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A Note on Iteratively Extendable Strings∗

ABSTRACT. This scientific note introduces the notion of an iteratively extendable string

within a language. It demonstrates that every language that has such an iteratively extend-

able string z contains infinitely many strings whose length is divisible by the length of z.

Some consequences and applications of this result are given.
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1 Introduction

Consider a language, L. A string of the form u0v1u1v2...un−1vnun in L, where v1v2...vn is

non-empty, is iteratively extendable within L if u0v
m
1 u1v

m
2 ...un−1v

m
n un is also in L, for every

m ≥ 0. In this scientific note, we prove that if there exists an iteratively extendable, z,

within L, then L contains infinitely many strings whose length is divisible by the length of

z. As a consequence of this, L contains infinitely many strings whose length differs from

any prime. Thus, if there is a pumping lemma for a language family, such as the pumping

lemma for the family of ETOL languages of finite index, then every infinite language in this

family contains infinitely many strings whose length differs from any prime.

2 Definitions

This paper assumes that the reader is familiar with the theory of formal languages (see

[1, 2, 3, 5]). For an alphabet, V , V ∗ represents the free monoid generated by V under

the operation of concatenation. The identity of V ∗ is denoted by ε. Set V + = V ∗ −
{ε}; algebraically, V + is thus the free semigroup generated by V under the operation of

concatenation. For w ∈ V ∗, |w| denotes the length of w.
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Now, we introduce the notion of an iteratively extendable string within a language. Let

L ⊆ V ∗. A string w ∈ L is iteratively extendable within L if w = u0v1u1v2...un−1vnun for some

n ≥ 1, where ui, vj ∈ V ∗, 0 ≤ i ≤ n, 1 ≤ j ≤ n, |v1v2...vn| ≥ 1 and u0v
m
1 u1v

m
2 ...un−1v

m
n un ∈ L

for all m ≥ 0.

3 Results

Theorem 3.1 Let L be a language over an alphabet V . For every iteratively extendable

string z ∈ L, there exists an infinite language Lz ⊆ L such that for each x ∈ Lz, |x| is

divisible by |z|.

Proof: Let L be a language over an alphabet V . Let z be an iteratively extendable string in

L. That is, z = u0v1u1v2...un−1vnun for some n ≥ 1, where ui, vj ∈ V ∗, 0 ≤ i ≤ n, 1 ≤ j ≤ n,

|v1v2...vn| ≥ 1 and u0v
m
1 u1v

m
2 ...un−1v

m
n un ∈ L for all m ≥ 0. Set Lz = {u0v

j
1u1v

j
2...un−1v

j
nun :

j = i.|u0v1u1v2...un−1vnun| + 1 for i ≥ 0}. Clearly, Lz is infinite and Lz ⊆ L. Consider

any string u0v
j
1u1v

j
2...un−1v

j
nun ∈ Lz with j = i.|u0v1u1v2...un−1vnun| + 1 for some i ≥ 0.

Observe that |u0v
j
1u1v

j
2...un−1v

j
nun| = |u0v1u1v2...un−1vnun| + |vj−1

1 | + |vj−1
2 | + ... + |vj−1

n | =

|u0v1u1v2...un−1vnun|+ (j − 1).|v1|+ (j − 1).|v2|+ ...+ (j − 1).|vn| = |u0v1u1v2...un−1vnun|+
(j − 1).|v1v2...vn| = |u0v1u1v2...un−1vnun|+ i.|u0v1u1v2...un−1vnun|.|v1v2...vn| =
|u0v1u1v2...un−1vnun|.(1 + i.|v1v2...vn|) = |z|.(1 + i.|v1v2...vn|). Thus, Theorem 3.1 holds. �

Corollary 3.2 Let L be a language and z ∈ L be iteratively extendable string; then, L

contains infinitely many strings whose length is divisible by |z|.

To demonstrate some applications of the previous corollary, recall that almost every textbook

about formal languages proves that {an : n is a prime} is not regular in a rather complex way

(c.f. Example 3.2 in [1], Example 8.8 in [2], Example 4.1.3 in [3], and Example 7.3.2 in [5]).

Notice, however, that Corollary 3.2 immediately implies this result because every infinite

regular language contains infinitely many iteratively extendable strings as follows from the

regular pumping lemma (see Section 4.1 in [3]). From a broader perspective, if there is a

pumping lemma for a language family, then this family contains no infinite language in which

the length of every string equals a prime, such as {an : n is a prime}. To illustrate, consider

the pumping lemma for the family of ETOL languages of finite index (see Theorem 3.13 in

[4]). That is, let G = (V, P, S,Σ) be an ETOL system of index k (for some k ≥ 1) and let

L(G) be infinite. Then, there exist positive integers e and e such that, for every string w in

L(G) that is longer than e, there exists a positive integer n ≤ 2k such that w can be written

in the form w = u0v1u1v2...un−1vnun with |vi| < e for 1 ≤ i ≤ n, |v1v2...vn| ≥ 1 and for every

positive integer m, the string u0v
m
1 u1v

m
2 ...un−1v

m
n un ∈ L. By Corollary 3.2 above, this family

does not contain any infinite language in which the length of each string equals a prime.
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