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CENGIZ CINAR, STEVO STEVIC AND IBRAHIM YALCINKAYA

A Note on Global Asymptotic Stability of a Family
of Rational Equations

ABSTRACT. In this note we prove that all positive solutions of the difference equations
L+ @ Zf:l Ln—i
Tn + Tp-1+ Tp Zfzg Tpn—i

where k € N, converge to the positive equilibrium z = 1. The result generalizes the main

Tpy1 = ) n:0,1,...,

theorem in the paper: Li Xianyi and Zhu Deming, Global asymptotic stability in a rational
equation, J. Differ. Equations Appl. 9 (9), (2003), 833-839. We present a very short proof

of the theorem. Also, we find the asymptotics of some of the positive solutions.
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1 Introduction

In [11], Xianyi and Deming prove that the positive equilibrium of the difference equation
TpTn_1 +1
1 = ——, =0,1,2,.. 1
ntd T + Tp—1 " ( )

with positive initial values xz_1, xo, is globally asymptotically stable.
In [1], Kruse and Nesemann, among other things, proved the following theorem:

Theorem A Consider the difference equation

Tnir :f(mn—kr—la---;xn)? n:()717"' (2)

where v € N, f : (0,00)" — (0,00) is a continuous function with some unique positive
equilibrium Z. Suppose that there is an m € N such that for all solutions (x,) of Eq. (2)
72
(an - xn-l—m) <_ - xn—l—m) S O
‘/r’rb

with equality if and only if x,, = &. Then T s globally asymptotically stable.
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In this note we consider a family of difference equations of the form

1+ Tn Ele Tn—i

k
Tp + Tp—1 + Ty, Zizg Tn—i

Tpy1 = , n=0,1,..., (3)

where £ € N and the initial conditions z_j,z_11,...,2¢ are positive numbers. From the
equation
kz? +1
T = - (4)
(k—1)x%2 42z

we see that £ = 1 is a unique positive equilibrium of Eq. (3).

We show that the positive solutions of Eq. (3) have some similar properties with the positive

solutions of Eq. (1) and give a very short proof of the following result:
Theorem 1 The positive equilibrium point T of Eq. (3) is globally asymptotically stable.

This theorem generalizes the main result in [1 1], since for k = 1 Eq. (3) becomes Eq. (1).

For some other globally convergence results and their applications, see, for example, [5, 0,
) ) ) ]'

In the last section we find the asymptotics of some solutions of Eq. (1).

2 Some properties of the positive solutions of Eq. (3)

In this section we prove several results concerning the positive solutions of Eq. (3).

Lemma 1 A positive solution (x,)>°_, of Eq. (3) is eventually equal to 1 if and only if

Proof: Assume that Eq. (5) holds. Then by Eq. (3), it is easy to see that the following

conclusion is true: if x_; =1 or g = 1, then x,, = 1 for n > 1.

Conversely, assume that (r_; — 1)(xg — 1) # 0. We show

xn, # 1 for any n > 1 (6)

Let xn = 1 with minimally chosen N > 1.

Clearl
Y k
L+oy_1) TN_1—i

k
TN_1+TN_2+TN_1D g TN-1—i

1:ZL'N:

which implies (1 — zx_1)(1 — zy_2) = 0 and consequently xy_1 =1 or zx_o = 1, a contra-
diction with the choice of N and the condition (z_; — 1)(zo — 1) # 0.
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Lemma 2 Let (x,)> _, be a positive solution of Eq. (3) which is not eventually equal to

1. Then the following statements are true:

(i) (zpe1 — xp)(zn — 1) <0 forn >0,

(i) (zpe1 — D)(xy — 1) (21 — 1) >0 forn > 0.
Proof: From Eq. (3), we obtain

(1 —2,)(1 + 2, + 2 Zf:Q Tn—i)

k
Ty + Tp-1+ Ty ZZ’ZQ Lp—i

Tpyl — Tp = , n=0,1,2,... (7)

and
(xp — 1)(xp1 — 1)
Tn + Tp-1 + Tn Zfzg Tpn—i

From (7) and (8), inequalities (i) and (ii) follow according to Lemma 1.

Tni1 — 1 = . n=012,.. (8)

Remark 1 From Lemma 2 we see that the signs of ,, — 1, n > 1 of a positive solution (z,,)
of Eq. (3) are determined by x_; and zy. Hence in the investigation of the semicycle analysis
of positive solutions of Eq. (3) we will consider only the terms with the indices greater than
or equal to —1.

