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Strong convergence by new hybrid methods of
modified Ishikawa iterations for two asymptotically
nonexpansive mappings and semigroups

ABSTRACT. In this paper, we introduce the iterative sequence for two asymptotically
nonexpansive mappings and two asymptotically nonexpansive semigroups. Then we prove
strong convergence theorems for a common fixed point of two asymptotically nonexpansive
mappings and for a common fixed point of two asymptotically nonexpansive semigroups by
using the new hybrid methods in a Hilbert space. Moreover, we discuss the problem of strong
convergence and we also apply our results to generalizes extend and improve these announced
by Plubtieng and Ungchittrakool’s result [Strong convergence of modified Ishikawa iterations
for two asymptotically nonexpansive mappings and semigroups, Nonlinear Anal. 67 (2007)
2306-2315.] and Takahashi et al. [Strong convergence theorems by hybrid methods for
families of nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl. 341 (2008) 276—
286.].
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1 Introduction
Let E be a real Banach space, C' be a nonempty closed convex subset of £, and T : C' — C
be a mapping. Recall that T is nonexpansive if
Tz — Tyl < ||z -yl for all z,y € C.
We denote by F(T') the set of fixed points of T, that is F(T) = {x € C : x = Tz}. A

mapping 7' is said to be asymptotically nonexpansive || if there exists a sequence {k,} with
k, > 1 for all n and lim,,_,.k, = 1 and

|T"x — T™y|| < kyllx — yl| forall n>1 and z,y € C.

!Corresponding author
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If S and T are two (asymptotically) nonexpansive mappings, then the point z € F(S)NF(T)

is called the common fixed point of S and T.

Recall also that a one-parameter family 7 = {T'(¢) : 0 < t < oo} of self-mappings of a
nonempty closed convex subset C' of a Hilbert space H is said to be a (continuous) Lips-
chitzian semigroup on C' (see, e.g., [10]) if the following conditions are satisfied:

(a) T(0)z =z, ze€C,

(b) T(t+ s)x =T (t)T(s)x, forallt,s>0, zeC,

(c) for each x € C, the map t — T'(t)x is continuous on [0, 00),

(d) there exists a bounded measurable function L : (0,00) — [0,00) such that, for each
t >0,

IT(t)x — Tyl < Lullz — yll, for all 2,y € C.

A Lipschitzian semigroup 7 is called nonexpansive if L; = 1 for all £ > 0, and asymptoti-
cally nonexpansive if limsup, . L; < 1. We denote by F(7) the set of fixed points of the
semigroup 7, that is F(7) ={zx € C: T(s)zr =z, Vs> 0}.

In 1953, Mann [5] introduced the iteration as follows: a sequence {x,} defined by
Tpt1 = Qup + (1 — )Tz, n >0, (1.1)

where the initial guess z is taken in C' arbitrarily and the sequence {a, }22 is in the interval
[0, 1].

The second iteration process is referred to as Ishikawa’s iteration process |2|, which is defined
recursively by

(1.2)
Tpt1 = Ay + (1 — ) Tyn,

where the initial guess ¢ is taken in C' arbitrarily and the sequences {«a,} and {f,} are in
the interval [0, 1].

In 2003, Nakajo and Takahashi 6] proposed the following modification of the Mann iteration

method for a nonexpansive mapping 7" in a Hilbert space H:

(20 € C chosen arbitrarily,

Yn = Qpdy + (]- - Oén)TZL'n,
Cr={vel |y, —vl <z, -}, (1.3)
Qn={vel:{(x,—v,x,—1x0) >0},

Tny1 = Peo,no, (T0),

\

where P denotes the metric projection from H onto a closed convex subset C' of H. They
prove that the sequence {x,} converges weakly to a fixed point of T. Moreover they intro-

duced and studied an iteration process of a nonexpansive semigroup 7 = {T'(t) : 0 <t < oo}
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in a Hilbert space H:

xo € C' chosen arbitrarily,

Yn = Ty + (1 — an)% g" T (u)x,du,

¢ Cn=A{vel: |y, —v| <llan -}, (1.4)
Qn={velC:{(x,—vx,—1x0) >0}

\

In 2006, Kim and Xu [3] adapted the iteration (1.3) to a asymptotically nonexpansive map-
ping in a Hilbert space H:

(9 € C chosen arbitrarily,
Yn = Ty + (1 — ) T2y,
Co={v € C:lyn — v|* < [lan — 0] + 0n}, (1.5)
Qn={veC:(x,—vz,—1x9) >0}

