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Convergence of an iterative scheme
due to Agarwal et al.

ABSTRACT. In this paper, we are concerned with the study of an iterative scheme with
errors due to Agarwal et al [1]| associated with two mappings satisfying certain condition. We
approximate the common fixed points of these two mappings by weak and strong convergence

of the scheme in a uniformly convex Banach space under a certain condition.
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1 Introduction

Let C' be a nonempty convex subset of a normed space £ and S,T : C' — C be two
mappings. Xu [15] introduced the following iterative schemes known as Mann iterative

scheme with errors and Ishikawa iterative scheme with errors:

(1) The sequence {x,} defined by

xel
o (1.1)

Tpa1 = pxy + b, Ty + cuy,, n > 1,

where {a,}, {b,}, {c.} are sequences in [0, 1] such that a, +b,+¢, =1 and {u,}isa
bounded sequence in (', is known as Mann iterative scheme with errors. This scheme

reduces to Mann iterative scheme [8] if ¢, =0, i.e.,

X € C,
Tpi1 = (1= by)x, +b,Tx,, n>1,

where {b,} is a sequence in [0, 1].
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The sequence {z,} defined by

xr1 € C,
Tpt1 = ApTp + bnTyn + Cplin, (12)
Yn = LTy + U, Txy + chvg,n > 1,

where {a,},{b.}, {c. H{al},{b,},{c,} are sequences in [0, 1] satisfying a,, + b, + ¢, =
1 =al, +0,+c, and {u,},{v,} are bounded sequences in C, is known as Ishikawa
iterative scheme with errors. This scheme becomes Ishikawa iterative scheme [5] if
G =0=10, e,

r1 € C,

Tpi1 = (1= bp)zy + 0, Tyn, (I)

Yp = (1 = 0wy, + 0, Ty, n>1,

where {b,}, {b},} are sequences in [0, 1].

A generalization of Mann and Ishikawa iterative schemes |5, 8] was given by Das and
Debata [1] and Takahashi and Tamura [13]. This scheme dealt with two mappings:
x, € C,

Yo = (1 = by) zp + b, Ty, n > 1.

In [1] Agarwal et al introduced the following scheme for quasi-contractive mappings as

follows.

The sequence {z,}, in this case, is defined by

X1 € C,
Tnt1 = AT + bpSYn + Cptin, (1.4)
Yn = LTy + U, Txy + vy, n>1,
where {a,},{b.}, {cn}H{a,}, {b,},{c,} are sequences in [0, 1] with a, + b, + ¢, =1 =
al, + b, + ¢, and {u,}, {v,} are bounded sequences in C.

A Banach space F is said to satisfy Opial’s condition [9] if for any sequence {z,} in

E, x, — z implies that ||z, — z|| < limsup,_.. ||z, — y| for all y € E with y # x.

A mapping T : C' — F is called demiclosed with respect to y € E if for each sequence
{z,} in C and each z € F, x,, = x and T'z,, — y imply that z € C' and Tx = y.

Next we state the following useful lemmas.
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Lemma 1 |[11] Suppose that E is a uniformly convexr Banach space and 0 < p < t,, <
q <1 for all positive integers n. Also suppose that {x,} and {y,} are two sequences of E
such that limsup,, . ||z.] < r, limsup,,_ . |yall <7 and lim, o [[thx, + (1 = t)yn|| = 7

hold for some r > 0. Then lim,,_, |2, — yn|| = 0.

Lemma 2 [14] Let {s,},{t.} be two nonnegative sequences satisfying
Spi1 < Sp +t, foralln > 1.

If 3% t, < oo then lim, .. s, exists.

Lemma 3 [2] Let E be a uniformly convex Banach space satisfying Opial’s condition and
let C' be a nonempty closed convex subset of . Let T' be a nonexpansive mapping of C' into

itself. Then I —T is demiclosed with respect to zero.

