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Bell Numbers and Engel’s Conjecture

ABSTRACT. In this paper, we prove some new properties of the sequence of the Bell
numbers and present some results in connection with Engel’s conjecture. In addition, using

a new approach we state a stronger conjecture.
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1 Introduction

A partition of the set [n] = {1,2,...,n} is a collection of nonempty, pairwise disjoint subsets
of [n] called blocks whose union is [n]. A partition 7 is said to refine another partition
o, denoted by 7 < my, if every block of 71 is contained in some block of 7. Hence, the
refinement relation is a partial ordering of the set [], of all partitions of [n]. The number of
partitions of [n] having exactly &k blocks is the Stirling number of the second kind S (n, k).

The total number of partitions of [n] is the n'* Bell number B,,. Therefore,
Bn:ZS(n,k‘), n>1.
k=1

Also, recall Dobinski’s formula |[I]

Now, for all z € R, we set
B(x):—;ﬁ7 z € R.

Note that the series Y- % converges for all z € R and B (n) = B, for all n € N.
i>0
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2 New properties of the Bell numbers

Theorem 1 Let p € |1,+o00[ and let q be the conjugate exponent of p. Then, for all

xr1, T2 € R, we have

B(z1 + 125) < BYp (px1) BYa (qxa) .

Proof: Let Z be the discrete random variable with distribution function

. 11
P(Z:Z):g'i—!,ZGN.
Then
E(Z*) = B(z), forall z €R. (1)

From Holder’s inequality we obtain

E (Zmt=) < EYP (zrm) . EY1(Z9%2), for all z2, € R.
Hence, if we use (1), the result follows immediately. O
Theorem 2 For all x1, x5 € R, we have

Proof: Using the same discrete random variable in the above proof we have
E(Z™ — Z™)?) > 0.
Thus
2E(Z7172) < B(Z*) + B(X*™) .
Consequently, using (1), we get
2B (x1 4+ x9) < B (211) + B (223) .

]

As a consequence of Theorem 1, with z;, zo € N and p = ¢ = 2 we obtain the first following

new property of the sequence of the Bell numbers.

Corollary 3 The inequality
B?H—m S B2nBZm

holds for every n, m € N.
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Corollary 4 The sequence (B,11/Bn), is increasing, and, equivalently, the sequence

(By),, is logarithmically convez, i.e.

Biﬂ < B,Bji2, foralln>0.

Proof: The assertion follows from Theorem 1 with 1 = § x5 = "T’Lz, and p=q = 2. O
Corollary 5 The sequence (B,,), is convez, i.e.

2B, < B,_1+ Bpi1, foralln>1.
Proof: This inequality follows easily from Theorem 2 with x; = ”T“ and z, = L O]

2
Henceforth, let 7,, (resp. 02) denote the average (resp. the variance) of the number of blocks

in a partition of the generic n-set [n], i.e.

1 n
Tp = B—nZkS(n,k)
k=1

and

2 1 2 1 i
=5 kS(n,k)—(B—nZkS(n,k;)>.

n o

—_

Using the recurrence relation

Sn+1,k)=S(n,k—1)+ kS (n,k) (2)
we obtain
Bn—i—l
—1
Tn B,
and

2
0_2 _ Bn+2 N Bn+1 1
" B, B, '
In studying Alekseev’s inequality [!| on the principal ideal of the partition lattice, it was
shown in [3] that the inequality is equivalent to

Tony + Tng = Tnytngs for all ny,ng € N.

Furthermore, K. Engel [5] showed that the inequality above is true if the sequence (7,),, is

concave, and he was led to the conjecture that the sequence (7,), is concave, i.e.

1
Tn 2 5 (Tnfl + Tn+1) Jorallm > 1.
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We verified the last inequality for n < 1500 using a computer [3], but no general proof
has been found yet. The second purpose of this paper is to contribute to the study of this

conjecture by using a new approach.

Let, for x € R,

B,(x)=)Y S(nk) 2", (3)

k=0
It is clear that (B, ()),, is a sequence of polynomials, with By () =1 and B,, (1) = B,, (Bell
number). Recall that the polynomial B, (z) admits n distinct roots, where only one of them
is equal to zero and all others are strictly negative. This result is due to L. N. Harper [3] and
the detailed proof can be found in [3]. From now on, let —a; (n), —as (n), -+, —a,_1 (n)
denote the (n — 1) negative roots of B, (z), and let I, = {0} U {—a;(n),i=1,...,n—1}.