\ Tntl = PCann(fUO)7

where 0,, = (1 — a,,)(k? — 1)(diamC)* — 0 as n — oco. They also proved that if a,, < a
for all n and for some 0 < a < 1, then the sequence {x,} converges weakly to a fixed point
of T. Moreover, they modified an iterative method (1.4) to the case of an asymptotically
nonexpansive semigroup 7 = {7T'(¢t) : 0 < t < oo} in a Hilbert space H:

(20 € C chosen arbitrarily,
Yn = Ty + (1 — O‘")i fg" T(u)z,du,
Co= {0 € g — ol < 0 — vl + 60}, (16)
Qn={vel:(x,—vz,— 19 >0}

L Tnt1 = PCnﬂQn(x(J)?

where 6,, = (1 — an)[(i Jo" Ludu)? — 1](diamC')* — 0 as n — oo.

Recently, Takahashi et al.|9] introduced the modification Mann iteration method for a non-
expansive mapping and nonexpansive semigroup J = {T'(t) : 0 < ¢t < oo}. They proved

strong convergence theorems in Hilbert spaces by a new hybrid method.

Very recently, Plubtieng and Ungchittrakool [3] modified Ishikawa iteration processes for two
asymptotically nonexpansive mappings, and two asymptotically nonexpansive semigroups
T={Tt):0<t<oo}and S ={S(t) : 0 <t < oo} with C' be a closed convex bounded

subset of Hilbert space H. They obtained strong convergence theorems.

In this paper, motivated by Plubtieng and Ungchittrakool’s result [¢] and Takahashi et al.
[9], we prove strong convergence theorems for a common fixed point of two asymptotically
nonexpansive mappings and two asymptotically nonexpansive semigroups in Hilbert spaces
by using the new hybrid methods, which is introduced by Takahashi et al. [9]. Our results

are extend and improve of some previous literature results.
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2 Preliminaries

This section collects some lemma which will be used in the proofs for the main results in the

next section.

Lemma 2.1 There holds the identity in a Hilbert space H :
Az + (1 =Nyl = M2[* + (1 = Myl = A1 = Nlz =yl
for all z,y € H and X € [0,1].

Lemma 2.2 (Opial [7]). Let C be a closed convex subset of a real Hilbert space H and
let T : C — C be a nonexpansive mapping such that F(T) # 0. If {x,} is a sequence in C

such that x, — z and x, — Tz, — 0, then z =Tz.

Lemma 2.3 (Lin et al. |1]). Let T be an asymptotically nonexpansive mapping defined
on a bounded closed convex subset of a bouded closed convexr subset C' of a Hilbert space H.
If {z,,} is a sequence in C' such that x, — z and Tx, — x, — 0, then z € F(T).

Lemma 2.4 (Nakajo and Takahashi |6]). Let H be a real Hilbert space. Given a closed
convex subset C' C H and points x,y,z € H. Given also a real number a € R. The set
D:={vel:|y—v|*<|z—0v]*+(z,v) +a} is convex and closed.

Lemma 2.5 (Kim and Xu [3]). Let C be a nonempty bounded closed convex subset of
H and T ={T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. If {z,}
s a sequence in C' satisfying the properties:

(a) z, — z; and,

(b) limsup,_, . limsup,,_, . [|T(t)z, — z,|| = 0,

then z € F(T).

Lemma 2.6 (Kim and Xu [3]). Let C be a nonempty bounded closed convex subset of

Hand T ={T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. Then
it holds that

1

1 t t
lim sup lim sup sup ;/ T(u)zdu —T(s)(;/ T(u)zdu)|| = 0.
0 0

§—00 t—oo zeC

3 Convergence to a common fixed point of two asymptotically non-

expansive mappings

In this section, we prove a strong convergence theorem by the new hybrid method of modified

Ishikawa iterations for two asymptotically nonexpansive mappings in Hilbert spaces.
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Theorem 3.1 Let C be a bounded closed convex subset of a Hilbert space H and let
S, T : C — C be two asymptotically nonexpansive mappings with sequence {s,} and {t,}
respectively such that F := F(S)NF(T) # 0. Assume that oy, < a for all n and for some
0<a<1landp, €l0,1]. Define a sequence {x,} in C by the following algorithm:

(

xo=x€C,Cy=C,

Yn = Ty + (1 — )T 2y,

Zn = PnZn + (1 — B,)S 2y, (3.1)
Co1 ={v € Oyt |lyn — v|” < [lzn — vl|* + 6n},

Tpi1 = Po,. (), n=0,1,2...,

\

where 0, = (1 — a,)[(t2 — 1) + (1 — B,)t2(s% — 1)](diam C)? — 0 as n — oo.

