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ARIF RAFIQ

Implicit fixed point iterations

ABSTRACT. Let K be a compact convex subset of a real Hilbert space H; T : K — K a
continuous hemicontractive map. Let {«,} be a real sequence in [0, 1] satisfying appropriate
conditions, then for arbitrary xy € K and {v,} in K, the sequence {z,} defined iteratively
by x, = aptn_1 + (1 — a,,)Tv,, n > 1 converges strongly to a fixed point of 7.

We also establish a strong convergence of an implicit iteration process to a common fixed
point for a finite family of ©)—uniformly pseudocontractive and 1 —uniformly accretive map-

pings in real Banach spaces.

The results presented in this paper extend and improve the corresponding results of Refs.
[ y Yy 9 ) ) ) ]

KEY WORDS. Implicit iteration process, Mann iteration, y)—uniformly pseudocontractive

and @ —uniformly accretive mappings, Common fixed point, Banach space, Hilbert Space

1 Fundamentals

We assume that F is a real Banach space and K be a nonempty convex subset of E. Let J

denote the normalized duality mapping from E to 2%" defined by

J@) ={f" € E": (a, ") = |l[I* and [|f]] = ll«[I},

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing. We
shall denote the single-valued duality map by j.

Let W :={¢ |1 :[0,00) — [0,00) is a strictly increasing mapping such that 1(0) = 0}.

Definition 1 A mapping T : K — K s called 1»—uniformly pseudocontractive if there
exist mapping ¥ € V and j(x —y) € J(x —y) such that

(Tz — Ty, j(z —y)) < ||z —y|> = ¢(|]lz — yl]), Yz, y € K. (1.1)
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Definition 2 A mapping S : D(S) C E — E is called 1—uniformly accretive if there
exist mapping ¥ € V and j(x —y) € J(x — y) such that

(Sz =Sy, j(x—y)) =2 ¥(llx —yll), V=, y € E. (1.2)

Remark 1 a) Taking 1 (a) := ¢(a)a, Va € [0,00), (¢ € V), we get the usual definitions

of ©— pseudocontractive and 1)— accretive mappings.

b) Taking ¢ (a) := ya*;v € (0,1), Va € [0,00), (¢» € V), we get the usual definitions of

strongly pseudocontractive and strongly accretive mappings.
¢) T is ¢—uniformly pseudocontractive iff S = I — T is ¢)—uniformly accretive.

d) It is known that 7" is strongly pseudocontractive if and only if (I — T') is strongly

accretive.
Let H be a Hilbert space.
Definition 3 A mapping T : H — H is said to be pseudocontractive (see e.g., [1, 2|) if
T2 = Tyl < |lo = gl 2+ ||(I = T)x — (I - T)y|l, Va,y € H (1.3)
and is said to be strongly pseudocontractive if there exists k € (0,1) such that
T2 = Tyl? < ||z — yl[2 + KII(I - T)a — (I — T)y|?, Va,y € H. (1.4)

Definition 4 Let F(T) :={x € H: Tx = 2} and let K be a nonempty subset of H. A
map T : K — K is called hemicontractive if F(T) # () and

[Tz — 2*|]* < ||z — 2*|* + ||z — Tz||* Vx€H, z*cF(T). (1.5)

Remark 2 [t is easy to see that the class of pseudocontractive maps with fixed points is a
subclass of the class of hemicontractions. The following example, due to Rhoades [35], shows
that the inclusion is proper. For z € [0,1], define 7' : [0,1] — [0,1] by Tz = (1 — x3)2. It
is shown in [35] that T is not Lipschitz and so cannot be nonexpansive. A straightforward
computation (see e.g., [38]) shows that T is pseudocontractive. For the importance of fixed

points of pseudocontractions the reader may consult [2].
We shall make use of the following results.

Lemma 1 [10] Suppose that {p,},{0n} are two sequences of nonnegative numbers such

that for some real number Ny > 1,

Pn+1 S Pn + on vn Z NO-
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(a) If > 0, < 00, then, lim p,, exists.
(b) If Y 0, < 00 and {p,} has a subsequence converging to zero, then lim p,, = 0.

Lemma 2 [20] For all z, y € H and X € [0, 1], the following well-known identity holds:
(1 =Nz + Xyl = (1= V] + Ally[]* = AL = N[|z = y][*.

