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Iterative Processes with Random Errors for Fixed
Point of $-Pseudocontractive Operator®

ABSTRACT. The purpose of this paper is to introduce ®-pseudo-contractive operators—a
class of operators which is much more general than the important class of strongly pseudo-
contractive operators and ¢-strongly pseudocontractive operators, and to study problems of
approximating fixed points by Ishikawa and Mann iterative processes with random errors
for ®-pseudocontractive operators. As applications, the iterative approximative methods for
the solution of equation with ®-accretive operator are obtained. The results presented in

this paper improve, generalize and unify the corresponding results of Chang [3]-[1], Chidume

[5]-[10], Deng [12], Ding [13]-[14], Liu [16], Osilike [1&], Xu [19], Zhou [20].
KEY WORDS AND PHRASES. Duality mapping, Mann iteration sequence, Ishikawa iter-

ation sequence, ® -pseudocontractive operator.

1 Introduction and Preliminaries

Throughout this paper, we assume that X is a real Banach space with dual X*, (-, -) denotes

the generalized duality pairing. The mapping .J : X — 2%~ defined by
Je={j€ X" (z.5) = |ellljll, ljll = |z} Ve e X (1.1)

is called the normalized duality mapping.

We recall the following two iterative processes due to Ishikawa [15] and Mann [17], respec-

tively.

(a) Let K be a nonempty convex subset of X, and T': K — K be a mapping. For any
given xy € K the sequence {z,} defined by

Tp+1 = (1 - O-/n)xn + anTyna Yn = (1 - ﬁn)xn + BHT:L'R’ (TL Z 0)
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is called Ishikawa iteration sequence, where {a,} and {3,} are two real sequences in

[0, 1] satisfying some conditions.

In particular, if 5, = 0 for all n > 0 in (a), then {z,} defined by
o €K, wzp1=1—an)z, + Tz, (n>0)

is called the Mann iteration sequence.

The consideration of error terms is an important part of any theory of iteration meth-

ods. For this reason, Xu [19] introduced the following definitions.

Let K be a nonempty convex subset of X and T': K — K a mapping. For any given
zo € K the sequence {z,} defined by

Tpy1 = QT + By TYn + Yolin,  Yn = Qpp + BnTxn + YnUn (n > 0) (1'2)

is called Ishikawa iteration sequence with random errors. Here {u,} and {v,} are two
bounded sequences in K; {an}, {Ba}, {7}, {@n}, {3,} and {4,} are six sequences in
0, 1] satisfying

In particular, if 8, = 4, = 0 for all n > 0 in (A), the {x,} defined by
ro € K, Tpy1 = anZy + 5,72, + Yotin, (n>0) (1.3)

is called Mann iteration sequence with random errors .

Note that the Ishikawa and Mann iterative processes are all special cases of the Ishikawa

and Mann iterative processes with random errors.

Now,

we introduce ®-pseudocontractive operators as follows.

Definition 1.1 Let K be nonempty subset of X. An operator T : K — X is said to be
d-pseudocontractive, if there exists a strictly increasing function ® : [0,00) — [0, 00) with
®(0) =0 and j(x —y) € J(x —y) such that

(Tz =Ty, j(z —y) < llz =yl = @(lz —yl) Va,ye K. (1.4)

An operator A: K — X is said to be ®-accretive, if

(Az — Ay, j(z —y)) = ®(||z —yl}) Yo,y e K. (1.5)
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Remark 1.1 Obvious, if a $-pseudocontractive operator has a fixed point then it is unique.

The pseudocontractive operator is intimately connected with accretive operator [11]. Tt is
easy to verify that the operator T is ®-pseudoaccretive if and only if [ — T is ®-accretive
where [ is a identity mapping on X. Hence, the mapping theory for accretive operators is

intimately connected with the fixed point theory for pseudocontraction operators.

We like to point out: every ¢-strongly pseudocontractive operator must be the ®-pseudocon-
tractive operator with ®:[0,00) — [0,00) defined by ®(s) = ¢(s)s, and every strongly
pseudocontractive operator is ¢-strongly pseudocontractive with ¢ : [0, 00) — [0, 00) defined
by ¢(s) = ks where k € (0, 1).

In 1994, Chidume proved a related result that deals with the Ishikawa iterative approxi-
mation of the fixed point for the class of Lipschitz strictly pseudocontractive mappings in
uniformly smooth Banach space. At the same time, he put forth an open problem: It is not
known whether or not the Ishikawa iteration method converges for a continuous strongly
pseudocontractive mapping. Recently, this open problem has been studied extensively by
researchers (see, for example[3-4, 6-10, 12-14, 18-20]) in the case of T is strongly pseudocon-

tractive or ¢-strongly pseudocontractive operators respectively.