Then {x,} converges in norm to Pr(x).

Proof: We first show that C,, is closed and convex for all n € NU{0}. From the definition
of €41 it is obvious that C),,; is closed for each n > 0. By Lemma 2.4, we observe that

Cp41 1s convex.

Next, we show that F' C (), for all n > 0. Indeed, let p € F', we have

Yo = 21> = llonz, + (1 — an)T"z, — p|?
= |lon(zn = p) + (1 = an)(T"z, — p)|I”
< apllz, = pllP 4+ (1 — @) || Tz, — plI? (3.2)
< apllz, = pllP + (1 = an)tallze — pll?

lzn = plI* + (1 = ) (€2 ll20 = pII® = [l2n = pI?)-

By Lemma 2.1, we get

|20 — p||2 = BullTn —p||2 + (1 = Ba)l|S"n — p“2 — Bu(L = Bu)||S" 2, — anz
||xn _p||2 + (1 - ﬁn)(s - 1)||xn - p||2 - ﬁn(l - ﬁn)”‘snxn - anQ (33)
[2n = plI> + (1 = Ba) (s — Dz — plI*.

Substituting (3.3) in (3.2), we obtain

I I

<
<

1y — plIIP<ll2n — plI? + (1 — @) (@ (|2 — plI* + (1 = Ba) (s — Dllza — 1) = llza — p[1?)
=[xy —pl* + (1 = an) (2 (1 + (1 = Ba)(s% — 1)) = D]l2n — pl®
=[lzn —plI* + (1 = an)(t;, = 1) + (1 — an)(1 = Ba)ta(sh — 1)) ||2n — plf?
=z, — | + 6, with 6, — 0.

It follows that p € C,,11 and F C C,,1; for all n > 0. Thus {z,} is well defined.

From z,, = Pc,xo and 11 = Popt120 € Cry1 C O, we have

(g — Tpy Tp — Tpy1) >0 forallpe F andn e N (3.4)
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So, for z,,, € C,, we have,

0 < (xo—op,Tp— Tpi1),
(g — T, Ty — To + To — Tpy1),
= —(Typ — To,Tn — Tg) + (To — Tpn, To — Tnt1),
<l —2ol* + 2o — zallllzo — Tl

for n € N. This implies that
lzo = zall* < llzo — @allllz0 — @nsal,

hence

lxo — 2ol < ||xo — T for all n € N.
Therefore {||xg—x,||} is nondecreasing. From x,, = Pg, x¢, we also have (xg—x,, x,—y) > 0,
for all y € C,,.
Since F' C C,,, we get

(xg — Tp,xp —p) >0 forall pe F(T).

Thus, for p € F, we obtain

0 < <'T0 — T, Tn _p>
<[E0 — T, Tn — I'0> + <ZL‘0 — Tp, Lo — p>

= —llzn = zol* + [0 — 2allllzo — pll-

forall p e F and n € N.
Hence {x,} is bounded. Thus lim,, ||z, — xol|| exists.

Next, we show that ||z,41 — 2| — 0. From (3.4) we have

|20 = Tnga|* = (|20 — 20 + 20 — Tnga||?

= ||zn — zol|* + 2(xn — 20, Zo — Tns1) + |0 — Tppa|]?

= ||zn — ol|* + 2{xp — X0, To — Tp + Ty — Tpy1) + |20 — Trpa|]?

= [lzn — 2ol = 2{x0 — T, To — T) — 2(T0 = Tn, T — T1) + [0 — T |

< lzn — 2ol® = 2|20 — @0|* + llzo — 2nta1?

= —llzn — moll* + 70 — Tpsa ||

Since lim,, ||z, — xo|| exists, then lim,, o ||xy, — Zpy1]] = 0.
Since z,11 € Cpy1 C Cp, we have ||y, — 2pi1]]* < |20 — i ||* + 05, which implies that
1Y — Tpill < |20 — gt || + vOn. We now claim that lim,, .o ||7"2, — x,|| = 0. Indeed, by
definition of y,,, we have

|T"2n — @al| = 1— o [ |
n

< n -~ 4n n  dn
< U= |+ i = )

