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On /n—Consistency and Asymptotic Normality of
Consistent Estimators in Models with Independent
Observations'

ABSTRACT. The paper presents relatively simple verifiable conditions for y/n-consistency
and asymptotic normality of M-estimators of vector parameters in a wide class of statistical
models. The conditions are established for the M-estimators with absolutely continuous
p-function of locally bounded variation, and for the class of models including e.g. the linear
and the nonlinear regression, the generalized linear models and the proportional hazards
models as special cases. The conditions are verified on L; and Ly estimators embedded into
a continuum of their alternative versions, as well as on one new class of M-estimators of
parameters of exponential families which are shown to be robust in the sense of bounded
gross-error sensitivity. Comparisons with known conditions for special models indicate that
the present general conditions are not too restrictive in special situations and that sometimes

they are even weaker than the previously published special conditions.

1 Introduction and basic concepts

We consider a general parametric statistical model with independent observations. In other
words, for every n € N we consider a random sample Y,, = (Y7,...,Y,) of independent real

valued observations,
n

Yo~ Gy, yn) = [[ Guili. 60), (1.1)
i=1
where 6 is a true value of a parameter 6 = (61,...,0,,)" € © for open © C R™ and
G ={Gy|1,0):0 € ©},...,G, ={G(y|n,0) : 6 € O} (1.2)

are given families of distribution functions (briefly distributions) possibly depending on the
sample size n. This means that we admit the triangular observation schemes (Y7,...,Y,,) =

(Yl(n), . ,Yn(”)). Important particular versions of this model are discussed in Section 2.
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We study a general M-estimator of the unknown true parameter 6, in the above considered
model. This estimator is defined as a sequence of ©-valued measurable functions 0, =0, (Y,)

minimizing on © the random functions

1 n
Mu(6) = — > p(Y; = i(0)), (1.3)
i=1
where p : R — R is a given function called criterion functionand ¢; : © — R, ... p, : O — R

are given functions called locators. The locators may depend on the sample size n, i.e. we
admit triangular schemes of locators

(P1seion) = (B, ™). (1.4)

Since the M-estimator under consideration is defined by the criterion function and locators,

we use the symbols

~ ~

On ~ (p;p1,...,n) or briefly 0, ~ (p; ;). (1.5)

We are interested in the asymptotic properties of M-estimators 0, ~ (p; p;) when the sample
size n tends to infinity. Therefore, unless otherwise explicitly stated, all asymptotic relations,

formulas and properties are automatically considered for n — oo.

Our attention is restricted to the M-estimators 6, ~ (p: ;) with criterion functions p ab-
solutely continuous on bounded intervals of R (briefly, absolutely continuous on R). This

means that there exists a measurable function ¢ : R — R satisfying the condition

U(y) = dfl—(yfy) a.e. (1.6)

with respect to the Lebesgue measure on R and absolutely integrable on bounded intervals.
We shall consider a right-continuous extension of ¢» on R which is (up to a constant p(0)
playing no role in the definition of M-estimator 6, (cf. (1.3)) one-one related to p and satisfies
for all a, b € R the relation

p(b) — pla) = ( b}w(y)dy (1.7)

(the so-called fundamental theorem of calculus for Lebesgue integrals, cf. Theorem 18.16 in

Hewitt and Stromberg [9]). Here, and in the sequel,

/ :—/ it < a. (1.8)
(a,b] (b,al

The right-continuous function ) : R — R characterizes a sensitivity of the M-estimator
0, ~ (p; pi) to small deviations of observations Y1, ..., Y, (an appropriately normed version

of ¢ is an influence function of the M-estimator, see Huber [12] or Hampel et al [8]). Due to
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the one-one relation between the criterion function p and the sensitivity function 1) mentioned

above, we can replace the representation of M-estimators (1.5) by
On ~ (101, ipn) or, briefly 6, ~ (¥;¢;). (1.9)

Our theory is restricted to the estimators 6, ~ (1b; ;) with sensitivity ¢ of a locally bounded
variation. This means that v is a difference of two nondecreasing functions 1+ and )~
which are assumed to be continuous from the right. This theory presents conditions for

\/n— consistency and asymptotic normality of 0, in terms of the sum Yt =yt 4.

As is indicated by the title of the paper, our main results are restricted to the M-estimators

0, ~ (¥ ¢;) which are consistent in the standard sense

N P
0, — 0, . (1.10)

We present conditions on the sensitivity function 1, locators ¢; and the model (1.1) under

which 6, is y/n—consistent in the sense

lim lim P (ﬁ‘

Y—00 N—00

én—eoH >y> —0 (1.11)
and asymptotically normal in the sense
Vi, — 0y) =5 N(0,V) (1.12)

and under which the variance-covariance m x m matrix V' can be explicitly evaluated.

These main results are presented in the next Section 2. The conditions on the sensitivity
function v, locators ¢; and the model (1.1) are formulated as regularity conditions (R1)—
(R4+). Important particular versions of the general model (1.1) and sufficient conditions for
(R1)—(R4+) are in Section 3.

The consistency (1.10) in reasonably general classes of M-estimators (1.9) and models
(1.1) is a difficult problem. Sufficient conditions have been established e.g. in Yohai
and Maronna [31], Zhao and Chen [32], Hjort and Pollard [10], Liese and Vajda [18]-[21],
Zhao [33], Arcones [1]-[2] and some other references therein. Presentation of such conditions
would increase the complexity and size of the paper above bearable bounds. Therefore we
refer in this respect to the mentioned literature and restrict ourselves to the verification of

consistency only in special cases illustrating applicability of the main result of Section 2.

In Sections 4 and 5 we illustrate the applicability of the general results of Sections 2 and 3
to special classes of M-estimators (1.9) and models (1.1). Particular attention is payed to

the class of M-estimators with the criterion functions

p(y) = ps(y) = By lpe)(y) — (L= B)ylcop(y), 0<p <1, (1.13)
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introduced by Koenker and Basset [16] and later used by many authors (e.g. Portnoy [24],
Koul and Saleh [17], Jureckova and Sen [14], Hallin and Jureckova [7]).

In Section 6 are proofs of main results of Section 2. The proofs employ some general results
and techniques of van der Vaart and Wellner [30], in particular their Theorems 3.2.2 and

3.2.5. The proofs use also the methods developed in [21].

The present paper differs from[21] in a considerably simpler formulations and proofs of
results, and in application of these results to different special models (1.1) and/or estimators
(1.9). Tt also differs from the classical literature studying the consistency (1.10) and the

asymptotic normality (1.12) of the estimators 0,, defined as solutions of the equations
D (Y= il6)) Vei(6) =0 (1.14)
i=1

on © when the locators ¢;(6) are differentiable on © with gradients V;(6) (see the mono-
graphs of Serfling [27], [12], Singer and Sen [28], [14], and references therein). Obviously,
our M-estimators 0, ~ (1; ;) coincide with solutions of (1.14) only in special cases, e. g. if
the sensitivity ¢ is monotone on R (i.e. the criterion function p is convex) and the locators
©i(0) are linear in 6. This takes place e.g. if @ € © = R is the location parameter, ;(0) = 0

and

ply) = 2k|y| — k* for |y| >k,

which is the situation studied by Huber [11]. The results about asymptotic normality of

{y? for |y| <k,

solutions 6, of (1.14), based on the ideas and techniques of [11, 12], are thus disjoint with our
results except the relatively rare situations when solutions of (1.14) minimize the function
M, (0) of (1.3). Such situations are trivial from the point of view of our theory which
primarily intends to bring results about M-estimators 6, ~ (p: ;) where either p(y) is not
convex in y € R or ¢;(#) are not linear in § € O, i.e. about situations not covered by the

classical Huber-type theories.

2 Main results

In this section we consider an arbitrary model (1.1) and an arbitrary M-estimator 6, ~
(1; @;) (equivalently, 0, ~ (p; i), see (1.5) and (1.9)) with the variation of ¢ locally bounded,
i.e. bounded on bounded intervals of R. This means that there exist nondecreasing functions
YT, Y~ : R — R with the property

We define on R the nondecreasing function

Y=yt (2.2)
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Definition 2.1 We say that the locators ¢; are adapted to the model if

EG(Y; — ¢i(60)) =0, ieN. (2.3)

We say that the estimator 0, is adapted to the model if the locators are adapted in the sense

of (2.3) and the estimator is consistent in the sense of (1.10).

In the rest of paper we consider the following conditions of regularity of the estimator 6, in
the model (1.1).

(R1)

The second moments (variances if (2.3) holds)

o? = E[y(Yi — ¢i(60)))° (2.4)

are uniformly bounded in the mean, i.e.,

1,
sup — © < 0. 2.5
sup - ; o; (2.5)
The gradients
) = (2 li-/.w) hco, icN (2.6)
SOZ - 8917"'a89m 902 9 ) .

exist and are locally bounded and locally Lipschitz in the sense that one can find a
closed ball
B = Bs(th) = {y e R" : |ly = bo|| < 6} (2.7)

and a constant A > 0 possibly depending on B, such that B C © and

2O <X, 6e€B,ieN (2.8)

l¢i(0) — @i(@)]| < M6 — 8], 0,0€ B, ieN. (2.9)
There exists 7y > 0 such that the functions
Hi(t) =EY(Y; — pi(0) +t), i€N (2.10)
are differentiable on the interval (—7y,7) and the derivatives
ZHi(t), i€N (2.11)

satisfy the condition

1
limsup— » w(h;,7) =0 (2.12)



8 F. Liese, I. Vajda

where w(h;, 7) = supyy<, [hi(0) — hi(t)], 0 < 7 < 70, is the modulus of continuity of
h;(t) in the neighborhood of ¢ = 0. Further, the variances ¢? from (R1), gradients ¢
from (R2) and functions h; from (R3) satisfy

1~ . Y
X, = E;Uz‘?%(eo)%(eo) — X, (2.13)
®, = —Zh )i (00) @i(0p) — ® (2.14)

where the m x m matrices ¥ and ® are positive definite.

(R4) There exist constants 7o > 0 and x such that the function (2.2) satisfies for all 0 < 7 <

7o the relation

sup — ZE (V= (X +7) — @bi(Xi—T)}z <K (2.15)

neN

where X; =Y, — ().

(R44) There exist constants 7o > 0 and ¢ > 0 and & such that the function (2.2) satisfies for
all 0 < 7 < 719 the relation

sup — Z E [ (Xi+71) —¢5(X; — 7')}2 < kTl (2.16)

neN v

where X; =Y; — ¢(6).

Sufficient conditions for (R3), (R4) and (R4+) will be studied in the next section. Here
we formulate the main result of the paper. We remind that the asymptotic relations are

considered for n — oo unless otherwise stated.

Theorem 2.2 If the estimator 0, ~ (V@) is adapted to the model (1.1) in the sense
of Definition 2.1 and satisfies the reqularity conditions (R1)—(R/) then it is \/n— consistent
in the sense of (1.11).

