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Periodic wave solutions and solitary cusp wave solu-
tions for a higher order wave equation of KdV type’

ABSTRACT. This paper is the continuation of Ref. [I|. Both the bifurcation theory of
planar dynamical system and elliptic function integral method are applied to study a higher
order wave equation of KAV type. And the parametric space is redivided when the integral
constant g # 0. Many explicit and implicit solutions of periodic wave and solitary cusp wave

are obtained.
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1 Introduction

In this paper, we will seek periodic wave and solitary cusp wave solutions for the following

higher order wave equation of KAV type (see |1, 2]):
Uy + Uy + QUUL + Pl + 02 pruu, + afB(potlypy + P3tiptize) =0, (1.1)

where p;(i = 1,2, 3) are free parameters and «, 3 are positive real constants which character-
ize, respectively, the long wavelength and short amplitude of the waves. Just as Tzirtzilakis,
E. 2] said, the equation (1.1) is a water wave equation of KdV type which is more physically
and practically meaningful. By the local coordinate transformation

7 1
u=1v— ap1v2 — 0 (Spl + Zpg — §p3) Vaz » (1.2)

Eq. (1.1) can be transformed into the following simple equation, see [3, 1]:

3 3 1
Vg — 5692%@5 + B(l - §p2>vxccar + QUUy — EaﬁpQ(vvmxw + Q'Uwvccm) = 07 (13)
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where py # 0. In Ref. [1], we obtained two explicit parametric representations of periodic
solutions of equation (1.3) when integral constant g = 0. In this case, we also proved the
existence of all travelling wave solutions. However, when g # 0, the bifurcation of travelling
solutions had not been studied. In fact, when the integral constant g # 0, the dynamical
behaviors of the equation (1.3) are better than the case of g = 0. Therefore, we shall use
bifurcation method of planar dynamical system [5]-[%] and elliptic function integral method

[9, 10] to investigate the explicit and implicit travelling wave solutions of (1.3) when g # 0.

Let v(x,t) = ¥(x — ct) = (&), where ¢ is the wave speed, then the equation (1.3) becomes

the following ordinary differential equation

1 3 3 1 1
504(@/12)5 — e + (50ﬁ02 + B(1 - 5102)) Veee — 504502 (W/Jgg + §¢§) =0, (1.4)
3

Integrating once with respect to &, we obtain the following wave equation of (1.3)

B(3cps +2 — 3p2 — pat))ibee — %aﬂpzwg +ay?® =2 +g =0, (L.5)

where ¢ is the integral constant and g # 0.

Clearly, (1.5) is equivalent to the following two-dimensional systems:

ap _ dy _ taBpay® — a? +2cp — g
d& =Y dé o ﬁ(3P2(C _ 1) T o_ Oépﬂb) .

System (1.6) is a planar dynamical system defined by the 5-parameter space («, 3,c, p2, g).

(1.6)

Because the phase orbits defined by the vector field of (1.6) determine all travelling wave
solutions, we will investigate bifurcations of phase portraits of the system, when the pa-
rameters vary. Since (1.3) is a physical model where only the bounded travelling waves are

meaningful, so we only consider their bounded travelling wave solutions.

Suppose that ¥ (z — ct) = 1(§) is a continuous solution of (1.6) for £ € (—o0,00) and
Elim Y(&) = a, §lim Y(€) = b. It is well known that (i) ¥ (z,t) is called a solitary wave

solution if @ = b; (ii) ¢ (z,t) is called a kink or anti-kink solution if @ # b. Usually, a
solitary wave solution of (1.3) corresponds to a homoclinic orbit of (1.6); a kink (or anti-
kink) wave solution of (1.3) corresponds to a heteroclinic orbit (or the so-called connecting
orbit) of (1.6). Similarly, a periodic orbit of (1.3) corresponds to a periodically travelling
wave solution of (1.6). Therefore, we must find all periodic annuli, heterclinic and homoclinic
orbits of (1.6) in order to investigate the bifurcations of periodic waves and solitary cusp
waves of (1.3). Thus, the bifurcation theory of dynamical systems and some computational

method of travelling wave solutions are very important and useful, see [5]-[11].

