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STEVO STEVIC

Periodic Character of a Difference Equation

ABSTRACT. In this note we prove that every positive solution of the difference equation

Tp—1

el =01
P+ Tp—1 + T,

Tpy1 =
where p € [0,00) and the initial conditions x_;,x¢ are positive real numbers, converges
to a, not necessarily prime, periodic-two solution. This result confirms Conjecture 7.5.2
in [I] (with ¢ = 1). Also, we show that the positive solutions of Eq.(1) converge to the
corresponding periodic-two solutions geometrically.
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1 Introduction

In this note we consider the periodic character of the difference equation

Tn-1

el p=0,1,... (1)
p+xn—1+xn

Tp41 =

where p € [0,00) and the initial conditions x_y,z( are positive real numbers. In fact we
consider the case p € (0,1) since when p > 1 the zero equilibrium of Eq.(1) is obviously
global attractor of all positive solutions of Eq.(1), see [I, Theorem 7.4.1 (a)]. The case p =0

was considered, for example, in [I, p. 61, (ii)].
Our motivation here stems from Conjecture 7.5.2 in [1]:
Conjecture 1 Assume that

p<l1

Show that every positive solution of Eq.(1) converges to a, not necessarily prime, periodic-two

solution.
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Note that when p < 1 all prime period-two solutions of Eq.(1) are given by

¢a1_p_¢7¢a1_p_¢>

with .
0<¢<1-p and aﬁ#%p,

see, [1, p. 134].

Recently there has been a great interest in studying the periodic nature of nonlinear difference
equations. For some recent results concerning, among other problems, the periodic nature

of scalar nonlinear difference equations see for example, [1, 2], [1]-[9] and references therein.

Our aim in this note is to confirm Conjecture 1. Also, we show that the positive solutions of
Eq.(1) converge to the corresponding periodic-two solutions geometrically and we look for

their asymptotics.

2 Main results

In this section we prove the main results in this note.

Theorem 1 Consider the difference Eq.(1) where p € (0,1) and initial conditions x_y, zg
are positive real numbers. Then every positive solution of Eq.(1) converges to a, not neces-
sarily prime, periodic-two solution (po, p1), such that p+po+p1 = 1. If p+xo+x_1 > 1 the
sequences Tonyq, (1 = 1,2) are decreasing, if p+ xo + x_1 < 1 the sequences Tan4q, (1 = 1,2)

are increasing, and if p+ xo + x_1 = 1 the sequence x,, is a periodic-two solution of Fq.(1).

Proof: By the change of variables z,, = i, Eq.(1) becomes

Zn + Zn_1 + PZnZn_
Tt = 1 TP i 2)

“n

From (2) we have

Zn + Zp—1 +pznzn—1 — Znin-1

Zn+1 — Rp—1 —

Zn
o Zn + Zp—1 +pznzn—1 — Zn—1 — Zn—2 — PZn—12n—2
Zn,
(pznfl + 1)<Zn - anQ)

Zn

and consequently

Zp+l — Bn—1 = (2’1 - 2—1) H

=1

pzi—1 +1
Zi ’
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From (3) we obtain that the signum of 2,7 — z,_; remains invariant for n € N and that
the sequences (22,44), @ = 0,1, are nondecreasing or nonincreasing at the same time which
implies that the sequences (xs,1;), ¢ = 0, 1, are nonincreasing or nondecreasing at the same

time. Since
ptarotax_—1

T

21 — 21 =

we see from (3) that if p 4+ xo + x_1 < 1, then the sequences (z9,.;), i = 0, 1 are increasing,
if p+ 29+ x_1 > 1, the sequences (x9,4;), ¢ = 0,1 are decreasing and if p + zo + 21 = 1,

then (x_1,x9,x_1, o, ...) is a periodic-two solution of Eq.(1).

First suppose that the sequences (z2,+;), i = 0,1 are decreasing, that is p + zo +x_1 > 1.

Then there are finite limits
lim Ton+i = Pis 1= 07 1.