Lemma 3 [12] Let J : E — 2F be the normalized duality mapping. Then for any z,y €

E, we have

|z + yl|* < ||z + 2y, j(x +v)), Vilz+y) € J(z+y).

Lemma 4 [23] Let {6,} be a sequence of nonnegative real numbers, {\,} be a real se-

quence satisfying

0<A <1, ) M=o
n=0
and let b € V. If there exists a positive integer ng such that
6721+1 < 972L - )‘nw(enJrl) + O,

for all m > ng, with o, > 0, Vn € N, and o, = 0(\,), then lim,,_, 6, = 0.

2 Implicit Mann iteration process in Hilbert spaces

In the last ten years or so, numerous papers have been published on the iterative approxima-
tion of fixed points of Lipschitz strongly pseudocontractive (and correspondingly Lipschitz
strongly accretive) maps using the Mann iteration process (see e.g., [22]). Results which
had been known only in Hilbert spaces and only for Lipschitz maps have been extended
to more general Banach spaces (see e.g., [5—16, 21, 30-38, 10, 41, 43, 15| and the refer-
ences cited therein) and to more general classes of maps (see e.g., [6—16, 19, 21, 27-34, 36—

, 40, 41, 43, 45] and the references cited therein). This success, however, has not carried
over to arbitrary Lipschitz pseudocontraction T even when the domain of the operator T is
a a compact convex subset of a Hilbert space. In fact, it is still an open question whether or
not the Mann iteration process converges under this setting. In 1974, Ishikawa introduced
an iteration process which, in some sense, is more general than that of Mann and which

converges, under this setting, to a fixed point of T. He proved the following theorem.

Theorem 1 If K is a compact convex subset of a Hilbert space H, T : K +— K is

a Lipschitzian pseudocontractive map and xo is any point in K, then the sequence {x,}



24 A. Rafiq

converges strongly to a fived point of T, where x, 1is defined iteratively for each positive

integer n > 0 by

Tp+1 = (1 - an)xn + anTynu

where {a,}, {B.} are sequences of positive numbers satisfying the conditions

(i) 0 < an < o <1 (id) lim B, =0; (idi) Y anf, = oo.

n>0
Since its publication in 1974, Theorem 1, as far as we know, has never been extended to more
general Banach spaces. In [27], Qihou extended the theorem to the slightly more general class
of Lipschitz hemicontractions and in [28] he proved, under the setting of Theorem 1, that
the convergence of the recursion formula (2.1) to a fixed point of T" when T is a continuous
hemicontractive map, under the additional hypothesis that the number of fixed points of T is
finite. The iteration process (2.1) is generally referred to as the Ishikawa iteration process
in light of [20]. Another iteration process which has been studied extensively in connection

with fixed points of pseudocontractive maps is the following;:

For K a convex subset of a real normed space H, and T': K — K, the sequence {z,} is
defined iteratively by x; € K,

Tpt1 = (1 - Cn)l'n + CnTxn7 n = 17 (22)

where {c,} is a real sequence satisfying the following conditions:

n—oo

(iv) 0 < ¢, < 15 (v) lim ¢, = 0; (vi) ch = 00.
n=1

The iteration process (2.2) is generally referred to as the Mann iteration process in light of
22].

In 1995, Liu [21] introduced what he called Ishikawa and Mann iteration processes with

errors as follows:

(1-a) For K a nonempty subset of H and T': K — F, the sequence {x,} defined by

I - K,
Tnt1 = (1 - an)$n + anTyn + Up,
Yo = (1= 0Bn)on+ BuTTn + vy, n > 1, (2.3)

where, {a,}, {0,} are sequences in [0,1] satisfying appropriate conditions and

D unl] < 00, Y- |un]| < oo is called the Ishikawa Iteration process with errors.
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(1-b)

(1-c)

With K, H and T as in part (1-a), the sequence {z,} defined by

r € K,
Tp+1 = (]- - O‘n)xn + anTIn + Up, N Z ]-’ (24>

where {a,} is a sequence in |0,1] satisfying appropriate conditions and > ||u,|| < oo,

is called the Mann iteration process with errors.