The objective of this paper is to introduce the ®-pseudocontractive operators — a class
of operators which is much more general than the important class of strongly pseudocon-
tractive operators and ¢-strongly pseudocontractive operators, and to study problems of
approximating fixed point by Ishikawa and Mann iterative processes with random errors for
®-pseudocontractive operators. We will prove that the answer of Chidume’s open problem is
affirmative if X is an arbitrary Banach space and T : K — K C X is uniformly continuous
d-quasicontractive. furthermore, if X is an uniformly smooth Banach space and T" may be
not continuous, the answer of Chidume’s open problem also is affirmative. As applications,
the iterative approximation methods for the solution of equation with ®-accretive operator
are obtained. The results presented in this paper improve, generalize and unify results of
Chang [3]-[1], Chidume [5]-[10], Deng [12], Ding [13]-[14], Liu [16], Osilike [18], Xu [19], Zhou

[20].
The following two Lemmas play crucial roles in the proofs of our main results.

Lemma 1.1 ([4]) If X be a real Banach space then there exists j(x +y) € J(z + y)
such that

lz +yll?* < ll=l* + 2(y, j(z+y)) Vo, yeX. (1.6)

Lemma 1.2 ([ ](BI‘OWdeI')) X is uniformly smooth(equivalently X* is uniformly
convex) Banach space if and only if J is single-valued and uniformly continuous on any
bounded subset of X.
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2 The Convergence Theorems in Arbitrary Banach Space

If X is an arbitrary real Banach space with dual X*, we can prove following theorems.

Theorem 2.1 Let X be an arbitrary real Banach space with dual X* and K C X
a nonempty bounded conver subset. Let T : K — K be an uniformly continuous ®-

pseudocontractive mapping. Suppose the Ishikawa iteration sequence {x,} with random errors
be defined by (1.2) with parameters

(i) limy, oo By = iy, o0 By = limyy o0 4 = 0 and 372 B, = +o00;
(i) v, = o(Bn).
If F(T) # 0 then for arbitrary xy € K, {x,} converges strongly to unique fized point of T.

Proof: From Remark 1.1, we have that F'(T') = {q}. Putting M = sup{||z| : x € K} +]|q||.
Since ||yn — Tpi1l| = (G — an)zy + BT Zn + Antn — BTy — Tnln)|| — 0(as n — o0),
therefore,

en = ||Tyn — Txpi1]] — 0(as n — o0)
by the uniformly continuity of T'.

Let 20 = inf{||zp41 —q|| : n > 0}. If 0 > 0, then ®(||z,1+1 —¢||) > ®(o) for all n > 0. From
the conditions (i) and (ii) there exists an integer Ny > 0 such that

0 <Y, B < % and o(B,) < B,P(0) Vn > Ny. (2.7)
By (1.4), (1.6) and (2.7) we have

||xn+1 - QH2 = HOén<l’n - Q) + ﬁn(Tyn - Q) + ’Yn(un - Q>H2
04%”% - CI||2 + 280 (Tyn — q, j(Tpi1 —q))
+2’7n(un —q, j(l‘n-‘rl - Q))

IN

S ai”xn _Q‘|2+2ﬁn(Tyn _T$n+1> j(xn—i-l _Q))
+2ﬁn<Txn+1 —q, j(anrl - Q)) + 2M27n (2 8)
S (1_ﬂn_’)/n)QHxn_QHQ_’_zﬁn”xn—i-l _Q||2

~263,®(|wns1 — all) +2MBuen + 2M7,

< lw —qll® + SM?B2 + 3MB,en + 3M?,
—20([[zp41 — qll)Bn

= o = all* + 0(82) = 22(||wns1 — qll) B,

for all n > Ny. It follows from (2.8) that

1701 = all® < llzn = qll* + 0(Ba) — 28(0)Bn < |z — qll* + —2(0) B,



Iterative Processes with Random Errors for Fixed Point of . .. 91

for all n > Ny. By induction, we obtain

+00

®(0) Y B < lon —ql® < M2 (2.9)
j=N

2.9) is in contradiction with Y78, = 400. From this contradiction, we get o = 0.
7=0 77

Therefore, there exists a subsequence {z, } C {z,} such that x,, — ¢ as j — oo. For any
given € > 0 there exists an integer jo > Ny such that ||z, — ¢|| < e for all j > jo. If jo is

fixed, we will prove that ||z, 4+ — ¢l < € for all integers k > 1.

