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ABSTRACT. Let E be a uniformly smooth real Banach space and T : E → E be generalized
Lipschitz Φ-accretive mapping with Φ(r) → +∞ as r → +∞. Let{an}, {bn}, {cn}, {a′n},
{b′n}, {c′n} be six real sequences in [0, 1] satisfying the following conditions: (i)an + bn + cn =

a′n + b′n + c′n = 1, (ii) lim
n→∞

bn = lim
n→∞

b′n = lim
n→∞

c′n = 0, (iii)
∞∑

n=0

bn = ∞, (iv)cn = o(bn).

For arbitrary x0 ∈ E, define the Ishikawa iterative process with errors {xn}∞n=0 by (ISE):
yn = a′nxn + b′nSxn + c′nvn, xn+1 = anxn + bnSyn + cnun, n ≥ 0. where S : E → E is defined
by Sx = f + x − Tx, f ∈ E, ∀x ∈ E. Assume that the equation Tx = f has solution and
{un}∞n=0 , {vn}∞n=0 are arbitrary two bounded sequences in E. Then the sequence {xn}∞n=0

converges strongly to the unique solution of the equation Tx = f . A related result deals
with approximation of fixed point of generalized Lipschitz Φ-pseudocontractive mapping.

KEY WORDS. Ishikawa iterative process with errors; generalized Lipschitz; Φ-accretive
mapping; Φ- pseudocontractive mapping; uniformly smooth Banach space.

1 Introduction

Let E be real Banach space and E∗ be the dual space on E. The normalized duality mapping
J : E → 2E∗ is defined by

Jx = {f ∈ E∗ :< x, f >= ||x|| · ||f || = ||f ||2} (1.1)

for all x ∈ E, where < ·, · > denotes the generalized duality pairing. It is well known
that if E is an uniformly smooth Banach space, then J is single-valued and such that
J(−x) = −J(x), J(tx) = tJ(x) for all x ∈ E and t ≥ 0; and J is uniformly continuous on
any bounded subset of E. In the sequel we shall denote single-valued normalized duality

1Project supported by the National Science Foundation of China and Shijiazhuang Railway College Sci-
ences Foundation.
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mapping by j. By means of the normalized duality mapping J . In the following we give
some concepts.

Definition 1.1 Let E be real Banach space, and T : E ⊃ D(T ) → E be a mapping
with domain D(T ) and range R(T ). A mapping T is said to be strongly accretive if for any
x, y ∈ D(T ) there exists j(x− y) ∈ J(x− y) such that

< Tx− Ty, j(x− y) >≥ k‖x− y‖2 (1.2)

for some constant k ∈ (0, 1). A mapping T is called Φ-strongly accretive if for any x, y ∈
D(T ) there exists j(x− y) ∈ J(x− y) and a strictly increasing function Φ : [0,∞) → [0,∞)

with Φ(0) = 0 such that

< Tx− Ty, j(x− y) >≥ Φ(‖x− y‖)‖x− y‖ (1.3)

The mapping T is called Φ-accretive if, there exists a strictly increasing function Φ : [0,∞) →
[0,∞) with Φ(0) = 0, and for any x, y ∈ D(T ) there exists j(x− y) ∈ J(x− y) such that

< Tx− Ty, j(x− y) >≥ Φ(‖x− y‖) (1.4)

Recently, Zhou [6] proved the following result: Let X be real uniformly smooth Banach space.
Assume that A : X → X is Lipschitz Φ-strongly accretive mapping with Φ(r) → +∞ as
r → +∞. Let {αn}∞n=0 and {βn}∞n=0 be two real sequences in (0, 1) satisfying the conditions:

(i) 0 < αn ≤
1

4(1 + L1)2
, n ≥ 0, where L1 = 1 + L, L ≥ 1 is Lipschitz constant of A;

(ii) b(αn), βn → 0 as n →∞;

(iii)
∞∑

n=0

αn(1− αn) = ∞.

