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BENEDICTE ALZIARY, NAZIHA BESBAS

Anti-Maximum Principle for a Schrédinger Equation
in RV, with a non radial potential

ABSTRACT. Anti-maximum for the Schrédinger equation —Au + ¢(z)u — Au = f(x) in
L*(RY) is extended to potentials ¢ non necessarily radial. The anti-maximum is proved in
the following form: Let ¢; denote the positive eigenfunction associated with the principal
eigenvalue \; of the Schrédinger operator A = —A+g(x)e in L>(RY). Assume the potential
q(z) grows fast enough near infinity, and the function f satisfy f £ 0 and 0 < f/p; < C =
const a.e. in RY. Then there exists a positive number § (depending upon f) such that,
for every A € (A, \; + 0), the inequality u < —cip; holds a.e. in RY, where c is a positive

constant depending upon f and .

KEY WORDS. Positive or negative solutions; pointwise bounds; principal eigenvalue; pos-

itive eigenfunction; strong maximum and anti-maximum principles

1 Introduction

The anti-maximum for the Dirichlet Laplacian defined in a regular bounded domain ) c RY
is an important result established first by Ph. Clément and L. A. Peletier [1] and extended to
several types of elliptic operators or systems defined in a bounded domain, see e.g. G. Sweers
[13], P. Takéc [14],G. Fleckinger et al.[5, 6]. The case of the Schrédinger operator on Q = RY
is more difficult. Indeed, for maximum and anti-maximum in unbounded domain the works
of B. Alziary and P. Takéc [3], B. Alziary, G. Fleckinger and P. Takac [!, 2] and Y. Pinchover

8, 9] show that, on must always take into account the growth of the solution near the infinity.

We investigate here, anti-maximum for a linear partial differential equation with the Schro-

dinger operator,
—Au+q(z)u — du= f(r) in RY, (1)

Here, f is a given function satisfying 0 < f # 0 in RY (N > 1), and )\ stands for the

spectral parameter. As usual, the Schrodinger operator takes the form A = —A + ¢(z)e in



52 B. Alziary, N. Besbas

L*(RY) where A and g(x)e, respectively, denote the selfadjoint Laplace operator and the
pointwise multiplication operator by the potential ¢ in L?(RY). Let ¢; denote the positive
eigenfunction of A associated with the principal eigenvalue \;. We recall the definition of

p1-positivity and ¢i-negativity.

Definition 1.1 A function u € L*(RY) is called oi-positive if there exists a constant
¢ > 0 such that

w>cpy  almost everywhere in RY. (2)

Analogously, u € L*(RY) is called ¢i-negative if there exists a constant ¢ > 0 such that

u< —cp;  almost everywhere in RY. (3)

To obtain anti-maximun for the Schrédinger operator on @ = RY, we need to assume f in

the strongly ordered Banach space X introduced in Alziary and Tak&ac [3]:
X ={uec L*RY): u/p, € L(R")} (4)
endowed with the ordered norm
|ul|x = inf{C € R: |u| < Cip; almost everywhere in R"}. (5)

The ordering “<” on X is the natural pointwise ordering of functions. This means that
X is an ordered Banach space whose positive cone X, has nonempty interior )O( +. Taking
N > 2, The necessity of such a restriction for the Schrédinger operator in L*(RY) has
been justified in [2, Example 4.1 p. 377]. B. Alziary, G. Fleckinger and P. Tak4¢ construct a
counterexample to the anti-maximum principle (3) for a positive, radially symmetric function
feLl?RY)\ X.

The validity of (2) for a “sufficiently smooth” solution u to Equation (1) is established in
Alziary and Takéac [3, Theorem 2.1, p. 284] for a nonnegative function f # 0 in L*(RY).
The inequality (3) is shown in Alziary, Fleckinger and Takac [, 2] under considerably more
restrictive hypotheses on ¢ and f, since they consider only radially symmetric potentials
and they establish the anti-maximum only for f from a Banach space X®? that contains

“sufficiently smooth” perturbations of radially symmetric functions of X.

In the present work we are able to extend this results to some non radial potential and
for f € X\ {0} and f € C%*(RY). For either (2) or (3) to be valid, it is necessary
and sufficient that the potential ¢(z), which is assumed to be strictly positive and locally
bounded, have a superquadratic growth as |x| — oo. In particular, g(z) must grow faster
than |z|? as |x| — oo; the growth like |z|?™® with any constant e > 0 is sufficient. Thus, both

(2) and (3) are in general false for the harmonic oscillator, i.e., for g(x) = |z|? in RY; see [1],
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Examples 4.1 and 4.2. As it seems to be inevitable in the theory of Schrodinger operators,
we assume that ¢(z) is a “relatively small” perturbation of a radially symmetric function,
q(r) = qi(|z]) + qo(x) for z € RY.