It is clear that (pg, p1) is a two cycle of Eq.(1). Suppose that both of them are equal to zero.
Since (Z2n4i), @ = 0,1 are decreasing from (1) we obtain

p+Tp1t+x,>1, n=0,1,... (4)
Letting n — oo in (4) we obtain p > 1 which is a contradiction. Hence (pg, p1) # (0,0) and
as we mentioned above it is a two cycle of Eq.(1).
Without loss of generality we may assume that p; # 0. Then letting n — oo in the equation

Ton—1
P+ Topn—1+ Topn

Ton41 =

we obtain the equality p + po + p1 = 1.

Now suppose that the sequences (zg,4,), ¢ = 0,1 are increasing, that is p + z¢ + z_; < 1.

Then there are finite or infinite limits

lim Ton+i = Pis 1= 0, 1.

n—oo

By aresult of L. Berg [2, p. 1070] all solutions of Eq.(1) are bounded, hence p; < oo, i =0, 1.
On the other hand, since (z9,.;), ¢ = 0,1 are increasing py > o > 0 and p; > z; > 0.

Similarly as above we obtain that (pg, p1) is a two cycle of Eq.(1) and p+ po + p1 = 1.
Finally, for the initial conditions x_; = 29 = (1 — p)/2, we have z,, = (1 — p)/2,n > —1,
which shows that there is a solution which converges to a not prime period-two solution.
Remark 1 Note that the condition p+xo+x_1 > 1, (e.g. condition (4) for n = 0) implies

(4) for all greater n, that is, for n > 1, moreover the sequence u, = p + x,_1 + x, is also

decreasing.



6 St. Stevié

Also, the condition p+ xo+ x_; < 1 and (1) imply that the sequence u, = p+ x,_1 + z,, is
increasing and

p+zr,1t+z, <1, n=0,1,...

From this and by Theorem 1 it follows that the distance from the point (x,_1,x,) to the

limit line p+2z+y =1, ie.,
o ptx,tx,—1

7 ,

also converges monotonously to zero (we use here Hesse’s normal form).

dy,

For the readers who are interested in this area we leave the following open problem.

Open Problem 1 Let

"'ap071 _p_PO»POal — D= Po, -

be a positive two cycle of Eq.(1). Find the basin of attraction of this two cycle.

The following result gives an estimation of the convergence rate of the positive solutions of
Eq.(1).

Theorem 2 Every positive solution of Eq.(1) converges to the corresponding periodic-
two solution (po, p1) geometrically, that is, there is an M > 0 and q € (0,1) such that

|Z9n — po| + |Tont1 — p1] < M@*™, n>0.

Proof: As we have seen in the proof of Theorem 1, using the change x,, = % we obtain

(pzn—l + 1)(271 - Zn—?)
Zn,

Zn+1 — Rp—1 —

If we go back to the sequence z,, we have

p+xn+xn—l_]— _p+xn—lx p+xn—l+$n—2_]—

Y

Tp—1 Tp—1 Tp—2

that is,
Tp
dn = (p + xnfl) dnfla
Tn—2
where d,, = ZL\/%”*H, and consequently
Tn, Ty
dn = (p + xn—l) (p + $n—2> : dn—2 . (5)

Tp—2 Tn—-3
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Let € € (0,(1 — (1 + p)?/4)). Since the sequences (xa,4;), i = 0,1, are convergent, from (5)

we have that for such chosen ¢ there is an ng € N such that

4,0 < (-4 p0)(L o) + &)l < ((#) +s) ol )

for every n > ny.
In view of the choice of ¢ we see that r = (%)2 + ¢ < 1. From this and (6), using the
following equality

|Tont1 — p1 + T2n — po _ |Tant1 — p1] + |T2n — pol

don 1| =
‘2+1’ \/5 \/5

we see that for ¢ = /r we can obtain the result easily. Note that in the last equality we

have used the fact that the sequences x5,.,, ¢ = 0, 1, converge monotonously to p;, : =0, 1.

