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ABSTRACT. The purpose of this paper is to introduce Φ-pseudo-contractive operators—a

class of operators which is much more general than the important class of strongly pseudo-

contractive operators and φ-strongly pseudocontractive operators, and to study problems of

approximating fixed points by Ishikawa and Mann iterative processes with random errors

for Φ-pseudocontractive operators. As applications, the iterative approximative methods for

the solution of equation with Φ-accretive operator are obtained. The results presented in

this paper improve, generalize and unify the corresponding results of Chang [3]-[4], Chidume

[5]-[10], Deng [12], Ding [13]-[14], Liu [16], Osilike [18], Xu [19], Zhou [20].

KEY WORDS AND PHRASES. Duality mapping, Mann iteration sequence, Ishikawa iter-

ation sequence, Φ -pseudocontractive operator.

1 Introduction and Preliminaries

Throughout this paper, we assume that X is a real Banach space with dual X∗, (·, ·) denotes

the generalized duality pairing. The mapping J : X → 2X∗
defined by

Jx = {j ∈ X∗ : (x, j) = ‖x‖‖j‖, ‖j‖ = ‖x‖}[1] ∀x ∈ X (1.1)

is called the normalized duality mapping.

We recall the following two iterative processes due to Ishikawa [15] and Mann [17], respec-

tively.

(a) Let K be a nonempty convex subset of X, and T : K −→ K be a mapping. For any

given x0 ∈ K the sequence {xn} defined by

xn+1 = (1− αn)xn + αnTyn, yn = (1− βn)xn + βnTxn, (n ≥ 0)
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is called Ishikawa iteration sequence, where {αn} and {βn} are two real sequences in

[0, 1] satisfying some conditions.

(b) In particular, if βn = 0 for all n ≥ 0 in (a), then {xn} defined by

x0 ∈ K, xn+1 = (1− αn)xn + αnTxn, (n ≥ 0)

is called the Mann iteration sequence.

The consideration of error terms is an important part of any theory of iteration meth-

ods. For this reason, Xu [19] introduced the following definitions.

(A) Let K be a nonempty convex subset of X and T : K −→ K a mapping. For any given

x0 ∈ K the sequence {xn} defined by

xn+1 = αnxn + βnTyn + γnun, yn = α̂nxn + β̂nTxn + γ̂nvn (n ≥ 0) (1.2)

is called Ishikawa iteration sequence with random errors. Here {un} and {vn} are two

bounded sequences in K; {αn}, {βn}, {γn}, {α̂n}, {β̂n} and {γ̂n} are six sequences in

[0, 1] satisfying

αn + βn + γn = α̂n + β̂n + γ̂n = 1, for all n ≥ 0.

(B) In particular, if β̂n = γ̂n = 0 for all n ≥ 0 in (A), the {xn} defined by

x0 ∈ K, xn+1 = αnxn + βnTxn + γnun, (n ≥ 0) (1.3)

is called Mann iteration sequence with random errors .

Note that the Ishikawa and Mann iterative processes are all special cases of the Ishikawa

and Mann iterative processes with random errors.

Now, we introduce Φ-pseudocontractive operators as follows.

Definition 1.1 Let K be nonempty subset of X. An operator T : K → X is said to be

Φ-pseudocontractive, if there exists a strictly increasing function Φ : [0,∞) → [0,∞) with

Φ(0) = 0 and j(x− y) ∈ J(x− y) such that

(Tx− Ty, j(x− y)) ≤ ‖x− y‖2 − Φ(‖x− y‖) ∀x, y ∈ K. (1.4)

An operator A : K → X is said to be Φ-accretive, if

(Ax− Ay, j(x− y)) ≥ Φ(‖x− y‖) ∀x, y ∈ K. (1.5)
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Remark 1.1 Obvious, if a Φ-pseudocontractive operator has a fixed point then it is unique.

The pseudocontractive operator is intimately connected with accretive operator [11]. It is

easy to verify that the operator T is Φ-pseudoaccretive if and only if I − T is Φ-accretive

where I is a identity mapping on X. Hence, the mapping theory for accretive operators is

intimately connected with the fixed point theory for pseudocontraction operators.

