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On the Zeros of an Infinitely Often Differentiable
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ABSTRACT. In this paper, we investigate the structure of an infinitely often differentiable
real function f defined on the interval [0,1]. We show that for such a function the set
{t:3neNg: fM() =0, f*D(¢) # 0} is at most countable, and if f is not a polynomial
then the set {t: f(™(t) # 0, ¥n € Ny} has the power c.
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In this paper we investigate real functions f on [0, 1] which are infinitely often differentiable,
where in the endpoints we consider the one-side derivatives. For such a given f we define
the sets

E={t:IneNy: fM(t)=0} (1)

and their complement
D={t: f™(t)#0, ¥n € Ny}, (2)

i.e. EUD =[0,1]. Obviously, if f is a polynomial then £ = [0,1]. But it holds also the

conversion:

Theorem 1 ([ ], [ ]) Let f be an infinitely often differentiable real function over
[0,1]. If E =[0,1] then f is a polynomial.

Obviously, for a polynomial f the set D from (2) is empty, so that D = ) if and only if f
is a polynomial according to Theorem 1. In this paper we investigate the case D # () and
prove a general assertion concerning the structure of an infinitely often differentiable real
function (Proposition 3). Theorem 1 is an immediately consequence of Proposition 3. The
main results of this note are Theorem 6 and 7 which are proved by means of Proposition 3.

In order to prove Proposition 3 we need some preparations.
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Lemma 2 Every closed set F C [0,1] has a unique representation as union of three
disjoint sets
F= A, UBy UC, (3)

where Aqg is an open set, By is a mowhere dense perfect set and Cy is at most countable,

where Ao, By and Cy can be empty.

Proof: We assume that the closed set F' is not countable. Then, owing to the Theorem of

Cantor-Bendixsohn, cf. [0], p. 55, it is representable in the form
F=FUQ

where Py is a nonempty perfect set and where Qg is at most countable. If P, is nowhere
dense then it follows (3) with Ay = ), By = Py and Cy = Q)p. Assume that P, is dense in

the intervals [a,, b,| (n € Ny) where these intervals are maximal then we put

Ao = (an, bn) (4)

n

which is an open set with Ag C P, since P, is closed. Consequently, the set F} = Py \ A is
nowhere dense and closed, and it holds AgN Fy = (). If F} is countable then (3) is valid with
Ap from (4), By =0 and Cy = F; U Q. If the closed set F} is not countable then, again by

the Theorem of Cantor-Bendixsohn, it is representable as

Fi=PUQ
where P; is a nonempty perfect set and where 1 is at most countable. In this case (3) is
valid with Ag from (4), By = P; and Cy = Qo U Q.

Assume that besides of (3) for F' there exist a further representation
F=A4 UB UG, (5)

If Ay # A; then we can assume that there exist a point oy € Ag\ A;. This means that there
exist an interval (o, ) C Ag\ A;. Since F'\ A} = By UCY is a set of first category and («, 3)
is a set of second category by a Theorem of Baire, cf. e.g. [1], the relation (o, 3) C F'\ A;
is impossible. This implies that the case Ay # A; cannot be. In the case Ag = A; the set
P=F\Ay=F\ A is closed. Therefore it holds By = B since this set is exactly equal to
the set of all points of condensation of P, cf. [0]. Finally, it follows Cy = C4, too B

On the structure of an infinitely often differentiable function we have the
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Proposition 3 Let f be an infinitely often differentiable real function over [0,1]. Then
the set E of all points t for which there exists an integer n € Ny such that f™(t) =0 has a

unique representation as union of three disjoint sets
E=AuUBuUC (6)
which have the following form: A is an open set, i.e.

A= U(aj’ﬁj)’ (7)

B is the union of at most countably many nowhere dense perfect sets B, with B, C B,.1,
and C' is at most countable, where A, B and C' can be empty. In the case A # () the function

f is a polynomial on each interval (o, ;]

Proof: Obviously, F is the union of the sets E, = {t : f™(¢t) = 0} (n € Ny), which are
closed owing to the continuity of f™. Hence, according to Lemma 2 for each n € Ny the set

E,, is representable as union of three disjoint sets
E,=A, UB, UC, (8)

where A, is an open set, B, is a nowhere dense perfect set and C), is at most countable,
where A,,, B,, and C,, can be empty. Hence, for the union F of all E, is representable as (6)

where A and B are the union of all A,, B, respectively, and

C=|JC\(AuB)

is at most countable. Thus A is an open set which has the form (7) where the components
(a, B;) are pairwise disjoint, and ANC = BNC = 0.