Theorem 2.3 Let the estimator 6, ~ (1; ;) be adapted to the model (1.1) in the sense
of Definition 2.1 and satisfy the regularity conditions (R1)—(R4) and (R4+). If

n" V2N "W (Y; — i) éi(8h) = N(0,5) (2.17)

i=1

then the estimator 6, is asymptotically normal in the sense of (1.12) with the variance-
covariance matrix
V=012t (2.18)
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The proofs of Theorem 2.2 and 2.3 are deferred to Section 6. Here we present a sufficient
condition for the condition (2.17) of Theorem 2.3.

Proposition 2.4 [f the assumptions (2.3) and (2.13) hold and for some v > 0,

sup E[[¢:(Y; — ¢i(00)) ¢(00) [|*77 < o0 (2.19)

1€N

then the asymptotic normality condition (2.17) holds.

Proof: Clear from the Lyapunov central limit theorem. O

3 Results under restricted generality

In this section we restrict in different ways the generality of the model (1.1) and also the gen-
crality of the M-estimator 6, ~ (1); ;) studied in the previous section. We study sufficient

conditions for the assumptions of Theorems 2.2 and 2.3 under this restricted generality.

Definition 3.1 The general statistical model with independent observations defined by
(1.1) is said to be

(i) regression model if there are given sets X C R*¥, T'C R, and a mapping ¢ : X xO — T,
and if for 1 < i <n are given realizations x; of x = (x1,...,x) € X and families of
distributions F; = {F;(y|9) : ¥ € T}, both possibly depending on n, such that

Glyli,0) = Fi(y|é(x,,0)) for 1<i<n and 0 €O (3.1)

(ii) homogeneous regression model if it satisfies (i) and
Fi=F=A{Fy|v):veT} forl<i<n (3.2)
where the family of distributions F depends neither on © nor on n;

(iii) linear regression model if it satisfies (i), X belongs to the same Fuclidean space R™ as
O and

o(x,0) =x'0  forx €X and § € O; (3.3)

(iv) regression model with additive errors if it satisfies (i) and F; are location families not

depending on n, i.e. if T' =R and
Fi={Fi(y—9):0eR}, 1<i<n, (3.4)

for a sequence of parent distributions Fi(y), F5(y), ... not depending on n.
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The combinations of properties (ii) — (iv) of regression models are admitted. In this manner

we obtain the following important special cases.

Example 3.2 Homogeneous regression with additive errors. This means the standard non-

linear regression where the observations are defined by formula

and the additive errors &; are i.i.d. by the parent F' of the location family F = {F(y — ) :
¥ € R} satisfying simultaneously the assumptions (3.2) and (3.4).

Example 3.3 Homogeneous linear regression with additive errors. This means the stan-

dard linear regression where X C R™ and

where the additive errors &; satisfy the conditions of Example 3.2.

Example 3.4 The general homogeneous regression leads to independent observations
Vi~ F(ylo(xi,00)), 1<i<n, (3.7)

specified by a k x n matrix
X, = (X1,...,%Xp) (3.8)

of regressors and a family of distributions F = {F(y|9) : 9 € T'}. If F is a location family

then we obtain the standard nonlinear regression of Example 3.2.

Example 3.5 The homogeneous linear regression in general differs from the standard linear
regression. It has been called pseudolinear regression in Liese and Vajda [20]. Here the

independent observations
Vi~ F(ylxify), 1<i<n, (3.9)

are specified by the matrix (3.8) and by a family of distributions F = {F(y|9) : ¢ € T}.
If T"= R and F is a location family then the pseudolinear regression reduces to the stan-
dard linear regression of Example 3.3. If F is an exponential family then the pseudolinear
regression model reduces to the generalized linear model. As an example of the generalized
linear regression we can consider the Cox model where F consists of the exponential distri-
butions F(y|d) = 1 —exp{dIn(1l — F(y))}, ¥ € R, for a given distribution F(y) = F(y|1)
differentiable on the support (0,00) (then A(y) = —In(1 — F(y)) is a cumulative hazard

function).

Next we study the adaptation condition (2.3) in the homogeneous regression models and

standard nonlinear regression models introduced above. This condition means in fact that

/@D(?/ —i(0))dG(yl|i,0) =0 forall § € © and i € N. (3.10)
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In the homogeneous regression models the adaptation (3.10) reduces to evaluation of solu-

tions a(¥) of the system of equations

[otw-ayarulo =0, ver. G11)

in the real variable a € R. Indeed, by (3.1) and (3.2), (3.10) holds provided

oil0) = a(é(x.,0)) if /¢@—«®Mﬂmw:a VeT. (3.12)

In the standard nonlinear regression of Example 3.2 with an error distribution F(y), the

adaptation condition (3.12) further simplifies into
©0i(0) = p(x;,0) + b(F) if b(F)=a(0), ie. /w(y —b(F))dF(y) = 0. (3.13)

An M-estimator 6, ~ (1: ¢(x;,0) + ¢) with a fixed ¢ € R is in fact adapted to all nonlinear
regression models (3.5) with error distributions F' restricted by the condition b(F) = c.
However, this condition may not be easily verifiable for some functions . In order to obtain
an M —estimator adapted to the standard nonlinear regression models (3.5) with an arbitrary

error distribution F', it suffices to extend the parameter space © into ©* = © x R and replace
¢i(0) = ¢(x:,0) + ¢ by

0i(0%) = o(x;,0) + b for 0" = (0,b) € OF,

i.e. to consider the M-estimator

O = (B bu) ~ (3 6(x:,0) + ) (3.14)
of the extended true parameter 67 = (6, by) where by = b(F). The validity of (2.3) for 67,
i.e. the validity of (2.3) with ¢;(6y) replaced by ¢ (65) = ¢(x;,60) + by is obvious.

Now we present simple conditions which imply the assumptions (R4) and (R4+) of Theorems

2.2 and 2.3 for particular versions of the M-estimators (1.9) and general model (1.1).

Proposition 3.6 If both components ¥+ and ¥~ of the decomposition (2.1) are Lips-
chitz on R then the M-estimator 0, ~ (1; ¢;) satisfies the reqularity condition (R4+) in the
general model (1.1).

Proof: Under the assumptions of this proposition the function 9% defined in (2.2) satisfies
the Lipschitz condition

[ () — ¥* (12)] < Clys — e
for some constant C' and all y;, y» € R. Therefore the expression in the brackets of (2.15) is

bounded above by (27)?. This means that (2.16) with x = 4C?, ¢ = 2 and arbitrary 7 > 0
holds for the model (1.1). O
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The next result is an alternative to Proposition 3.6. In this result we assume that 1 is
absolutely continuous on R. Similarly as in (1.6), this means that there exists a measurable

and locally absolutely integrable function ¢ : R — R satisfying the condition

U(y) = %?(Jy) a.e. (3.15)

with respect to the Lebesgue measure on R. Then, similarly as in (1.7), for every y € R

D(y) =)+ [ dd(s)ds (cf. (1.8))

(0,y]

and, moreover,

(0.9]
and
b (y) = ¢ (0) — ( ]Ib(S) I(1p(s) < 0)ds
0.y
for the components of the decomposition (2.1). Therefore (2.2) implies that for every y € R
) =0+ [ Wl @ 1) (310
0,y

Obviously, if 77/} is bounded a.e. on R then it follows from the formulas above that ™ and
©~ are Lipschitz on R so that Proposition 3.6 is applicable. Therefore the next result is

interesting only in situations where ¢ is unbounded.

Proposition 3.7 Let ¢ be absolutely continuous on R with an a. e. derivative 1/1 The
M-estimator 0, ~ (1b; ;) satisfies the reqularity condition (RA+) in the general model (1.1)

if one of the following conditions holds:

(i) v is square integrable on R;

(i) for X; =Y; — i(0y) and some ¢ >0

C :=sup 1 E sup(@b(Xi + 5))? < 00; (3.17)

neN T i—1  Isl<e

(iil) ¥ = by + by where oy satisfies (i) and Vo satisfies (ii).

Proof: By (3.16) and Schwarz’ inequality, for every y € R and 7 > 0
' 2
-t o-F < ([ i) (3.18)
(y—Ty+7]
<o @)
(y=Ty+7]

< 27‘/R(@Z')(s))2ds =: Al(q/}).
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Therefore, if 1 is square integrable then (2.16) holds for ¢ = 1, all 7 > 0 and

= )(s))? ds.
K 2/(@/}(3)) 5
Further, by (3.18),

[ (y+7) — 0ty —7)]° < 472 sup (b(y + 5))° = As(¥)).

|s|<T

Therefore, if (ii) holds then (2.16) holds for ¢ = 2, k = 4C? and all 0 < 7 < . Finally, from

the above inequalities we see that

[ o] < minasiy. s,
From here and
[ i isona] <2 [[iow] w27 viswa]

we obtain the statement in (iii). O

The following proposition presents similar conditions as Proposition 3.7 for the estimator

0, ~ (1, ;) for nonexplosive .

Definition 3.8 We say that a nondecreasing function &€ : R — R is explosive if there
exists T > 0 such that

Sup [y +7) =&y —7)] = 0.

Thus 9 is nonexplosive if for every 7 > 0

C(7) := sup [1/Ji(y +7) —E(y — 7')} < 00. (3.19)

yeR

Clearly, C(7) is nondecreasing in the domain 7 > 0 with C(0) > 0. Nonexplosive ¢* satisfies

the inequalities

W5+ 1)~y = 7)) < O Wy + 1) — ¢ty —7)] (3.20)

and
[ty +7) = ¢y -] < (C() (3:21)
Proposition 3.9 Every M—estimator 6, ~ (1, ;) with nonexplosive ¥* satisfies the

reqularity assumption (R4) in the model (1.1). If there exist constants 179,q > 0 and k such
that for X; =Y; — pi(6p) and all 0 < 7 < 79

sup = Z E[ (Xi+7)—¢5(X; —7)] < k7t (3.22)

neN T

then it satisfies also (R4+).
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Proof: The first assertion is clear from (2.15) and (3.21). The second assertion follos from
(2.16), (3.20) and (3.22). O

Proposition 3.10 Let v* of the estimator of Proposition 3.9 be piecewise constant
with finitely many jumps of sizes Ax > 0 at points ty, and let for some fized ¢ > 0 the
neighborhoods Ni(1) = (tp—7,tx+7), 0 < 7 < &, be disjoint for different k. If the distribution
functions F;(y) of X; in (3.22) have densities in the union U(e) = UpNk(7) and

n

1
C :=sup — sup fi(y) < oo, (3.23)
yeN T izz;yEU(s)

then (3.22) holds for 1o =¢/2, ¢ =1, and kK =4C ), A;.

Proof: If 7 <¢/2 then

Yy + 1) =y - 7) :{ I yENlr)

0 otherwise
and
/' AFy(y) < F(ty +27) — F(ty — 27) < 47 sup fi(y).