We like to point out: every φ-strongly pseudocontractive operator must be the Φ-pseudocon-

tractive operator with Φ:[0,∞) → [0,∞) defined by Φ(s) = φ(s)s, and every strongly

pseudocontractive operator is φ-strongly pseudocontractive with φ : [0,∞) → [0,∞) defined

by φ(s) = ks where k ∈ (0, 1).

In 1994, Chidume proved a related result that deals with the Ishikawa iterative approxi-

mation of the fixed point for the class of Lipschitz strictly pseudocontractive mappings in

uniformly smooth Banach space. At the same time, he put forth an open problem: It is not

known whether or not the Ishikawa iteration method converges for a continuous strongly

pseudocontractive mapping. Recently, this open problem has been studied extensively by

researchers (see, for example[3-4, 6-10, 12-14, 18-20]) in the case of T is strongly pseudocon-

tractive or φ-strongly pseudocontractive operators respectively.

The objective of this paper is to introduce the Φ-pseudocontractive operators — a class

of operators which is much more general than the important class of strongly pseudocon-

tractive operators and φ-strongly pseudocontractive operators, and to study problems of

approximating fixed point by Ishikawa and Mann iterative processes with random errors for

Φ-pseudocontractive operators. We will prove that the answer of Chidume’s open problem is

affirmative if X is an arbitrary Banach space and T : K → K ⊂ X is uniformly continuous

Φ-quasicontractive. furthermore, if X is an uniformly smooth Banach space and T may be

not continuous, the answer of Chidume’s open problem also is affirmative. As applications,

the iterative approximation methods for the solution of equation with Φ-accretive operator

are obtained. The results presented in this paper improve, generalize and unify results of

Chang [3]-[4], Chidume [5]-[10], Deng [12], Ding [13]-[14], Liu [16], Osilike [18], Xu [19], Zhou

[20].

The following two Lemmas play crucial roles in the proofs of our main results.

Lemma 1.1 ([4]) If X be a real Banach space then there exists j(x + y) ∈ J(x + y)

such that

‖x+ y‖2 ≤ ‖x‖2 + 2(y, j(x+ y)) ∀x, y ∈ X. (1.6)

Lemma 1.2 ([2](Browder)) X is uniformly smooth(equivalently X∗ is uniformly

convex) Banach space if and only if J is single-valued and uniformly continuous on any

bounded subset of X.
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2 The Convergence Theorems in Arbitrary Banach Space

If X is an arbitrary real Banach space with dual X∗, we can prove following theorems.

Theorem 2.1 Let X be an arbitrary real Banach space with dual X∗ and K ⊂ X

a nonempty bounded convex subset. Let T : K → K be an uniformly continuous Φ-

pseudocontractive mapping. Suppose the Ishikawa iteration sequence {xn} with random errors

be defined by (1.2) with parameters

(i) limn→∞ βn = limn→∞ β̂n = limn→∞ γ̂n = 0 and
∑+∞

n=0 βn = +∞;

(ii) γn = o(βn).

If F (T ) 6= ∅ then for arbitrary x0 ∈ K, {xn} converges strongly to unique fixed point of T.

Proof: From Remark 1.1, we have that F (T ) = {q}. Putting M = sup{‖x‖ : x ∈ K}+‖q‖.
Since ‖yn − xn+1‖ = ‖(α̂n − αn)xn + β̂nTxn + γ̂nvn − βnTyn − γnun)‖ → 0(as n → ∞),

therefore,

en := ‖Tyn − Txn+1‖ → 0(as n→∞)

by the uniformly continuity of T .

Let 2σ = inf{‖xn+1− q‖ : n ≥ 0}. If σ > 0, then Φ(‖xn+1− q‖) > Φ(σ) for all n ≥ 0. From

the conditions (i) and (ii) there exists an integer N0 > 0 such that

0 ≤ γn, βn ≤
1

6
and o(βn) ≤ βnΦ(σ) ∀n ≥ N0. (2.7)

By (1.4), (1.6) and (2.7) we have

‖xn+1 − q‖2 = ‖αn(xn − q) + βn(Tyn − q) + γn(un − q)‖2

≤ α2
n‖xn − q‖2 + 2βn(Tyn − q, j(xn+1 − q))

+2γn(un − q, j(xn+1 − q))

≤ α2
n‖xn − q‖2 + 2βn(Tyn − Txn+1, j(xn+1 − q))