IN

1~ a (lzn = Tpga|l + VOn + [[Tn41 — 20|]) — 0 as n — o00.
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By using the same argument as in the proof of [8, Theorem 3.1, pp. 2310|, we have
|S™z, — x,]| — 0 as n — oo.
Putting to = sup{t, :n > 1} < oo and s, = sup{s, : n > 1} < 0o, we deduce that
IT2n = zall < (T2 = T" || + [T 20 = T || + [T 2011 — Toga|
Fllzni1 — @l
< toolltn = Tl + 1T 2psy — 2o | + (14 too) |20 — T |-
Since 7' is uniformly continuous, we have
| Tz, — z,|| — 0, as m — 00. (3.5)
Similarly, we have
1Sz — anll < 1Sz — S"an|| + 15" 2 — S" @[l + 1S 2ni1 — To|
Fllzni1 — @l
< toollwn — S|l + 15" wnga — Taga ||+ (14 s00) |20 — 2 |-

Since 7' is uniformly continuous, we have
|Sx, —x,]| — 0, as m — 00. (3.6)

Finally, we show that x,, — 2o where 2y = Ppzy. By (3.5), (3.6), Lemma 2.3 and boundedness
of {x,} we obtain 0 # w,(z,) € Przo. By the fact that ||z, — x| < [|z0 — x| for alln >0
where zy = Pp(x¢) and with the weak lower semi-continuity of the norm, we have
|lzo — 20| < ||xo — w|| < liminf ||z — x,|| < limsup ||zg — x| < ||zo — 20]|,
n—oo n—o0
for all w,(z,). However, since w,,(x,) C F, we must have w = z; for all w € w,(x,). Thus

wy(xn) = {20} and then x,, — 2. Hence, z,, — 2y = Prxy by
[0 = 20l = Nlwn — w0l|* + 2(2n — w0, 20 — 20) + [|70 — 20|
< 2(|lz0 — wol* + (xn — o, o — 20)) — 0 as n — oo.
This completes the proof. O

The following corollary follows from Theorem 3.1 reduces (3.1) to the modified Mann’s

iteration for an aysmptotically nonexpansive mapping.

Corollary 3.2 Let C be a bounded closed convex subset of a Hilbert space H and let
T :C — C be an asymptotically nonexpansive mapping. Assume that o, < a for all n and

for some 0 < a < 1. Then the sequence {x,} generated by

xg € C' chosen arbitrarily,

Yn = Ty + (1 — ) T"xy,

Cop1={v € C 1 [lyn —v[* < [z — v[|* + 0a},
Ty = Po, ., (), n=0,12...,

(3.7)

converges in norm to Ppryxo, where 6, = (1 — o) (k2 — 1)(diamC)? — 0 as n — co.
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Proof: By Theorem 3.1, if S = I,5, = 1 for all n € NU {0} then, (3.1) reduces to the

modified Mann’s iteration for an asymptotically nonexpansive mapping. O

Theorem 3.3 Let C be a closed conves subset of a Hilbert space H and let S,T : C — C
be two nonexpansive mappings such that F = F(S)NF(T) # 0. Assume that o, < 1—§ for
all n and for some § € (0,1] and B, € [b,c] for alln and 0 < b < ¢ < 1, then the sequence
{z,} generated by

rg=x€C,Cy=C,

Un = Ty + (1 — )Tz,

Zn = Bntn + (1 — 3,)STy, (3.8)
Crt1 ={v € Cp ¢ [lyn — v[|* < [l — 0|17},

T = P, (), n=20,1,2...,

\

converges in norm to Ppxg.

Proof: Since every nonexpansive mapping is asymptotically nonexpansive mapping and
using the same argument as in the proof of Theorem 3.1, we obtain ||T'z,, — z,|| — 0 and
|Sz, — x,|| — 0 as n — oo. Hence, by Lemma 2.2, w C F and therefore {z,} converges

strongly to Prxg. n

By Theorem 3.3 reduces (3.8) to the modified Mann’s iteration for a nonexpansive mapping,

we obtain the following result:

Corollary 3.4 (Takahashi et al. |9|, Theorem 4.1) Let C be a bounded closed convex
subset of a Hilbert space H and let T : C' — C be a nonexpansive mapping such that
F(T) # (0. Assume that o, < 1 —0 for all n and for some 6 € (0,1]. Then the sequence
{z,} generated by

xg € C' chosen arbitrarily,

Yn = Qpp + (1 — )Ty,

Corr ={v € Cp - lyn — vl < [lzn —oll},

Tpi1 = Po, (), n=0,1,2...,

(3.9)

converges in norm to Ppr)xg.