Ni(7) yeU(e)

Therefore
Bt (X4 1)~ (- < YA [ dR)
k Ni(7)

The desired result follows from here. ]

Our last result is concerning estimators 0, ~ (1, ;) with nonexplosive ¢ in the general
regression models where G(yli,0) = F;(y|o(x;,0)) and ¢;(0) = a(¢p(x;,0)), see (3.1) and
(3.12). We use the notation

v = ¢(x;,0) and  a; = a(Vy) (3.24)

In this notation the functions H;(t) of (2.10) are given by the formula

) = [Vl —a+ 0. teR (3.25)
in the general regression model (3.1). In the simplified notation
Fi(y) = F(y + alvy),  Fis(y) = Fy+a; — s|v) (3.26)

it holds
) = [V -1, ter (3.27)
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so that, for s # 0,

S5~ Hi0) = [0t (3.28)
where
Bi0ly) = Fisly—t)— Fi(y — t)7 yER.

s
Let us consider ¢»* = ¢ + 1~ and suppose that for some 7 > 0

Yt oY~ € Ly(F;;) forallie Nandall t| <T. (3.29)

Here and in the sequel, L;(G) denotes the Banach space of functions absolutely integrable
with respect to the measure defined on R by a nondecreasing and right continuous function
G : R — R. We assume nonexplosive ¢* defined by the condition (3.19).

Proposition 3.11 Let an M-estimator 6, ~ (i, a(x;,0)) with non-ezplosive = be
adapted to the general regression model (3.1). Further, let %, ¢~ € Ly(F;;) for some T > 0
and all |t| <7 and i € N, let all distributions F; 5, 1 € N, s € R, be differentiable on R with
derivatives f; s, and put f; = fio.

(D) If
sup fis € Ly (¢F) (3.30)

Is|<r

then the convolutions H;(t) are absolutely continuous on (—7/2,7/2), with a. e. deriva-

tives

w0 =~ [ H-0d6t). ien. (3.31)
(IT) If f; are locally Lipschitz in sense that for every y € R

ity =0) = i)l < M) 1], t € (=7,7), (3.32)

and both f; and \; belong to Li(¢*) then the previous condition (3.30) is satisfied. If,

moreover,

n—oo

. 1 ¢
lim sup — Zl Ai € Ly () (3.33)
then 0, satisfies the reqularity condition (R3) for 1o = 7/2.

Proof: Let |s| <7/2, |t| < 7/2 and ¢ be arbitrary fixed. Then

/ dP;s(y) =0, (3.34)
D;st(00) = lim @, 4(y) =0 (3.35)

Y
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and, by (3.29),
[ 16@li0) < o (330

Hence, by (3.27) and the Fubini theorem,

%[Hi(t +8)— Hy(t)] = //1(0 <z S y)dy(z)d®; . (y)
— / / 1(0 < 2 < y)d®; 4 (y)dv(x)
:L//Kx§y<wﬂ®mwﬂww
_ /@mﬂm—@mMWW@)

Therefore, by (3.34)—(3.36),

S+ 9) — Hi) =~ [ B )di), (3.31)
Since
lim ®(i, 2, 5)(y) = fily —1) ac.

and since (3.30) justifies interchange of the integral and lim,_o in (3.37), assertion (I) is

proved. The first part of assertion (II) follows from the inequality

fi <sup fis < fi + AT,

Is|<7

and the second part follows from the first part and from the fact that, under (3.31) and
(3.32),

%Zsup |hi(t) — hi(0)] < %Z/Ai(y)dw(y)-

i—1 [tI<T

Indeed, under (3.33) the limsup,, of the right-hand side tends to zero as 7 | 0. O

For bounded sensitivities ¢ the assumptions of Proposition 3.9 simplify in sense that (3.29)

is automatically satisfied.

For the standard nonlinear regression model with an absolutely continuous error distribution
F and the same b(F') as in (3.13), the condition (3.29) simplifies into

U, 7 € Li(F(y —b(F))) and  lim ¢=(a) sup f(y) =0, (3.38)

a0 ly|>a

where f is the derivative of F. Further, (3.30) takes on the form

sup f(y — b(F) = s) € Li(y™), (3.39)

|s|<T
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the Lipschitz condition (3.32) is in this case

[f(y = b(F) =) = fy = b(F))] < Aly) [t], (3.40)
and the remaining conditions of assertion (II) reduce to f, A € Li(v¥).

Applicability of the results of this section is illustrated in the next sections.

4 L,,,—estimators

Let us start with two examples.

Example 4.1 Perhaps the best known of all M-estimators is the Lo-estimator

~

On ~ (U(y) = y; ¥i)- (4.1)

Here p(y) = y?/2 and the decomposition (2.1) and formula (2.2) are trivial in the sense
that v~ = 0 and ¥ (y) = v*(y) = ¥(y) = y. Since p(y) = y*/2, it follows from the
definition of 6, that, in any model (1.1), §,, minimizes the Ly-distance between observations
Y, = (Y1,...,Y,) and locators ¢, (0) = (v1(0), ..., on(0)),

0, = arg min [|Y,, — @, (0)]]2 (4.2)

where || ||2 denotes the Ly-norm. The rule (2.3) for adaptation of locators reduces to a mean

value rule p;(6y) = EY;, i.e. the formula (3.10) for locators takes on the form

wi(0) = /de(y|i,«9), feo, (4.3)

where G(yli,0) are the distributions of model (1.1). Similarly, the particular adaptation
rules (3.12) and (3.13) reduce to

0i(8) = a(¢(x.,0)) for a(0) = / ydF (y|0)

and
oi(6) = B(x:,6) + / ydF(y),

respectively.

In the regression models with additive errors, (4.2) represents a least squared error criterion.
Due to the simplicity of both, the criterion function ||Y, — ¢,,(0)|2 and the universal adap-
tation rule (4.3), the Lo-estimators play a fundamental role in the statistical practice as well
as in the theory. The linearity of ¢(y), placing these estimators into the center of interest of
the linear statistics, makes the asymptotic theory of these estimators relatively easy. This

theory has been developed into considerable details, see e.g. Rao [25].
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Example 4.2 Another well known M-estimator is the Li-estimator

On ~ (W(y) =1 =21y < 0); @). (4.4)
Here, as before, I(-) denotes the indicator of events. The ¢-function of the L;-estimator is
an example where the decompositions (2.1),(2.2) are trivial in the sense that ¢y~ = 0 and
Y(y) = ¥ (y) = ¥*(y) has a jump of size 2 at y = 0. Since p(y) =| y|, it follows from the
definition 3.1 that, in any model (1.1), 6, minimizes the L;-distance between observations
Y, = (Y1,...,Y,) and locators ¢, (0) = (p1(0),...,¢.(0)),

b, = argmin [|Y,, — @, (0)]. (4.5)

where || - ||; denotes the L;-norm. The general rule (2.3) for adaptation of locators reduces

to the median rule, p;(6y) = medY;, i.e. (3.10) takes on the form
©i(0) = medG(yli,0), 60¢€ 0O, (4.6)

where

medG (yli,0) = inf{y € R: G(y|i,0) > 1/2}

denotes the median of G(y|i,6). Similarly, the special adaptation rules (3.12) and (3.13)
reduce to
i(0) = a(o(x;,0))  for  a(V) = medF(y[v)

and
0i(0) = ¢(xi,0) + med F(y).

In the regression models with additive errors, (4.2) represents a least absolute error criterion.
Due to the relative simplicity of both, the criterion function ||'Y,, —,,(8)||: and the universal
adaptation rule (4.6), the Li-estimators play an important role in the statistical practice as
well as in the theory (see e.g. Serfling [27], Dodge [4], Farenbrother [6], Ronchetti [26],
Pollard [22], Knight [15] and references therein).

The Li-or Ly-estimators 6,, can be embedded into various families of estimators 0 with
a parameter a € R controlling finite-sample-size properties, such as rejection regions and
variances-covariances of deviations é,(f“) — 0y, or asymptotic properties like influence curves

and relative efficiencies.

In this section we study the family of quantile L, ,-estimators

01 ~ (Y(y) =1+a—2Iy <0); p), —1<a<l, (4.7)

n

where 6 is the Li-estimator of Example 4.2. The ¢-functions of (4.7) differ from the -
function of (4.4) by a constant shift « : if & > 0 then the sensitivity is suppressed in the
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domain y < 0 and enhanced in the domain y > 0, while for o < 0 the opposite is true.
Note that for the extremal & = 1 or & = —1 we obtain in (4.7) sensitivities concentrated
only on y > 0 or y < 0, respectively. The corresponding quantile Lo- and Lg-estimators
are legitimate particular cases of the M-estimators studied in this paper (one of them is
studied at the end of this section). Notice that the quantile Ls-estimator differs from the

usual Lo-estimator of Example 4.1.

Since p(y) = y¥(y) = pa(y) where

pa(y) = (1 +a)yl(y>0)—(1—-a)yl(y <0),

the definition of M-estimator implies that

A

0 = argmin ((1+0) [Ya =@, 07 + (1= 0)[Ya 0, @)7) . (48)

where

1Y — ¢, (07 Z Y — i)

and
" =1lylI(y >0) and |y|” = |y[I(—y >0).

Thus we see that the criterion (4.8) differs from (4.5) in that the criterion function takes the
values |Y; — ¢;(6)| with different weights 1 + « or 1 — «, depending on whether Y; — ¢;(0)
is positive or negative. Since the above defined p,(y) is twice larger than ps(y) of (1.12)
for 5 = (1+ a)/2, the quantile L;—estimators 65 ~ (pa;@;) coincide with the estimators
o) ~ (pg: pi) where pg is given by (1.13) for # = (1 + «)/2. If these estimators are applied
in the regression models then they are called regression quantiles.

For the i-function defined in (4.7), and for arbitrary ¢ € R and arbitrary distribution
function G(y),

/ by - )dG(y) = 1 +a — 2G(p).