+2βn(Txn+1 − q, j(xn+1 − q)) + 2M2γn

≤ (1− βn − γn)2‖xn − q‖2 + 2βn‖xn+1 − q‖2

−2βnΦ(‖xn+1 − q‖) + 2Mβnen + 2M2γn

≤ ‖xn − q‖2 + 3
2
M2β2

n + 3Mβnen + 3M2γn

−2Φ(‖xn+1 − q‖)βn

= ‖xn − q‖2 + o(βn)− 2Φ(‖xn+1 − q‖)βn

(2.8)

for all n ≥ N0. It follows from (2.8) that

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + o(βn)− 2Φ(σ)βn ≤ ‖xn − q‖2 +−Φ(σ)βn
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for all n ≥ N0. By induction, we obtain

Φ(σ)
+∞∑
j=N

βj ≤ ‖xN − q‖2 ≤M2. (2.9)

(2.9) is in contradiction with
∑+∞

j=0 βj = +∞. From this contradiction, we get σ = 0.

Therefore, there exists a subsequence {xnj
} ⊂ {xn} such that xnj

→ q as j → ∞. For any

given ε > 0 there exists an integer j0 ≥ N0 such that ‖xnj
− q‖ < ε for all j ≥ j0. If j0 is

fixed, we will prove that ‖xnj0
+k − q‖ < ε for all integers k ≥ 1.

The proof is by induction. For k = 1, suppose ‖xnj0
+1 − q‖ ≥ ε. It follows from (2.8) and

Φ(‖xnj0
+1 − q‖) ≥ Φ(ε) that

ε2 ≤ ‖xnj0
+1 − q‖2 ≤ ‖xnj0

− q‖2 + o(βnj0
)− 2βnj0

Φ(ε) ≤ ‖xnj0
− q‖2 < ε2.

It is a contradiction. Hence, ‖xnj0
+1−q‖ < ε holds for k = 1. Assume now that ‖xnj0

+p−q‖ <
ε for some integer p > 1. We prove ‖xnj0

+p+1− q‖ < ε. Again, assuming the contrary, Using

(2.8), Φ(‖xnj0
+p+1 − q‖) > Φ(ε) and (2.7), as above, it leads to a contradiction as follows

ε2 ≤ ‖xnj0
+p+1 − q‖2 ≤ ‖xnj0

+p − q‖2 + o(βnj0
+p)− 2βnj0

+pΦ(ε) ≤ ‖xnj0
+p − q‖2 < ε2

Where nj0 + p ≥ nj0 ≥ j0 ≥ N0. Therefore, ‖xnj0
+k − q‖ < ε holds for all integers k ≥ 1, so

that xnj0
+k → q as k →∞.

The Proof is completed.2

Remark 2.1 Theorem 2.1 improves a number of results (for example, Theorem 3.4 of [7]

and Theorem 4 of [11]). A prototype for {αn}, {βn}, {γn}, {α̂n}, {β̂n} and {γ̂n} in Theorem

2.1 is

αn =
n2 + 3n+ 1

(n+ 2)2
, βn =

1

n+ 2
, γn =

1

(n+ 2)2
, α̂n =

n+ 1

n+ 3

and

β̂n = γ̂n =
1

n+ 3
∀n ≥ 0.

Theorem 2.2 Let X, K and T be as in Theorem 2.1. If q is a fixed point of T in K

and the Mann iteration sequence {xn} is defined by (1.3) with parameters

(i) limn→∞ βn = 0 and
∑+∞

n=0 βn = +∞;

(ii) γn = o(βn) then {xn} converges strongly to unique fixed point of T .

Theorem 2.3 Suppose that K ⊂ X is a nonempty bounded convex subset with K+K ⊆
K and A : K → K is an uniformly continuous Φ-accretive operator. For any given f ∈ K

the equation Ax = f has unique solution in K.
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Proof: We define S : K → K by Sx = f + x−Ax for all x ∈ K. It is easy to see that S is

uniformly continuous Φ-pseudocontractive. Clearly, q is a fixed point of S in K if and only

if that q is a solution of the equation Ax = f . It follows from Theorem 2.1 or Theorem 2.2

above that the equation Ax = f has unique solution in K.

The proof is completed. 2

3 The Convergence Theorems in Uniformly Smooth Banach Space

Let X be a real uniformly smooth Banach space. Now we prove the following theorems.