While it is known that consideration of error terms in iterative processes is an important
part of the theory, it is also clear that the iteration processes with errors introduced by
Liu in (1-a) and (1-b) are unsatisfactory. The occurrence of errors is random so that
the conditions imposed on the error terms in (1-a) and (1-b) which imply, in particular,
that they tend to zero as n tends to infinity are, therefore, unreasonable. In 1997, Y.

Xu [13] introduced the following more satisfactory definitions.

Let K be a nonempty convex subset of H and T': K — K a mapping. For any given
x1 € K, the sequence {z,} defined iteratively by

Tnt1l = 0ApTp + bnTyn + CnUnp,

Yn = a;l:cn + b;T:cn + c/nvn, n>1, (2.5)

where {u,}, {v,} are bounded sequences in K and {a,}, {b,}, {c.}, {a,}, {b,} and {c,}
are sequences in [0, 1] such that a,, + b, + ¢, = a, + b, +c, =1V n > 1 is called the
Ishikawa iteration sequence with errors in the sense of Xu.

/

If, with the same notations and definitions as in (1-c), b, = ¢, = 0, for all integers

n

n > 1, then the sequence {z,,} now defined by

r, € K

Tp+l = ApTp + b, Tz, + Cpllp, N 2 17 (26>

is called the Mann iteration sequence with errors in the sense of Xu. We remark that

if K is bounded (as is generally the case), the error terms u,, v, are arbitrary in K.

In [9], Chidume and Chika Moore proved the following theorem.

Theorem 2 Let K be a compact convex subset of a real Hilbert space H; T : K — K a

continuous hemicontractive map. Let {an}, {b,}, {ca}, {a,},{b,} and {c,} be real sequences

in [0,

1] satisfying the following conditions:

(vii) ap +bp+cp=1=a, +b, +c, Vn>1,

(viii) lim b, = lim b, = 0;

n—oo n—oo
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(ix) Ylen <005 ¢, < oo;

(xi) 0 < ap < By <1V n>1,where oy i= by + cy; 3o :i=b, +¢,.

For arbitrary x1 € K, define the sequence {x,} iteratively by

Tpyl = ATy + bnTyn + Crln,

Yn = a;xn + b;lT:vn + c;lvn, n>1,

where {u,},{v,} are arbitrary sequences in K. Then, {x,} converges strongly to a fized
point of T'.

They also gave the following remark in [9].

Remark 3 d) In connection with the iterative approximation of fixed points of pseu-

In |

docontractions, the following question is still open. Does the Mann iteration process
always converge for continuous pseudocontractions, or for even Lipschitz pseudocon-

tractions?

Let H be a Banach space and K be a nonempty compact convex subset of H. Let
T : K — K be a Lipschitz pseudocontractive map. Under this setting, even for H, as
a Hilbert space, the answer to the above question is not known. There is, however, an
example [19] of a discontinuous pseudocontractive map 7" with a unique fixed point
for which the Mann iteration process does not always converge to the fixed point of T'.
Let H be the complex plane and K := {z € H : |z| < 1}. Define T : K — K by

T(Teié’) — { 2T€i(9+%)’ for 0 <r i %7

elO+%)  for % <r
Then, zero is the only fixed point of 7. It is shown in [15] that T is pseudocontractive
and that with ¢,, = n%l, the sequence {z,} defined by 2,11 = (1—c¢,)zn 4+ Tz, 20 € K,

n > 1, does not converge to zero. Since the T in this example is not continuous, the

above question remains open.

|, Chidume and Mutangadura, provide an example of a Lipschitz pseudocontractive

map with a unique fixed point for which the Mann iteration sequence failed to converge and

they stated there "This resolves a long standing open problem”.