Assume that {un}∞n=0 , {vn}∞n=0 are two sequences in X satisfying condition: ‖un‖ = o(αn),
‖vn‖ → 0 as n → ∞, and ‖vn‖ ≤ 1,∀n ≥ 0. Define S : E → E by Sx = f + x − Tx, f ∈
X,∀x ∈ X. Then the Ishikawa iterative process {xn}∞n=0 x0 ∈ X by

x0 ∈ X,

yn = (1− βn)xn + βnTxn + vn, n ≥ 0,

xn+1 = (1− αn)xn + αnTyn + un, n ≥ 0.

converges strongly to the unique solution of the equation Tx = f . one question arises natu-
rally: If T neither is Lipschitzian nor has the bounded range , whether or not the Ishikawa
iterative sequence {xn}∞n=1 generated by converges strongly to the unique solution of the equa-
tion Tx = f . It is our purpose in this paper to solve the above part question by proving the
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following much more general result: If E is an uniformly smooth real Banach space. Assume
that T : E → E is Φ-accretive mapping, and T neither is Lipschizian nor has the bounded
range, then the Ishikawa iteration sequence with errors generated by converges strongly to
the unique solution of the equation Tx = f . For this, we need to give the following concept
and Lemma.

Definition 1.2 A mapping T : E → E is called a generalized Lipschitz mapping, if there
exists a constant L > 0 such that ‖Tx− Ty‖ ≤ L(1 + ‖Tx− Ty‖), ∀x, y ∈ E. Clear, every
Lipschitz mapping is generalized Lipschitz mapping. However, generalized Lipschitz mapping
must not be Lipschitz. See the following example.

Example Let E = (−∞, +∞) and T : E → E be

Tx =


x− 1, if x ∈ (−∞, 0),

x−
√

1− (x + 1)2, if x ∈ [−1, 0),

x +
√

1− (x− 1)2, if x ∈ [0, 1],

x + 1, if x ∈ (1, +∞).

Lemma 1.1 ([4]) Let E be a real Banach space, then for all x, y ∈ E, there exists
j(x + y) ∈ J(x + y) such that ||x + y||2 ≤ ||x||2 + 2 < y, j(x + y) >.

2 Main Results

Now we prove the main the results of this paper, In the sequel, we always assume that E is
a uniformly smooth real Banach space.

Theorem 2.1 Assume that T : E → E is generalized Lipschitz Φ-accretive mapping
with Φ(r) → +∞ as r → +∞. Let{an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} be real sequences in
[0, 1] satisfying the following conditions:

(i) an + bn + cn = a′n + b′n + c′n = 1;

(ii) lim
n→∞

bn = lim
n→∞

b′n = lim
n→∞

c′n = 0;

(iii)
∞∑

n=0

bn = ∞;

(iv) cn = o(bn).

For arbitrary x0 ∈ E, define the Ishikawa iterative process with errors {xn}∞n=0 by (ISE):{
yn = a′nxn + b′nSxn + c′nvn,

xn+1 = anxn + bnSyn + cnun,
(2.1)
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where S : E → E is defined by Sx = f + x − Tx, ∀x ∈ E. Assume that the equation
Tx = f has solution and {un}∞n=0 , {vn}∞n=0 are arbitrary two bounded sequences in E. Then
the sequence {xn}∞n=0 converges strongly to the unique solution of the equation Tx = f .

Proof: Let q be the solution of the equation Tx = f , then q is the unique solution. Since T is
generalized Lipschitz Φ-accretive, then there exists L0 > 0 such that ‖Tx−Ty‖ ≤ L0(1+‖x−
y‖) and < Tx−Ty, J(x−y) >≥ Φ(‖x−y‖), for all x, y ∈ E, i.e., ‖Sx−Sy‖ ≤ L(1+‖x−y‖),
< Sx− Sy, J(x− y) >≤ ‖x− y‖2 − Φ(‖x− y‖), where L = 1 + L0. Especially, for ∀x ∈ E,
< Sx− Sq, J(x− q) >≤ ‖x− q‖2 − Φ(‖x− q‖). Observe that (ISE) equivalent form{

yn = (1− βn)xn + βnSxn + Vn + c′n(q − xn)

xn+1 = (1− αn)xn + αnSyn + Un + cn(q − xn)
(2.2)

where Vn = c′n(vn − q), Un = cn(un − q), βn = b′n, αn = bn. Then ‖Vn‖ → 0 as n → ∞,
‖Un‖ = o(bn). From form (2.2), we obtain that

‖yn − q‖ = ‖(1− βn)(xn − q) + βn(Sxn − Sq) + Vn + c′n(q − xn)‖
≤ (1− βn + βnL + c′n)‖xn − q‖+ βnL + ‖Vn‖ ,

(2.3)

‖xn+1 − q‖ = ‖(1− αn)(xn − q) + αn(Syn − Sq) + Un + cn(q − xn)‖
≤ (1− αn + αnL(1− βn + βnL + c′n) + cn)‖xn − q‖
+ αn(L + βnL

2 + L‖Vn‖) + ‖Un‖ .

