We note that {u, — Rx,—p} is a bounded sequence, so lim,, ., ¢, ||u,— Rz, —p|| = 0. Consider
e= i lene ]
= 7lh_}nolo (1 = b,) Rz + by Syn + cruy, — cnRx, — pl|
= tim [[(1 - b)(Br, — p) + bu(Sw — p) + e, — Ry — )]
= lim |[(1 = by) (R — p) + ba(Sya — D) (11)
and from (8) we have

limsup || Sy, — pl| < limsup ||y, — pl| < lmsup ||z, — pl| + & llon —pll =c  (12)

n—00 n—00 n—oo
also,
limsup || Rz, — p|| < limsup ||z, — p|| = c.
n—oo n—oo

Using Lemma 1 and (11), we have
lim ||Sy, — Rx,| = 0. (13)
It follows then that

HRxn - xn” < HRmn - SynH + HSyn - xn”

< 2||Rzy, — Syn|| — 0, (14)

and hence
15yn = 2nll < [[Syn — Ran|| + | Rz — 20| — 0. (15)
We are going to apply Lemma 1 again. To show that lim,, ., ||y, — p|| = ¢, we observe that

[2n = pll < [lwn — Synll + [1Syn — I < |20 — Syull + [[yn — pl| which implies that
¢ < liminf ||y, — p||.
This together with (12) gives
Timlyn — pl| = c. (16)
Finally, from (16) and the boundedness of the sequence {v,, — Rz,, — p}, we have
¢ = lim [jy, —p||
= lim ||(1 —¥),)Rx, + b, Tx, + c,v, — ¢, Rz, — p|
= lim [|(1 = b),)(R2, —p) + b, (Tzn — p) + &, (vn — Ray — p)||
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Moreover,

limsup || Tz, — p|| < limsup ||z, — p|| = ¢,

n—oo n—oo
and

limsup || Rz,, — p|| < limsup ||z, — p|| = ¢

n—oo n—oo

Applying Lemma 1, we get

lim |Rz,, — Tx,| = 0. (17)
Using (14) and (17), we get that
lim ||Tz, — x,| = 0. (18)

Consequently, using (13), (14), (18) and

|20 — Szall < 2w — Syall + [[SYn — Sy
< len = Synll + [lyn — 24l
< e = Synll + an | R — wnl| + 0, [ Ton — 2| + & llon — @a|
< an = Syall + apll Bon — | + 01T 20 — 2ol + ¢ [lon — pll,
we have
lim ||z, — Sz,|| = 0. (19)
This completes the proof. O

We first establish the weak convergence theorem of our iteration.

Theorem 6 Let E be a uniformly convexr Banach space satisfies the Opial’s condition
and C, S, T, R and {x,} be taken as in Lemma 5. If F(R)N F(S)NF(T) # 0, then {x,}

converges weakly to a common fized point of S, T and R.

Proof: Let p € F(R)N F(S)N F(T), then as proved in Lemma 4, we get lim,, o ||z, — p||
exists. Now we prove that {z,} has a unique weak subsequential limit in F(R)NF(S)NF(T).
To prove this, let z; and 2z, be weak limits of the subsequences {z,,} and {w,,;} of {z,},
respectively. By Lemma 11, lim,, . ||z, — Sz,| = 0 and I — S is demiclosed with respect to
zero by Lemma 3, therefore we obtain Sz; = z;. Similarly, Tz; = z; and Rz; = z;. Again in

the same way, we can prove that zo € F(R)N F(S)N F(T). Next, we prove the uniqueness.
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For this we suppose that z; # 29, then by the Opial’s condition

lim |z, — 21| = lim [J2,, — 2|
— 00 11— 00
< lim ||z, — 29|
11—
= lim ||z, — 2|
n—oo
= i [}, — 2]
Jj—00
< tim [, — 2
j—00

= lim ||z, — 2|

n—oo

This is contradiction. Hence {z,} converges weakly to a point in F'(R)N F(S)NF(T). O

Our next goal is to prove a strong convergence theorem. Recall that a mapping T': C' — C
where C'is a subset of E, is said to satisfy condition (A) ([10]) if there exists a nondecreasing
function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all € (0, 00) such that ||z —Tz| >
f(d(z, F(T))) for all z € C where d(z, F(T)) = inf{||lx — z*|| : 2* € F(T)}.

Senter and Dotson [10] approximated fixed points of nonexpansive mapping 7" by Mann
iterates. Later on, Maiti and Ghosh [0] and Tan and Xu [12]| studied the approximation of
fixed points of a nonexpansive mapping 7" by Ishikawa iterates under the same condition (A)

which is weaker than the requirement that d is demicompact.

Three mappings R, S,T : C — C where C'is a subset of E, are said to satisfy condition (A”)
if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all
r € (0,00) such that

1
3z = Re|| + llo = Tz + [lz — Szl) = f(d(z, F))

for all € C where d(z, F) = inf{||z —2*|| : 2 € F=F(R)NF(S)NF(T)}.