Corollary 1 The distance d,, from the point (x,_1,x,) to the limit linep+x +vy = 1,

converges to zero monotonously and geometrically.

3 The case of nonnegative solutions of Eq.(1)

If 24 =0 or zy =0, from (1) we obtain x9, ; = 0 or 3, = 0, for all n > 0. Further, if
x_1 = 0 then Eq.(1) becomes
Lon—2

Top — ————.
P+ Ton—2

This is a Riccati equation (see [1, Section 1.6]) for xs, with the elementary solution

_ 5130(1 —p)
o+ (1 —p—x0)p™’

Top n>0. (7)
From (7) we see that lim,, .., o, = 1 — p, so far as z; is different from 0. Similarly we can

treat the case xg = 0,x_1 # 0. The case ro = x_; = 0 yields the constant solution z,, = 0
for all n > —1.

We believe that only these solutions satisfy the condition pgp; = 0, where as before p;, ¢ = 0,1

denote the limits lim,, o, Z9,.;. Hence we leave the following conjecture:

Conjecture 1 ([3]) For positive initial values x_ and xo there are no solutions of Eq.(1)
such that pop1 = 0.
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4 Asymptotically two-periodic solutions

Theorem 2 motivated us to study the asymptotics of the solutions of Eq.(1), as well as the

corresponding ones for the sequence d,,.

Let u,, = 9,1 and v, = xa,, then (1) can be written as the following system

Up,
Uppp = —————
1 P+ Uy + vy,
Un
Oy = 8
T D+t + U, (8)

We expect that the asymptotically two-periodic solutions have the following form (see [2,
p.1066))

un:p—i-Zakatnk7 and v, = 1—P—p+2bkckt”k, (9)
k=1 1

where ¢ € (0,1) is unknown and ¢ an arbitrary real number.

Substituting (9) into system (8) and comparing the coefficients we obtain
at™ = at"t + play +b)t",  and  byt"™ = byit" T+ (1 — p— p)(art™tt + bit™),
which implies
(I—t—plar=pb;, and ¢1—p—plar=(p+p—1t)bri. (10)
This system has a nontrivial solution aq, b; if and only if its determinant vanishes, i.e

t? = (1+p+pl—p—p))t+(1—p)p+p) =0. (11)

The only solution of (11) with ¢ contained in (0,1) is ¢t = (1—p)(p+p) and the corresponding
solution of system (10) is a3 = p, by = (1 — p)(1 — p — p) up to a constant factor ¢ which

already appears in the series (9). Therefore
U, = p+pct” +OF"), and v,=1-p—p+(1—p)(1—p—p)t"+0OF"). (12)

The asymptotic formulas (12) for w, and v, remain valid in the limit cases p = 0 and
p=1—p, with t = p, where they express the asymptotic behaviour of the explicitly known
solutions with one vanishing initial value (see Section 3). Note that the asymptotic formulas
(12) can also be obtained in the case u, = x, and v, = x9,11. We leave the following

conjecture:

Conjecture 2 Let p € (0,1) and (z,) be a nonnegative solution of Eq.(1) such that

(Ton_1,T2n) — (p,1 —p—1p), as n — oo. Then



Periodic Character of a Difference Equation 9

(a) @an—1 = p+ pct™ + O(t*");

(b) o9, =1—p—p+ (1 —=p)(1 —p—p)ct™ + O@t*");
where t = (1 — p)(p+ p) and the constant ¢ depends on initial values x_y and x.

If this conjecture is true, then it follows:

Corollary 2 Let p € (0,1) and (z,) be a nonnegative solution of Eq.(1) such that
(xon_1,%2n) — (p,1 — p —p), as n — oo. Then the distance d,, from the point (x,_1,x,)

to the limit line p+ x +y = 1, has the following asymptotics

Een(l — (V)" +O(t"),

where t = (1 — p)(p+p), €ean = 1,€2,01 = 1 — p, for n > 0, and the constant ¢ depends on

d, =

mitial values T_1 and xg.
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