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Strong Convergence and pseudo Stability for Oper-
ators of the ¢-accretive type in uniformly smooth
Banach Spaces

ABSTRACT. Let X be a uniformly Banach space and let T : X — X be a ¢-strongly
quasi-accretive operator. It is proved that, under suitable conditions, the Ishikawa iterative
process with errors both converges strongly to the unique zero of T and is pseudo stable. A
few related results deal with the convergence and stability of the Ishikawa iterative process
with errors to the solutions of the equations Tz = f and x + Tz = f, respectively, when

T : X — X is ¢-strongly accretive. Our results extend, improve, and unify the results due
to Chidume [2], [3] and Zhou [15].

KEY WORDS AND PHRASES. Ishikawa iterative process with errors, ¢-strongly quasi-

accretive operator, ¢-strongly accretive operator, stability, uniformly smooth Banach space.

1 Introduction

Let X be a Banach space with norm || - || and the dual space X*. The normalized duality
mapping J : X — 2% is defined by

J(z) = {f € X" : Re(z, f) = ||l=|I* = I/}, =€X,

where (-, -) denotes the generalized duality pairing. It is known that if X is uniformly smooth,

then J is single valued and is uniformly continuous on any bounded subset of X.

The symbols D(T), R(T), F(T), N(T) stand for the domain, the range, the fixed point set
and the kernel of 7', respectively, where N(7T') = {z € D(T'); Tx = 0}.

Let T: D(T) C X — X be an operator and [ denote the identity mapping on X.
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Definition 1.1 (i) T is called to be strongly accretive if there exists a constant k €
(0,1) such that for each x,y € D(T), there exists j(x —y) € J(x — y) satisfying

Re(Tx — Ty, j(z —y)) = kllx — y||*;
(ii) T is said to be ¢-strongly accretive if there exists a strictly increasing function ¢ :

[0,00) — [0,00) with ¢(0) = 0 such that for each x,y € D(T), there ezists j(x —y) €
J(x —y) satisfying

Re(Tz — Ty, j(x —y)) = ¢(lz — ylDllz — yll;
(i) T is said to be ¢p-strongly quasi-accretive if N(T) # O and if there exists a strictly

increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for each x € D(T) and
y € N(T), there ezists j(x —y) € J(z —y) satisfying
Re(Tx, j(x —y)) > ¢(llz — yl) ||z — yll.
The classes of operators appearing Definition 1.1 have been used and studied by several
authors (see, e.g., [1]-[1], [8], [10], [12]-[16], [1&]). It is known that the classes of strongly
accretive operators and ¢-strongly accretive operators with a nonempty kernel are proper

subclasses of the classes of ¢-strongly accretive operators and ¢-strongly quasi-accretive

operators, respectively.

Let us recall the following iterative schemes due to Mann [11], Ishikawa [9] and Liu [10],

respectively.

Definition 1.2 (i) Let D(T) be a convex subset of X with D(T) = R(T). For any
given xog € D(T), the sequence {x,}>2, in D(T') defined by

Yn = (1 - 5n)xn + 6nT'In7 Tp+1 = (1 - an)zn + anTyna n 2 0

is called the Ishikawa iteration sequence, where {a, 52, and {5,}2, are sequences in

[0, 1] satisfying certain conditions;
(i) If B, =0 for alln > 0 in (i), then the sequence {x,}5° in D(T') defined by
Tpi1 = (1 —ap)x, + ayTxy, n >0,
18 called the Mann iterative sequence;
(iii) For any given xo € D(T), the sequence {x,}2, in D(T) defined by
Yn = (1 = Bp)xn + BuTxy + vp, 1 = (1 — o)y + @ Tyn + ty, n >0,

is called the Ishikawa iteration sequence with errors, where {u,}° and {v,}>2, are
sequences in X and {a,}>2, and {B,}5°, are sequences in [0,1] satisfying suitable

conditions;
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(iv) If, B = ||vnl| = 0 for allmn > 0 in (iii), then the sequence {x,}°° in D(T') now defined

by
Tpr1 = (1 —ap)x, + a0, Txy + up, n >0,

18 called the Mann iteration sequence with errors.

It is clear that the Ishikawa and Mann iterative sequences are all special cases of the Ishikawa

iterative sequences with errors.