We notice that the right-hand side of the second equation in (1.6) is not continuous when
v =1, = “L where n = 3pa(c — 1) + 2. In other words, on such straight line ) = 1), in

apa’
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the phase plane (1, y), the function 1 is not defined. It implies that the smooth system
(1.3) sometimes has non-smooth travelling wave solutions. The similar phenomenon has

been considered before, see |1, 7, 8, 10].

In Section 2, we discuss bifurcations of phase portraits of (1.6), where explicit parametric
conditions will be derived. In Section 3, we derive the explicit parameter representations of
the smooth periodic wave and non-smooth solitary cusp wave solutions of (1.3). In Sections

4, we derive the implicit parameter representations of the smooth periodic wave solutions.

2 Bifurcations of phase portraits of system (1.6)

Because the function ¢ is not defined on the singular straight line ¢ = ZZ_Q’ we make a
transformation d¢ = 26(n — apstp)dE, n = 3pa(c — 1) + 2. Then the system (1.6) becomes

the following system:

d
d—‘ﬁ — 26(n — aps)y,

It is easy to see that (1.6) and (2.1) have the same first integral

dy

gc = ~(-aBpay” + 200” — deyp + 29).. (2.1)

2
H(,y) = B(n— aps)y® + 2t — 269 + 299 = h, (2.2)
where h is integral constant.

By system (2.1), we define the ¢ = ¢, = ain is a singular straight line L and write

fW) =ap? =2cp +g, A=c*—ay, @blg:Ci\/Z, Yy =+ W) (2.3)
@ afps

Thus, we obtain the following conclusion for equilibrium points of system (2.1):

(1) when A > 0, (2.1) has two equilibrium points at A; 2(¢12,0) in the ¢)-axis;
(2) when A =0 and ¢ # 0, (2.1) has only one equilibrium point at Ay(<,0) in the ¢-axis;
(3) When pa2f (1)) > 0, there exist two equilibrium points of (2.1) at Sy (s, Yy ) in L;

(4) When f(15) = 0, there exist only one equilibrium point of (2.1) at Sy(¢s,0) which is
the intersection point of the line L and the -axis.
Let M (v;,y;) be the coefficient matrix of the linearized system of (2.1) at an equilibrium
point, (¢;,y;). Then we have Trace(M (1);2,0)) = 0 and
c
J(12,0) = detM (1,0) = =88[p2v/A £ (3p: — 200c = 2)VA, J (=,0) = 0.
(2.4)
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J(s, Yi) = detM (¢, Yy ) = —4aB%p3YE < 0,  J(15,0) =0. (2.5)

By the theory of planar dynamical systems, we know that for an equilibrium point of a
planar integrable system, if J < 0 then the equilibrium point is a saddle point; if J > 0
and Trace(M (1;,0)) = 0 then it is a center point; if J > 0 and (Trace(M (v, 0)))? —
4J(1;,0) > 0 then it is a node; if J = 0 and the index of the equilibrium point is zero
then it is a cusp; if J = 0 and the index of the equilibrium point is'nt zero then it is a

high order singular point.

Notice that for H(v¢,y) = h defined by (2.2), we have

2(c £ VA)[(2¢2 + cVA) — (A + 3ag)]

hia = H(12,0) = — 352 , (2.6)
e 2¢(2¢% - 3ag)
2n(n® — 3cpan + 3gap3)
hs = H<¢S7 Y:I:) = 3a2p§ 2 y (28)
_ _ 21*(3cpz — 2n)
hs = H(¢s,0) = 3028 . (2.9)
From A = 0, we have
2
c
(T'1) : 9=g(c) = o (2.10)
For a fixed ps, the case of hy = hs or hy = hg imply
(12p5 — 8pa)c — 9p3 +12p; — 4
Iy): g =ga2(c) = , 2.11
() (0 o (2.11)
and
2c? —12p2 212 4
(Tg):  g=gslc) = —222° pact 8pac 90y — 12pp + 4 (2.12)

2
ap;

It is easy to see that 15 = ¥ (1hs = 15) corresponds to J(11,0) = 0(J(¢9,0) = 0) when the
parameter (c,g) € I's. In this case, f(1s) = 0 corresponds to pavV/A £ (3ps — 2pac — 2) = 0
when the parameter (c,g) € T's.