We introduce the following Mann type implicit iteration process associated with continuous

hemicontractive mappings to have a strong convergence in the setting of Hilbert spaces.
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Let K be a closed convex subset of a real normed space H and T': K — K be a mapping.
For a sequence {v,} in K, define {x,} in the following way:

g € K,

Ty = QuTp_1+ (1 —ay)To,, (2.7)
where {a,,} be a real sequence in [0, 1] satisfying some appropriate conditions.
Now we prove our main results.
Theorem 3 Let K be a compact convex subset of a real Hilbert space H; T : K — K
a continuous hemicontractive map. Let {ay,} be a real sequence in [0,1] satisfying {c,} C

(0,1 — 0] for some § € (0,1). For arbitrary xy € K and {v,} in K, define the sequence {x,}
by (2.7) satisfying Y ||vn — xn|| < 0o . Then {x,} converges strongly to a fized point of T

n>1

Proof: The existence of a fixed point of T" follows from Schauders fixed point theorem. Let
xz* € K be a fixed point of T and M = dim(K). Using the fact that 7" is hemicontractive
we obtain

1T, = 2*||* < flow — 272 + [l — Toal*. (2.8)

With the help of (2.7), Lemma 2 and (2.8), we obtain the following estimates:
|20 — x*HQ = |lanzn1 + (1 — an)Tv, — x*HQ
= llan(zp —2) + (1 = ) (T, — 2*)|?
= an et = 2"|° + (1= an) | Tv, — 2|
—ap(1 — o) |en—1 — TvnH2 . (2.9)
Substituting (2.8) in (2.9), we get
lzn — 2|7 < apllep - "E*HQ + (1 —an) [lon — x*HQ
+(1— ) |n = Ton)* — (1 — ) |21 — Ton|” . (2.10)
Also
lon —a* I < lon = @all” + |20 — 2"
+2M ||z, — || [Jvn — 24|
2 )2
[on = @™ + ll2n — 27|

+2M ||vn — ]| (2.11)

IA

||Un - TUHHQ < ||Un - anQ + ||xn - TUTLH2

+2M ||z — Top| [|vn — 2|

IN

llvn — anZ + ||zn — Tvn||2

2M [0, — @l (2.12)
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and

|z, — Tvn||2 = |lan@n1 + (1 — ) Tv, — To, |2

= ||z — T, (2.13)
Substituting (2.11-2.13) in (2.10), we get

* %12 2
|2n — ||2 < ap |z = 2T 4 (1= an)([Jvn — 20|
+lzn — 2*))* + 2M [|vy — 24))
+(1 — an)([Jvn — In||2 + 05721 Hxn—l - TUnHz +2M an - an)

_an<1 - an) ||xn71 - iTUnH2 )

implies

1—a, 1—q,

|vn — an

[on — anz +4M

n n

lzn =2 < Nzaos — 2| +2

—(1- O‘n)Q |Zn—1 — TUnH2 5
and from the condition {a,} C [0,1 — 4] for some § € (0,1), we conclude that the inequality
2 = 21> < flns = 2" = 6% w1 = Ton||* + 6, (2.14)

holds for all fixed points z* of T provided

1—-9 —
On = 2= ||vn — z||* 4 4M 5 llvn =l
Moreover
5’ ”xn—l - TUnHQ < ||xn—1 - x*HQ - ”xn - x*HQ + 0,
and thus
2 .12 ¥
Y i = Tl <Y (lajor — 2% = [y — 2% + > 4,
j=1 j=1 j=1

oo
=z — 22+ 4.
j=1
Hence due to the condition »_, -, [|v, — 2,|| < 0o, we obtain
[e.@]
D i1 = Toj||* < o (2.15)
j=1

It implies that

lim ||z,—1 — Tv,| = 0.
n—oo
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From (2.13) it further implies that

lim ||z, —Tv,| = 0.
Also the condition )7, [lu, — 2, < 0o implies lim [jv, — x,|| = 0 and the continuity of T
further implies that lim ||Tv, — T'z,|| = 0. Now from

|20 — Tan|| < [lzn — Tvall + | T0n — Taal|,

implies that

lim ||z, — Txz,|| = 0.
By compactness of K this immediately implies that there is a subsequence {x,,} of {z,}
which converges to a fixed point of 7', say y*. Since (2.14) holds for all fixed points of T" we
have

l2n =y |1 < [lan-1 — y*Hz — 0% |Jan1 — TUnH2 + 0Oy,

and in view of (2.15) and Lemma 1 we conclude that ||z, —y*|| — 0 as n — oo, i.e., x, — y*

as n — 0o. The proof is complete. n

Corollary 1 Let H, K, T, be as in Theorem 3 and {a,} be a real sequence in [0,1]
satisfying {a,} C [0,1 — 6] for some § € (0,1). Let Px : H — K be the projection operator
of H onto K. For arbitrary xo € K and {v,} in K, define the sequence {x,} by

Ty, = Px(anzn_1 + (1 —a,)Tv,), n>1,

satisfying 3,51 [|vn — zn|| < 00. Then {x,} converges strongly to a fized point of T.