This allows us to write
n—1
Bu(2) =[] (e + i (n)) .
i=1

In this section we assume that « ¢ I,,. Setting

o (x) = Buni (@) x

B, (z)

and

(x) (B <x>)2 e (4)

we have 7, (1) = 7, and 02 (1) = o
Theorem 6 For every n € N*,

n—1 n—1

i) Tn<fc>:1+zx++j(m:"—;zﬁ%7

Jj=1

ii) op () = zd (7, (2)),

n

d

where d 1is the differential operator ---

Proof: Without restriction, we only consider here the case when x > 0.

i) It is easy to verify from (2) and (3) that

By (x) = x (d (B () + Bn (z)) - (5)
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It follows that

T (x) = =

— ad <logx + ilog (T + oy (”)))

To prove ii), we have

zd(m, (z) = :C( B, (x) B2 (z _1)

B Bi@) B} () o
_ B (B @)
B, (z) B, (z)
= o, (2)
Thus, the theorem is proved. O]

Corollary 7 For everyn > 2,

a) 1 < 7,(z) <n, for each x > 0,
b) 0 < o2 (z) < 2, for each x> 0,
c) The sequence (B, (x)),, is logarithmically convex for x > 0 and logarithmically concave

forxz <0,

d) For every n > 1, the polynomials B"L*Tl(x) and B"T(x) are coprime,

e) onyy (z) +on_y () — 207 (2) = & d(Tps1 () + Ty (2) — 27 ().
Proof: a) By the fact that «; (n) is positive for every j, the inequality a) follows immediately
from i) of Theorem 6.

b) using i) and ii) of Theorem 6, we obtain

) =ey 0 )

) .
(& +ay (n))?
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aj(m)e . 1

Thus, it is sufficient to notice that the maximum value of the function z — oo )7
J

for z > 0.

¢) This result is an immediate consequence of (6). Indeed, if x > 0 (resp. z < 0), then
02 (x) > 0 (resp. o2 (z) < 0), i.e. using (4)

Boya (2) By (2) = B2, (2) — 2B () > 0

(vesp. Busz (2) By (¢) — By, () — 2B2 (2) < 0).
Hence

Buiz (7) By () > By (o)

(vesp. Buya () Ba () < B2, (x)).

From (5), we get

n—1
Bui1 (—a; (n)) = o (n) [ [ (= (n) + i (n)) £ 0. (7)
=1
Thus d) is proved.
To prove e), it is sufficient to use ii) of Theorem 6. ]

Corollary 8 We have

2B, < Bpy1 < (n+1)B,.

Proof: Use a) of Corollary 7 and choose xz = 1. O
Remark 1 Note that the inequality 2B, < B, is stronger than the convexity of the
sequence (B,), .

Let uy, (x) = 7, () + . Then we have the following result.

Lemma 9 For every n > 3,

1 = 50

et (1) 2=+ a; (n)

)

J=1

where 3; (n) €]0,1[.
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Proof: We have

1 B j]jlz(x—l—ai(n—l))

—1

IT o+ s ()
By a decomposition into partial fractions, we get

B (n)
x+ a; (n)

Up—1 (T) 4

Y

1

<
Il

where

By (=a; (n))

oy () TT (o () + s ()

i=1

Bj(n) =

Moreover, from (7) we obtain

—a; (n) By—1 (—ay (n))
B (—aj(n))

Bj(n) =

On the other hand in view of (6) we have

B,.1(x B, (z 2
o2 (x) = an E$; — <Bn—1 (i>> —x <0, forallz <Oand z ¢ I,, ;.
Therefore
B (2) ( B, (z) )2 (Bn1 @:))2
< 4| —=———=] ,forallz<Oand x & I,
By (z) By () By () # Lo

If we replace x in the above inequality by —a; (n), then we obtain
B; (n) (1= B; (n)) >0,
thus 3, (n) €]0,1[- O

Theorem 10 For everyn > 2,

Tust (2) 4 Tt () — 27 (2) = @ (u <fv>> ; (  (x) ) |

n—1
. Un (T Bj(n
with %_—(1(36) =1+ l’]; (x+;]((71))2 and 5j (n) E]Ov 1[
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Proof: From (5) we obtain

Hence

Tpa1 () + T () — 27, () = xd (log (B (x)) + log (Bh_1 () — 2log (B, (x)))

— d (1og [ Bt (1’2) lin_l ()
= ad Eloig Un (;%)() | )>
Un-1 ()

We also have

Hence

This completes the proof. O

3 Strong Conjecture

Recall that K. Engel conjectured that the sequence (7,), is concave in n, i.e.
2T, — Tho1 — Tny1 > 0, for every n > 2.

In this section we show that this conjecture is in fact a consequence of the following stronger

conjecture.
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Theorem 11 If the positive roots of the equation d (u:f—%) =0 are less than 1, then

the sequence (1), is concave.

Proof: Using Theorem 10, we have

tn () >1whenz >0 and lim tn () =1.
Up—1 () w400 Uy _1 (T)
Then, assuming that the positive roots of the equation d (;‘i—%) = 0 are less than 1, the

function z +— uZi(f(;) would be necessarily decreasing in the neighborhood of 1, which means

that
i () () <o

]

Conjecture 1 For everyn > 1, the positive roots of the equation d (“”—(I)> =0 are all

Un—1(x)
less than 1.

Using Maple9, we checked this new conjecture for 2 < n < 400.
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