Nonexpansive mappings since their introduction have been extensively studied by many
authors in different frames of work. One is the convergence of iteration schemes constructed

through nonexpansive mappings.

Recently Khan et al presented the following results in [0].

Definition 1 Two mappings S,T : C — C where C a subset of E, are said to satisfy
condition (A’) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =
0, f(r) >0 for all v € (0,00) such that 5(||x — Tx|| + ||z — Sz||) > f(d(z, F)) for allz € C
where d(z, F) = inf{||z —z*|| : 2* € F = F(S) N F(T)}.

Lemma 4 Let E be a normed space and C its nonempty bounded convex subset. Let
S, T : C — C be nonexpansive mappings. Let {x,} be the sequence as defined in (1.4) with
Yo epn<ooand Yy 2 c, <oo. IfF(S)NF(T)# ¢, then lim,_. ||z, — x*|| ezists for all

x* e F(S)NF(T).

Lemma 5 Let E be a uniformly convexr Banach space and C' its nonempty bounded closed
convez subset. Let S,T : C — C' be nonexpansive mappings and {x,} be the sequence as
defined in (1.4) with 0 < 6 < b,, b, <1 -0 <1, > 7 ¢, < oo and > ¢ <oo. If
F(S)NF(T) # ¢, then lim,_, ||Sx,, — xp]| = 0 = lim,, o0 || T, — ]|

Lemma 6 Let E be a uniformly convex Banach space satisfying the Opial’s condition

and C,S,T and {z,} be as taken in Lemma 5. If F(S)NF(T) # ¢ , then {x,} converges
weakly to a common fized point of S and T.

Lemma 7 Let E be a uniformly convex Banach space and C, {x,,} be as taken in Lemma 5.
Let S, T : C — C be two nonexpansive mappings satisfying condition (A’). If F(S)NF(T') #
¢, then {x,} converges strongly to a common fized point of S and T.
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The following observations about the results of Khan et al [6] have been made.

1: In [0] the authors claimed that, the iterative scheme (1.4) is new. Infect it is studied

by Agarwal et al in [1].

2: Unfortunately, just as in [10], one cannot directly deduce the Mann type convergence
theorems for one mapping due to the condition 0 < § < b/, <1—4 < 1 (similar to the
condition 1 — 3, <1 —¢, ¢ > 0in [L0]).

3: To say that S and T" are nonexpansive (separately) is meaningless, the classical defini-
tion of two nonexpansive mappings is stated as follows: Two mappings S, T : C' — C

are said to be nonexpansive, if
1Sz =Tyl < |lz —yll, (AU-N)
for all x,y € C. For S =T, we get the usual definition of nonexpansive mappings.

4: In [6] the authors stated that, {u,},{v,} are bounded sequences in C, while they are

taking C' as bounded. Hence {u,}, {v,} should be arbitrary sequences in C' (just as in

[3])-

In this paper, we study the iterative scheme given in (1.4) for weak and strong convergence
for two mappings satisfying (AU-N) in a uniformly convex Banach space. In order to prove
our results, we do not need C' to be bounded. We also remove the condition 0 < ¢ < b/, <
1—0 < 1. Similar results for usual Ishikawa iterations for one mapping can be obtained, and

consequently results including of Schu [11] can be recapture.

2 Main Results

In this section, we shall prove the weak and strong convergence of the iteration scheme (1.4)
to a common fixed point of two mappings S and 7T satisfying (AU-N). Let F'(T") denote the
set of all fixed points of T. We first prove the following lemmas.