A positive semicycle of a solution (z,) of Eq.(3) consists of a “string” of terms {z;, 141,

sy T }, all greater than or equal to Z, with [ > —1 and m < oo and such that
either [=—-1, or [>—-1 and z;, <7

and
either m=o00, or m<oo and x4 <ZI.
A negative semicycle of a solution (x,) of Eq. (3) consists of a “string” of terms {z;, z;41,
ety T }, all less than to z, with [ > —1 and m < co and such that
either [=—-1, or [>—-1 and z;,1>7
and
either m=o00, or m<oo and x4 > 7.

The first semicycle of a solution starts with the term z_; and is positive if z_; > z and

negative if x_; < Z.

Lemma 3 For Eq. (3), the following statements are true:

(i) There exists a positive solution with a semicycle of Eq. (3) which has an infinite number

of terms and monotonically tends to the positive equilibrium point Z;
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(ii) Fvery negative semicycle of a solution of Eq. (3), except perhaps for the first, has

exactly two terms.
(iii) Ewvery positive semicycle of an oscillatory solution of Eq. (3) has exactly one term.

Proof:
(i) If x_y > 1 and z > 1, then by Lemma 2 (ii), it follows that x,, > 1, n > —1, i.e. this
positive semicycle has infinite number of terms. By Lemma 2 (i), we see that z,, is

strictly decreasing for n > 0. Hence, there is finite lim,, ...z, = [ > 0. From this and
(4) it follows that [ =z = 1.

(ii) If x5 (s > 0) is the first term of a negative semicycle, then from Lemma 2 (ii) we have
(X511 — D)(zs — 1)(x5-1 — 1) >0
and consequently z,,1 < 1.

From this and since
(@52 = (@541 — 1)(2s — 1) > 0

it follows that x5 > 1, from which the result follows.

(iii) Ifz, (p > 0) is the first term of a positive semicycle of an oscillatory solution of Eq. (3),

then from the inequality in Lemma 2 (ii) we have

(@p41 — )(@p — )(@p-1 — 1) > 0.

Since z,_; < 1 it follows that z,; < 1, as desired.

From Lemmas 1, 2 and 3 it follows the following corollary.

Corollary 1 Consider Eq. (3). Then a positive solution of Eq. (3) is either eventually
equal to 1, or greater than 1 and monotonically tends to 1, or an oscillatory solution of
Eq. (3), such that the positive semicycles of the solution have always one term, and the

negative semicycles, disregarding the first one, two terms.

3 Proof of Theorem 1
In this section we prove Theorem 1.

Proof: From (3) we have

1 1 14+ x, Zle Tp—i
- 'TTL — -
Tn o Ln Tp + Tp-1+ Ty Zfzg Tn—i

(1 —zp)(@n (14 20) + 0y Zf=2 Tn—i)

l’n<l'n + ZTp_1+ T 2522 xn—i)
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From (7) and (9) we have

1
(Tp — Tng1) <J;— — :an) <0, n=0,1,...

n

with equality if and only if z,, = 1. From this and by Theorem A, we obtain that the positive
equilibrium z = 1 is globally asymptotically stable, as desired.
4 Asymptotics of solutions of Eq. (3)

In this section we find the asymptotics of some solutions of Eq. (3). We use the method

described in [3], see also, [2] and [4].

4.1 Asymptotics of nonoscillatory solutions of Eq. (3)

According to Lemma 3 these solutions monotonically tend to 1 as n — oo. In order to find

the asymptotics we make the ansatz z,, = 1 + v, with y,, = o(1). Equation (3) implies
YnYn—1

Yn+1 = . (10)
k + 1 + kyn + 2?11 Yn—i + Yn Zfzg Yn—i
Note that Eq. (10) can be approximated by the equation

where first we look for positive solutions ¥, which correspond to the condition x,, > 1 for

n > 0. Taking the logarithm of (11) and making the change z, = In y,,, we obtain
Zntl — Zn — Zno1 = —In(k + 1). (12)

By standard methods it can be shown that the general solution of Eq. (12) has the form.

Zn = C1 (1+2\/5> + ¢ (1_2\/5> +1In(k +1).

Hence the general solution of Eq. (11) reads

)" e ()"

g = (k+ Vet (73 : (13)

For real constants c; this solution is positive, and it satisfies y, = o(1) if ¢; < 0. Without

loss of generality we may assume that ¢; = —1, which is shown by a suitable shift of n.

This motivated us to make the ansatz

yn = (k+1) (e_ln + bl/)n) , (14)
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with 1, = exp(—al™), a > 1, where [ = (1 ++/5)/2.