Consequently, the general rule (3.10) for adaptation of locators reduces into the (1 + «a)/2-
quantile rule

0i(0) =G (1+a)/2]i,0), 6€0O, (4.9)

where

G'B)=inf{yeR:Gy)>p}, 0<p<1, (4.10)

is the quantile function of G(y). From (3.12) or (3.13) we obtain the special adaptation rules

pi(0) = F7H((1+a)/2]6(x,0))  or ¢i(0) = d(x;,0) + F~((1 +a)/2).
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The second of these rules is used in the standard nonlinear regression model (3.5). It cannot
be used if the error distribution F(y) is unknown. By (3.14), in this case one can consider an
extended Ly q-estimator (05, b)) of the extended true parameter (g, by = F~'((1+a)/2))
adapted by the rule

0i(0,b) = 6(x;,0) +b, (0,0) €0, ©=0xR. (4.11)

But

Y; = ¢(xi,00) + by + &, & ~ F(y) = F(y + b),
where F~1((1 4 a)/2) = 0, and ¢(x;,6) + b is a special case of a general function ¢(x;, f)
of (m 4 1)-dimensional parameter § € ©, © C R”™*! open. Therefore (éﬁf‘), IA),({X)) is a special
case of a general L ,-estimator gn of true ég € O in the model

Y= o(xi,00) + &, & ~F(y), FH(1+a)/2)=0. (4.12)

All conditions imposed in this model on F(y) and ¢(x;, 6) easily transform into conditions
on distribution F(y) = F(y — F~'((1 — a)/2)) of the errors & in the model (3.5) and on
¢(x;,0) + b. Similarly, all properties of the estimator IS straightforward transform into
properties of the particular version (é,(za) , l;%a)). Hence, in the standard nonlinear (and linear)
regression with an unknown error distribution, it suffices to investigate the estimators (4.7)

under the assumption
F (14 a)/2) =0, (4.13)

using the adaptation rule

©0i(0) = ¢(x;,0), 0 €0, (4.14)
for © C R™ open and m > 2.
The estimators (éﬁla), Bﬁf"), a € (—1,1), with the adaptation rule (4.11), have been intro-

duced into the literature by Koenker and Basset [16]. As said above, these estimators,
called regression quantiles, coincide with ((9%5 ), l;%ﬁ )) defined by the criterion functions (1.13)
for f = (1 +«)/2 € (0,1). Koenker and Basset established the asymptotic normality of
these estimators in the standard linear regression (3.6) with an unknown distribution F'(y).
Jureckova and Prochazka [13] extended their result to the standard nonlinear regression (3.5)
with an unknown F'(y). In this section we study the estimators (4.7) under the restrictions
(4.13), (4.14). As argued above, our study covers as particular cases the estimators (é,(la), I;%a))
of (m — 1)-dimensional parameter 6y and by = F'~*((1 — «)/2) in the model (3.5) free of the
restriction (4.13).

We shall obtain asymptotic normality of the estimators 09 o€ (—1,1), defined by (4.7)
and (4.13), from Theorem 2.1 under the assumption (4.13). To this end we assume the

following.
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(a) 6{) is consistent in the sense of (1.10).

(b) One can find a closed ball B C © of a radius § > 0 centered at 6, on which there exist

the gradients

: 0 o\

and a constant A\ possibly depending on B, such that
lo(xi, ) <A and  [[é(xi,0) — b(xi, 0)]| < A6 — 0
for all §,0 € B, i € N, i.e. the regularity condition (R2) holds.
(c) Tt holds
Z (i, 0) oa;,0) — U,
where the m x m matrix U is positive definite.

(d) The error distribution function F(y) is differentiable on an interval (—7,7) and the
derivative f(y) of F(y) is continuous at y = 0 with f(0) > 0.

Theorem 4.3 If the conditions (a)-(d) hold and the error distribution satisfies (4.13)
then the estimators 05 defined by (4.7) and (4.14) are asymptotically normal in the sense

vn (ég)‘) - 90> AN (0, ij;(%jxpl) : (4.15)

where f(0) > 0 is defined by (d) and the positive definite matriz V is defined by (c).

Proof: Let o € (—1,1) and F(y) satisfying (4.13) fulfil assumptions (a)—(d). We shall
verify that 0\ satisfies all assumptions of Theorem 2.3. By Propositions 3.9, 3.10, and (d),
0\ satisfies the regularity condition (R4+). By (2.10), (4.13) and (4.14), if t € R then

H;(t) = /zZJ(y +t)dF(y) =14+« —2F(—t), i€N.

Consequently, by (d), the estimators IS satisfy the regularity condition (R3) of Theorem
2.3 for h;(t) = 2f(—t) and 79 = 7. As to the remaining conditions, (2.3) was clarified above,

the consistency was assumed in (a), (R2) was assumed in (b) and (R1) holds because

oF = /zp JAF(y) = (1+ a)? /OoodF(y)+(1—a)2/_ dF (y)
= 1+a)’(1-(1+40a)/2)+(1—-a)*(1+a)/2
= 1—a® forallicN.
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Conditions (2.13), (2.14) of condition (R3) follow from (c) for
Y=(1-a*)V and & =2f(0)V.

Since the functions v (t) as well as the gradients ¢; are bounded (see (b)), the remaining
condition (2.17) of Theorem 2.3 holds by Proposition 2.4. The desired relation (4.15) thus

follows from Theorem 2.3. O

By what has been said above, the following assertion about an arbitrary error distribution

F(y) follows from Theorem 4.3. In this assertion, and in the rest of section, we put

1+«
2 )

B = Be(0,1). (4.16)

Corollary 4.4 Let a € (—1,1) be arbitrary, and let 3 be given by (4.16). If conditions
(a)~ (d) hold with F(y) replaced by F(y) = F(y — F~Y(B)) then the above specified Ly q-

estimator (é,(la), l;%a)) 15 asymptotically normal in the sense

Vi [0 )y — (GO,F‘l(ﬁ))] AN (0, %@—1) as n — 0o (4.17)

for f(y) = dF(y)/dy and the matriz

- 7
¥ = -0
0, 1

The asymptotic laws (4.15), (4.17) have been established for the L;-estimator, where § = 1/2,

as well as for the general L;,,-estimator under various conditions, see e.g. Pollard [22],

where W is given by (c).

Jureckova and Prochdzka [13] and other cited there. Let us compare the present conditions

for these laws with the conditions assumed in the two cited papers.

Pollard [22] assumed (6.7) so that his conditions can be compared with those of Theorem 4.3.
He studied the L-estimator 6. in the standard linear regression, where (b) is automatically

fulfilled and the matrices considered in (c) are

n
1
v, = — g X; X,
n <
=1

For these matrices, (c) is a classical condition of regression analysis. As shown on p. 189 of
Pollard [22], this condition is somewhat stronger than what is assumed in his Theorem 1.

On the other hand, our condition (d) is slightly weaker than the assumption that F(y) is
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continuously differentiable in an interval (—7, 7) with the derivative f(y) positive on (—7, 1),
which appears in the mentioned Theorem 1. The consistency of 6\ assumed in (a) takes
place under (c) and (d). This can be proved by applying the Convexity Lemma on p. 187 of
Pollard [22].

Thus, as to the Lq-estimators in linear models, the conditions obtained from Theorem 2.3 are
comparable with previously published ones, obtained by methods tailor-designed for these
estimators and models. In this sense the comparison with [22] demonstrates that Theorem

2.3 is not trivial.

Jureckové and Prochazka [13] studied the same estimator and model as Corollary 4.4. The
conditions (b), (c¢) of this corollary are the same as (b), (¢) in Theorem 4.3. The condition
(d) is changed in the sense that F'(y) is differentiable in an interval (F~1(8) — 7, F~1(3) + 1)
with the derivative f(y) continuous at y = F~!(3) and f(F~'(3)) > 0. The consistency
of (é,(la), l;ﬁla)) required in (a) follows under (b), (c), (d) by the same method as used above
for the consistency of 6. Jureckova and Prochazka assumed, in addition to (b), (¢), (d),
that ¢(x, 0) is strictly monotone in each component of 6, twice differentiable in each of these
components, with the first and second derivatives uniformly bounded on X x ©, and that
the above mentioned f(y) is symmetric about y = 0, bounded on R and differentiable on
(F~Y(B) — 1, FY(B) + 7). Moreover, they assumed that X C R¥ and © C R™ are compact,
and that the regression functions @(x;,6) and gradients ¢(x;,6) satisfy some additional

conditions.

Obviously, here one can deduce a stronger conclusion in favour of Theorem 2.3 than formu-
lated in the context of the simpler L;-estimator above. On the other hand, it is clear that
the results obtained from Theorem 2.3 cannot always be as strong as the results achievable
for special M-estimators and models. This can be illustrated by a reference to [15], where
the Li-estimator is studied in a standard linear regression with error distribution F(y). The
author proved an asymptotic law similar to (4.15) even in situations where the derivative
f(y) of F(y) is discontinuous at the median of F(y). To this end, by exploiting special
features of the ¢-function defined in (4.4), and special properties of linear models, he for-
mulated asymptotic normality conditions different from (c), (d) in Proposition 4.1, and also
from the conditions considered in the previous literature. Example 4.6 below illustrates that

a similar non-applicability of our theory may take place also for other M-estimators.

Remark 4.5 By (4.17), the asymptotic relative efficiency in the class of quantile Lj -
estimators depends on the function I'(8) = 3(1 — 8)/f*(F~1(8)); if o = argminge o1y I'(5)
then the estimator with o = 23, — 1 is relatively most efficient (cf. (4.16)). By the I'Hospital
rule, if f has differentiable tails with a derivative f then, for  — 0 and § — 1,

1-28

lim ['(5) = lim m
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provided f(y) 70 for y — oo and f(y) 1 0 for y — —o0. In this typical case the indices a of
all relatively most efficient estimators are bounded away from —1 and 1. If f is continuous

on R then at least one such relatively most efficient L, ,-estimator exists.

Example 4.6 Let the error distribution be exponential, F'(y) = (1 — e ¥) I(y > 0). Then
f(F7Y(B)) = 1 — 3. In this case I'(8) = B/(1 — ) is increasing on (0, 1), so that one
can expect that the extremal quantile Ly-estimator éﬁfl) maximizes the asymptotic relative
efficiency in the class of estimators 65, a € [—1,1]. According to (4.7), the adapted version

of this estimator is defined by

07(;1) = argmin Z Vi — o(x, 0)[ 1(Y: < ¢(x4,0)).
e

i=1
Here
H(t)=2(e' — 1) I(t < 0),
and
h(t) = 2e" 1(t < 0).

We see that the regularity condition (R4) does not hold. Consequently, Theorem 2.3 is not
applicable to 65", i.e. (4.17) is not guaranteed for a« = —1 (8 = 0). In fact, since I'(0) = 0,
one can expect in this case a higher rate of consistency than y/n obtained in (4.17). The
higher rate of consistency can be easily verified if © = R and ¢(x,0) =0, i.e. if Y; = 0y + &;

where &; are exponentially distributed errors. Then
éfm_l) =min{Y,...,Y,}

so that
P <n(é$f1> — ) > t) =et, teR,

i.e. éffl) is consistent of the order n.