Write

Ty (2[5 = Q. (2.13)

—92 (3py—2)2 .. . .
where @) <%, %) is intersection point of I'y, T'y, ['s.

Here, we express the part of ¢ > 5%;2 on curve I' with I'®; We express the part of ¢ < 5%;2

on curve I' with I'’; Similarly, we express the part of g > 0 at the regional I — V with



Periodic wave solutions and solitary cusp wave solutions . .. 61

I™ — VT we express the part of g < 0 at the regional I — V with I~ — V™~ ; we express the
part of ¢ > 0 on curve I' with I'"; We express the part of g < 0 on curve I' with I'".

Thus, the bifurcation curves I'f, T'E T2 TL TZ TL which are defined by (2.10), (2.11),
(2.12) divided the plane (¢, g) into six regions, i.e. (I) — (V) and the region of A < 0, shown

in Fig. 1.
rl\L 15T £ 1:1R ,rzR
\ | /1
A<O Z/
Qo Z Con
7 7
1% R 2 a C
A / 7 \
i
L/ R
I I T
(1—1) p2 <0
TE g] =
A <O
4 7
FZL = - T z l‘;
Vi 7
Irr
r3 FZR
(1-3) po =3 (1-4) po > 3

Fig. 1 The bifurcation curves and the six regions of (2.1)

For a fixed h, the level curve H(¢,y) = h defined by (2.2) determines a set of invariant
curves of (2.1), which contains different branches of curves. As h vary, it defines different

families of orbits of (2.1), with different dynamical behaviors.

Corresponding to the bifurcation curves I'; 53 and regions I — V' of the plane (c,g) in the

L
7N

R

Fig. 1 (1-1), we obtain the following different phase portraits
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Fig. 2 The phase portraits of (2.1) for ps <0, g #0
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Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (¢, g) in the

Fig. 1 (1-2), we obtain the following different phase portraits
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Fig. 3 The phase portraits of (2.1) for 0 < py < %, g # 0.

Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (c,¢g) in the

Fig. 1 (1-3), we obtain the following different phase portraits
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Fig. 4 The phase portraits of (2.1) for py = %, g # 0.

Corresponding to the bifurcation curves I'; 5 3 and regions I — V' of the plane (¢, g) in the

Fig. 1 (1-4), we obtain the following different phase portraits
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Fig. 5 The phase portraits of (2.1) for py > 2, g # 0.

Note: When A < 0 and py > 0, (¢,g) € I',I's, I11, system (2.1) has not closed orbit. Here

we omit their phase portraits.

3 Explicit expressions of periodic wave solutions and solitary cusp

wave solutions of (1.3)

According to the analysis in the section 2, we derive the explicit expressions of periodic
wave solutions and solitary cusp wave solutions of (1.3). See the computational process and

results below.
3.1 Suppose that p, < 0, (c,g9) € T¥ie py <0, ¢> %, g = g3(c). In this case, we get

1 = g, hy = hy = %ﬂ. When h = hy, system (2.1) has a periodic orbit to the

point Sp(1s,0) and around the center point Az (19, 0), see Fig. 2 (2-3), (2-4). Substituting
h = hy into (2.2) yields the following algebraic equations for this periodic orbit

2

y== 36(—p2)

V(s — ) (¥ — 1), (3.1)

P2 ap2 ap2

Substituting (3.1) into the first equation of (2.1) yields the following equation

) [ 2
Ve ek 42)

Integrating (3.2) along this periodic orbit yields

¥ €
di B 2
Z V=040 38(=p2) / el .
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and