Fort € A, andt € B, we have f"*(t) = 0 so that A, C A, and B,, C B,,, respectively.
Hence, A, N B, = { for all n implies that AN B = 0, too.

The sets A,,, B, and C, are unique determined according to Lemma 2. This implies the

uniqueness of A, B and C' in (6).
Finally let be A # (). We remember that A,, C A, for n > m. Assume that I,, = (a,,b,)

and I, = (am,b,) are components of A, and A,,, respectively, then either I,, = I, or
I, N1, = 0. This follows from the fact that f"~V(t) = c# 0 for t € I,, and f"~V(t) =0

for t € I,,,. Consequently, f is a polynomial on each interval o, 3;]. B

Remarks 4 1. In case £ = [0, 1] we have A = (0,1), C' = {0,1}, and f is a polynomial

on [0, 1] so that Theorem 1 is a consequence of Proposition 3.
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2. In case A # () the endpoints of each component (a;, 5;) belong to E. Between two
intervals (o, 3;), (oj, ;) of A there exists at least one point ¢, ¢ E. If namely
(04, ;) € E where o; < «; then, owing to Theorem 1, the function f is equal to a
polynomial of degree n. Hence, (o, 3;) C A,, which is impossible in view of the unique

representation of A, according to Proposition 3.

Let us consider some examples for the different possibilities of the sets E, A, B, C in
Proposition 3. Obviously, if f is a polynomial then £ = [0,1], A = (0,1), B = () and
C = {0, 1}, but also the case F = () is possible, e.g. for f(t) = e'. For further possibilities

let us consider the homogeneous integral-functional equation

oy =v [ omar (b=-") )

with the real variable ¢ and a parameter a > 1, cf. [1], [2]. The solutions of (9) were studied
for a = 3 in Wirsching [9], for a = 2 in Schnabl [7] and Volk [3], and for a > 2 in Wirsching

[

]
[0, 1] which is uniquely determined by the normalization

. In [1] it was shown that for a > 1 equation (9) has a C*°-solution with the support

/ o(t)dt = 1. (10)

In case @ = 2 the solution ¢ has the property ¢™(t) = 0 if and only if ¢ = 2% with
ke0,1,...,2" cf. [2], formula (4.8), so that in this case we have A = B = () and C is
the countable set of all dyadic rational numbers in [0, 1]. In case a > 2 the solution ¢ is a
polynomial on each component of an open Cantor set G with Lebesgue measure |G| = 1,
and the set of all ¢ ¢ G with ¢™(¢) = 0 with a certain n € N is countable, cf. formula (4.7)
in [2]. Hence, in this case we have A = G, i.e. A =1[0,1], B = () and C is the set of all

endpoints of the components of G.
The following example shows that also the case B # () is possible.
Example 5 Let fy be any infinitely often differentiable function over [0, 1] with fo(¢) > 0
for 0 <t <1 and fék)(()) = fék)(l) = 0 for all k € Ny, e.g.

folt) = e (11)
For a given nowhere dense perfect set By C [0,1] with 0,1 € By the open complement
G = [0,1] \ By is representable as union of pairwise disjoint intervals (a;,b;) (7 € N). We
define a function f by f(t) =0 for t € By and by

f@z@ﬁ(t_%>

bj—aj




On the Zeros of an Infinitely Often Differentiable Function and their Derivatives 67

for a; <t < bj, and

(12)

k) (L —a
. 13
0 (bj —aj)‘ (13)

The number M; exists in view of the continuity of fék) and fék+1)(0) = fo(kﬂ)(l) = 0 so that
c; > 0 for all j. Consequently, it holds Ey = By. Obviously, for a; <t < b; and k € Ny it
holds

where

M, = ma ma.
J ke{O,..}.(,j} aj<t<ij (b; — a;)* min (t — a;,b; — t)

P90 = Gt (2%, (1)

(bj — a;)* bj — aj

We show by induction with respect to k that f*)(¢t) = 0 for t € By. This is true for k = 0
according to the definition of f. Assume that this is true for a fixed k. Let t; € By and

t, # ty a sequence which converges to ty. If t, € By then

FO(tn) — FP(to)
t, — to

=0.