Proof: The operator Py is nonexpansive (see e.g., [1]). K is a Chebyshev subset of H so

that, Pk is a single-valued map. Hence, we have the following estimate:

|20 — :E*||2 = || Pr(anmn1+ (1 —a,)Tv,) — PKI*H2

IA

lonzn—1 + (1 — ) Tv, — :c*H2

= Jlon(@n —27) + (1 = o) (Tv, — %) |

IA

an a1 = 2*|* + (1 = an)([[on = @

|l — 2*|* 4+ 2M [[vn — z4])

+(1 = an)(lon = zal® + ) 201 = Ton||* + 2M v, — z4])
—an(1 = ag) [[2n-1 = Toa||*,

implies

1_ n 1_ n
a ||Un—:1cn||2—|—4M a

—(1 = an)® zp-1 — TUnHQ :

HJJH_QU*H2 < Hxn—l —JZ*||2—|—2 an—l’nH

The set K UT(K) is compact and so the sequence {||z, — T'z,||} is bounded. The rest of

the argument follows exactly as in the proof of Theorem 3 and the proof is complete. O
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3 Multi-step iterations in Hilbert spaces

Let K be a nonempty closed convex subset of a real normed space H and Ty, 15, ..., T}, :

K — K (p > 2) be a family of selfmappings.

Algorithm 1  For a given 2y € K, compute the sequence {x,} by the implicit iteration
process of arbitrary fixed order p > 2,

Tn = QpTp_1+ (1 - an)lefrlm
yfm = 6}1‘771171 + (1 - 5:.1)111413/:?1; 1= 17 27 e P 2’
vt = B e + (1= B )Ty, n > 1, (3.1)

which is called the multi-step implicit iteration process, where {ay,}, {8} € [0,1], i =1, 2,
e, p— L.

For p = 3, we obtain the following three-step implicit iteration process:

Algorithm 2 For a given vy € K, compute the sequence {x,} by the iteration process

Tp = OQpTp_1+ (1 - Oén)le»}p )
U = Bataor + (1= 68)Tays,
ve = Bran+ (1= B)Tsay, n>1, (3.2)

where {a,} , {BL} and {52} are three real sequences in [0, 1] satisfying some certain condi-

tions.
For p = 2, we obtain the following two-step implicit iteration process:
Algorithm 3 For a given vg € K, compute the sequence {x,} by the iteration process

Tn = Qnby_y + (1 —ay)Tiyl,

yb = Blo,1+ (1 - 8)Thr,, n>1, (3.3)
where {a,} and {81} are two real sequences in [0,1] satisfying some certain conditions.
Ty =T, T, =1, 3 =0in (3.3), we obtain the implicit Mann iteration process:
Algorithm 4  For any given xo € K, compute the sequence {z,} by the iteration process

Ty = QpTy_1+ (1 —ap)Tz,, n>1, (3.4)

where {ay,} is a real sequence in [0, 1] satisfying some certain conditions.
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Theorem 4 Let K be a compact convex subset of a real Hilbert space H and Ty, Ty, . .., T,
(p > 2) be selfmappings of K. Let Ty be a continuous hemicontractive map. Let {a,},
{8} € [0,1], i = 1,2,...,p — 1 be real sequences in [0,1] satisfying {a,} C [06,1 — 4] for

some 6 € (0,1) and 3 (1 — Bl) < oo. For arbitrary xy € K, define the sequence {,} by
p
(3.1). Then {x,} converges strongly to the common fized point of (| F(T;) # ¢.

=1
Proof: By applying Theorem 3 under assumption that 7} is continuous hemicontractive,

we obtain Theorem 4 which proves strong convergence of the iteration process defined by
(3.1). Consider by taking T} = T and v, = y,,

v — znl| = Hyi - an
Hﬁi (Tn1 — ) + (1= 5} (T2y721 - $n) H
< By llen-y = zall + (1= 8,) | Toyin — 2
S ﬁ}z H"L‘n—l - xn” + M<1 - ﬁ}z)’ (35>
and
[Zn1 =2l = 2o —anzn 1 — (1= an)Tv,||
= (1 - an) ||xn—1 - TUnH . (36)

From (3.5) and (3.6), we have

[vn =zl < Ba(l = an) |21 — Twa|| + M(1 = 5,)
< Ba(l=0) |z — Tvall + M(1 = 5,).