Ps 0
B dy _ 2
! N EDE I e ! o e=0 (34)

By (3.3) and (3.4), we obtain a smooth periodic wave solution of (1.3):

1
vz —ct) = y(z —ct) = S +vo) + (¥s — o) cosw(z —ct)], (3.5)
where w = ﬁ.
3.2 Suppose that p, <0, (c,9) € TEie py <0, ¢c< 3p22p;2, g = g3(c). In this case, we get

g = g, hy = hyy = %ﬁ?m. When h = hy, system (2.1) has a periodic orbit to the
point Sp(1s,0) and around the center point As(¢q,0), see Fig. 2 (2-7), (2-8). Substituting

h = hg into (2.2) yields the following algebraic equations for this periodic orbit

2
368(=p2)

y=1= V(o — ) (1 — 1), (3.6)

where 1, 1y are given above and 1y > ;.

Similarly, substituting (3.6) into the first equation of (2.1) to integrate along this orbit, we

obtain a smooth periodic wave solution of (1.3):

o~ et) = (e — et) = 5[0+ ) — (s — ) coso( — ef)]. (37)

2

where w = M

3.3 Suppose that (1) 0 < pg < %, (c,g) € THie 0 < py <2 ¢> 3"2—;2, g = ga2(c);

37 2p
(2) po > 2, (c,9) € THie. pp > 2 ¢ > 5%;2, g = ga(c). In these two cases, we get
2_3. a0
Yy = 222 <y, and hy = h, = 2 e ) When h = hy = h,, system (2.1) has

two heterclinic orbits connect three saddle points As(1)9,0) and St (s, Y1), see Fig. 3 (3-3),
(3-4) and Fig. 5 (5-2). Substituting h = h, into (2.2) yields the following algebraic equations

for these two heterclinic orbits

2ap91) — 3py + 2 _ 2 _
ap2y/605ps - V608p2 (¥ =) (3.8)

Similarly, substituting (3.8) into the first equation of (2.1) to integrate along these two orbits,

y==+

we obtain a non-smooth solitary cusp wave solution of peak type of (1.3):

v(z — ct) = b(z — ct) = Py + (s — Un) exp (_2|x6—\/;_;2’5|) . (3.9)
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3.4 Suppose that (1) 0 < py < 2, (c,9) € Thie 0 < py < 2, ¢ <222 ¢ — g(c);

3 3’ 202
(2) p2 > 3, (c,9) € Thie pp> 2 ¢ < 3’)22—#;2, g = ga2(c). In these two cases, we have
2_3. a2
Y =13 —-2) >4, and by = h, = 200" —Sepan t39003) - \Nhen h = hy = hs, system (2.1)

2 P2 3a2P2
has two heterclinic orbits connect three saddle points A;(19,0) and Sy (s, Y1), see Fig. 3

(3-9) and Fig. 5 (5-7), (5-8). Substituting h = h, into (2.2) yields the following algebraic

equations for these two heterclinic orbits

—20p +3p2 —2 2
apa/605p2 V6052

Similarly, substituting (3.10) into the first equation of (2.1) to integrate along these two

y== (Y1 —¢). (3.10)

orbits, we obtain a non-smooth solitary cusp wave solution of valley type of (1.3):

v(x —ct) =(x —ct) =1 — (Y1 — ) exp (—mxT;;ﬂ) . (3.11)

4 Implicit expressions of periodic wave solutions which is defined by
H(i,y) =0

By the phase portraits of (2-2)-(2-6), (2-8), (2-10), (3-2), (3-4), (3-6), (5-8) and (5-10) in
Fig. 2-Fig. 5, it is easy to know that there is a periodic annuli through the point O(0,0). This
periodic annuli is defined by H(¢,y) = 0. By using the elliptic function integral method,
see [9, 10] and their references, we derive the implicit expressions of periodic wave solutions
of (1.3). See the below computational process and results. Here, we only consider the case
of po < 0, see Fig. 2. The other cases are similar to p, < 0, see Fig. 3-Fig. 5.