Y. Pinchover in [8, 9] prove the inequalities (2) and (3) for any solution f € X, \ {0},but
imposing certain growth conditions on the first derivatives of ¢(x), and assuming the solution
w is already in X. Our method combine a comparison result from B. Alziary and P. Takac [3,
Theorem 2.2, p. 285] in the exterior domain Qr = {z € RY: |z| > R}, for 0 < R < oo and
the approach of Y. Pinchover in the proof of [, theorem 5.3, p.23]. We study the behavior
of the principle eigencurve of a certain two parameter eigenvalue problem and prove the

anti-maximum principle using a fixed point argument.

This article is organized as follows. In Section 2 we state our main result, Theorem 2.1.
There, the inequality (3) for Ay < A < A\; + 0 is stated for the solution u of (1). In Section 3

we first recall the comparison result we will used and then give the proof of the main result.

2 The Main Result

Notation. We denote by RY the N-dimensional Euclidean space (N > 2) endowed with
the inner product x - y and the norm |z| = (z - 2)Y/2, for z,y € RY. We write R, = [0, 00)
and RY = (R;)¥ c RM. For a set M C R, we denote by OM (M, and ]\04, respectively)
the boundary (closure, and interior) of the set M in RY. We use analogous notation for sets

in all Banach spaces.

Given a set & C RY and 1 < p < oo, we use the following standard Banach spaces of
functions f: @ — R (or C), see e.g. Gilbarg and Trudinger [7, Chapt. 7]:
LP(Q)), where (2 is Lebesgue measurable, is the Lebesgue space of all (equivalence classes

of) Lebesgue measurable functions f: 0 — R with the norm

def (fQ f(2)[? dx)l/p < o0 if 1<p<o0;
1fllp = 1 flle) =

esssup | f(z)] < oo if p=oc.
e

The space W#?(Q), where k > 1 is an integer and © open in RY, is the Sobolev space of
all functions f € LP(Q2) whose all partial derivatives of order < k also belong to LP(§2). The

norm || flkp = | flwee) in WHP(Q) is defined in a natural way.

The local Lebesgue and Sobolev spaces L2 _(€) and W;"?(Q) are defined analogously.

loc loc

The holder spaces CH*(RY) are defined as the subspaces of C¥(RY) consisting of functions

whose K-th order partial derivatives are locally Holder continuous with exponent a.
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Finally, for Q open in RY, D(Q) = C5°(€) is the space of all infinitely many times differen-
tiable functions f: Q — R with compact support. It is well-known that D(RY) is a dense
linear subspace of both LP(RY) and W*?(RY) for 1 < p < oo.

In order to formulate our hypothesis on the potential ¢(x), x € RY, we first introduce the

following class of auxiliary functions Q(r) of r = |x|, Ry < r < oo, for some Ry > 0:

Q(r) >0, Q is locally absolutely continuous,
Q'(r) >0, and there exists a constant 3 with (6)
0<p<gand [o°Q(r) ™ dr < oco.

We assume that the potential ¢ takes the form
q(z) = qi(|2]) + go(w), @€ RY,
where ¢;(r) and ¢o are Lebesgue measurable functions satisfying the following hypothesis,

with some auxiliary function @(r) which obeys (6):

Hypothesis (H1) The potential g: R, — R is locally essentially bounded, ¢(r) > const >

0 for » > 0, and there exists a constant ¢; > 0 such that

(N —-1)(N-3)
4r2

for Ry <r < oo. (7)

aQ(r) < q(r) +

(H2) The potential ¢o: R, — R is locally essentially bounded, ¢(z) = ¢1(|z]) + q2(x) >

const > 0 for » > 0, and there exists a constant ¢, > 0 such that

lg2(2)] < 2Q(|z])7?  for z € RY. 8)

Notice that the fraction (N — 1)(N — 3)/47? in the inequality (7) is not essential and has

been added for convenience in later applications; it can be left out.