(2.4)

Furthermore, we have the following estimates

2cn‖xn − q‖ · ‖xn+1 − q‖ ≤ 2cn(1− αn + αnL(1− βn + βnL + c′n) + cn)‖xn − q‖2

+ 2cn(αn(L + βnL
2 + L‖vn‖) + ‖Un‖)‖xn − q‖

≤ Rn‖xn − q‖2 + Pn ,

(2.5)

where Rn = 2cn(1−αn + αnL(1− βn + βnL + c′n) + cn) + cn(αn(L + βnL
2 + L‖Vn‖) + ‖Un‖),

Pn = cn(αn(L + βnL
2 + L‖Vn‖) + ‖Un‖). And have

2 (‖Vn‖+ c′n‖xn − q‖) ‖yn − q‖
≤ 2(‖Vn‖+ c′n‖xn − q‖)((1− βn + βnL + c′n)‖xn − q‖+ βnL + ‖Vn‖)
≤ 2c′n((1− βn + βnL + c′n)‖xn − q‖2 + 2‖Vn‖(βnL + ‖Vn‖))
+ 2(‖Vn‖(1− βn + βnL + c′n) + c′n(βnL + ‖vn‖)‖xn − q‖
≤ 2c′n((1− βn + βnL + c′n)‖xn − q‖2 + 2‖Vn‖(βnL + ‖Vn‖))
+ (‖Vn‖(1− βn + βnL + c′n) + c′n(βnL + ‖Vn‖)(1 + ‖xn − q‖2)

≤ ((2c′n + ‖Vn‖)(1− βn + βnL + c′n) + c′n(βnL + ‖Vn‖))‖xn − q‖2)

+ (‖Vn‖(1− βn + βnL + c′n) + (c′n + 2‖Vn‖)(βnL + ‖Vn‖)
= Gn‖xn − q‖2 + Hn

(2.6)
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where Gn = (2c′n + ‖Vn‖)(1 − βn + βnL + c′n) + c′n(βnL + ‖Vn‖), Hn = (‖Vn‖(1 − βn +

βnL + c′n) + (c′n + 2‖Vn‖)(βnL + ‖Vn‖). Set An =
∥∥∥J

(
xn+1−q

1+‖xn−q‖

)
− J

(
yn−q

1+‖xn−q‖

)∥∥∥, Dn =∥∥∥J
(

yn−q
1+‖xn−q‖

)
− J

(
xn−q

1+‖xn−q‖

)∥∥∥, then An → 0, Dn → 0 as n → ∞. Indeed
{

yn−q
1+‖xn−q‖

}∞
n=0

,{
xn−q

1+‖xn−q‖

}∞
n=0

, and
{

xn+1−q
1+‖xn−q‖

}∞
n=0

are all bounded, and
∥∥∥ xn+1−q

1+‖xn−q‖ −
yn−q

1+‖xn−q‖

∥∥∥ → 0,∥∥∥ yn−q
1+‖xn−q‖ −

xn−q
1+‖xn−q‖

∥∥∥ → 0 as n →∞. Applying uniformly continuity of J on any bounded
subset, hence An → 0, Dn → 0 as n →∞. Using Lemma 1.1 and (2.4), (2.5), we may obtain

‖xn+1 − q‖2 = ‖(1− αn)(xn − q) + αn(Syn − Sq) + Un + cn(q − xn)‖2

≤ (1− αn)2‖xn − q‖2 + 2αn < Syn − Sq, J(xn+1 − q) >

+ 2 < Un, J(xn+1 − q) > +2cn < q − xn, J(xn+1 − q) >

≤ (1− αn)2‖xn − q‖2 + 2αn < Syn − Sq, J(yn − q) >

+ 2αn < Syn − Sq, J(xn+1 − q)− J(yn − q) >

+ 2‖Un‖ · ‖xn+1 − q‖+ 2cn‖xn − q‖ · ‖xn+1 − q‖
≤ (1− αn)2‖xn − q‖2 + 2αn(‖yn − q‖2 − Φ(‖yn − q‖)) (2.7)