Let T : X — X be an operator and {«, }22, be sequences in [0, 1]. Assume that zy € X and
Tpt1 = f(T,an,x,) defines an iteration scheme which produces a sequence {z,}>, C X.
Suppose that, furthermore, that F(T) # () and that {x,}?°, converges strongly to ¢ € F(T).
Let {y,}22, be any sequence in X and define {e,,}5°, C [0,00) by &, = ||yn+1— f (T, ctn, yn) |-

Definition 1.3 (i) The iterative scheme {x,}5°, defined by x,11 = f(T,n, ) is

called T'-stable if lim,,_,o £, = 0 implies that lim,,_o ¥, = q;

(i) The iterative scheme {x,}°, defined by x,.1 = f(T, an, ) is called almost T-stable
if Yoo o €n < 00 implies that lim, oo yn = ¢;

(iii) The iterative scheme {x,}>°, defined by x,11 = f(T, an,x,) is called pseudo T'-stable

if lim,, o oy, = 0 and €, = o(av,) implies that lim,, .« yn = q.

Osilike [10] pointed out that T-stability implies almost T-stability, and the converse does not
hold in general. Clearly, an iteration scheme {z,}> , which is T-stable is pseudo T-stable.

In section 2, we shall show that an iteration which is pseudo T-stable may fail to be T-stable.

Several researchers proved that the Mann iterative scheme, Ishikawa iterative scheme, the
Mann iterative scheme with errors and Ishikawa iterative scheme with errors can be used
to approximate solutions of the equations Tx = f and z + Tx = f, where T is continuous

strongly accretive or continuous ¢-strongly accretive operators (see, e.g. [2]-[1], [12], [15],
[18]).

Rhoades [17] obtained that the Mann and Ishikawa iterative schemes may exhibit different
behaviors for different classes of nonlinear mappings. Several stability results for certain
classes of nonlinear mappings have been established by a few researchers (see, e.g. [5]-[7],
[13], [14], [16]). Harder and Hicks [7] revealed the importance of investigating the stability
of various iteration schemes for various classes of nonlinear mappings. In [13], [I4] and
[16], Osilike established the stability and almost stability of certain Mann and Ishikawa
iteration procedures for the classes of Lipschitz strongly accretive operators and Lipschitz
¢-strongly accretive operators in real g-uniformly smooth Banach spaces and real Banach

spaces, respectively.
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For ¢-strongly quasi-accretive operators without Lipschitz assumption, the possibility of

establishing corresponding stability results has not been explored yet within our knowledge.

The aim of this paper is to establish the strong convergence and pseudo stability of the
Ishikawa iterative scheme with errors to zeros of ¢-strongly quasi-accretive operators in
uniformly smooth Banach spaces. A few related results deal with the strong convergence
and pseudo stability of the Ishikawa iterative scheme with errors to solutions of the equation
Tx = f and x + Tx = f, respectively, where T" : X — X is ¢-strongly accretive. The
convergence results in this paper are generalizations and improvements of the corresponding
results due to Chidume [2], [3] and Zhou [15].

We shall make use of the following result.

Lemma 1.1 ([1]) Let X be a Banach space. Then for all x,y € X, j(z+y) € J(z+y)

[z +ylI* < [|lz|” + 2Re(y, j(z +y)).

2 Main results

Theorem 2.1 Let X be a uniformly Banach space and let T : X — X be a ¢-strongly
quasi-accretive operator. Suppose that the range (I — T') of either or T is bounded and that
S =1—-T. Assume that {a,}>2, and {5,}5>, are sequences in [0,1] and {u,}>>, and

- . .
{vn 352 are sequences in X satisfying

lim o, = lim £, = lim ||v,| = 0; (2.1)
Zan = 00; (2.2)
n=0

[unl| = ofan). (2:3)

Suppose that {x,}°°, is the sequence generated from arbitrary xo € X by
zn = (1= Bp)xy + BnSTy + vy, Tpy1 = (1 —ay)x, + Sz, +u,, n>0. (2.4)

Then the sequence {x,}2, converges strongly to the unique zero q of T and it is pseudo
(I —T)-stable.