Next we introduce the quadratic form

(v,w), of /IRN (Vv - Vw + q(z)vw) dx (9)

defined for every pair

def
v,weV, =

{f € L2RY): (f, f)q < o0} (10)

Notice that V; is a Hilbert space with the inner product (v,w), and the norm |[jv||y, =
((v,v))*2. The set D(RY) is a dense linear subspace of V,. By the Lax-Milgram theorem,
the Schroédinger operator

A=—-A+g(z)e in L*RY) (11)
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is defined to be the selfadjoint operator in L?(R") satisfying
/ (Av)wdr = (v,w), forall v,w € DRY). (12)
RN

We denote by D(A) its domain. The Banach space D(A) endowed with the graph norm
is compactly embedded into L?(R"), by Rellich’s theorem combined with ¢(z) — oo as

|z| — oo.

It is well-known that A possesses an infinite sequence of positive eigenvalues, A\ < Ay <
-+ Ap -+, and the first one, denote by \;, is given by

M o=inf {(f, f)g: f €V, with | fllp2@vy =1}, A >0.

The eigenvalue \; is simple with the eigenspace spanned by an eigenfunction ¢; € D(A)
satisfying 1 > 0 throughout RY. We normalize ¢; by the condition ||¢1||r2®~) = 1. Since
q(r) = q(|z]) for x € RN, we must have also p1(z) = p1(|z]) for z € RY. Furthermore, if
u € D(A) and Au = f € L*(RY) with f € LP (RY) for some p with 2 < p < oo, then the
local LP-regularity theory yields u € W2P(RN), see Gilbarg and Trudinger [7, Theorem 9.15,
p. 241]. In particular, if p > N then u € C*(RY), by the Sobolev imbedding theorem [7,

Theorem 7.10, p. 155]. It follows that also ¢, € C1(RY).
The following theorem about i-negativity of u is our main result:

Theorem 2.1 Let the hypotheses (H1) and (H2) be satisfied and q be locally Hélder
continuous. Assume that u € D(A), Au— = f € L*(RY), A e R. Let f € X NCO(RY)
be a nonnegative function with f > 0 in some set of positive Lebesque measure. Then there
exists a positive number § (depending upon f) such that, for every A € (A, \; + 0), the
inequality

u< —cp, in RY (13)

is valid with a constant ¢ > 0 (depending upon f and X).

If we choose 6 < Ay — Ay, for any A\ < A < A\ + 4, the solution of the equation, Au — A\u =
[ € L*RY), always exists and is unique. So it suffices to show the existence of a ¢;-
negative solution for A\; < A < A; + 0 as in Y. Pinchover [8, 9]. Y. Pinchover proved that
for any f € X, NCORY), f # 0, there exists a positive number § such that, for every
A € (A1, A1 + ), any solution u of X is ¢j-negative. Here we prove that u € X. Moreover,
his hypothesis on ¢, is much stronger than ours in that he requires that log ¢; be uniformly
Lipschitz in RY and ¢, itself satisfy ¢} (r) > 0 and [~ q;(r)~/2dr < oc.

3 Proof of the Main Result

We first recall some comparison result and then prove our theorem.
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3.1 Preliminary result

The following theorem, proved by B. Alziary and P. Takac¢ in [3, Theorem 2.2 p. 285,
establish a comparison result for positive solution u(z) and u;(x) of the Schréodinger equation

in the exterior domain {2 with the potentials ¢(z) and ¢;(x), respectively, and f = 0 in Qg:

Theorem 3.1 Let the hypotheses (H1) and (H2) be satisfied. Furthermore, fix any
constant R > Ry such that Q(R)%J“ﬁ > 2co/cy. Assume that u and uy are two functions of
x € RN such that u, u; € D(A), both u and u, are positive and continuous throughout Qg,

for some R > 0, and the following equations hold in the sense of distributions over Qg,

—Au+gq(x)u=0 in Qg, (14)
—Auy + ¢ (|z))uy =0 in Qg. (15)

Then there exists a positive constant v (depending only upon the potential q) such that:

1 My M, _
Y u1<R)u1(|$|) <ulx) < 7u1<R)u1(|x|) for a.e. x € Qp, (16)

with

m, = min u(z) and M, = maxu(x).
lz|=R |z|=R

3.2 Proof of the Theorem

Since A has a discrete spectrum, there exists dg such that (A, \; +dg) "o (A) = (). Therefore,
it is enough to show that there exists § < Jy such that, for every A € (Ay, \; +9) the equation

Au — \u = f admits a negative solution wuy, satifying —uy > cp; with a positive constant c.