+ 2αn < Syn − Sq, J

(
xn+1 − q

1 + ‖xn − q‖

)
− J

(
yn − q

1 + ‖xn − q‖

)
> (1 + ‖xn − q‖)

+ 2‖Un‖(1− αn + αnL(1− βn + βnL + c′n) + cn)‖xn − q‖
+ 2‖Un‖(αnL + αnβnL

2 + αnL‖Vn‖+ ‖Un‖) + Rn‖xn − q‖2 + Pn

≤ (1− αn)2‖xn − q‖2 + 2αn(‖yn − q‖2 − Φ(‖yn − q‖))
+ 2αnAnL(1 + ‖yn − q‖)(1 + ‖xn − q‖) + En + Pn + Rn‖xn − q‖2

+ 2‖Un‖(1− αn + αnL(1− βn + βnL))‖xn − q‖

where En = 2‖Un‖(αnL + αnβnL
2 + αnL‖Vn‖+ ‖Un‖). Furthermore,

2‖Un‖(1− αn + αnL(1− βn + βnL + c′n) + cn)‖xn − q‖
≤ ‖Un‖((1− αn + αnL(1− βn + βnL + c′n) + cn)2 + ‖xn − q‖2)

≤ ‖Un‖M1 + ‖Un‖‖xn − q‖2 ,

(2.8)

2αnAnL(1 + ‖yn − q‖)(1 + ‖xn − q‖)
≤ 2αnAnL((1− βn + βnL + c′n)‖xn − q‖+ 1 + βnL + ‖vn‖)(1 + ‖xn − q‖)
≤ 4αnAnL(1 + βnL + c′n)(1 + ‖xn − q‖2)

= Fn‖xn − q‖2 + Fn

(2.9)

where M1 = sup {(1− αn + αnL(1− βn + βnL + c′n) + cn)2}. Fn = 4αnAnL(1 + βnL + c′n).
Substituting (2.8) and (2.9) in (2.7), we have

‖xn+1 − q‖2 ≤ ((1− αn)2 + Fn + Rn + ‖Un‖)‖xn − q‖2 + En + Fn

+ Pn + ‖Un‖M1 + 2αn(‖yn − q‖2 − Φ(‖yn − q‖)) .
(2.10)
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Again using Lemma 1.1 and (2.6), we obtain

‖yn − q‖2 ≤ (1− βn)2‖xn − q‖2 + 2βn < Sxn − Sq, J(yn − q) >

+ 2(‖Vn‖+ c′n‖xn − q‖)‖yn − q‖
≤ (1− βn)2‖xn − q‖2 + 2βn < Sxn − Sq, J(yn − q)− J(xn − q) >

+ 2βn < Sxn − Sq, J(xn − q) > +Gn‖xn − q‖2 + Hn

≤ (1 + β2
n + Gn)‖xn − q‖2 − 2βnΦ(‖xn − q‖) + Hn

+ 2βn < Sxn − Sq, J

(
yn − q

1 + ‖xn − q‖

)
− J

(
xn − q

1 + ‖xn − q‖

)
> (1 + ‖xn − q‖)

≤ (1 + β2
n + Gn)‖xn − q‖2 − 2βnΦ(‖xn − q‖) + Hn

+ 2β‖Sxn − Sq‖Dn(1 + ‖xn − q‖
≤ (1 + β2

n + Gn + 4βnDnL)‖xn − q‖2

+ Hn + 4βnDnL− 2βnΦ(‖xn − q‖) .