Proof: Since T is ¢-strongly quasi-accretive, it follows that N(T') is a singleton, say, {q}.
It is easy to see that S has a unique fixed point ¢, and that

Re(Sz —q,j(z — q)) < llz = ql* = ¢(lz —alDz —qll, =€X. (2.5)
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Now we show that R(S) is bounded. In fact, if R(I — T') is bounded, so is R(S); if R(T) is
bounded, then

1Sz < llz = qll + llgll + |1 Tzll < ¢~ (IT2]) + llgll + | Tz

for all x € X. That is, R(S) is bounded. Using (2.1) and (2.3), we conclude that there exists

a nonnegative sequence {r,}2°, such that

[tn| = Tn0tn, 1> 0; (2.6)

lim r, = 0. (2.7)

n—oo

Let A = diamR(S) + ||zg — ¢|| and B = A+ sup{||v,|| : » > 0} + sup{r, : n > 0}. Next we
show by induction that

|lzn —ql] < A+sup{r,:n>0}<B, n>0. (2.8)

Obviously, (2.8) is true for n = 0. Suppose that (2.8) is true for some n > 0. It follows from
(2.4) and (2.6) that

[2ni1 = gl <0 = an)llzn — gll + anllSzn — gl + [lun]]
<(1 = a)[A+sup{r, : n >0} + a, A+ a,r,
<A+ sup{r, : n > 0}.

Hence (2.8) is true for all n > 0.
In view of (2.4) and (2.8), we infer that
lzn = all <1 = Ba)llzn = all + BullSzn = gl| + [[onll
(1

— Bo)[A +sup{r, : n > 0} + B, A+ ||va| (2.9)
B

IA A

for all n > 0. It follows from Lemma 1.1, (2.4), (2.8) and (2.9) that

Iz = qll* =l(1 = Bo) (@0 — @) + Bu(Sxn — q) + va?
<(1 = Bu)?l|lzn — gl + 28.Re(Szn — ¢, 5 (20 — q))
+ 2Re(vp, (20 — q))
<(1 = Bn)*llan — qll* + 2B° BB, + 2B]jv|

(2.10)
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for all n > 0. Using Lemma 1.1, (2.4)-(2.6) and (2.8)-(2.10), we get that

lznsr = all* =1 = aw)(@n — @) + an(Sz — ) +

<(1 = an)?[lan — ql* + 20,Re(Sz, — ¢, j (2011 — )
+ 2Re(up, j(Tni1 — q))

<(1 = an)’llzn = ql* + 20nRe(Sz, — ¢, j (20 — q))
+ 20 Re(S2, — ¢, j (@1 — ¢) — (20 — @) + 2B||uy|

<(1 = ap)?||lwn — ql® + 2an[llzn — all* = o(llz0 — al)ll2n — ll] (2.11)
+ 200, B[ (@n+1 — @) — §(20 — @) || + 2B||uy ||

<[(1 = an)® + 200(1 = B)?) |2 — qlf* + 4B B + AB* Ba|va |
— 20,9(|[20 — ql]) [z — 4l
+ 200, B[ (2ns1 — @) — (20 — @) || + 2B||uy ||

<llzn = all® = 2000(l|20 = alD)llz0 — all + antn

for all n > 0, where
t, = B*B, + 4BB, + 4B|lv,|| + 2B|j(xns1 — q) — j(zn — @)|| + 2Br,, n>0.

Since j is uniformly continuous on each bounded subset of X and

l2ns1 = = (2 = Q)| S@nllzn = Szall + Bullzn — Swall + ]| + flonl]
<2B(ay + ) + [lunll + [val — 0

as n — 00, it follows that lim, . ||j(znt1 — q) — j(zn — ¢)|| = 0. Thus, by (2.1), (2.6) and
(2.7) we have

lim t, = 0. (2.12)

n—oo

Put inf{||z, — ¢|| : n > 0} = r. We claim that = 0. Otherwise r > 0. Thus (2.12) ensures
that there exists a positive integer N such that t,, < ¢(r)r for all n > N. From (2.11) we
obtain that for all n > N,

1701 = all* <llen — all” = 200 (r)r + cnd(r)r
<llzn = qlI* = and(r)r,

which implies that

S(r)r Y an < D (e = glI* = llwns — all*) = oy — qll*.
n=N n=N
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That is, >~ a,, < oo contradicting (2.2). Therefore r = 0. Thus there exists a subsequence
{Ilzn, — all 132 of {||zn — ql| }22, such that limy_. ||zn, — ¢|| = 0. It follows from (2.1), (2.4),
(2.6) and (2.7) that