Set wy = —uy, the equation becomes
(A+ f(2)/wy — Nwy = (A + q(z) + f(z)/wy — Nwy = 0 in RY. (17)

Now, we need to prove that the equation (17) has a positive solution wy, satisfying wy > cp;

with a positive constant c.

First, for Ay < A < A\ + 1, we introduce the following set of functions:
Yi={ueD(A), u>0, u(0)=p(0), and

(18)
FJV e CORY), 0<V <1l st. (A=A+V)u=0}
First we prove that Y\ is a nonempty convexr compact set.

(i) Y\ is nonempty: Indeed, for V) = A — A;, we have 0 < V), < 1 and the eigenfunction
1 is solution of the equation (A — A + V)\)p; = 0. Therefore ¢ € Y.
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(ii)

(iii)

Y\ is conver: Let u; and us be two functions of Y). This functions u; and uy satisfy
respectively the equations (A — A + Vi)u; = 0 and (A — A + Vo)ug = 0, with 0 <
Vi,Vo < 1. Let 0 < t < 1 and denote u; = tu; + (1 — t)us. We check easily that w, is
solution of (A — A+ V;)u, = 0, with 0 < tZ—:Vl +(1-— t%)% < 1. So u; €Y,.

Let us prove now that there exists C' > 0 such that
C o1 (z) < u(z) < Copi(x) for all x € R”

for everyu € Yy and A\ < XA < A\ + 1.

We introduce now ; the radial eigenfunction corresponding to the eigenvalue A; of

the Schrodinger operator —A + ¢ (|z|)e.

Notice that, since Ay < A< A +1and 0 <V <1, we have
g— M —1<qg+V-A<qg—X\+1

The potential ¢ goes to +oo as |z| goes to 0o, so there exists R; such that 0 < const <

gx) = A — 1 < q(z) +V(x) = XA < g(x) — A\ + 1 for all |z| > R, . Thus principal

eigenvalues corresponding to those potentials on (2, are all positive. We choose Ry
large enough, so that we could apply theorem 3.1 with the potentials g(x) — A; +1 and

a1 (|z]) — Ay, g(x) — A\ and ¢i(|z]) — Ay, or g(x) — Ay — 1 and ¢ (|z|) — A;g.

Let us take any u € Y. Now we split our proof of (iii) into the cases z € B, and

x € Qp,.

Case z € Qlg, Denote by u and u the solutions of the following equations:
—Au+(¢g+V =XNu=0 1in Qg
—Au+(¢g—M+Du=0 in Qg
—Atu+(g—M —1u=0 inQg,

u(z) =u(x) = u(z) on 0fQg,

(19)

Since g — A\ —1<Q+V — X< qg— X +1, by the weak maximum principle on Qp,,
we have:
u<u <7 in Qp, (20)

For the eigenfunctions ¢; and 1, the following equations hold for all R > 0,

—Ap+ (q(x) = M)p1 =0 in Qg,
—AYy + (1 (|z]) = A1)y =0 in Qp.

So applying the theorem 3.1 on Qg, for ¢ and 1), there exists a positive constant ~,

(21)

(depending only upon the potential ¢) such that :

1 1(z]) < p(x) < vw]l\z[}'%)wlﬂﬂ) for a.e. x € Qp,, (22)
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with
my, = min @i(z) and M, = max ¢(x).
|z|=R1 |z|=R1

More clearly, there exists a constant C; > 0 (depending only on ¢) such that

Crl(|z]) < pi(x) < Crpy(|z]) for ae. o € Qp,. (23)

We apply now the theorem 3.1 on Qg, for w and v¢; and for u and ;. So there exist
two constants 7 and 7 (depending only on ¢) such that

—1 msz _ _ Mg —
v ¢1(R1>¢1(|x|) <a(z) < le(Rl)wl(lxD for a.e. € Qp,, (24)
with
Mg = ‘:?'a:i%l U(r) = If‘ﬂ:igl u(r) and Mg= |g13}>{<1 u(x) = &13}}%(1 u(z),
and y
1 My w _
¢1(R1)¢1(|$|) <u(r) < 1¢1(R1)¢1(|x|) for a.e. x € Qp,, (25)
with

m, = min u(z) = min u(x and M, = max u(x) = max u(zx).
u ‘xlle_() nin (2) u |m|:Rl_() nax (z)

Combining (20) ,(23), (24) and (25), we arrive for a.e. z € Qp, at

v Ch

161 < < M 26
(o) < ula) £ T Mapi(o), (20

(1)

with
m, = min u(z) and M, = max u(z).
lz|=R1 |z|=R1

Case x € Bg,. By the Harnack inequality on Bsg, (see Gilbarg and Trudinger [7,
Corollary 9.25, p.250]), we gate

supu(x) < Cyinfu(x) for all R < 2R;.