4.1.1 Suppose that py < 0, (c,9) € T¥ ie. py <0, ¢ > 3’2;2

there is ¢ = 1, = %;21)”. And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point As(15,0), see Fig. 2 (2-3). From H (v, y) = 0, we

obtain the following algebraic equations for this periodic orbit

, g = g3(c) > 0. In this case,

2 — ) (G — ) (¢ — 0
. (oo = ) — D) —0) )
3ﬁ(_p2) ¢s - ¢
where ¢m _ 3pzc+\/3(5pzc—2622:-4)(3p2¢:—6p2+4)7 wM _ 3pzc—\/3(5/)20—2622-2{-4)(3pzc—6p2+4) and 0 < Q/} <
¢m < ¢s < ¢M

Substituting (4.1) into the first equation of (2.1) yields

ws —¢ o L
i\/(wM — ) (Y — ) (Y — O)dw = 35(_[)2)@. (4.2)
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Integrating (4.2) along this periodic orbit, we get

— _ 2 r

\/¢M D) (W ¢)(¢0)d¢\/7m£/df’ £§>0 (4.3)
¥ 9 ‘

~/¢¢w djmnzwwOﬂ¢V;;;;/V& £<0 (4.4)

By (4.2) and (4.3), we obtain

\/ ¥ @y = |2 e]. (4.5)

and

(¥ —¥) wm — )¢ -0) 36(—p2)

By using the elliptic integral formulas citelon12, we obtain

o

s ¢ du
dy = s — Ym 5 5 4.6
ZVAwaxmnwxwo>w (¥ ﬂ’ﬁﬂ)l_a%ﬁu (4.6)
where ¢g = et wo = st (\/ G ) o = S K <=t <1
And
7 du B 5
/m = [(uo, ap) - (4.7)
0
By (4.5), (4.6) and (4.7), we obtain a smooth periodic wave solution of (1.3):
- Ys (¢m — Q/}) 1 Vs (¢M - ¢m)
I { (snty |2 = ) a3 ) = 18
((STL Q/Jm(ws — ’(/1)’ 0)7 OCO) <¢s _ wm) 65(—/)2) |£| ) ( )

where sn™!(x , *) is the inverse function of sn(x , *) which is the Jacobian elliptic function,

II(* , *) is Legendre’s incomplete elliptic integral of the third kind.

4.1.2 Suppose that py < 0, (c,g) €TH ie. py <0, ¢ > 3p22p;2, g = g3(c) < 0. In this case,

there is ¥ = ¢y = W And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point As(19,0), see Fig. 2 (2-4). From H (i, y) = 0, we

get the following algebraic equations for this periodic orbit

_ 2 (Var =)0 = ) (¥ — )
y= &%wﬁ¢ P ’ (49)
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where 9,,, ¥ are given above and ¥, < ¥ < 0 < s < Y.

Corresponding to (4.9), we obtain a smooth periodic wave solution of (1.3):

_ s — ¥Wm 1 ¢M(¢s )

1 ( (s [0l 2} o L [ (e =) 110
<( bl — ) ) =GN 6B (4.10)
where the computational process is similar to (4.2)-(4.8) and k} = %, al =
i < L

4.1.3 Suppose that py < 0, (c,g) €5 ie. py <0, c < 3’;2922, g = g3(c) < 0. In this case,

there is ¥y = ¢y = W And, when h = 0, system (2.1) has a periodic orbit to the

point O(0,0) and around the center point A;(11,0), see Fig. 2 (2-8). From H (¢, y) = 0, we

get the following algebraic equations for this periodic orbit

_ 2 (Var =) (W = 0) (¥ — ¥)
y=* 36(—;)2)\/ Ty | (4.1)

where 1,,,, ¥y are given above and 1, < ¥, < 0 < ) < YPyy.