2n, = qll <llzn, = all + Bugllon, = Sn, || + [lon|
<llzn = gqll +2BBn, + [[on, ]| = 0

as k — oo. That is,
klim |zn, —ql| = 0. (2.13)

By virtue of (2.1)-(2.3), (2.12) and (2.13), we conclude that for given ¢ > 0, there exists

positive numbers ky and p = ny, such that

15
H'Tp - q” < g, max{avwﬂn} < 16_B> (214)

€ 1
max{ ||, |, [[va ||} < g < ¢(§e)e, n>p.
By induction we show that
|Zpsm —qll <e, m>0. (2.15)

Note that (2.14) ensures that (2.15) holds for m = 0. Suppose that (2.15) holds for some
m > 0. If ||xprme1 — ¢|| > €, then (2.14), (2.8) and (2.4) yield that

[Zp+m — qll 2|Zpsm1 — @l = pim S 2prm — Tpgmll — [Upsml|
- € g 3 (2-16)
T 16B 8 4°
and
”Zp+m - qH ZprHn - QH - ﬁp+m||5$p+m - xp+mH - ”Up+m”
>3 € e 1 (2'17)
1" 168 8 2%

It follows from (2.11), (2.14), (2.16) and (2.17) that

2 <o — al?
§||xp+m - Q||2 - 20‘p+m¢<||zp+m - Q||)||Zp+m —q|l + Aptmbptm

1 1
<g?— ap+mgb(§5)e + ap+m¢(§5)5 = g2,

which is impossible. Hence ||Zpimi1 — ¢|| < e. That is, (2.15) holds for all m > 0. Thus
(2.15) yields that lim, . z, = q.
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Let {y,}5°, be any given sequence in X and define {g,}>, by

en = |[Yns1 — (1 — a)yn — @ Tw, — uy,ll, n>0.
Put p, = yn+1 — (1 — an)yn — ayTw,, — uy,. Then
Yns1 = (1 — an)yn + @ Twy, + Uy + pny, n > 0. (2.19)
Suppose that ¢, = o(a,). By (2.3), we get that
[t + Pl < Nlunll + €n = o(am),

which implies that ||u, +p,|| = o(a,). It follows from the above conclusion that the sequence
{yn}22, defined by (2.18) and (2.19) converges strongly to q. That is, {z,}5°, is pseudo
T-stable. This completes the proof.

Theorem 2.2 Let X, {a,}%, {60, {un}, and {v,}>2, be as in Theorem 2.1.
Let T : X — X be a ¢-strongly accretive operator and the range of either (I —T) or T
be bounded. Suppose that the equation Tx = [ has a solution for a giwen f € X and that
St = f+ax—Tz for all x € X. Then the sequence {x,}>2, generated from an arbitrary
o € X by (2.4) converges strongly to the unique solution of the equation Tx = f and it is
pseudo S-stable.

Proof: Since T is ¢-strongly accretive and the equation T'x = f has a solution, it follows
that the equation T'x = f has a unique solution. The rest of the proof is identical the proof

of Theorem 2.1 and is therefore omitted. This completes the proof.

Theorem 2.3 Let X, {a,}2%,, {3.}5%, {un}, and {v,}%, be as in Theorem 2.1.
Let T : X — X be a ¢-strongly accretive operator and the range of either (I +T) or T be
bounded. Suppose that the equation x + T'x = f has a solution for a given f € X and that
Sx = f—Tx for allz € X. Then the sequence {x,}3>, generated from an arbitrary xo € X

by (2.4) converges strongly to the unique solution of the equation x+Tx = f and it is pseudo

S-stable.

Proof: Let A=1+T. Then A is ¢-strongly accretive and the range either A or (I — A)
is bounded. Clearly, x +Tx = f becomes Ax = f and Sx = f —Tx = f + 2 — Az for all
x € X. Hence Theorem 2.3 follows from Theorem 2.2. This completes the proof.
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Remark 2.1 The boundedness of R(T) or R(I—T) in Theorems 2.1 and 2.2 can be replaced
by the boundedness of {T'z,,}5°, and {Tz,}>°, or {z, — Tx,};°, and {z, — Tz, }°2,.