Br Br
with a constant Cy depending only on ¢ and R. Then using the condition u(0) = ¢1(0)
for u € Y\, we obtain for Ry < R < 2R,

Mu S supu(l’) S 02 %lfu(x) S 02301(0)7

(27
21(0) < supu(x) < Cyintu(x) < Com, )
R
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(iv)

Then for a.e. © € Bp,,

5 Le1(0)
Mmarp,, 1 ()

Cap1(0
e1(x) <infu < wu(z) <supu < L()
Bgr Bgr mZ”Ble 901(‘7“)

pr(e). (28)

Finally, by (28), (27) and (26), we deduce (iii).

Yy is compact in C°(RY): Let (u,)nen € Y be a sequence. By (iii), we know that the
functions (u, )ney are bounded in L>(RY) and by the regularity theory, we know that

they are continuous.

For R > 0, we denote by ul? the restriction of u, to Br(0). This restriction satisfy

(A +q+V, = Nulf) =0 in Bp(0) (29)
Using the Schauder estimate it follows that uy® € C>*(Bg(0)) and that
2.0 < Clluf? ]l (30)

where C' = C(N, R, q) (see Gilbarg and Trudinger |7, Theorem 6.13, p.106 and Theorem
6.2 p.90]). By (30) and (iii), we deduce that (u%R))neN and (Vu%R))neN are bounded
in C°(Bg(0)). So, using theorem of Ascoli, one can extract a subsequence (u') such
that:

ug,j) — u®  strongly in C°(Bg(0)),
)

0
vul® - Vu®  strongly in C%(Bgr(0)), (31)
Au,(f,? —  Au™  strongly in C®* (Bg(0)) for some 0 < o/ < a.

(n)

Then, taking the diagonal subsequence (u, )nen, We construct a subsequence of (uy, )nen

wich converge, strongly in C*>*(Bg(0)) for all R > 0, to a continuous function u
satisfying

C~ oy (7) < u(r) < Cpi(x) for all € R™.

Thus the subsequence (u\)nen converge to u strongly in C°(RY). Indeed, by (iii),

Ve >0, dng>0 suchthat Vo €Q,, Vn>ng ]u(”)(x) —u(z)| <e,

Nn

and by the strong convergence of u!! to u in C%(B,,(0)),

Iny >0 such that ¥n > ny, Vo € B, (0), [ul”(z) —u(2)| <e.

To finish the proof of the compactness of Y\, we have to check that u belongs to Y.

(n)
Since V,, = 2% — g+ A, it follows that V,,, — V locally in C%*(RY), where 0 < V < 1.

M)

Hence u satisfgfnthe equation
(A=AX+V)u=0 inR",

and u € Y,.
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Now, for every nonzero, nonnegative, bounded function V' and any ¢t > 0, we define the

operator A,

The potential ¢; = ¢ + tV has the same properties as ¢, so the operator A; has the same
properties than A. This operator A; possesses an infinite sequence of positive eigenvalues,

and the first one, denote by Ay (t), is given by
Ay (t) = inf {/ IVul? + q(z)|ul* dz: uw € V; with [Ju| 2@y = 1} : (32)
RN

The eigenvalue Ay (t) > 0 is simple with the eigenspace spanned by an eigenfunction ¢y, €
D(A,) satisfying ¢y, > 0 throughout RY and [|¢v,||z2@~) = 1. The following properties of
the curve {(t, A\y(t)) |t > 0} are easy to check with the characterization (32). The function
A(t) is a continuous increasing concave function of ¢ such that Ay(t) — A as t — 0.
Furthermore, if V; <V < V5, then

Avi (1) < Av(t) < Ay (1) (33)

Fix f € X NC%(RY), f >0, by (iii),

<v—cl (34)

!
U ¥1

ne=cd <
¥1
forevery u € Yy and \y < A < A\ + 1.

It follows, from the properties of the function Ay (¢), that there exists dy, such that for every
u € Yy with Ay < XA < A\; + 9, there exist a unique ¢, and a unique eigenfunction ¢ of the

equation
Ao — Ao = (—A+q+tA£ — AN =0,
wich satisfy ¢(0) = ¢1(0). We define then the mapping Ty by Th(u) = ¢.