Lemma 8 Let E be a normed space and C its nonempty convex subset. Let S,T : C' —
C' be two mappings satisfying (AU-N). Let {x,} be the sequence as defined in (1.4) with
Yo en<ooand Yy d, <oco. IfF(S)NF(T) # ¢, then lim,_. ||z, — x*|| exists for all

z* € F(S)N F(T).
Proof: Assume that

M = max{sup ||u, — z*||, sup ||v, — z*||},
n>1 n>1
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and F(S)NF(T) # ¢. Let 2* € F(S)N F(T). Then

[ens = 2"l = llanzn + bpSyn + coun — 27|

= Han(xn - x*) + bn(Syn - x*) + Cn(un - x*>H

< an llzn — 2| 4 b [|Syn — 27| + ¢ flun — 27|
< (1 =10y ||zn — x| + b, ||Syn, — Tz*|| + Mc,
< (1=by) o — 2% + b |y — 2*|| + M. (2.1)
1Yo — 2"l = llapazn + 0,720 + v, — 27|
= |lap(zn — 27) + b, (Twn — %) + ¢ (v — 27) ||
< ap o — 2"+ 0 | T2n — 27| + & [lon — 27
< (1=0) ||z, — 2| + 0, || T2, — Sx*|| + Mc,
< (L=bp) lwn = ™[l + by, |lon — ™| + Mc,

|z, — z*|| + Mc,,. (2.2)
Substituting (2.2) in (2.1) yields
[2n 1 = 2" < {lwn = 27| + M (bac;, + cn)-

Using Lemma 2, lim,, . ||z, — z*|| exists for each z* € F(S)NF(T'), and the sequence {z,}
is bounded. O

Lemma 9 Let E be a uniformly convexr Banach space and C its nonempty closed convex
subset. Let S, T : C'— C be two mappings satisfying (AU-N) and {z,} be the sequence as
defined in (1.4) with {b,} C [0,1— 0] for some § € (0, 1), lim sup b, <1, ¢, <ooand
S o < oo, IfF(S) N F(T) # ¢, then limy oo [|[Szn — || = 0 = limyy oy [| T — 2],

n=1"n
Proof: Assume that

M, = max{sup ||z, — z*||, sup ||u,, — 2" , sup ||v, — z*||}.
n>1 n>1 n>1

By Lemma 8, lim,,_,« ||z, — *|| exists. Suppose lim,, . ||z, — 2*|| = ¢ for some ¢ > 0.

Taking limsup on both the sides of (2.2), we have

limsup ||y, — 27| < c. (2.3)

n—oo

Next consider

1Sy — 2" + cn(tn —2)|| < [[Syn — 27| + ¢ [t — 24|
< |Syn — Tz*|| + 2M ¢y,
S ||yn_l’*|| +2M10n.



100 A. Rafiq
Taking limsup on both the sides in the above inequality and then using (2.3), we get that

limsup || Syn — 2" + cu(un — )| < c.

n—oo

Also
[2n — 2"+ calun — zn)|| < lon — 2™ + cn [Jun — 24|
< lan = 27| + 2Micy,
gives that
limsup ||z, — 2" + ¢, (u, — x,)|| < c.
n—oo
Further, lim,, .« ||Zn41 — 2*|| = ¢ means that

lim |[(1 = b,)(z, — 2" + cp(un — 22)) + 00 (Syn — ° + cn(u, — x0))|| = ¢
Hence applying Lemma 1, we obtain that
lim ||z, — Sy,| = 0. (2.4)

Next consider

[0 = Tanll < [lzn — Synll + [1Syn — T

< llen = Synll + llyn = 2nll - (2.5)
lyn — zall = llapzn + 0,120 + cjvn — 20|
< by llan = Tl + ¢, lon — @al