Hence, it suffices to consider the case that ¢, € [0,1] \ By for all n € N, i.e. t, € (a;,,b;,).
Obviously, we need to investigate only two cases: 1. the sequence j, is bounded and 2.
Jn — 00 as n — o0o. The first case is only possible if for n > nq all ¢, belong to the same

interval (a;,b;) and ¢ is an endpoint of (a;, b;). Then we have

o F9 () = 1O()

n—00 t, — tO

=0

in view of fék+1)(0) = fékﬂ)(l) = 0. In the second case we can choose an integer ny such
that j, > k for n > ny. From (14) and f*)(ty) = 0 we obtain

'f(’“) (tn) — ™ (to) 09 ( tn — aj, > ‘
© \bj, —a; )|

tn - tO
Since |ty — t,| > min(¢, — a;,,b;, — t,) we get for n > ng in view of (12), (13) and k < j,
that

_ Cin
(bj, — aj,)k |tn — to|

1
<——=0
In

() = fP(to)
’ tn - tO

for n — co. Altogether we obtain f*+ () = 0. According to Proposition 3 it holds By C B

so that here we have an example for an infinitely often differentiable function f with B # 0.

Theorem 6 Let f be an infinitely often differentiable real function over [0,1]. Then the
set M ={t:3n € Ny: f™(t) =0, f" () £ 0} is at most countable.
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Proof: For n € Ny let M, the set of all points ¢ € [0, 1] with £ (¢) = 0 and f™+(¢) # 0.
Hence, M,, C E, with the notations of Proposition 3, cf. (8), where A, is an open set. Let
(cr, B) be a component of A, then f is a polynomial of degree m. Hence, for n < m the
number of points t € (a, ) with f(™(¢) = 0 is finite and for n > m there is no point with
fOHD(#) £ 0. Tt follows that M, N A, is at most countable. For ¢ € B, we have f("*1(t) = 0
so that M, N B, =0, i.e. M, C A, NC,. It follows that M is at most countable H

Obviously, for a polynomial f the set D = {t : f™(t) # 0, Vn € Ny} is empty.

Theorem 7 Let f be an infinitely often differentiable real function over [0,1]. If f is
not a polynomial then the set D = {t : f™(t) # 0, Vn € Ny} has the power c.

Proof: Let D be a nonempty set. We apply Proposition 3 with the introduced notations.
Obviously, the set D is the complement of E so that E C [0,1] since D # (). We consider

two cases:

1. Assume that there exists an interval I = (a,b) without points of A. Then according

to Proposition 3 it holds the disjoint decomposition
I=(InB)U(INC)u(( nD)

where the first and the second set on the right-hand side are sets of first category.
Consequently, I N D is a set of second category and so D has the power c, cf. [1],
10.12.

2. Assume that [0, 1]\ A is nowhere dense in [0,1], i.e. A = [0, 1] where because of D # ()
the case A = (0,1) is excluded in view of Remark 4.1. It follows from Proposition
3 that A is the union of countably many open intervals (o, 3;) which are pairwise
disjoint, cf. (7). Hence, the set [0,1] \ A is a nowhere dense perfect set. Then there
exists a continuous increasing function g with ¢(0) = 0, ¢g(1) = 1 and g(t) = g; for
t € (o, 3;) with g; # g; for i # j where the countable set g(A) of all g; is dense in

[0, 1], cf. Cantor’s stair function. For the set

AT = U [041', ﬁi]

)

we have g(A*) = g(A) = {g:} and the restriction of g to [0,1] \ A* is even strictly

increasing and has the following property:

(i) The map g: ([0,1]\ A*) — [0,1] \ g(A*) is bijektive.
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According to Remark 4 the set D from (2) is a subset of [0,1] \ A*. Next we show
that for all n the sets g(B,) are nowhere dense. Assume that there exists an n such
that ¢g(B,) is dense in an interval (g;, g;) with i # j then [g;, g;] C g(B,) since g(B,)
is closed in view of the continuity of g. This implies owing to (i) that all points of the
set (i, B;) \ A belong to B, C E which is impossible, cf. Remark 4. Consequently,
g(B,,) is nowhere dense so that g(B) is a set of first category. This is true also for
the union g(A) U g(B) U g(C) since g(A) and g(C') are at most countable sets. This
implies that g(D) is a set of second category so that it has the power c, cf. [1]. Since
D C[0,1] \ A* it follows from (i) that also the set D has the power ¢ B
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