(2.11)

Substituting (2.11) in (2.10), get

‖xn+1 − q‖2 ≤ (1 + α2
n + Fn + Rn + ‖Un‖+ 2αn(β2

n + Gn + 4βnDnL))

× ‖xn − q‖2 + En + Fn + Pn + ‖Un‖M1 + 2αnHn

+ 8αnβnDnL− 2αnΦ(‖yn − q‖))
− 4αnβnΦ(‖xn − q‖)‖xn − q‖)
≤ ‖xn − q‖2 + In‖xn − q‖2 + 2αn(On − Φ(‖yn − q‖))

(2.12)

where In = α2
n + Fn + Rn + ‖Un‖ + 2αn(β2

n + Gn + 4βnDnL), On = (En + Fn + Pn +

‖Un‖M1 + 2αnHn + 8αnβnDnL)/2αn. Base on definition of S, for any ∀x ∈ E, < Sx −
Sq − x + q, J(x − q) >≤ −Φ(‖x − q‖). Thus, Φ(‖x − q‖) ≤ ‖x − Sx‖. Any choose
x0 ∈ E such that ‖x0 − Sx0‖ 6= 0, i.e,x0 6= q. If x0 = q, then we are done. Suppose
this is not the case, then have ‖x0 − q‖ ≤ Φ−1(‖x0 − Sx0‖). Since αn, βn → 0 (n →
∞), so that In = o(αn), On = o(αn), ‖Un‖ = o(αn) and ‖Vn‖ → 0(n → ∞), there exists
positive integer N such that αn < Φ−1(‖x0−Sx0‖)

4(1+L+L2)Φ−1(‖x0−Sx0‖)+2L2+4L
, βn < 2Φ−1(‖x0−Sx0‖)

3(1+L)Φ−1(‖x0−Sx0‖)+3L
,

‖Un‖ < Φ−1(‖x0−Sx0‖)
2

, ‖Vn‖ < min
{

1, Φ−1(‖x0−Sx0‖)
6

}
, 1− βn − βnL− c′n > 3

4
, βnL + ‖Vn‖ <

Φ−1(‖x0−Sx0‖)
6

, In(2Φ−1(‖x0−Sx0‖))2
2αn

+On <
Φ

„
Φ−1(‖x0−Sx0‖)

2

«
2

. For all n ≥ N . Suppose ‖xN −q‖ ≤
2Φ−1(‖x0 −Sx0‖) holds, we prove ‖xN+1 − q‖ ≤ 2Φ−1(‖x0 −Sx0‖). Assume that this is not
true, then ‖xN+1 − q‖ > 2Φ−1(‖x0 − Sx0‖). From (2.2) we may get (1 − αN)‖xN − q‖ ≥
‖xN+1 − q‖ − αN‖xN − SyN‖ − ‖UN‖ − cN‖xN − q‖ (N is enough big, 1 − αN + cN < 1).



Ishikawa Iterative Process with Errors 91

We also obtain the following inequality:

‖xN − q‖ ≥ ‖xN+1 − q‖ − αN‖xN − SyN‖ − ‖UN‖
≥ 2Φ−1(‖x0 − Sx0‖)
− αN(2(1 + L + L2)Φ−1(‖x0 − Sx0‖) + L2 + 2L)− ‖UN‖
≥ Φ−1(‖x0 − Sx0‖)

and

‖yN − q‖ ≥ (1− βN)‖xN − q‖ − βNL‖xN − q‖ − βNL− ‖VN‖ − c′N‖xN − q‖
= (1− βN − βNL− c′N)‖xN − q‖ − βNL− ‖VN‖

≥ Φ−1(‖x0 − Sx0‖)
2

,

so that Φ(‖yN − q‖) ≥ Φ(Φ−1(‖x0−Sx0‖)
2

). Using (2.12) and above relevant form, we compute
as follows:

‖xN+1 − q‖2 ≤ ‖xN − q‖2 + IN‖xN − q‖2 + 2αN(ON − Φ(‖yN − q‖))

≤ ‖xN − q‖2 + 2αN(
IN‖xN − q‖2

2αN

+ ON − Φ(‖yN − q‖))

≤ ‖xN − q‖2 − αNΦ(
Φ−1(‖x0 − Sx0‖)

2
)

≤ ‖xN − q‖2 ≤ (2Φ−1(‖x0 − Sx0‖))2 .

contradicting with assumption. By induction, so sequence {‖xn − q‖}∞n=0 is bounded, there-
fore {‖yn − q‖}∞n=0 is also bounded. Set W = sup {‖xn − q‖} + sup {‖yn − q‖}, Qn =
InW 2

2αn
+ On. Then using (2.12), we have

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + 2αn

(
In‖xn − q‖2

2αn

+ On − Φ(‖yn − q‖)
)

≤ ‖xn − q‖2 + 2αn(Qn − Φ(‖yn − q‖))
= ‖xn − q‖2 + αn(2Qn − Φ(‖yn − q‖))− αnΦ(‖yn − q‖)) .