5 Lo,,—estimators

In the statistical literature, the classical Lo-estimator (4.1) has been embedded to many

families of M-estimators. These can usually be interpreted as families of Ly, -estimators

<¢a; Qoi>7 o€ R7 (51)

with 9, (y) continuous at a = 0 and 1) coinciding with ¢ (y) of (4.1), i.e. satisfying for all
y € R the relations

lim ¢a(y) = ¢o(y) and  o(y) = y. (5.2)
In other words, the family of estimators can be rearranged so that o = 0 leads to the

Lo-estimator.
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Example 5.1 The Huber estimators (see e.g. [12]) form a family of the type (5.1) with

aly) = /Oyf(—\ozll <s<lalY)ds fora#0, (5.3)

extended to a = 0 in accordance with (5.2). Here the decomposition (2.1) and formula (2.2)
are trivial in the sense that 1, = 0 and ¢ = ¢ = 1),. The skipped mean is defined by

Valy) =yI(—la| ' <y <]al™) for a#0

and extended by (5.2). If a # 0 then ¥} (y) coincide with Huber’s (5.3), ¢, (y) = I(y >
|o|™!) = I(y < —|a|™") and
(o =y (=l <y <a)

For more details about this and the next example we refer to [8]. The Tukey biweight is
defined by

Valy) = yla™2 = y?) 2 I(—|a| ' <y < |a|™) fora #0,

where, for o # 0,

Vi = /OyI (— (\/§|a|>_1 <s< (\/§|a|)_1> ds,
v = [ ( > (ﬁm)‘l) aw - [1 ( <- (mag‘l) a0 (s),

and

1 (a?—-y)
= — I
6] |0 6 (

Portnoy [23] and independently Vajda [29] studied the family of Loy, estimators defined by

pa(y) —la| Tt <y <la|™h).

Yaly) =y e~ for o #£0 (5.4)
with X
_ = (1 _ —(ap)?
Paly) 52 (1 e ) for o #0.

As is shown in the second reference, the estimators defined by (5.4) can be obtained from a

minimum distance rule applied to a-divergences of theoretical and empirical distributions.

For the Lo, ,-estimators with « # 0 studied in this example, there is no universal adaptation
rule similar to the (1+ «)/2-quantile rule (4.9) of previous section, or to the mean value rule
(4.3) applicable when a = 0. One general adaptation rule applicable to these estimators is

given in the next proposition.
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Proposition 5.2 Consider an M-estimator 0, ~ (15 ;) with a monotone ¥(y), skew-
symmetric about y = 0, in the standard nonlinear regression model (3.5) with an error
distribution F(y) satisfying the condition ¢ € Li(F). If F(y) — F(0) is skew-symmetric
about y = 0 (i. e. if the errors are symmetrically distributed about zero) then the locators are
adapted by the rule

0i(0) = o(x;,0), i€R. (5.5)

This adaptation is unique unless there exists a constant b € R such that
by —b) =v(y) F—as. (5.6)
Proof: The skew-symmetries of ¢ and F' imply that

/w(y)dF(y) = 0.

By (3.13), this means that (5.5) is an adaptation rule. If b # 0 then the monotonicity of
implies that ¥(y — b) — 1(y) does not change sign on R. Therefore

[otw-virw # [vwirw -o

unless (5.6) holds. By (3.13), this implies the uniqueness of the rule (5.5). O

The skew-symmetry of the above considered sensitivity functions ¥ about 0 means that the
sensitivity of the corresponding estimators to errors in data is symmetrically distributed
about 0. In the rest of this section we study one class of Lo, ,-estimators with sensitivity
functions 1, skew-asymmetric about 0. Such estimators are convenient when errors in
data are asymmetrically distributed. As an example we may consider the situation when
nonnegative data X; are transformed into Y; = In X; for fitting a symmetric location model
on R. Then an error ¢ in data X; leads to an error € e™* in data Y;, which is exponentially

decreasing with increasing values of Y;. This partially motivates the following steps.

Let us study the family of exponential Lo, ,-estimators

0 ~ (Y(y) =ye™; ), a€R, (5.7)

where ) is the Lo-estimator of Example 4.1. Here

eiay —1)+1 a0

ply) = a? (5.8)
e if a=0.

A strong additional motivation for the estimators (5.7) is a relatively simple adaptation,

in the sense of (3.13), to the generalized regression models (3.5) with exponential parent
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families F, in particular to the generalized linear models mentioned in Example 3.5. The
only estimator with this property studied so far in the literature seems to be the classical
MLE. Thus the class (5.7) deserves to be investigated in detail.

By (3.13), the adaptation of 8 to the regression model (3.1) with a parent family F =
{F(y|9) : ¥ € y} reduces to solution of equations (3.12), which are now of the form

/ (y — @) T VdP(y) =0, P eT. (5.9)

We restrict ourselves to the homogeneous regression model (3.2) with exponential families

F in the natural form (cf. Brown [3]), i.e. with densities
fy|9) = e?=) ~ FP(yl9), ¥eT, (5.10)

with respect to a o-finite measure v on R, where

T = {19 ER:0< /eﬁydy(y) < oo} and  c(0) = ln/eﬁydy(y). (5.11)

Here T is convex, and ¢(1) is a cumulant generating function convex on T.

For families F in a natural form, the distributions figuring in (1.1) are given by
G(yli, 0) ~ g(yli, 0) = f(y)](x;, 0) = e?CeOvmelobat) (5.12)

for all y from the support of v, and all i € N and 6 € ©. If ¢(x,0) = x'0 then we obtain
generalized linear models with natural link functions (see e.g. Fahrmeir and Kaufmann [5])

where

G(yli,0) ~ g(yli,0) = f(y|x0) = exifv=cbxif) (5.13)

for all y from the support of v and all i € N and 6 € ©. The exponential families are assumed
to be nontrivial in the sense that v is not concentrated in one point, that 7" has a nonempty

interior, and that all values x}6 or ¢(x},6) are in this interior.

In a nontrivial exponential family F, the cumulant generating function ¢(19) is strictly convex

and infinitely differentiable on the interior T of T', with derivatives

&(d) = di;j) and  &(9) = & di;? (5.14)

satisfying for all ¥ € T the equalities

/(y —¢()) eﬂy_c(ﬂ)du(y) =0 (5.15)

and

/ (v — (0)) " Odu(y) = (0). (5.16)
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The derivative ¢(1) of the strictly convex function ¢(¥) is increasing on the interior 7 and
the second derivative ¢(¢) is positive on T°. By (5.15) and (5.16), ¢(1J) is the mean in F,

u(0) = [ usl0)iv(y) (.17

and ¢(1) is the variance or, equivalently, the Fisher information of F, i.e.
p(¥) =¢() and Z(W) = &), e TP (5.18)

Moreover, for each ¥ € T°, a = ¢(¢9) is the unique solution of the equations

/(y —a) e’gy_c(ﬁ)du(y) =0 (5.19)

and
/(y —a)? =D du(y) = &(0). (5.20)

For simplicity, we study the important particular case where 7' = R. Then in the homoge-

neous regression models (3.1) under consideration, equations in (5.9) reduce to
/(a —y) et =W g, () =0, 9 eR, (5.21)

which can be obtained from equations (5.19) with ¥ replaced by ¥ 4+ «. Therefore, given any
a € R,
a(¥) = é(0 +a), 9eR, (5.22)

are the unique solutions of equations (5.21). According to (3.12), this means that the
pseudoadditive rule
pi(0) = ¢(o(x,0) +a), 0€0, (5.23)

leads to the adaptation of exponential Ls,,-estimators to the exponential homogeneous
regression models under consideration in the sense of (3.12), i.e. the adapted versions of the
estimators (5.7) are

0 ~ (ye; d(p(x,,0) + ), acR. (5.24)

Replacing ¢(x;, ) by the scalar product x,0 we obtain from (5.23), (5.24) corresponding for-
mulas for the exponential Ly, ,-estimators adapted to generalized linear models with natural

link functions.

Let us look at the restrictions which Theorem 2.3 imposes on the estimators (5.24) and the
respective exponential regression models. We start with sufficient conditions for (R3) and

(R4+). The decomposition of the ¥-function figuring in (5.24) is as follows

1
yeIay+1>0)+=I(ay+1>0) if a#0,
v (y) = 2 (5.25)
Yy it a=0
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and
1
- —yeI(ay+1<0)+=I(ay+1>0) if a#0,
v (y) = 2 (5.26)
0 if a=0.
The part ¢/~ (y) is non-explosive, Lipschitz and bounded and square integrable on R. The
other part ¢)™(y) is not so nice — it is explosive, non-Lipschitz, unbounded and square non-
integrable on R. To satisfy (R4+) we shall need Proposition 3.7.

Proposition 5.3 The estimator 0, defined by (5.7) fulfils in the model under consid-
eration for all a € R the condition 2.12 in the regularity condition (R3). If the expectations
w(¥) and Fisher informations Z(9) defined in (5.18) satisfy, for

¢i = ¢(xi,00), i €N, (5.27)
and some o € R, the inequalities
sup [1(6 -+ 20) — (01 + )] < o0 (5.28)
and .
sup 1 Z sup Z(¢; +1) < o0, (5.29)

neN 1 i—1 [t1<2]al

then the corresponding estimator 0. deﬁned by (5.7) fulfills also the regularity conditions
(R1) and (R4+).

Proof: (I) For every o € R, the derivative
U (y) = (ay + 1) e I{ay +1 > 0) (5.30)

of ¥ (y) is nondecreasing on R if & > 0, and nonincreasing if o < 0. Consequently,

.(y) := sup |[¥F(y + s ‘ =yt (y+7sgna), yeR, 7>0, (5.31)

[s|<T

where

1 if a>0,
sgna = ]
—1 if a<O.

By using the relation
) - bWl S sup i < 1/e’, y ER,
€

we find that (3.17) is equivalent to the condition

. 2
sup— » E [w(Yi — ¢(¢i + ) + Tsgna)| < oo for some 7 > 0, (5.32)
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where ¥(y) = (ay + 1) e®. By the Taylor Theorem the difference in the brackets of (5.28)
equals aé(¢; + «;) for some «o; € R. Using (5.19), (5.20), we obtain that the expectation of
(5.31) is equal to

21t [028 (¢, + 2a) + (028(¢s + i) + || 7 + 1)?]

< I [aP8(¢; + 2a) + (@8(¢s + ;) + |af T+ 1)7]
where
0 < bi(a)=clo;+2a) — (i) — 2a¢(d; + 2) (5.33)
< 2|al sup Z(¢; +t)
[t]<2]e

because ¢(1) is convex and ¢() = Z() > 0. Therefore, if (5.28) and (5.29) hold then (5.32)
holds too, and Proposition 3.7 implies that (R4+) holds.

(IT) Using (5.33) and the notation of part (I), we get from the definition of ¢? in (2.4) and
from (5.23),

of = E[(Yi— (o +a))
= " [&(¢; + 20) + (¢(¢s + 20) — (¢ + @))?] . (5.34)
By (5.33), the assumptions (5.28) and (5.29) imply the inequality (2.5) required in (R1).