Theorem 3.1 Suppose that K ⊂ X is a nonempty bounded convex subset and T :

K → K is a Φ-pseudocontractive operator. If T has a fixed point and the Ishikawa iteration

sequence {xn} is defined by (1.2) with parameters

(i) limn→∞ βn = limn→∞ β̂n = 0 and
∑+∞

n=0 βn = +∞;

(ii) γ̂n = o(β̂n) and γn = o(βn),

then iteration sequence {xn} converges strongly to unique fixed point of T .

Proof: From Definition 1.1, we know that F (T ) is singleton. Setting F (T ) = {q} and

M = sup{‖x‖ : x ∈ K}+‖q‖. Since ‖(yn−q)−(xn+1−q)‖ = ‖(α̂n−αn)xn + β̂nTxn + γ̂nvn−
βnTyn−γnun‖ → 0 (as n→∞) and ‖(yn−q)− (xn−q)‖ = ‖(α̂n−1)xn + β̂nTxn + γ̂nvn‖ →
0 (as n→∞), thus the uniformly continuity of j ensures that

en := ‖j(yn − q)− j(xn+1 − q)‖ → 0 (as n→∞)

and

sn := ‖j(yn − q)− j(xn − q)‖ → 0 (as n→∞).

Using (1.4) and (1.6), we have

‖xn+1 − q‖2 = ‖αn(xn − q) + βn(Tyn − q) + γn(un − q)‖2

≤ ‖αn(xn − q)‖2 + 2βn(Tyn − q, j(xn+1 − q))

+2γn(un − q, j(xn+1 − q))

≤ ‖αn(xn − q)‖2 + 2βn(Tyn − q, j(yn − q))

+2βn(Tyn − q, j(xn+1 − q)− j(yn − q))

+2M2γn

≤ α2
n‖xn − q‖2 + 2βn‖yn − q‖2 − 2βnΦ(‖yn − q‖)

+2Mβnen + 2M2γn

≤ (1− βn)2‖xn − q‖2 + 2βn‖yn − q‖2

−2βnΦ(‖yn − q‖) + o(βn)

(3.10)
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for all n ≥ 0. Similarly,

‖yn − q‖2 = ‖α̂n(xn − q) + β̂n(Txn − q) + γ̂n(vn − q)‖2

≤ ‖α̂n(xn − q)‖2 + 2β̂n(Txn − q, j(yn − q))

+2γ̂n(un − q, j(yn − q))

≤ α̂2
n‖xn − q‖2 + 2β̂n(Txn − q, j(xn − q))

+2β̂n(Txn − q, j(yn − q)− j(xn − q)) + 2M2γ̂n

≤ α̂2
n‖xn − q‖2 + 2β̂n‖xn − q‖2 − 2β̂nΦ(‖xn − q‖)

+2Mβ̂nsn + 2M2γ̂n

≤ ‖xn − q‖2 +M2β̂2
n + 2Mβ̂nsn + 2M2γ̂n

≤ ‖xn − q‖2 + o(β̂n)

(3.11)

for all n ≥ 0. Substituting (3.11) into (3.10) and simplifying, we obtain

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + o(βn)− 2βnΦ(‖yn − q‖) ∀n ≥ 0 (3.12)

where o(βn) ≥ 0. Let 2σ = inf{‖yn − q‖ : n ≥ 0}. If σ > 0, then Φ(‖yn − q‖) > Φ(σ) > 0

for all n ≥ 0, and so, there exists an integer N > 0 such that o(βn) < βnΦ(σ) for all n ≥ N .

It follows from (3.12) that

‖xn+1 − q‖2 ≤ ‖xn − q‖2 − βnΦ(σ) ∀n ≥ N.

By induction, we obtain

Φ(σ)
+∞∑
j=N

βj ≤ ‖xN − q‖2 ≤M2. (3.13)

(3.13) is in contradiction with
∑+∞

j=0 βj = +∞. It follows from the contradiction that σ = 0.