Now from (2.15) and the condition ), -, (1 — f}) < 0o, it can be easily scen that
2 nz1 lon = @l < 00, O

Corollary 2 Let K be a compact convex subset of a real Hilbert space H; T : K — K
a hemicontractive map. Let {a,} be a real sequence in [0,1] satisfying {ca,} C [5,1 — J]
for some § € (0,1). For arbitrary o € K, define the sequence {x,} by (3.4). Then {x,}

converges strongly to a fixed point of T

4 Implicit iteration process for a finite family of y-uniformly pseu-

docontractive mappings

Let E be a real Banach space and K be a nonempty closed convex subset of E. Let {T; : i
€ I} be N self-mappings of K.
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In 2001, Xu and Ori [44] introduced the following implicit iteration process for a finite family
of nonexpansive mappings {7; : i € I} (here I = {1,2,..., N}), with {a,} a real sequence in
(0,1), and an initial point xy € K :

1 = axg+ (1 —ay)Thzy,

To = 22 + (]. — OéQ)TQZ‘Q,

rny = anry-1+ (1 —an)Tyzy,
tny1 = anpey + (1 —avp)Tizny,

which can written in the following compact form:
Ty = Ty + (1 — ) Thx,, Yn > 1, (4.1)

where T,, = T}, (moa n) (here the (mod N) function takes values in I). Xu and Ori proved
the weak convergence of this process to a common fixed point of the finite family defined
in a Hilbert space. They further remarked that it is yet unclear what assumptions on the
mappings and/or the parameters {«,} are sufficient to guarantee the strong convergence of
the sequence {z,}.

In [24], Oslilike proved the following theorem.

Theorem 5 Let E be a real Banach space and K be a nonempty closed convex subset of

N

E. Let {T;:i € I} be N strictly pseudocontractive self-mappings of K with F' = (| F(T;) #
i=1

¢. Let {a,}5° be a real sequence satisfying the conditions:

(i) 0<a, <1,
(if) >oo2i (1 —ay) = oo,
(i) Y2 (1 — ap)? < 0.

From arbitrary xy € K, define the sequence {x,} by the implicit iteration process (4.1). Then
{z,} converges strongly to a common fized point of the mappings {T; : i € 1} if and only if
lim d(x,, F') = 0.

n—oo

Definition 5 [24] A normed space E is said to satisfy Opial’s condition if for any se-
quence {x,} in E, x, — x implies that limsup,,_, . ||z, — x| < limsup,,_ . ||z, — y|| for all
y € E with y # x.
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In [1], Chen et al proved the following theorem.

Theorem 6 Let K be a nonempty closed convex subset of a q-uniformly smooth and
p-uniformly convex Banach space E that has the Opial property. Let s be any element in
(0,1) and let {T;}Y.,be a finite family of strictly pseudocontractive self-maps of K such that
TN have at least one common fized point. For any point xo in K and any sequence
{T:}its, p yp y seq
{an}22, in (0, ), define the sequence {x,} by the implicit iteration process (4.1). Then {x,}

converges weakly to a common fived point of {T;}Y .

The purpose of this section is to study the strong convergence of the implicit iteration
process (4.1) to a common fixed point for a finite family of ¥)—uniformly pseudocontractive

and @ —uniformly accretive mappings in real Banach spaces.

Theorem 7 Let {T},Ts,..., Ty} : K — K be N, y—uniformly pseudocontractive map-
N

pings with F' = () F(T;) # ¢. From arbitrary xo € K, define the sequence {x,} by the
=1

(2

implicit iteration process (4.1) satisfying > - (1 — a,) = oo and lim (1 — a,) = 0. If

n—oo

the sequence {T,x,} is bounded, then {z,} converges strongly to a common fized point of
{11, T, ..., Tn}.