Substituting (4.11) into the first equation of (2.1) yields

ws - w 2
dip = d€. 4.
i¢WM—WWM—¢WWJD¢ 33— (4.12)
Integrating (4.12) along this periodic orbit, we get

Y
w_qu)s o 2
/ \/wM T =T A F el (41

By using the elliptic integral formulas [11]|, we obtain

Y — s _ "2 dn*udu
J IO = O | T

_ 2 _ — _'(/)m "/’M w 2 __ wM(¢s_wm) 2 _ w_
where ¢; = Ty 2 T o0 ( Gt (o—m) k2> ky = vy @2 = g <0
And

Y2 dn2udu 1
— 5 5= 5k 5 — k) (uz, a3)] 4.15
/0 1 — a3sn’u a%[ suz + (a — k3)(us, 03)] (4.15)

By (4.13), (4.14) and (4.15), we obtain a smooth periodic wave solution of (1.3):

2 -1 _wm<wM - 17/}) 2 1.2 Sn—l _wm(wM - w) aQ —
k’QS’I’L (\/ ZDM(qﬁ — ¢m) ’kQ) + (O'/Q k2)H (( \/ ¢M<w _ wm) 7k2)’ 2> Ql|€| )

(4.16)
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— a2 Y
where ) = o3 68(—p2)(Yar—bs)

4.2.1 Suppose that p < 0, (¢,g) € IIIT ie. py <0, 0 < g < g3(c). In this case, when
h = 0, system (2.1) has a periodic orbit to the point O(0,0) and around the center point
Ay(1)9,0), see Fig. 2 (2-5). From H(,y) = 0, we get the following algebraic equations for
this periodic orbit

B 2 We—v)wi— )@ -0)
y= 35<—p2>\/ - ’ (4.17)

3c—1/9c3—12 3c+1/9c3 12
Wherewl:%,w C++“agand0<w<wl<ws<wg.

Corresponding to (4.17), we obtain a smooth periodic wave solution of (1.3):

H<<sn-1 M,@,ag): L [elde =) (4.18)

Ui(Ys — ) (s — ) 63(—p2)

4.2.2 Suppose that (1) po <0, (c, g) €Il ie py < O, 9 < g3(c) <0;(2) p2 <0, (c,9) €
I~ ie. p2 <0, g3(c) < g <0. In these two cases, when h = 0, system (2.1) has a periodic
orbit to the point O(0,0) and around the center point Ay(1)2,0), see Fig. 2 (2-6), (2-2). From
H(¢,y) =0, we get the following algebraic equations for this periodic orbit

_ 2 (Vg —¥)(0 =) (b — )
— 35(—/)2)\/ R ’ (4.19)

where 9y, ¥ are given above and ¥ < ¥ < 0 < ¥ < 9g.

Corresponding to (4.21), we obtain a smooth periodic wave solution of (1.3):

(s =)y 9 V(s — )
II k _— 4.20
((Sn wl(¢s ¢) 4),Oé4> ¢s ﬁ( ) |§| ( )
where kf = SRESIE of = 5t < 1

4.2.3 Suppose that p, <0, (c,g) € IV™, 5",V i. 2 g3(c) <g<0.In
this case, when h = 0, system (2.1) has a periodic orbit to the point O(O, 0) and around the
center point A;(11,0), see Fig. 2 (2-10). From H(v¢,y) = 0, we get the following algebraic

equations for this periodic orbit

_ 2 (Ve — ) (W —0)(1 — 1)
y== 35(_/)2)\/ , (4.21)

1/1—"%
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where 9, ©¥g are given above and 1, < ¥y < 0 < ¥ < 9g.

Corresponding to (4.21), we obtain a smooth periodic wave solution of (1.3):

o —1, | ~iYe — ) 02— 12 a1, | e —¥) A
k:5sn ( wG(¢_¢Z) ak5)+( 5 k )H (( wG(¢_¢Z) ak5)7 5) QQ|§|7

(4.22)
2 - 2 _ Ya(s—i) 2 _ vYa
where €2, = a3 \/ B bo—0) M5 = “htwa—iy % = g < O
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