The proof is by induction. For k = 1, suppose |z, +1 — q|| > &. It follows from (2.8) and
B30 11 — all) > B(e) that

e” < l@nsy 1 = all* < llwny, — alI* + 0(Bay,) — 260, () < Iy, —qll* <&

It is a contradiction. Hence, |z, +1—¢|| < e holds for k = 1. Assume now that ||z, +,—q|| <
e for some integer p > 1. We prove ||z, 4p+1 —¢|| < e. Again, assuming the contrary, Using

(2.8), @([|2n;,4pr1 — qll) > ®(g) and (2.7), as above, it leads to a contradiction as follows

e < ||xnj0+]7+1 - Q||2 < ||xnj0+p - Q||2 + 0(6nj0+p) - 2ﬁn]-0+pq)(5) < ||$nj0+p - Q||2 <é?

Where nj, +p > nj, > jo > No. Therefore, |z, +x — ¢|| < ¢ holds for all integers k > 1, so
that T, +k — ¢ as k — oo.
The Proof is completed.O

Remark 2.1 Theorem 2.1 improves a number of results (for example, Theorem 3.4 of [7]
and Theorem 4 of [11]). A prototype for {an}, {3n}, {7}, {dn},{B.} and {4,} in Theorem
2.11s

n?>+3n+1 3 1 1 . n—+1
On = =33 n = ) n= 7 o Hn=
(n+ 2)? nt2 (n+2)? n+3
and )
An:An:— Vn >0
b 7 n—+3 "=

Theorem 2.2 Let X, K and T be as in Theorem 2.1. If q is a fized point of T in K

and the Mann iteration sequence {x,} is defined by (1.3) with parameters

(i) lim, oo B, =0 and Z:ﬁ% , = +00;
(ii) v, = o(B,) then {x,} converges strongly to unique fized point of T.

Theorem 2.3 Suppose that K C X is a nonempty bounded convex subset with K +K C
K and A : K — K is an uniformly continuous ®-accretive operator. For any given f € K

the equation Ax = f has unique solution in K.
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Proof: We define S : K — K by Sz = f+x — Az for all z € K. It is easy to see that S is
uniformly continuous ®-pseudocontractive. Clearly, ¢ is a fixed point of S in K if and only
if that ¢ is a solution of the equation Az = f. It follows from Theorem 2.1 or Theorem 2.2
above that the equation Az = f has unique solution in K.

The proof is completed. O

3 The Convergence Theorems in Uniformly Smooth Banach Space

Let X be a real uniformly smooth Banach space. Now we prove the following theorems.

Theorem 3.1 Suppose that K C X is a nonempty bounded conver subset and T :
K — K is a ®-pseudocontractive operator. If T' has a fized point and the Ishikawa iteration

sequence {x,} is defined by (1.2) with parameters

(i) limp—oo Bn = lim, 0 Bn =0 and ZZ:(’) B, = +o0;

(ii) A = 0(3y) and v, = o(B,),
then iteration sequence {x,} converges strongly to unique fized point of T

Proof: From Definition 1.1, we know that F(T') is singleton. Setting F(T) = {q} and
M = supf{l|e] : 2 € K} -+ [lall. Since [|(yn— @) — (@1 — D)l = [[(én — )0 + T + Gt —
B Tyn —unll — 0 (as n — 00) and ||(yn — q) — (0 — @)|| = [[(dn — V) zn + BT 20 +Jnvn || —
0 (as n — o0), thus the uniformly continuity of j ensures that

en = |J(Wn — q) = J(@ng1 — @)|| = 0 (as n — o0)
and
$n = 17 (Yn — @) — j(2n — @)|| — 0 (as n — o0).
Using (1.4) and (1.6), we have
[0 —qll® = lon(zn — @) + Bu(Tyn — @) + (un — 9)|I?

||Oén($n - q)H2 + 2ﬁn(Tyn —q, j(xn+1 - Q))

IN

< Nlan(zn — Q)1 + 28:(Tyn — ¢, (Y — @)

+2M*, '
< aiHﬂﬂn - qH2 + 2ﬁnHyn - QH2 - 2671@(“3/71 - QH)

+2Mp,e, + 2M27n
< (1- ﬁn)2|‘$n - q||2 + 26n||yn - qH2

_2ﬂnq)(||yn - q”) + O(ﬁn)
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for all » > 0. Similarly,

I —all*> = [lan(zn —q) + Bn(Tan —q) + Y (vn — q)|?
16n (2 — N)? + 280 (Txn — q, §(yn — q))
+29, (un, — ¢, (Yo — q))

IN

< dinxn - Q||2 + QBn(Txn -9, ](xn - Q))
+QBH(T$71 = ¢, J(Yn—q) — j(xn —q)) + 2M?4, (3.11)
< aqllen —all* + 28|z — gl|* — 28,9z — gl))
+2M B8, + 2M?4,
< lwn — ql* + M232 + 2M B,s, + 2M34,,
<l — gl + o(Bn)

for all n > 0. Substituting (3.11) into (3.10) and simplifying, we obtain

lzns1 = all* < llzw = all” + 0(8n) — 28.2(Ilyn — qll) Y0 >0 (3.12)

where o(3,) > 0. Let 20 = inf{||y, —¢q|| : n > 0}. If ¢ > 0, then ®(||ly, — ¢||) > ®(0) >0
for all n > 0, and so, there exists an integer N > 0 such that o(3,) < 3,P(¢) for all n > N.
It follows from (3.12) that

201 = qll* < llon — gl* = B.®(0) Vn > N.