Note that condition (A”) reduces to condition (A) when R =S = T. We shall use condition
(A”) instead of the compactness of C' to study the strong convergence of {z,} defined in

(7). It is noted that if R = I, then condition (A”) reduces to condition (A’) of Khan and
Fukhar-ud-din [4].

Theorem 7 Let E be a uniformly convex Banach space and C, {x,} be taken as in
Lemma 5. Let R, S, T : C — C be three mappings satisfying condition (A”). If F(R) N
F(S)NF(T) #0, then {x,} converges strongly to a common fized point of R, S and T.

Proof: By Lemma 4, lim, . ||z, — p|| exists for all p € F(R) N F(S) N F(T). Let

lim, o ||z, — p|| = ¢ for some ¢ > 0. If ¢ = 0, we are done. Suppose that ¢ > 0. By
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Lemma 5, lim, . ||[Sz, — @l = limyoo ||T2, — x| = lim,oo ||Rzn — || = 0. Let
M = sup{||vn, — zu||, [|un — zu|| : n € N}. Moreover, by (9),

T — 2|

< llzn = pll + cpllva — pll + callun — p

<@ = pll + & llvn — zall + G llzn — Pl + cnllun — 2]l + callzn — pl]

< (I+c, +ca)llzn —pll + llve — all + callun — 2n

< (14, +cn)llzn —pll + (¢ + cu) M. (20)

This implies that d(x, 11, F) < (14, +c¢n)d(xy,, F)+ (¢}, + ¢,) M and hence lim,, .. d(z,, F)

exists by virtue of Lemma 2. By condition (A”),

lim f(d(z,,F)) =0.

n—oo

Since f is a nondecreasing function and f(0) = 0, therefore lim,, ., d(x,, F') = 0. Next, we

show that {z,} is a Cauchy sequence in E.

Let € > 0. We choose a positive integer /Ny such that

d(zy,, F) < Z. (21)
We next choose ¢ € F' such that
€
lzn =gl < - (22)

By lim,, o ||2, — ¢|| exists, the sequence {||z,, — p||} is bounded. Let K = sup,n{|lzn —
q|l, M}. Then from (20), we have

[znsr = gqll < llzn — gll + (6, + cn) K. (23)

Since > 7 ¢, < oo and Y 7, ¢, < 0o, there exists Ny such that

n=1""n
o €
Z Qi < T (24)
i=No

where @Q; = (¢; + ¢;) K. We take N = max{Ny, No}. Let n > N and m > 1. It follows from
(22), (23) and (24) that
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H$n+m - xn” < Hanrm _pH + Hp - an

n+m—1
<o —pll +llp—zal + D @
n+m—1 -
:2||xn_p||+ Z Qi
;—l n+m—1
<2y —pll +2D Qi+ Y. Qi
i=N i=n
n+m—1
<2fey —pll+2 Y @
i=N

<2llzy —pll +2) Qi
i=N

€ €
< 2(1) + 2(1) =e.

Hence {z,} is a Cauchy sequence in E. Since C is closed, z,, — = € C'. By the continuities
of S, R, T and (14), (18), (19), we get So = Rx =Tz =z. Sox € F(R)N F(S)NF(T).
This completes the proof. n

If R is the identity mapping, then (10) is automatically satisfied and we have the following.

Corollary 8 ([4],Theorem 1, Theorem 2) Let E be a uniformly convex Banach
space and C, S, T and {x,} be taken as in Theorem 7. Suppose that F(S)NF(T) # 0. Then

1. If E has the Opial’s condition, then {x,} converges weakly to a common fized point of
S and T,

2. If the mappings S and T satisfy condition (A’), then {x,} converges strongly to a
common fized point of S and T.

Remark 1 Theorem 6 and Theorem 7 extend and improve Theorem 1 and Theorem 2 of

[1] in the following ways:

1. the iteration methods in [1] are included as a special case of ours. Indeed, the identity

mapping is replaced by the more general nonexpansive mapping,
2. the boundedness of C' is not assumed as was the case in [1].

Remark 2 The following example |5, see Example 3.1] shows that our results extend sub-

stantially results in [4].
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Example 9 Let E be the real line with the usual norm and let C' = [—1,1]. Define
R, S, T:C — C by

z, x€]0,1]

—z, x€[-1,0)

Rx =

—sinz, z€][0,1]
Sx = and Tx =

sinx, x € [—1,0) —sx, x€[-1,0).

Obviously, F(R) N F(S) N F(T) = {0}. Moreover, it is not hard to see that nonexpansive
mappings R, S and T satisfy condition (A”).

z, x€l0,1]

D=

Remark 3 Recently, Rafiq [3| introduced the following condition: two mappings S, T :
C' — C are said to satisfy (AU-N) if

Sz —Tyl| <|lz —yl| forallz,yeC.

It the clear that if S = T, then (AU-N) is the definition of nonexpansive mappings. Unfor-
tunately, if S and T satisfy (AU-N), then

|ISe = Tz|| < |lz —z|| =0 forall zeC,

from which S = T. This means (AU-N) is meaningless. Consequently, all results in [3]| are

just dealing with only one mapping.
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