IN

b ||z, — Ty, + 2Myc,. (2.6)
Substituting (2.6) in (2.5), we get
|20 — Tan|| < (|20 — Synll + by, |20 — Txn|| + 2Mic,,

implies
1 c
n_Tn < —F n_Sn 2M—na
[E4 ff||_1_b%||$ Ynll + S

gives us with the help of condition lim sup?b] < 1,

n—oo

lim ||z, — Txz,| = 0. (2.7)
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Now observe that

|Tns1 — STpi1l] = |lan®n + b Syn + ey, — STy |

= |[(1 = bp)xn + b, Syn + cn(ty — Tp) — STy

< (1 =0n) lzn — Spiall + o [|SYyn — Stnsa |l + cn [[un — 24|
< X =b)lzn — 2ol + 120t — Szntal))
+bn (|| Syn — Tan + HT-'En — Srppa|]) +2Micy,
< (I =ba)(lzn — znsall + |20 — STpsall)
+bn(Hyn - mn” + Hmn - $n+1H) + 2M10n
= lzn — zppall + (1 = b) [[Tn1 — Sznsall + bn [y — 20|
+2M1Cn7
implies
1 Cn
[Zn41 = STppa]] < b [Zn = Zngall + [yn — 2all + 2Mlb_
1 Cn
< 5 |20 = Znga || + |Yn — 20l + 2M1?~
Also
”xn - 'Tn—i—l“ = Hmn — AnTy + by SYn + Cnun”
< by Hxn - SynH +cn Hun - In”
< (1=9) ||lxn — Synll + 2Mic,.

Substituting (2.6) and (2.9) in (2.8) yields
1-96 Cn

|Zni1 — S|l < |20 — Synll + 8, |20 — T, || 4+ 4M; 5 +2Mc,,
implies
nh—>nc}o [Zni1 — Spia|| = 0.
Thus
lim ||z, — Sz,|| = 0.

Hence

lim || Sz, — z,|| =0 = lim || T, — x,].

n—0oo n—00

This completes the proof of the lemma.

H(l - bn)(‘rn — STpp1) + 0 (Syn — STpgr) + cn (g — xn)”

101

(2.9)

]

Theorem 1 Let E be a uniformly convex Banach space satisfying the Opial’s condition
and C,S, T and {z,} be as taken in Lemma 9. If F(S)N F(T) # ¢, then {x,} converges

weakly to a common fived point of S and T.
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Proof: Let z* € F(S)N F(T). Then as proved in Lemma 8, lim,, ., ||, — 2*|| exists. Now
we prove that {z,} has a unique weak subsequential limit in F'(S) N F(T). To prove this,
let z; and 2z, be weak limits of the subsequences {x,,} and {z,,} of {x,}, respectively. By
Lemma 9, lim,, . ||z, — Sz,|| = 0 and I — S is demiclosed with respect to zero by Lemma 3,
therefore we obtain Sz; = z;. Similarly, T'z; = z;. Again in the same way, we can prove that
29 € F(S) N F(T). Next, we prove the uniqueness. For this suppose that z; # z3, then by
the Opial’s condition
Tl = 22l = Jim_ e, — ]

< lim ||@,, — 22|

n;—00

= lim ||z, — 2|
n—oo

= lim ||z, — 2|
n;—00

< lim |2, — 2|
j—00

= lim ||z, — 2|

n—oo

This is a contradiction. Hence {z,} converges weakly to a point in F'(S) N F(T). O

The following condition is due to Senter and Dotson [12].

Definition 2 A mapping T : C — C where C is a subset of E, is said to satisfy condition
(A) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) >0
for all v € (0,00) such that ||x — Tx|| > f(d(z, F(T))) for all x € C where d(xz, F(T)) =
inf{|lz —a*|| : 2* € F(T)}.

Senter and Dotson [12] approximated fixed points of a nonexpansive mapping 7' by Mann
iterates. Later on, Maiti and Ghosh [7] and Tan and Xu [1/] studied the approximation of
fixed points of a nonexpansive mapping 7" by Ishikawa iterates under the same condition (A)

which is weaker than the the requirement that 7" is demicompact.

We modify the condition (A) and (A’) for two mappings 5,7 : C' — C' as follows:

Definition 3 Two mappings S,T : C — C where C' a subset of E, are said to satisfy
condition (AR) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =
0, f(r) > 0 for all r € (0,00) and X\ € [0,1] such that \||z —Tzx| + (1 — A) ||z — Sz| >
fd(z, F)) for all x € C where d(x, F) = inf{||lx —2*|| : 2* € F = F(S)NF(T)}.