(III) Using (5.33), we get from the formula for H;(¢) in (2.10) and from (5.23),

Hi(t) = EY(Y;—¢(¢gi+a)+1)
teo‘““i’i(a), t e R,

where (cf. (5.33))

bi(a) = c(p; + @) + ;) — ac(p; + ) <0 (5.35)

due to the convexity of ¢(19). This function is differentiable on R with the derivative
hi(t) = (at + 1) e Hi@) ¢ e R, (5.36)

Since l;i(a) <0, it holds for all : € N

= |at+ (ot +1)(e* —1)].

ha(t) — hi(0)] < [(at + 1) e — 1| @ < |(at + 1) e — 1

Therefore the condition 2.12 is satisfied on the infinite interval (—7y,79) = R even if the
conditions (5.28) and/or (5.29) fail to hold. O
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Combining Proposition 5.3 and Theorem 2.3, we obtain the following assertion, in which we

use for @ € R and ¢ € N the constants b;(«), b;(a) defined by (5.33), (5.35) and
o7(e) = e [T(¢s + 20) + (u(¢i + 20) — (9 + @))?] (5.37)

for ¢; and p(9), Z(9) defined by (5.27) and (5.18). We also use the formulas

for the gradients ¢;(y) considered in conditions (2.8),(2.9) of (R2), provided the derivatives

: 0 o\

exist in an open ball B C © centered at ;. We restrict ourselves to the exponential models

(3.7) which satisfy (R2), i.e. for which the last condition holds and the gradients (5.39)
satisfy (2.8) and (2.9).

Theorem 5.4 Let for some a € R the estimator 0, ~ (i, ¢;) defined by (5.7) and
(5.23) satisfy (R2) and the conditions (5.27) and (5.28) in a homogeneous regression model
with exponential parent family (3.2). Further, let

R P WACICURT TS, (5.40)
and .
B, = 3 T+ ) n @, (5.41)

i=1

where the matrices X and ® are positive definite. Finally, let
1 < oz
%ZWYi — (¢ + @) L(¢; + a) ¢y — N(0,%). (5.42)
i=1

If @(La) 18 consistent then it is asymptotically normal in the sense

V(0@ — ) & N0, I ). (5.43)

Proof: Since @La) is consistent and satisfies (5.23), it is adapted to the model under
consideration. By Proposition 5.3, (5.40) and (5.41), it satisfies the regularity conditions
(R1), (R3) and (R4+). The remaining regularity condition (R2) is assumed. Since (5.42)
means in the present situation the same as (2.17) all assumptions of Theorem 2.3 are satisfied.
Therefore (5.43) follows from Theorem 2.3. O



32 F. Liese, I. Vajda

Let us look at the special case

X CR™ ¢(x,0)=x'0 and «o=0, (5.44)

~0)

i.e. the Lo-estimator 0\ of a true parameter 6, € © = R in a generalized linear model with

natural link function. Then (3.1) reduces to
G(yli,0) ~ g(y|i,0) = 0= g cR™ jeN, (5.45)
further ¢; = x,60 in (5.27), the gradients of (5.39) are given by formula
b = p(x;,00) =x;, Oh ER™, i €N, (5.46)
and the ¢-function is linear, ¢(y) = y. The conditions (5.28), (5.29) and (R2) take place if

sup [|x;|| < oo. (5.47)

€N

Further, (5.37) implies that

e — 1 and 0;(0) = Z(xi6,), i€N,

in the conditions (5.40), (5.41) of Theorem 5.4 so that they reduce to
Yo == Z x10))*x;x, — % (5.48)

and

o, =~ Z Xi00))?x;x; — @ (5.49)

for some positive definite matrices > and ®. The remaining condition of Theorem 5.4 takes

on the form

- >0 = (o) Zixl £ (0.9 (5.50)

for ¥ figuring in (5.48). We shall show that (5.50) follows from (5.47) and (5.48). Indeed,
then ¥; = x/0y and Z; = Z(v;) are uniformly bounded for i € N. Hence if ¢ — 0 then,

uniformly for i € N,

2
(i +1T) = c(0) + )T+ T2+ ofs?).

Further, for every ¢ € R,

Eexp{(Y; — u(0:)) T, €/v/n} = eV + ET,/v/n) — c(9) €T,/ v/n.



On +/n—Consistency and Asymptotic Normality of . .. 33

It follows from here that the moment generating functions M, (1) = Eexp{Z.7}, 7 =

(T1,...,Tm) € R™, of the random variables
z, = i(y (o) T €N
n = "= i i) LiXi, T )
Vs
converge under (5.47) and (5.48) pointwise to

1
M(T) = exp {5727’} :
which suffices for (5.50). Therefore the following statement holds.

Corollary 5.5 Let a generalized linear model (5.45) satisfy (5.47) —(5.49). If the Lo-

estimator 9;(10) of a true parameter 6y € R™ is consistent, then it is asymptotically normal in

sense of (5.43), where ¥ and ® are the matrices appearing in (5.48) and (5.49).

Note that under the weak convergence of probability measures

1 n
E;6Xiz>u

of Dirac’s probability measures Jx, on the regressor space X', the conditions (5.48), (5.49)
hold for

Z:/)(I(x’ﬁo)zxx’u(dx), @:/)(I(x’éo)xx'u(dx).

Similarly, the conditions (5.40), (5.41) hold but the formulas for the limit matrices are more

complicated. Let us also note that in the generalized linear models of Corollary 5.5, none of

the estimators 0. o

the MLE.

, @ € R, is in general the MLE. Below is studied a special where is
A similar asymptotic normality result as presented by Corollary 5.5 has been proved for the
MLE in generalized linear models with natural link functions in Theorem 3 of Fahrmeir and
Kaufmann [5]. The conditions of that theorem are weaker but less easily verifiable than the
conditions (5.47) —(5.49) of Corollary 5.5, and the theorem does not provide the asymptotic

variance-covariance matrix. Therefore the two results are not directly comparable.

The power of Theorem 2.3 has been verified in Section 4 by an application to the linear
and nonlinear regression models. Another verification of this power can be obtained by an
application to the model with observations Y; with distributions from a natural exponential

family. In this special case the Lo, ,-estimators

DD ~ (tet: (0 4 a)), a€eR, (5.51)
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estimate a true value ¥y € R of the parameter of these distributions and Y is the MLE. The
estimators (5.51) are special cases of estimators (5.24) obtained for © = R and ¢(x,6) = 0,
so that ¢; = ¥y and ¢; = 1 in the formulas above. Consequently, in (5.33) and (5.35).

bila) = (Vo + 2c) — c(Fg) — 2aé(Vg + ) =: b(av),

bi(a) = c(9+ a) — () — ac(dy + o) =: b(a),
and in (5.37)

o2 (a) = @ [Z(0 + 2a) + (u(Po + 200) — (9o + a))?] =: o*().
Therefore (5.48) and (5.49) hold for
S, =% =0(a) (Z(¥y + a))?

and

D, = d =T (Y + a))?,
so that in (5.43) we have

65(1904—2&)—0(190)[1'(190 + 204) + (ILL(190 + 20() — /L(ﬁo + &))2]

1 1
O XPT = [ec(ﬂOJra)fc(ﬁo)I(ﬁO + a)]?

=s%(a).  (5.52)

The assumptions of Theorem 5.4 hold except the consistency which is clarified in the next

proposition where we assume T = R for simplicity.

Proposition 5.6 For every exponential family under consideration, the estimators H

defined by (5.51) are consistent, with values uniquely given by the formula

- Y eV
9@ _ 2 Vet eN 5.53
(0 + ) STV n €N, (5.53)

for u(t) = é(t) strictly increasing on R.

Proof: Let a € R and n € N be arbitrary fixed. By definition, 19,@ minimizes
Mo(9) = 37 oY = (), (5.54)
i=1

where p(t) is given by (5.8). If @ = 0 then the assertion is obvious. Suppose that « # 0.

Since p(t) is infinitely differentiable on R, we can consider the derivatives

My(9) = 25 M () = u(9) Zw(Yi — u(¥))

= D) e O Y= () e

i=1
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and

M, (9) = %Mn(ﬁ) = (V) Z¢<Yi — () + (i(9))* Z (9),

where

Z,(0) = Z
; —l—Ze (Yi—pu())

By (5.18), fu(¥) is the Fisher information Z(¢) > 0 for all ¥ € R. Therefore 9% given by
(5.53) is the only solution of the equation M, () = 0. Further,

Mo (D) = (Z5)* Za(97)
- (I(Qggla)>)2zeam—u(é&a>>) >0,
i=1

so that 0% is a unique local minimum of M, () on R. We shall prove the relation
M,(9) > M,(9'), 9eo, (5.55)

which implies that 9% is a unique global minimum of M, (9) on R, i.e. that the second half
of Proposition 5.6 is valid. By (5.54) and (5.8), for every ¢ € R,

M, (V) = ;2 (1 -T (ﬁ)iem)

=1

where

I,(0) = (1 + [u(ﬁ +a) — p(0@ + oa)]) au(+e)
Therefore (5.55) holds if

Lo(0) < T (0)) = emon @40 g e o,
Le if Ap(0) =p(d+a)— u(q%la) + «) satisfies the relation
1+ al,(¥) < e yeo.

This completes the proof of the second half of Proposition 5.6. The first part (consistency
of @%a)) follows, via the strict monotonicity and continuity of u(t), from the fact that, by

(5.53) and the law of large numbers,

p(9 + ) Lo+ a) asn — oo.
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By combining Proposition (5.6) with what has been said before, we obtain the following

result.

Proposition 5.7 Assume T = R for the exponential family (5.10). The estimators
(5.51) of a true parameter ¥y € R are explicitly given by formula (5.53). They are consistent

and asymptotically normal in the sense that, for all a« € R,
V(9 — 9y) £ N(0,s*(a)) asmn — oo, (5.56)

where s*(a) is given by (5.52).

The asymptotic normality result (5.56) was obtained from the theory of Section 2 under the

same generality as it can be obtained by a direct analysis of the concrete class of estimators

N ! Ve
0@ = ;7! (M —a, a€R (5.57)
" 2?21 e ’

None of the assumptions of this theory imposed a superfluous restriction on the model or

«. Again, this verifies in some sense that the general theory is strong enough to deal with

concrete situations.

In the rest of section we study the exponential Ly, ,-estimators of parameters of two well

known exponential families.

Example 5.8 Let the family (3.2) be standard normal with a location parameter 9 € R.