4 Convergence to a common fixed point of two asymptotically non-

expansive semigroups

Theorem 4.1 Let C be a nonempty closed convex subset of a Hilbert space H and let
T={T(t):0<t<oo} and T ={5(t) : 0 <t < oo} be two asymptotically nonexpansive
semigroups on C such that F(T) N F(S) # 0. Assume also that 0 < a,, < a < 1 and
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0<b<pB,<c<1foralln € NU{0} and {t,} is a positive real divergent sequence. Define
a sequence {x,} in C by the following algorithm:

(zy=2¢€C,Cy=C,

Yn = i + (1 —an) - [o" T(w)zndu,

Zn = Pty + (1 — ﬁ")i 0" S(u)zndu, (4.1)
Crpr = {v € Gt |lyn — vl* < [z — vl + 6},

Tpr1 = Po, (), n=0,1,2...,

\

where 0, = [(1 — a,)2 4+ (1 — a)(1 — 3,)E2(32 — 1)](diam C)2 — 0 as n — oo. (hence

t, = % 5" LYdu and s, = Sl OS" L¥du). Then {x,} converges in norm to Pp(rynr(s)Zo-

Proof: First observe that F(7) N F(S) C C, for all n. Indeed, we have for all p €
F(T)NF(S)

oy + (1 — )& o T(u)zadu — p|?
(0 = p) + (1 = o) (= 3" T(w)zndu — p)|®

yn — pl|?

< lan(n = p) + (1= an) & fo" T(u)zndu — p||?
< anflen = pl? + (1= an)ll fy" T(w)zadu — p|? (4.2)
< anflen = pl? + (1= an) (& fy" [1T(w)z, — plldu)?
< anllen =l + (1= an) (5 Jo" Lydu)llzn — pll?
< lzn —pl? + (1 = an) (@20 — pl?).
By Lemma 2.1, we have
[2n = pI? < Bullwn —pl> + (1~ ﬁn)Hé osn S(u)w,du — pl?
—Bn(1 = Ba)llzn — 5- Jo" S(w)zndull?
< Ballwn —pl* + (1 - ﬁ@(i fosn 1S (u)x, — pl|du)?
—Bn(1 = B)||lzn — i osn S(u)zndul?
< Ballen =2+ (1= Ba) (5 Jo " Ladu)? ||, — pl® (4.3)

—Bu(1 = Bo)llzn — 5 [ S (w)zndul?
< len =l + (1= 8a) (5% = Dllan — pl?

—Ba(1 = Bp)llwn — i osn S(u)xpdull®
< lzn = plI?+ (1= 8a) (55 — Dllzn — pl*.

Substituting (4.3) into (4.2) yield,

lym = pl* =N = pl* + (1 = @)@ (llen = pI* + (1 = B2) (57 = Dllen = pl*))
= Nz = plP + (1 = @) + (1 = an) (1 = B (5, = D) |2 — plf?

< lwn = pl* + 6n.
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So, p € Cyy1. Hence F(T)N F(S) € C, for all n € NU {0}. By the same argument as in
the proof of Theorem 3.1, C, is closed and convex, {x,} is well defined. Also, similar to the

proof of Theorem 3.1, we also have
|20 — @nia ]l — 0.
Since z,41 € Cpp1 C Oy, We get

Hyn - $n+1H2 < Hxn - $n+1”2 + éTh

which in turn implies that

Hyn - xn—&-lH < “xn - CCn+1|| + V én (4'4)
We can deduce that for all 0 < r < oo,

1S(r)an =zl < IS(r)z, = S(r)(5- [7" S(u)zadu)|
IS fy” S(u wrpdu) — o= [0 S(u)zadul|
+I1E S5 S( )Tndu — |
< (Loo + 1)” L s" S(u)x,du — x,]|
+IS(r)(+ Os" S(u)x,du) — i 0" S (u)w,dull
= (Lo + 1)A§ + B5(r),

(4.5)

where AS := ||+ [°" S(u)x,du—w,| and B; (r):=[|S(r)(+ [;" S(u )xndu)—— oS (w)zndul.
We claim that hmn_mAg = 0 = limsup,_lim supn_)ooB;f (r). By Lemma 2.6, we have
limsup,_, . limsup,,_,. B2 (r)=0. By the proof of [3, Theorem 4.1, pp. 2312-2313, eqa.
(4.4)], we obtain that lim, ...AY = 0. On the other hance, we can deduce that for all

0<r<oo,

1T (r)zn —znl| < ||T(r)z, tn LT (w)zpdu)||
+[|7°(r) fo w)x,du) — 1f0” u) @, dul|
—l—Ht fO" a:ndu 7| (46)
< (Lot 1)Ht T'(u )l‘ndu T |
+[T(r) fo (w)andu) — 3= [i" T(u)z,dull

= (Lo + 1)AT + BI(r).

where AT:=|| [ T(u)z,du—a,|| and BI(r):=|T(r)(£ [i" T(w)zndu)— 2 [i" T(w)z,dul.