Proof: Since each T} is ¥ —uniformly pseudocontractive, we have from (1.1)

(Tix = Ty j(z — ) < llz —ylF = d(le —yll), i=12,....N. (4.2)

We know that the mappings {71, 75,...,Tx} have a common fixed point in K, say w, then
N

the fixed point set F' = (] F(T};) # ¢ is nonempty. We will show that w is the unique fixed
i=1

point of F. Suppose there exists ¢ € F/(T}) such that w # ¢ i.e., ||w — ¢|| > 0. Then

¢([lw—qll) > 0. (AR)

Since 1) is strictly increasing with ¢ (0) = 0. Then, from the definition of —uniformly

pseudocontractive mapping,

lw—ql’ = (w—gq,j(w—q)=(Tvw—"Tg,jw—q))
< lw = ql* = ¥ (l[w — gl
implies
Y([lw—ql]) <0,

contracditing (AR), which implies the uniqueness. Hence F(T}) = {w}. Similarly we can
prove that F(T;) = {w}; i =2,3,...,N. Thus F' = {w}.
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Since the sequence {T),x,} is bounded, we set
My = [lwo — wl| + supl[ T — w]].
n>1

Obviously M; < oc.
It is clear that ||zo—w]|| < M. Let ||z,_1—w|| < M;. Next we will prove that ||z, —w|| < M;.

Consider

||z, — wl| l|anxn—1 + (1 — ap) Tz, — w|

latn (zn—1 —w) + (1 — an)(Thzn — w)]|

IN

aonn—l - w|| + (1 - an)HTnIn - w||
Oéan + (1 — C(n)Ml
M;.

IN

So, from the above discussion, we can conclude that the sequence {x,, — w} is bounded. Let

My = sup||x,, — wl|.
n>1

Denote M = M; + M;. Obviously M < oc.

The real function f : [0, 0o) — [0, 0o), defined by f(t) = t? is increasing and convex. For all
A € [0,1] and ¢, t2 > 0 we have

(1= M)t + M) < (1 — N2 + 2. (4.3)
Consider

||zn — wH2 = ||lopxn_1+ (1 — apn)Thx, — wH2

latn (Tn—1 —w) + (1 — an)(Thn — w)”2

< [O‘n Hxn—l - w” + (1 — ) ||Tnxn - w”]2
< oy lrng — wH2 + (1 = ap) [|Thr, — wH2
< apey — w|]? 4+ M?* (1 — o). (4.4)
From Lemma 3 and (4.1), we have
Hmn - w||2 = ”anmn—l + (1 - an) Tnxn — w||2

lan(zn1 —w) + (1 = ay) (Thz, — w)||2

IN

|1 — w|]?+2(1 — o) (T, — w, j (2, —w))

IN

an2||xn—1 - w||2 +2(1 —ap) [|zn — w||2

—2(1 = o) Y(flzn — wl]), (4.5)
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Substituting (4.4) in (4.5), we get

lzn —w|® < [0 +2(1 = an)][[@a-s — w]|* = 21 = an)¥([lz, — w])
+2M*(1 — ay,)?
= [1+ (1= an)?] lear = wl]’ = 2(1 = @)y (||lzn — w]))
+2M3(1 — ay)?
< lon — w0l = 2(1 = cn)¥ (|2 — wl)) +3M*(1 —an)®. (4.6)

Denote

en = H*/Enfl —UJH,
A = 2(1 — ),
o, = 3M*(1—a,)’

Condition lim (1 — a;,) = 0 assures the existence of ny € N such that A\, = 2(1 —a,,) < 1,

n—oo

for all n > ny. Now with the help of > (1 — ;) = oo and Lemma 4, we obtain from (4.6)
that

lim ||z, —wl|| =0,
completing the proof. [

Remark 4 Theorem 7 extend and improve the Theorems 5-6 in the following directions:

B The strictly pseudocontractive mappings are replaced by the more general ¢)—uniformly

pseudocontractive and @ —uniformly accretive mappings;

B Theorem 7 holds in real Banach space whereas the results of Theorem 6 are in ¢-

uniformly smooth and p-uniformly convex Banach space;

B We do not need the assumption lim d(x,, F) as in Theorem 5.
n—oo

B One can easily see that if we take o, = 1 — n%,; 0 <o <1, then > (1 —a,) = oo, but

> (1 — a,,)?* = 0o. Hence the conclusion of Theorem 5 is false.
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