Then
2

v

1_9 = —
) ="
and the dominating measure v is the standard normal probability measure. By (5.57), the

(@) =9, IW) =1, 9eR, (5.58)

exponential Lo, ,-estimates are given by the formula

>y Yiet™
21 €

and, by (5.52) and (5.58), s*(a) = 1+ o?. By Proposition 5.7, the estimators (5.59) are

asymptotically normal with asymptotic mean 0 and asymptotic variances 1 + a?. If instead

D@ = —a, acR, (5.59)

of the standard normal law f(y|y) under consideration, the observations are governed by
(1 —¢) f(y|Yo) +€ f(y|do,0), 0<e<], (5.60)
where f(y|UJy, o) is a normal density with location 9y and scale o > 0, then

edoo(o — 1) exp {5 (Yoo + )? — 93]}

bWolev €) = (1 —e)exp{20pa} +eoexp {3 [(Yoo + )2~ %]}

is the asymptotic bias of I, By a suitable choice of @ # 0, this bias can be held at a
considerably lower levels over an a priori expected domain of ¥y than is the level due to the
MLE 9.
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Example 5.9 Let the family (3.2) be Poisson with a parameter ¢ = In A € R. Then
c(¥) = p(¥) =Z(W) =¢’, YeR, (5.61)

and the dominating measure v on R is finite and discrete,

V_Zk;l’

where 0y is the Dirac measure concentrating the mass 1 at the point £ € R. In this case, by

(5.57), the exponential Ly ,-estimates are given by the formula

R )% aY;
1955%) 21176 —a (5.62)
Zl 1eo¢Y
and, by (5.52) and (5.58),
s*(a) = exp {€”T(e* — 1) — o} [1+€”(e™ — 1)*] . (5.63)

Therefore, by Proposition 5.7, the estimators defined by (5.62) are asymptotically normal

with asymptotic mean 0 and asymptotic variances (5.63). This means that
vn <el§%a) — 6190> = eﬁo\/ﬁ (619"_190 — 1)
tends in law to
N (0,exp {e™t* (™) + 9o} [1 + €™ (e” — 1)7]),
i.e., that the exponential Ly, ,-estimators /A\%a) of Ao = €0 are asymptotically normal in the
sense
NG (xg;w - )\0> £ N (0, Agexp {Aoe®(e® — 1)} [1+ Ag(e* — 1)2]) .

If instead of the Poisson distribution F'(y|¢) under consideration the observations are dis-
tributed by

(1—¢)F(y|Y)+eGly), 0<e<l, (5.64)

where
D7y > 1)
k y
k=1
and ((s), s > 1, is the Riemann function, then the asymptotic bias of the MLE Q%LO) is infinite
for arbitrarily small . Indeed, if Y; are observations i.i.d. by (5.64) then

- Lk
BYi=(1—e)e +e((2) Y 5 =0
k=1

On the other hand, the asymptotic bias b(Jg|a, €) of every estimator D5 with o < 0 satisfies
the relation
lig)l b(Yo|la,e) =0  for every Uy € R.
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The results in the last two examples demonstrate that in the class of Ly ,-estimators one can
find more robust alternatives to the Lo-estimator (MLE). The price payed for the robustness

is a larger asymptotic variance when the observations are not contaminated.

6 Proof of Theorems 2.2 and 2.3

Unless otherwise explicitly stated, we consider in this section arbitrary model (1.1) and
M-estimator 6, ~ (1; ;) where 1 can be decomposed as the difference (2.1) of two non-
decreasing functions ¥* and 1»~. We suppose for simplicity that both these functions are
right-continuous. Then also their sum ¢* introduced in (2.2) and ¢ itself are right con-
tinuous. We shall formulate a series of auxiliary statements leading to the proofs of the
Theorems 2.2 and 2.3. All statements refer to the concepts and conditions introduced in
Sections 1 and 2. Most of these statements are technical but some of them are interesting

also from the statistical point of view.

If £ : R — R is nondecreasing and right continuous then there exists unique measure j¢ on
the Borel subsets of R associated with £ and satisfying relation u(a,b]) = £(b) — &(a) for
all real numbers a < b. If ¢ : R — R is measurable then the Lebesgue-Stieltjes integral is
defined as the Lebesgue integral for the associated measure, e. g.
(s)d&(s) = | o(s) pe(ds).
(a,b] (a,b]
If  is another monotone right continuous function then the bivariate Lebesgue-Stieltjes

integral

(s, 1) d§(s) dn(t) (6.1)

(a,b]2
can be defined by means of the associated measure 11 @y, on the Borel subsets of R? = R x R.
For locally bounded functions ¢(s) (e.g. for linear combinations of monotone functions), and
for differences £(s) = £7(s) — & () of two nondecreasing right-continuous functions, one can

define the Lebesgue-Stieltjes integral

(s) d€(s) = (s)d€™(s) — (s) dg™(s).

(a,b] (a,b] (a,b]
If n =n" —n~ is a similar difference then one can similarly extend the bivariate Lebesgue—

Stieltjes integrals (6.1). Using the bounded measurable function
os,t)=Ia<t<b)Ila<s<t)=Ia<s<b(s<t<b)

defined by means of the indicator function /(-), and employing equalities of the type

/[(a < s <t)d(s) =&(t) — &(a),



On +/n—Consistency and Asymptotic Normality of . .. 39

one obtains from the Fubini theorem the per partes rule
/( }77(8) d(s) + ( 15(8—) dn(s) = &(b) n(b) — &(a) n(a) (6.2)
a,b a,b

for Lebesgue—Stieltjes integrals. In this rule, {(s—) denotes the left continuous version of
§(s).

Our first statement is concerning the criterion function p satisfying according to (1.7) for all
y € R the relation

p(y) = p(0) + Y(s)ds. (6.3)

(0,y]

Proposition 6.1 For all y, t € R holds the generalized Taylor formula

py+1t) =ply) +¥(y)t + R(y,t) (6.4)

where the remainder is

Y+t
Rpt) = [ (gt = 9)du(s) (65)
v
Proof: By (1.7) and the per partes rule (6.2),
ply+1)—ply) = / b(s)ds
(v:y+i]

_ ¢<y>t+/( )

(]
By applying the generalized Taylor formula (6.4) in (1.3) we obtain
M,(0) — M,(0,) = — Z (Y — i(0)) — p(Yi — ¢i(6h))]
- _Z¢ )b+ — ZRX,,tk) (6.6)

where X; = Y; — p;(6p) and t; = ¢;(0) — ¢;(0y). The first sum in the last row is linear in
t;. Therefore we are interested in the behavior of the expected remainders ER(X;,t) in a
neighborhood of ¢t = 0.

Proposition 6.2 Let the reqularity condition (R3) hold and let X; = Y; — p;(6y). Then
the expectations ER(X;,t) are locally quadratic in the sense that, for the functions h; :
(—70,70) — R introduced in (R3) and all 0 < 7 < 79

sup [ER(X;, t) — hi(0) =| < Ew(hi,T). (6.7)

jt]<r 2
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Proof: Consider t € (—7, 7). If (R3) holds then, by the Fubini theorem and (6.4),
t
0

_ /Ot A(s) — Hi(0)]ds

|H,
= /Ot /0 hi(uw)duds = /Ot(t—u)hi(u)du
— /Ot(t —u)h;i(0)du + /Ot(t — w)[hi(u) — hi(0)]du.

The rest is clear from here and from the definition of w(h;, 7). O

The next result estimates fluctuations of the remainders R(X;,t) around E R(X;, ).

Proposition 6.3 If the regularity condition (R4+) holds then for 7y, q and k considered
in (Rd+), and for X; =Y; — p;i(6p) and all 0 < 7 < 79,

n

1
sup — Z Esup(R(X;, 1)) < k7. (6.8)

neN T =1 T

Proof: Let y € R be arbitrary fixed. By substitution y 4 ¢ +— ¢ and the convention (1.8),

it follows from (6.5)

R(y,w:/(oﬂ(t—s)dwsw):/ 1t — sl dib(s + )

(¢t ]

where t~ = min{0, ¢} and t* = max{0,¢}. Hence for every t € R

Aol = |[ s = [ sl

IA

’/ [t —s|dy®(y +5s)| (cf. 2.2)
(ttF]

< [ty +tT) — oty —t7)]
<t [ty + [E) — vy — )] -

Consequently,
sup (R(y. 1)) < £ [1*(y +7) - vy = )]
tI<t
and (6.8) follows from (R4+). O

Next follows an important technical result which is sharper than a similar result in [21]

and which is proved by a different method. Consider closed balls B, C R™ of diameters



On +/n—Consistency and Asymptotic Normality of . .. 41

0 <y <9,0 < oo, centered at 0 € R™, and a sequence Si(u), Sa(u),... of continuous
independent zero-mean random processes (S;(u) : u € Bys) with S1(0) = 5(0) = --- = 0.

For given 0 < v < 6 and n € N, we shall estimate the expected modulus of continuity

% Z Si(u)

of the normalized sum at u = 0. A useful estimate will be obtained by means of the theory

Qn(y) = E sup

u€ By

(6.9)

of empirical processes, in particular by the results in Chapter 2 of [30]. We suppose that for

some 0 > 0
|S;(u) — S;(u)] < Ajjlu—ul forall uw,ue Bs, i €N, (6.10)
and
Lo 1/2
sup E L2 <o for L,= (=) A} 6.11
LS (1) an
Set

1/2
(y) = su S?(u .
= [r X )
Proposition 6.4 Suppose that Si(u), Sy(n), ... are continuous , independent zero-mean
stochastic processes continuous on Bs with S;(0) = 0. If the condition (6.10) and (6.11) hold

then there ezists a universal constants K and k(d) such that for v <6

1 < 2T (7)
Esup |—= ) Si(u)| <HE {LnF (d, )1 (6.12)
<y [ VT ; 0Ly
and
1 n
E sup |— s(u)| < 6T (d,2)EL, (6.13)
hjj<s [ V= Z
where

I(d,s) = 2K /0 /() dt.

For every 0 < a < 1 there ezists a constant C(«, d) such that

E sup \/_ ZS < O(a, d)y*T*(d,v)ELL ™. (6.14)

[l <y

Proof: Suppose ¢4, ...,&, are independent binary random variables taking on the values 1
and —1 with equal probability 1/2. Assume that for n = 1,2, ... the set A,, C R" is bounded

with respect to the Euclidean distance ||-||, on R™. Denote by N(g, 4,,) the minimal number
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of balls of radius £ > 0 covering A,. Then by Corollary 2.2.8 in [30] there is a universal

constant K such that
< K/ \/InN (%,An>ds. (6.15)
0
1
. S;(u)

The symmetrization Lemma 2.3.6 of [30] yields
1 n
> s — ) Si(w)s; ) (6.16)
Vi Vi

where the 4, ...,&, are independent Bernoulli variables which are independent of the pro-
cesses S1(u), ..., 9,(u) and take on the values 1 and —1 with probability 1/2. The symbol

E. denotes the expectation w.r.t. £q,...,&,. To estimate the right hand term we suppose

n
E ;&5

=1

E sup
(at,...,an)EAR

n

E sup

lal|<vy

<E (EE sup

[laf|<y

that the processes Si(u), ..., S, (u) and random variables ¢y, ..., &, are defined on a product
space, say (€21 X g, F1 ® §2,P1 X Py) where the processes depend on w; € €2y and the binary

variables depend on wy € 2. Fix wy € ; and introduce

1 1
A,m(wl) = {%5101,&}1)7 ey %Sn(u, wl),u € B,y} - R™.