Therefore, there exists a subsequence {ynj
} ⊂ {yn} such that ynj

→ q as j → ∞. Since

limj→∞ ‖xnj
− q‖ = limj→∞ α̂nj

‖xnj
− q‖ ≤ limj→∞ ‖ynj

− q‖+M limj→∞(β̂nj
+ γ̂nj

) = 0, the

subsequence {xnj
} converges strongly to q. So, we know that maybe {xn} converges to q and

we cannot assure {xn} is not convergent. But, there are other conditions of {xn}, such that

{xn} converges to q. Since xnj
→ q as j → ∞, for any given ε > 0 there exists an integer

j0 > 0 such that ‖xnj
− q‖ < ε for all j ≥ j0, and 2M(|αn − α̂n| + βn + β̂n + γn + γ̂n) < ε

and o(βn) ≤ βnΦ(ε/2) for all n ≥ nj0 . If j0 is fixed, we will prove that ‖xnj0
+k − q‖ < ε for

all integers k ≥ 1.

The proof is by induction. For k = 1, suppose ‖xnj0
+1 − q‖ ≥ ε. Then, (1.2) implies that

‖ynj0
− q‖ > ε/2. In fact, we have

ε ≤ ‖xnj0
+1− q‖ ≤ ‖ynj0

− q‖+M(|αnj0
− ˆαnj0

|+βnj0
+ ˆβnj0

+γnj0
+ ˆγnj0

) < ‖ynj0
− q‖+ε/2.

From Φ(‖ynj0
− q‖) > Φ(ε/2) and using (3.12), we obtain

ε2 ≤ ‖xnj0
+1 − q‖2 ≤ ‖xnj0

− q‖2 + o(βnj0
)− 2βnj0

Φ(ε/2) ≤ ‖xnj0
− q‖2 < ε2.
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It is a contradiction. So, ‖xnj0
+1−q‖ < ε holds for k = 1. Assume now that ‖xnj0

+p−q‖ < ε

for some integer p > 1. We prove ‖xnj0
+p+1 − q‖ < ε. Again, assuming the contrary, as

above, it leads to a contradiction. Hence, ‖xnj0
+k − q‖ < ε holds for all integers k ≥ 1, so

that xn → q as n→∞, i.e., limk→∞ xnj0
+k = q.

The Proof is completed. 2

Remark 3.1 Theorem 3.1 gives an affirmative answer to Chidume’s open problem when

T is Φ-quasicontractive. The corresponding results (see, for example, Theorem 3.3 of [4],

Theorem 2 of [5], Theorem 3.1 of [13], Theorem 2 of [16] and Theorem 3.3 of [19]) are all

special cases of Theorem 3.1 in the following senses:

1) T may not be continuous, therefore, T may not be Lipschitz, also;

2) T may not be strongly pseudocontractive or φ-strongly pseudocontractive;

3) the random errors of iterative processes have been considered appropriately;

4) the condition (iii) of Chidume’s Theorem in [5] is dropped.

We like to point out: the iteration parameters {αn}, {βn}, {γn}, {α̂n}, {β̂n} and {γ̂n} in

Theorem 3.1 do not depend on any geometric structure of the Banach space X and on any

property of the operator T , but, the selection of the parameters is deal with the convergence

rate of the iteration. A prototype for {αn}, {βn}, {γn}, {α̂n}, {β̂n} and {γ̂n} in our theorem

is

αn = α̂n =
n2 + 3n+ 1

(n+ 2)2
, βn = β̂n =

1

n+ 2

and

γn = γ̂n =
1

(n+ 2)2
∀n ≥ 0.

In the Theorem 3.1, if β̂n = γ̂n = 0 for all n ≥ 0, then we obtain a result that deals with the

Mann iterative process with random errors as follows.

Theorem 3.2 Let K be a nonempty bounded convex subset of X and T : K → K ⊂ X

a Φ-pseudocontractive operator. If T has a fixed point and the Mann iteration sequence {xn}
is defined by (1.3) with parameters

(i) limn→∞ βn = 0 and
∑+∞

n=0 βn = +∞;

(ii) γn = o(βn).

Then {xn} converges strongly to unique fixed point of T .
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Theorem 3.3 Suppose that K ⊂ X is a nonempty bounded convex subset with K+K ⊆
K and A : K → K is a Φ-accretive operator. For any given f ∈ K the equation Ax = f has

unique solution in K.

Proof: We define S : K → K by Sx = f + x − Ax for all x ∈ K. It is easy to see that S

is Φ-pseudocontractive. Clearly, q is a fixed point of S if and only if that q is a solution of

the equation Ax = f . It follows from Theorem 2.1 or Theorem 2.2 above that the equation

Ax = f has an unique solution in K.

The proof is completed. 2
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