Note that condition (AR) reduces to condition (A) when S =T and (4') if we take A = 3.
We shall use condition (AR) instead of compactness of C' to study the strong convergence
of {x,} defined in (1.4). It is worth noting that in case of two mappings S,7 : C — C
satisfying (AU-N), condition (AR) is weaker than the compactness of C.
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Theorem 2 Let E be a uniformly convex Banach space and C,S,T and {z,} be as
taken in Lemma 9. Further let S,T : C — C be two mappings satisfying condition (AR). If
F(S)NF(T) # ¢, then {x,} converges strongly to a common fized point of S and T.

Proof: By Lemma 8, lim,, . ||z, — 2*|| exists for all z* € F(S)NF(T). Let it be ¢ for some
¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By Lemma 9, lim,, ., ||Sx, —2,| =
0 = lim, oo ||T% — @,||. Moreover, ||z,1 — 2*|| < ||z, — 2*|| + M (b, + ¢,) for all z* €
F(S)NF(T). This implies that d(x,11, F) < d(xy, F)+(bnc),+cy) gives that lim, .o d(z,, F)
exists by virtue of Lemma 2. Now by condition (AR), lim, . f(d(x,, F') = 0. Since f is a
nondecreasing function and f(0) = 0, therefore lim, . d(x,, F)) = 0. The rest of proof is

the same as provided by Tan and Xu [14]. O

Lemma 10 Let E be a normed space and C its nonempty convex subset. Let S,T :
C — C be two mappings satisfying (AU-N) and {z,} be the sequence as defined in (1.3). If
F(S)NF(T) # ¢, then lim,, ., ||x, — x*| exists for all x* € F(S)N F(T).

Lemma 11 Let E be a uniformly convex Banach space and C its nonempty closed convex
subset. Let S,T : C — C be two mappings satisfying (AU-N) and {x,} be the sequence
as defined in (1.3) with {b,} C [§,1 — d] for some 6 € (0,1) and lim supb,, < 1. If
F(S) N F(T) # &, then limy .o || St — ]| = 0 = oo | Ttn — 2|

Theorem 3 Let E be a uniformly convex Banach space satisfying the Opial’s condition
and C, S, T and {x,} be as taken in Lemma 11. If F(S)NF(T) # ¢ , then {x,} converges
weakly to a common fized point of S and T.

Theorem 4 Let E be a uniformly convex Banach space and C,S,T and {z,} be as
taken in Lemma 11. Further let S,T : C — C be two mappings satisfying condition (AR).
If F(S)NF(T) # ¢, then {x,} converges strongly to a common fized point of S and T.

Lemma 12 Let E be a normed space and C' its nonempty convex subset. Let T : C' — C
be a nonexpansive mapping and {x,} be the sequence as defined in (M) with {b,} C [§,1— ]
for some 6 € (0,1). If F(T) # ¢, then lim,, . ||z, — 2| exists for all z* € F(T).

Lemma 13 Let E be a uniformly convex Banach space and C its nonempty closed convex

subset. Let T : C' — C be a nonexpansive mapping and {x,} be the sequence as defined in

(M) with {b,} C [0,1 — 0] for somed € (0,1). If F(T) # ¢, then lim, . ||[T, — x,| = 0.

Theorem 5 Let E be a uniformly convexr Banach space satisfying the Opial’s condition
and C,T and {x,} be as taken in Lemma 13. If F(T) # ¢ , then {x,} converges weakly to
a fixed point of T.
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Theorem 6 Let E be a uniformly convex Banach space and C, T and {x,} be as taken

in Lemma 13. Furthere let T : C — C' be a nonexpansive mapping satisfying condition (A).
If F(T) # ¢, then {x,} converges strongly to a fized point of T.
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