For fixed w; we estimate the entropy number appearing in (6.15). The Lipschitz condition
(6.10) implies that for every e-net for B, there is an L,e—net for A, ,(w;). For v < ¢ the
entropy number of B, does not exceed x(d)(2)? where x(d) is a constant depending on d

only. As the diameter of A, ., does not exceed, 2I', () we have

714 d <
N (5 Any) < w(d) [ LT for e < 4Tu(y) (6.17)
20 1 for e > 4T, ()
and
" ATy () 2L d
E sup a;g;|l < K/ In |x(d) < ”7) de
(al 7777 an)EAn 5| i=1 0 19

2T (v)/(6Ln)
— KL, / T (e(d))]dt.
0

To complete the proof we set

I(d,s) = 2K /O /(@) dt,

and obtain (6.12). To prove (6.13) it suffices to observe that the assumption (6.10) yields
I (v)/(0L,) < 1. Using the inequality

l—«

Inx <

for z>land0<a<1
11—«
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we find a constant C'(d, ) such that

2K /0 /Il @]dt < C(d, )5,

which proves the statement (6.14). O

In the next proposition we assume that the adaptation condition (2.3) and the regularity
conditions (R1), (R2) and (R4) hold. We introduce the local parameter

UZQ—QQGBgz{UERmI||u||S5}

where ¢ > 0 is the same as in the definition (2.7) of the ball B in (R2). In the proposition
we study the zero-mean version D, (u) — E D,,(u) of the random process (D,(u) : u € By)
defined by

Dy (u) = Vn (M, (0o + 1) — M, (6h)) . (6.18)

To simplify formulas we use the notations

PYi = %’(90), fi(u) = 901'(90 + u) -, Xi=Yi—pi, ¢©i= @i(eo)- (6-19)

By (1.3) and (6.4),

where we put for simplicity
Ri(u) = R(X;,&(n)), ue Bs.

It follows that
D, (u) = L,(u) + D,(u) + R,(u), u € By,

where the linear term L£,,, deviation D,, and remainder R,, are given by
1 n
Ln(u) = —=) ¥(Xi)(gn), (6.20)
1 n
Du(u) = —= > ¢(Xi)[&(a) — ¢iul,

Ra(u) — \/iﬁ > R
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Since 6, is adapted, (2.3) implies E£,,(u) = ED,(u) = 0, so that

D,(u) —ED,(u) = L,(u) + D,(u) + S, (u), (6.21)
where .
S,(u) = % Z S;(u) for S;(u) = R;(u) — ER;(u). (6.22)

Proposition 6.5 Let B, be a zero centered ball of radius v and let the adaption condi-
tion (2.3) and the reqularity conditions (R1), (R2) and (R4) hold. Then for every 0 < oo < 1
and the above considered processes L,(u), D,(u), S,(u) defined on By there exist constants

o, C1, Co such that, for alln € N,

Esup [£,(u)| <cpyy if 0<vy <4, (6.23)
ueB,

Esup [D,(u)| <cy? if 0<y<6, (6.24)
ucB,

E sup [Sp(u)| <coy if 0<y <4 (6.25)
ucB,

If in addition (R44) holds then for every 0 < a < 1 there exist a constants c3 and q¢ > 0
such that, for alln € N,

E sup |S,(u)| < esy'te9? if 0 <y <.
ueb,

Proof: The regularity condition (2.8) implies
|i(0o + 1) = @i(bo)] < Aflufl <Ay for v <6 (6.26)

and
%wwﬁn—%ww—ﬁuzé@m%+mn—@wwww (6.27)

Hence by the Lipschitz continuity of ¢; required in (2.9)

1
’%WWHQ—%—¢ﬁ|§\NWAAWMMS
A

= 3 [all®. (6.28)
By the definition of £,,(u), for every v < §
1 n
E sup [£,(u)] <~E||— X)) ol
sup [La(u)] < ﬁ;w )@
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By assumption (2.3) we have Ey)(X;) = 0. Hence it follows from the independence of X; that

2 n
<E ) < = 3"l BV X,
=1

We see from (3.10) and (2.5) that (6.23) holds for ¢y = vV AC, where A is the constant figuring
in (3.10) and C' is the supremum in (2.5). Similarly, by the definition of D, (u) and (6.28),

%ZMXM

(E sup an<u>|) <X Z E(4(X))

uehB,

To prove (6.25) we shall apply Proposition 6.4. The independent zero-mean processes (S;(u) :
u € B,), i € N, satisfy all assumptions of Proposition 6.4. Indeed, since & (u) = ¢;(6y +
u) — ¢;, it holds S;(0) = 0. Using similar arguments as in the proof of Proposition 6.3 we
get that the modulus of the function

t—s|I(t™ <s<tT)—|t—s|/I(t <s<th)

is for every ¢,t € R bounded above by |t — ﬂ Therefore using similar arguments as in the

mentioned proof, we obtain that for all ¢, € (—7, 7)
|R(y,t) = R(y, )| < [t =] [0 (y+7) —v*(y —7)] .

It follows from here that the processes (R;(u) : u € B,) satisfy for all u,u € B, the

inequalities
|Ri(w) — R;(0)| < [05(Xs — i +7) — 5 (X — s — )] [&(u) — &()]
where
7 =7i(u,u) = max {|§; ()], |& ()]}
We get from (6.26) 7;(u, 1) < Ad, so that the monotonicity of 1+ implies
|Ri(u) — Ri(w)] < Zi|&(a) — &(u)

_ 7 /0 (910 + T + s(u — )] [u — ds

where
Zi = wi(Xi — pi + Adp) — I/Ji(Xi —©; — Adp).

Hence by (6.10)
|Ri(w) — Ri(w)| < AZ;[Ju —ul|.

Thus the zero-mean versions S;(u) = R;(u) — E R;(u) satisfy the inequalities

1S;(u) — S;(W)| < Zi|ju—1| where Z; = \Z + AEZ;.
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Note that
E(Z;)? < 4ANE(Z)?. (6.29)

The statement (6.25) now follows from (6.13) with
- 1/2 - 1/2
_ 72 2 [+ 2
EL, = supE (E ;(ZZ) ) < 2\ <n 2 EZ )
because (R4) guarantees that the right-hand terms are bouded by a constant. O]

In the following result we use the above considered ball B;, and also similar balls B, centered
at 0 € R™ with arbitrary v > 0.

Proposition 6.6 (van der Vaart and Wellner). Let 6, be consistent. If there exist
constants 0 < 69 < 6 and k1, ko > 0 such that

1
lim inf uiEIjlgféO (% ED,(u) — /<a1||u||2> >0 (6.30)
and
limsup E sup [D,(u) — ED,(u)| < koy  forall 0<vy < d (6.31)
n—0o0 u€ By

then the estimator 0, under consideration is \/n-consistent in the sense of (1.11).

Proof: See Theorem 3.2.5 of [30]. O

Proposition 6.7 Let the estimator satisfy the adaption condition 2.3, the reqularity
conditions (R2)-(R4) and the condition (2.14) of Theorem (2.3). Then for every u € B and
the matriz ®,, defined in (2.14),

< (A0)° zn:w(hi,/\é), (6.32)

2n 4
=1

1 1

where X is the constant from the regqularity condition (2.9). Furthermore, (6.30) holds for

sup
ucBgs

some oy and some k1 > 0.

Proof: By (6.21),

%ED Zh

where [|&;(u)]| < Ad. Relation (6.32) follows from here and from Proposition 6.2. To complete
the proof we note that by (6.28) and (a — b)? < 2a* + 20? it holds

£ = @) - 5 (5l )

)= 3 [ERO - b s(w) - prOE W),

i=1

SIH
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Proof of Theorem 2.2 Clear from Propositions 6.5-6.7. 0]

Introduce
Dy(v) =VnDn(v/vn), Ln(v)=vnL,(v/yvn)
and, similarly, also D, (v), Ry (v) and S, (v) = R (v)—ER,(v), for v € B, and all sufficiently

large n.

Proposition 6.8 If all assumptions of Proposition 6.5 hold then for every closed ball

B,
lim E sup |D,(v)| = lim E sup |S,(v)| = 0. (6.33)
n—0oo  yeB, n—oo  yeB,
Consequently,
sup |Dy(v) — E Dy (v) — Lo(V) 20 as n— oo (6.34)
vEB,

Proof: By Proposition 6.5, for all » > 0
- r o\ 2 " ” 1+aq/2
Esup D, (V)| <vVne | — and E sup |S, (V)| < vVne | — .
sup (D, < Ve (=) sup 15,0 < Ve (2

6.33) is clear from here. O
(6.33)

In the following lemma we consider
Z=(Zy,....,Z,) ~N(0,%), (6.35)
where ¥ is the matrix defined by (2.13).

Proposition 6.9 If the assumptions of Theorem 2.3 hold then for every r > 0, the

distribution of the process (L, (v) : v € B,.) tends weakly to the distribution of (V'Z : v € B,.).

Proof: For a fixed v € B,, v'¥, v is the variance of the vector En(v), where Y, is defined
in (2.13). By (2.17),

L,(v) 5 NO,vEV) as n— .

The stated convergence follows from the fact that £, (v) is linear in v. O

In the next lemma and its proof, we consider the matrices ® and ®,, defined in (2.14) and
the random vector Z defined by (6.35).

Proposition 6.10 If the assumptions of Proposition 6.7 hold then for every closed ball

B,

~ 1
lim sup [ED,(v) — =v'®v| =0 (6.36)

n—00 VGBT 2
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and the process

~ 1

D(v) = 5 vVidv—v'Z, veR™, (6.37)
is minimized at the unique ®~1Z, i.e.

®~1Z = arg minyegm D(v). (6.38)

Proof: By Proposition 6.7, for every B, under consideration

sup [E D, (v) — %V'CI)”V < (Ar)” Zw(hi,r/\/ﬁ)

VEBT 2n i=1

and, by (2.12), the right hand side tends to zero as n — oo. The relation (6.37) follows from

the easily verifiable formula
~ 1
D(v) =5 ||®*v — o712 Z|| - 2’02,

where ®!/2 is the symmetric root of the matrix ®. O

Proof of Theorem 2.3. Define a random sequence
Vo =0, —b,), neN.

By definition of D, (v), for each n € N,

V, = argmin D,(v). (6.39)

veR™

By Propsition 6.7, §n is y/n-consistent, so that the sequence of distributions of v, is tight. By
(6.34) and (6.36), for every closed ball B,, the distribution of the process (D,(v) : v € B,)

converges weakly to the distribution of (D(v) : v € B,) defined by (6.37) and satisfying
(6.38). By the argmaz continuous mapping Theorem 3.2.2 of [30], this implies

by 5 ®1Z = N(0,07'S®) as n — oo,

which proves (1.12) and (2.18). O
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