(2.13)

In the following we prove that lim
n→∞

inf ‖yn − q‖ = 0 holds. If not true. Let lim
n→∞

inf ‖yn −
q‖ = 2δ > 0. Then, there exists an integer N1 such that ‖yn − q‖ ≥ δ, ∀n ≥ N1, i.e.,
Φ(‖yn− q‖) ≥ Φ(δ). Since Qn → 0(n →∞), there exists positive integer N2 > N1 such that
Qn ≤ Φ(δ),∀n ≥ N2. The implies that Qn ≤ Φ(‖yn − q‖). Hence, for all n ≥ N2, we obtain
that

‖xn+1 − q‖2 ≤ ‖xn − q‖2 − αnΦ(‖yn − q‖)) ≤ ‖xn − q‖2 − αnΦ(δ) .

This implies that

Φ(δ)
∞∑

n=N2

αn ≤
∞∑

n=N2

(‖xn − q‖2 − ‖xn+1 − q‖2) ≤ ‖xN2 − q‖2 < ∞
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contradicting with condition (iii) of Theorem. So there exists a infty subsequence{
ynj

− q
}∞

j=0
of {yn − q}∞n=0. Again from (2.2), get ‖ynj

−q‖ ≥ (1−βnj
−βnj

L−c′nj
)‖xnj

−q‖−
βnj

L−‖Vnj
‖, so that lim

j→∞
‖xnj

−q‖ = 0. Hence, for any ∀ε > 0, there exists a positive integer

nj0 , such that ‖xnj
−q‖ < ε, αnj

(LW +L)+‖Unj
‖ < ε

4
, (βnj

+βnj
L+c′nj

)W +(βnj
L+‖Vnj

‖) <
ε
4
, for all nj > nj0 . Again choose a positive integer N0 ≥ nj0 such that Qn < Φ( ε

2
)1

2
, for all

n > N0. Next, we want to prove: for arbitrary ∀m ≥ 1,‖xnj+m − q‖ < ε, nj > nj0 . First,
we prove that ‖xnj+1 − q‖ < ε. If it is not the case, then there exists nj1 > nj0 such that
‖xnj1

+1 − q‖ < ε. Using (2.2) again, we have

‖xnj1
+1 − q‖ ≤ (1− αnj1

)‖xnj1
− q‖+ αnj1

‖Synj1
− Sq‖+ ‖Unj1

‖+ cnj1
‖xnj1

− q‖
≤ (1− αnj1

+ cnj1
)‖xnj1

− q‖+ αnj1
L(1 + ‖ynj1

− q‖) + ‖Unj1
‖

≤ ‖xnj1
− q‖+ αnj1

L(1 + W ) + ‖Unj1
‖

≤ ‖xnj1
− q‖+

ε

4

lead to ‖xnj1
− q‖ > ‖xnj1

+1 − q‖ − ε
4

> 3ε
4
. And we get also

‖ynj1
− q‖ ≥ (1− βnj1

)‖xnj1
− q‖ − βnj1

L(‖xnj1
− q‖+ 1)− ‖Vnj1

‖ − c′nj1
‖xnj1

− q‖

≥ ‖xnj1
− q‖ − (βnj1

+ βnj1
L + c′nj1

)‖xnj1
− q‖ − (βnj1

L + ‖Vnj1
‖)

>
3ε

4
− (βnj1

+ βnj1
L + c′nj1

)W − (βnj1
L + ‖Vnj1

‖)

>
ε

2
.