We prove now that there exists § > 0 (depending only on f) such that for every A €
(A1, A1 + 6) we have Ty: Yy, — Y). By (34) we know that there exists some ¢ > 0 such that

f

t|<e = tZ<thh<l.
u
Since the function Ay, (¢) is invertible, with a continuous inverse, there exists 6 > 0 such that
0<Ap(t)—M<d =0<t<e.

Using (33), Avy (tx) < Av(tr) = A, s0if 0 < A — Ay < d then £y <e. Thus T\(u) = ¢ € Y.

The mapping T} is continuous. If a sequence (uy,)n,eny € Yy converge to u € Yy in CO(RY),

the corresponding sequence (v, = Th(uy,))nen converge to v = Ty (u) in C°(RY). Indeed, the
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sequence (U, )nen 1S in the compact set Yy and any convergent subsequence clearly converges
to v =Th(u).

Applying the Schauder-Tychonoff fixed point theorem to the operator T, we conclude that

there exist t, > 0 and uy € Y, such that u, is a positive solution of the equation
fy L BN
(A= A+ty—)uy=01in R".
Ux

So the function u = —?—; is the negative solution of the equation

—Au+g(z)u — du = f in R"

and this function satisfy the (p;-negativity,
-1

u < ——q.
> i ®1

References

[1] Alziary, B., Fleckinger, J., and Taka¢, P. : An ezstension of mazimum and anti-
mazimum principles to a Schrédinger equation in R?. J. Differential Equations (1999),
accepted

[2] Alziary, B., Fleckinger, J., and Taka¢, P. : Positivity and negativity of solutions
to a Schrédinger equation in RY . Positivity 5, 359-382 (2001)

[3] Alziary, B., and Taka¢, P. : A pointwise lower bound for positive solutions of a
Schrédinger equation in RY. J. Differential Equations 133(2), 280-295 (1997)

[4] Clément, Ph., and Peletier, L. A. : An anti-mazimum principle for second order
elliptic operators. J. Differential Equations 34, 218-229 (1979)

[5] Fleckinger, J., Gossez, J.-P., Taka¢, P., and de Thélin, F. : Ezxistence, nonezx-
istence et principe de 'antimaximum pour le p-laplacien. Comptes Rendus Acad. Sc.
Paris, Série I, 321, 731-734 (1995)

[6] Fleckinger, J., Gossez, J.-P., Taka¢, P., and de Thélin, F. : Nonezxistence of
solutions and an anti-maximum principle for cooperative systems with the p-Laplacian.
Math. Nachrichten 194, 49-78 (1998)



62

[7]

8]

[10]

B. Alziary, N. Besbas

Gilbarg, D., and Trudinger, N. S. : “Elliptic Partial Differential Equations of Second
Order”. Springer-Verlag, New York-Berlin-Heidelberg, 1977

Pinchover, Y. : Mazximum and anti-mazimum principles and eigenfunctions estimates
via perturbation theory of positive solutions of elliptic equations. Math. Ann. 314, 555—
590 (1999)

Pinchover, Y. : Maximum and anti-mazimum principles, in R. Weikard and G. We-
instein, (eds.). Differential Equations and Mathematical Physics, Proceeding of an
International Conference, 285-300 (1999)

Protter, M. H., and Weinberger, H. F. : “Maximum Principles in Differential
FEquations”. Springer-Verlag, New York-Berlin-Heidelberg, 1984

“Methods of Modern Mathematical Physics, Vol. II:
Fourier Analysis, Self-Adjointness”. Academic Press, Inc., Boston, 1975

“Methods of Modern Mathematical Physics, Vol. IV:
Analysis of Operators”. Academic Press, Inc., Boston, 1978

Sweers, G. : Strong positivity in C(Q)) for elliptic systems. Math. Z. 209, 251-271

An abstract form of mazimum and anti-maximum principles of Hopf’s

[11] Reed, M., and Simon, B. :
[12] Reed, M., and Simon, B. :
[13]

(1992)
[14] Tak4é, P. :

type. J. Math. Anal. Appl. 201, 339-364 (1996)

received: April 12, 2005

Authors:

Bénédicte Alziary
CEREMATH and UMR MIP
Université des Sciences Sociales
21 Allée de Brienne,

F-31042 Toulouse Cedex,

France

e-mail: alziary@univ-tlsel.fr

Naziha Besbas

CEREMATH and UMR MIP
Université des Sciences Sociales
21 Allée de Brienne,

F-31042 Toulouse Cedex,

France