Setting (14) into (10) and comparing the coeficients we obtain that @ = 1+ "% and b = 1.
Now after a shift of n to n+ k in (10) we apply Theorem 2.1 in [3]. Let

pn=(k+1) (e +e ) and th, =", (15)

where a and [ are as above and let

k—2
F(wo, i, ooy wiyr) = (b + 14 kwg + w1 + (wy + 1) sz‘)wk—H — WEWk_1-
i=0
The partial derivatives of the function F' are the following
Fw() e le — .. = ka72 = wk+1(wk —|— 1)’
k—2
Fu, = Wes — Wi, Fuy = wea (b + ) wi) — w1,
i=0
k—2
Fupp =k + 1+ kwe +wimy + (we + 1) wy,
i=0

Hence
UntiFw, (@n, o Prins1) ~ Ynrininr ~ (k + 1)6’”“”“’““)
forv=0,1,...k — 2,

Untho1Fupy (Pns ooos riert) ~ —Vnrho1Pnpk ~ — (K + 1)@+,

_n ak k—
¢"+kak(<Pna ---7@n+k+1) ~ =ik Prrk—1 ~ —(k‘+ 1)6 ™ (alk 4151

and
1" (alk+1)

Ukt 1 P (P oy Ongrr1) ~ (b + DYpg = (b + 1e :

Since a = 1 4 7% it is easy to see that
Pl =al" ' + 1" = min{al’ + I, (i =0,1,....k — 2),al" ' + ¥ al* +1F71 al"™},
where the minimum is attained at the last but two position.
Thus, for f, = e """+ we obtain
wnHFwi(SOm 3% SanrkJrl) ~ Aifn
where A; =0,i=0,1,2,...,k —2,k,k+1,and Ay_1 = —(k+1).
Now we prove that

_(1k+1 1—k\jn
F(@ns ooy Prpigr) ~ (k4 1)2e ETHFTNN — oy (16)
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For w; = @nyi = (k4+1)s;, i =0,1,... . k+1, with 5; = e """ 479" let F = (k+1)2G with
2
G (50,51, -+, Skt1) = Sk1(1 4 ks 4+ sp—1 + (1 + (k + 1)sp) Si) — SkSk—1-

E

s
Il
=)

It follows

G (S0, 815 -y Ska1) = Spa1(1 4 So + S1) — SpSp—1 + 0 (e(L+“)ln)
with L = [**1 since the terms s, 15;5; with i > 0, the terms sp418; for i > 2, and the terms
Sg+1Sk for k > 2 are contained in the remainder term. In the exponents of the terms of the

product spsi_q there appear the factors of —I"

P+t =1, (17)
Ft+al*'=L41, (18)
al® + 1" =L +1 (19)
and
al® 4 al** = aL. (20)

The corresponding factors concerning the product s, 1(1 4 sg + s1) are

(17), (20), (18), L+a, aL+ 1, a(L+ 1), (19), L+al, aL +1, a(L +1).
The terms with a number cancel. The smallest term of the remaining ones is L + a. Hence
(16) is proved.

From all above mentioned the conditions of Theorem 2.1 in [3] are satisfied for m = k + 1,
hence for every € > 0, Eq. (3) has a solution y,, in the stripe ¢, — e, <y, < @, + ¥, for
sufficiently large ng = ng(e), with ¢,, and v, defined in (15).

4.2 Asymptotics of oscillatory solutions of Eq. (3)

The signs of the terms of a solution of Eq. (11) depend on the initial conditions yy and y;.
It can easily be seen that the general nontrivial solution of Eq. (11) can be written as v,y,
where y, is the positive solution (13) and v, for n > 0 one of the four 3-periodic sequences
in Table 1.

vn’ vy | vy vy | v vy | v Vg | v | vg
e 1|1 1 1|1
VA1 alal a1l

VO a Tl al 1t alalr]alal

TABLE 1. Values of the sequences vﬁf), 1=1,2,3,4.
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These periodic sequences can be represented as v, = €™ where t,, is one of the solutions
with integer values mod 2 of Fibonacci’s equation in Table 2.

O O I Ol Ol I Ol O O MO Q)
DTolololololololo]o
DT ol1[1]ol1[1lol1]1
DT 1 o1 1lol1]1]o0]1
DTy T 1rlol1r]1]ol1]1]o0

TaBLe 2. ), =9+ (mod 2), i =1,2,3,4.

n—1

With some more effort it can be shown analogously as before that Eq. (10) has also solutions
which behave asymptotically like the solutions v, y, of (11). This result matches with Lemma

2 (ii), which is equivalent to v, 11v,v,—1 > 0 for n > 0, and it also matches with Lemma 3.
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