By induction, we obtain

+0o0

®(0) ) 6 < llan —ql* < M*. (3.13)

j=N
(3.13) is in contradiction with Z;;OS B; = +o0. It follows from the contradiction that o = 0.
Therefore, there exists a subsequence {y,,} C {y.} such that y, — ¢ as j — oo. Since
My oo || 70, —ql| = Ty oo G |70, — ql| <Moo ||y, — gl + M limy oo (Bp, +9n,) = 0, the
subsequence {z,,} converges strongly to q. So, we know that maybe {x,} converges to ¢ and
we cannot assure {x,} is not convergent. But, there are other conditions of {x,}, such that
{x,} converges to ¢q. Since z,, — q as j — oo, for any given £ > 0 there exists an integer
Jo > 0 such that |z,;, —¢q|| < e for all j > jo, and 2M (|a,, — | + B + Bn + Y+ V) <€
and o(83,) < 3,®(¢/2) for all n > ny,. If jo is fixed, we will prove that ||z, +x — ¢l| < & for
all integers k£ > 1.

The proof is by induction. For k = 1, suppose ||z, +1 — ¢|| > . Then, (1.2) implies that
[Yn,, — all > €/2. In fact, we have

€< ||$nj0+1 _qH < ||ynj0 _QH +M(|anj0 _a;ljo | +an0 +6ﬂjo +fynj0 +/Y7/l\j0) < ||ynj0 _qH +€/2
From ®([[y,,, — qll) > ®(¢/2) and using (3.12), we obtain

e? < lwnsy+1 = all* < llamy, — all* + 0(Bu,) — 260, 2(2/2) < 2y, —all” < ™.
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It is a contradiction. So, ||2,,; +1—¢|| < ¢ holds for & = 1. Assume now that ||z, +, —ql| <&
for some integer p > 1. We prove ||z, 1p41 — g|| < €. Again, assuming the contrary, as
above, it leads to a contradiction. Hence, ||z, +x — ¢|| < € holds for all integers k& > 1, so
that xz,, — g as n — oo, i.e., limy_. Lo+ = -

The Proof is completed. O

Remark 3.1 Theorem 3.1 gives an affirmative answer to Chidume’s open problem when
T is ®-quasicontractive. The corresponding results (see, for example, Theorem 3.3 of [4],
Theorem 2 of [5], Theorem 3.1 of [13], Theorem 2 of [16] and Theorem 3.3 of [19]) are all

special cases of Theorem 3.1 in the following senses:

1) T may not be continuous, therefore, 7' may not be Lipschitz, also;
2) T may not be strongly pseudocontractive or ¢-strongly pseudocontractive;
3) the random errors of iterative processes have been considered appropriately;

4) the condition (iii) of Chidume’s Theorem in [5] is dropped.

We like to point out: the iteration parameters {a,}, {Bu}, {1}, {én}, {5} and {%,} in
Theorem 3.1 do not depend on any geometric structure of the Banach space X and on any
property of the operator T', but, the selection of the parameters is deal with the convergence
rate of the iteration. A prototype for {a,}, {Bn}, {1}, {én}, {Ba} and {4,} in our theorem

1S

R n®>+3n+1 N 1
Oén—Oén—W7 6n—/6n_n+2
and )
n == ———= Vn>0.
== g TS

In the Theorem 3.1, if Bn =4, = 0 for all n > 0, then we obtain a result that deals with the

Mann iterative process with random errors as follows.

Theorem 3.2 Let K be a nonempty bounded convex subset of X and T : K — K C X
a ®-pseudocontractive operator. If T has a fized point and the Mann iteration sequence {x,}
is defined by (1.3) with parameters

(i) lim, 0o B, =0 and :i% , = +00;
(ii> Tn = O(ﬁn)

Then {x,} converges strongly to unique fized point of T.
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Theorem 3.3 Suppose that K C X is a nonempty bounded convex subset with K + K C
K and A: K — K is a ®-accretive operator. For any given f € K the equation Az = f has
unique solution in K.

Proof: We define S: K — K by Sz = f+x — Az for all x € K. It is easy to see that .S
is ®-pseudocontractive. Clearly, ¢ is a fixed point of S if and only if that ¢ is a solution of
the equation Az = f. It follows from Theorem 2.1 or Theorem 2.2 above that the equation
Ax = f has an unique solution in K.

The proof is completed. O
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