Moreover, we observe that

|z, — fo" u)xpdul| < |z, — i Jo" T () zndul| + ||t Jo" T () zpdu — ti Jo" T(uw)xndul
< Jlow — " TC)dull + 2 2 1T ()20 — T(w)aa
< ||z, — i fon T(u)zpdul| + thZn T |-
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Since ||z, — 2| = (1= Ba)ll5- =" S(u)apdu — ]| — 0 and ||z, — i fot" T'(u)z,dul| — 0, we
obtain
1 [t
lim,, oo ||z, — t_/ T(u)x,dul| =0 (4.7)
n Jo

By (4.7) and Lemma 2.6, we have lim,, .,,Al = 0 = limsup,_, limsup,_,. BL(r).
We thus conclude from (4.5) and (4.6) that

limsup,_, ., limsup,, . ||7(r)x, — z,|| = 0 = limsup,_,, limsup,,_, ||S(r)x, — ||

An application of Lemma 2.5 implies that every weak limit point of {z,} is a member
of F(7) N F(S). Repeating the last part of the proof of Theorem 3.1, we can prove
that Ppr)nrs)(z) is the only weak limit point of {,}, hence {x,} weakly convergence

to Pp(mynr(s) (x), and therefore the convergence is strong. O

Corollary 4.2 Let C be a bounded closed convex subset of a Hilbert space H and T =
{T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. Assume also that
0<a,<a<lforallneNU{0} and {t,} is a positive real divergent sequence. Then, the

sequence {x,} generated by

xo=x € C chosen arbz’tmm’ly,

Yn = Ty + (1 — ap) 1= fo u)x,du, (48)
Crvr ={v € Cu t lyn — v|? S 1z = vlI* + 0n} .
Tpnr1 = Po, (), n=0,1,2...,

converges in norm to Ppryzo. where 0, = (1 — a,)[(+ ft"L du)? — 1](diamC)? — 0 as

n — o0.

Proof: By Theorem 4.1, if the semigroup S = {S(t) : 0 <t < o0} =7 := {[( ):0<t<
oo} and 3, = 1, then S(t)z, = x, for all n and for all ¢ > 0. Hence = fo w)rpdu =
for all n and z, = z,, then, (4.1) reduces to (4.8). O

Theorem 4.3 Let C be a nonempty closed convex subset of a Hilbert space H and T =
{T(t):0<t<oo}and S ={S(t) : 0 <t < oo} be two nonexpansive semigroups on C'.
Assume also that 0 < a, <a <1 and 0<b< f, <c<1 foralln € NU{0} and {t,} and
{sn} are two positive real divergent sequence. If F = F(T)N F(S) # (), then the sequence
{z,} generated by
(zy=z € C, chosen arbitmm’ly,
Yn = QpZy + ( fO” u)zpdu,

= B + < ms” o S(u)zadu, (49)

Cor = {0 € Cot g — o] < lza — oll},

Tni1 = Po (z),  n=01,2...,

converges in norm to Ppr)To.

\
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Proof: By Theorem 4.1 we have
lim [|T(r)z, — x,]| =0 = lim ||S(r)x, — z,|| forall 0<r < occ.

Hence, by Lemma 2.5, w C F(F) and therefore {x,} converges strongly to Prxy. O

The following corollary follows from Theorem 4.3

Corollary 4.4 (Takahashi et al. |9], Theorem 4.4) Let C be a nonempty closed convex
subset of a Hilbert space H and T = {T'(t) : 0 < t < oo} be a nonexpansive semigroup on
C. Assume that 0 < o, < a < 1 for alln € NU {0} and {t,} is a positive real divergent
sequence. If F(T) # 0, then the sequence {x,} generated by

x9 € C, chosen arbitrarily,

Yn = iy + (1 — an)i Jo" T(w)xydu,

Cor1={v € C: |lyn —v|| < [|zn — v},
Tnt1 = Po,v1(x0),, n=0,1,2...,

(4.10)

converges in norm to Pp1)To.
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