Hence Φ(‖ynj1
− q‖) > Φ( ε

2
). By (2.12), we obtain that

ε2 ≤ ‖xnj1
+1 − q‖2

≤ ‖xnj1
− q‖2 + 2αnj1

(Qnj1
− Φ(‖ynj1

− q‖))

< ε2 + 2αnj1
(Φ(

ε

2
)
1

2
− Φ(

ε

2
))

= ε2 − αnj1
Φ(

ε

2
)
1

2

≤ ε2

contradiction. By induction, we obtain that ‖xnj+m − q‖ < ε. This show that xn → q

as n → ∞. About case
∞∑

n=0

‖Un‖ < ∞, repeating above-mentioned course, we can get the

conclusion. Completing proof of Theorem 2.1. 2

Remark 1 Theorem 2.1 contains a good number of the known results as its special cases.
In particular, if the mapping T considered here satisfies one of the following assumptions: (i)
T : K → K is a Lipschitzian. (ii) T has the bounded range. Then T satisfied the conditions
of Theorem 2.1.
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Remark 2 It is well known that T is strongly pseudocontractive (Φ-strongly pseudocon-
tractive, Φ-pseudocontractive)if and only if (I−T ) is strongly accertive (Φ-strongly accretive,
Φ-accretive), where I denotes the identity operator. In the following we give about the results
of Φ-pseudocontractive.

Theorem 2.2 Let K be nonempty closed convex subset of E and T : K → K be gener-
alized Lipschitz Φ-pseudocontractive mapping. Assume that Φ(r) → +∞ as r → +∞ and
F (T ) 6= ∅. Let {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} be six real sequences in [0, 1] satisfying
the following conditions:

(i) an + bn + cn = a′n + b′n + c′n = 1;

(ii) lim
n→∞

bn = lim
n→∞

b′n = lim
n→∞

c′n = 0;

(iii)
∞∑

n=0

bn = ∞;

(iv) cn = o(bn) or
∞∑

n=0

cn < +∞.

For arbitrary x0 ∈ K, define the Ishikawa iterative process with errors {xn}∞n=0 by (ISE):{
yn = a′nxn + b′nTxn + c′nvn,

xn+1 = anxn + bnTyn + cnun,
(2.14)

Suppose {un}∞n=0 , {vn}∞n=0 are arbitrary two bounded sequences in K. Then the sequence
{xn}∞n=0 converges strongly to the unique fixed point of T .

Proof: Applying Theorem 2.1, we obtain directly conclusion of Theorem 2.2. 2

Remark 3 Our two Theorems extend the main known results from Lipschitzian or the
boundedness range to more general class of neithe Lipschitzian nor the range boundedness
mappings, and also from strongly pseudocontractive (accretive) to Φ- pseudocontractive
(accretive).

References

[1] Browder, F. E. : Nonlinear operators and nonlineat equation of evolution in Banach
spaces. Proc, Sympos, Pure. Math. 18 (1976)

[2] Barbu, V. : Nonlinear Semigroups and Differential Equations in Banach Spaces. No-
ordhoff, Leyden 1976



94 X. Zhiqun

[3] Bogin, J. : On strict pseudo-contractions and a fixed point theorem. Technion Preprint
MT-29, Haifa 1974

[4] Deimling, K. : Nonlinear Functional Analysis. Springer-Verlag

[5] Zhou, H. Y., and Jia, Y.T. : Approximating of fixed points of strongly pseudocon-
tractive maps without Lipschitz assumption. Proc. Amer. Math. soc. 125, 1705-1709,
1997

[6] Haiyun, Z. : Iterative approximation of the fixed point of Φ-hemicontractive mapping.
Chinese Annals of Mathematics, 20A:3,399-402 (1999)

[7] Haiyun, Z. : Approximating Zeros of ϕ-strongly Acretive Operators by the Ishikawa
Iteration Process with Errors. Acta Mathematica Sinica, (41)5, 1091-1100, 1998

[8] Chang, S. S., Cho, Y. J. : Jung, J. S.. Iterative approximation of fixed points and
solutions for strongly accretive and strongly pseudocontractive mappings in Banach
spacesJ. Math. Anal. Appl. 224: 149-165, 1998

[9] Xu, Y. G. : Ishikawa and Mann iterative processes with errors for nonlinear strongly
accretive operator equations. J. Math. Anal. Appl. 224: 91-101, 1998

[10] Xue, Z. Q., Zhou, H. Y., and Cho, Y. J. : Iterative solutions of nonlinear equations
for m-accretive operators in Banach spaces. J. Nonlinear and Convex Analysis 1(3):
313-320, (2003)

received: April 12, 2006

Author:

Xue Zhiqun
Department of Mathematics,
Shijiazhuang Railway College,
Shijiazhuang 050043
China

e-mail: xuezhiqun@126.com

mailto:xuezhiqun@126.com