Remark 2.2 The convergence result in Theorem 2.2 extends, improves and unifies Theo-

rems 1 and 2 of [2], Theorems 7 and 8 of [3] and Theorem 1 of [1&] in the following ways:

(a) The Mann iterative schemes in [2, 3] and the Ishikawa iterative schemes in [2, 3, 15]

are replaced by the more general Ishikawa iterative scheme with errors.

(b) The strongly accretive operators in [2], [3] and [18] are replaced by the more general

¢-strongly accretive operators;

(c) That T is Lipschitz in [2] is omitted;

(d) The assumptions of a,, < [, in [2], [3], [18], D07y enb(cn) < coin [2], [3], D07y anblay,) <
oo in [2], [3] are superfluous;
(e) The boundedness hypotheses of R(I —T') in [2], [18] and R(T) in [3] are replaced by

the boundedness of either R(I —T') or R(T);

The following example reveals that the convergence result in Theorem 2.2 extends properly

the corresponding results in [2], [3] and [13].

Example 2.1 Let X = (—o00,00) with the usual norm. Then for any ¢ > 1, X is real
g-uniformly smooth Banach space. Define T': X — X by

xr—1, ifr<—1
Ter=qx—+—z, ifxel[-1,0)
T, if z € [0, 00).

Clearly R(T) = X, R(I —T) is bounded and T is continuous. Note that

Hence T is not Lipschitz. Take ¢(t) = %t for all £ > 0. In order to prove that T" is ¢-strongly

accretive, that is,
(Te =Ty, j(z —y)) = ¢(lz —yl)llz —yll, z,yeX. (2.20)

We have to consider the following cases.

Case 1. Let z,y € (—oo,—1) or z,y € [0,00). Then

(Tx =Ty, j(x—y)) = (x—y)*
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Case 2. Let z,y € [-1,0). Then

(Ta = Toile =) =l =y = (V=a = vl =) = (14 i) (o)

Case 3. Let x € (—o0,—1), y € [-1,0). Then

Tz Ty, jlx—y)=lr-1-y—vV-yle—y) =(@-y*+1-V=y)ly—2);
Case 4. Let z € (—o0,—1), y € [0,00). Then

(Te =Ty, jz—y)=@—-1-y)(z—y) = (= —y)°+(y—a);

Case 5. Let z € [-1,0), y € [0,00). Then

(Te =Ty j(z —y) = (¢ = V-2 —y)lz —y) = (z —y)* + V-z(y — 2).
Therefore (2.20) holds. Since R(T") = X, it follows that the equation Tz = f has a solution
for any f € X. Set

a, = (1 +n)_%, Bn = (24 2n)_%, U, = (14+n)"" v, =(1 +n)_%, n > 0.

Then all the assumptions of Theorem 2.2 are fulfilled. But Theorems 1 and 2 in [2], Theorems
7 and 8 in [3], and Theorem 1 in [18] are not applicable since R(T") is unbounded, T is not
Lischitz, and «,, > 3, for each n > 0.

Remark 2.3 Theorems 11 and 12 in [3] are special cases of our Theorem 2.3.

Remark 2.4 For T : X — X a ¢-strongly quasi-accretive operator, Theorem 2.1 proves
that the Ishikawa iterative scheme with errors considered in Theorem 2.1 is pseudo (I —T')-

stable. The following example reveals that the iterative scheme is not (I — T')-stable.

Example 2.2 Let X = (—o0,00) with the usual norm, 7" = I and w, = v, = 0 for all
n > 0. Clearly,

Re(Tx — Ty, j(z — ) = lle — yI? = (e — yl)lle — yll, =€ X, ye N(T),

where ¢(t) = it for all ¢ > 0. It follows from Theorem 2.1 that the sequence {z,}32,
generated from an arbitrary zo € X by

zn = (1= Bp)ay + BuSTn + vy, Tpy1 = (1 — an)zn + @ Szn + up, n >0,

converges strongly to the unique zero 0 of T" and is pseudo (I — T')-stable. Next we prove
that it is not pseudo (I — T')-stable. Let y, = 1 for all n > 0. Then

en = [lynt1 = (1 = an)yn — anSwn — tn | < [[ynt1 — ynll + anllynll = 0

as n — oo. That is, lim,, .« €, = 0. But, lim, .y, =1 ¢ N(T') = {0}.
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