On a nice embedding and the Ascoli theorem

René Bartsch (Rostock)

Abstract Besides some remarks on hit-and-miss hyperspaces and (relative) compactness of unions of (relative) compact sets, and using these together with a natural map from a function space between topological spaces into a function space between their Vietoris hyperspaces, we derive Ascoli-like theorems for some set-open topologies, nearly related to the compact-open, and mainly for the compact-open topology itself. Some Ascoli-like statements are given, where all requirements are focused on the set of functions, whose (relative) compactness is in question, not on the base spaces.

MSC: 54C35; 54D30, 54C05, 54C25, 54C60

1 Introduction

As general references to topological function spaces, the book of H. Poppe, [28], is recommended, as well as the book of R.A. McCoy and I. Ntantu, [13]. A really good overview, including historical aspects, is given by S. Naimpally in [19].

In the very interesting paper [16], Mizokami proved, that for Hausdorff topological spaces (X, τ), (Y, σ) the function space C(X, Y ), endowed with the compactopen topology τ_{co}, is isomorphic to a closed subspace of the function space C(K(X), K(Y )), endowed with the pointwise topology τ_p, where the families K(X), K(Y ) of compact sets are equipped with Vietoris topology. Inspired from this and the fundamental investigations of Poppe ([22], [24], [28]), we will try to find out here, what can be done, in order to derive Ascoli-like theorems, with the map, that Mizokami used.

We denote by F(X), F_0(X), F(φ), F_0(φ) the families of all filters on a set X, all ultrafilters on X, all refining filters of a filter φ and all refining ultrafilters of φ, respectively. A filter is not allowed to contain the empty set ∅. P(X) denotes the power set of the set X, P_0(X) means the power set without the empty set. By^.x we denote the singleton filter generated from the base {{x}}. For a topological space (X, τ) we denote by q_τ the convergence on X induced by τ, i.e. the relation q_τ := {(φ, x) ∈ F(X) × X| φ ⊇^.x ∩ τ} between the filters on X and the points of X.

Besides the absolutely basic facts concerning filters and ultrafilters, we will use here a fact, that is not commonly stated explicitly, although it seems to be sometimes explored, implicitly. So, we prove it here, for convenience.

1.1 Lemma (Content Detector) Let X be a set, A ⊆ P(X) and φ ∈ F(X). Assume, A is closed under finite unions of its elements. Then holds

φ ∩ A ≠ ∅ ⇐⇒ ∀ψ ∈ F_0(φ) : ψ ∩ A ≠ ∅ ,

i.e. a filter contains an A–set, iff each refining ultrafilter contains an A–set.

Proof: Suppose ∀ψ ∈ F_0(φ) : ∃A_ψ ∈ A : A_ψ ∈ ψ. Now, assume φ ∩ A = ∅. From this automatically follows X ∉ A.

Consider B := {X \ A| A ∈ A}. Because of the closedness of A under finite unions, B is closed under finite intersection of its elements, and ∅ ∉ B, because X ∉ A. For any F ∈ φ, B ∈ B we have F ∩ B ≠ ∅, because F ∩ B = ∅ would imply F ⊆ X \ B ∈ A and therefore φ ∩ A ≠ ∅. So, φ ∪ B is a subbase of a filter and consequently, there exists an ultrafilter ψ, containing φ ∪ B, therefore containing φ and the complement of every A–set - in contradiction to ∀ψ ∈ F_0(φ) : ψ∩A ≠ ∅. The other direction of the lemma’s statement is obvious.

2 Some remarks on hit-and-miss hyperspaces

Let (X, τ) be a topological space. By Cl(X) and K(X) we denote the family of all closed subsets and the set of all compact subsets of X, respectively. For B ∈ P(X) and A ⊆ P(X) we define B^{−A} := {A ∈ A|A ∩ B ≠ ∅} (hit–set) and B^{+A} := {A ∈ A|A ∩ B = ∅} (miss–set). Please note, that this is a deviation from the otherwise and recently quite commonly used notation, where the same set would be denoted by ”(X \B)^+”. By τ_{l,A} we denote the topology for A, generated by the subbase of all G^{−A} , G ∈ τ. Now consider ∅ ≠ α ⊆ P(X); by τ_{α,A} we denote the topology for A which is generated from the subbase of all B^{+A} , B ∈ α and G^{−A} , G ∈ τ. Of course, for every possible α we have τ_{l,A} ⊆ τ_{α,A}; for α = Cl(X) we get the Vietoris topology and for α = K(X) we get the Fell topology for A. If α = Δ ⊆ Cl(X), τ_{α,A} is called Δ–topology^1 by Beer and Tamaki [5].

If X is a set, τ, A are subsets of P(X), then we call A weakly complementary w.r.t. τ, iff for every subset σ ⊆ τ there exists a subset B ⊆ A, s.t. ⋃ B∈B B = X \ ⋃ S∈σ S. Obviously, if τ is a topology on X, then Cl(X) and K(X) are weakly complementary w.r.t. τ. Now, we ask for the reader’s attention for a not even surprising, but quite useful set-theoretical lemma.

1Research on such topologies was initiated by H. Poppe in 1965, see [22],[24].

2.1 Lemma (Covering Equivalence) Let X be a set, τ, A ⊆ P(X) and K ⊆ X. Then holds ⋃ i∈I G_i ⊇ K =⇒ ⋃ i∈I G^{−A}_i ⊇ K^{−A} for every collection G_i, i ∈ I, G_i ∈ τ.

If A is weakly complementary w.r.t. τ, then for every collection G_i, i ∈ I, G_i ∈ τ the implication ⋃ i∈I G_i ⊇ K ⇐= ⋃ i∈I G^{−A}_i ⊇ K^{−A} holds, too.

2.2 Corollary Let X be a set, τ, A ⊆ P(X) and K ⊆ X. Then holds ⋃ i∈I G_i ⊇ K ⇐⇒ ⋃ i∈I G^{−A}_i ⊇ K^{−A} for every collection G_i, i ∈ I, G_i ∈ τ if and only if A is weakly complementary w.r.t. τ.

2.3 Lemma Let (X, τ) be a topological space and let A ⊆ P(X) be weakly complementary w.r.t. τ. If A_0 := A \ {∅} is compact in τ_{l,A0} , then (X, τ) is compact.

2.4 Definition Let (X, τ) be a topological space. A subset A ⊆ X is called weak relative complete in X, iff ∀φ ∈ F(A) ∩ q^{−1}_τ (X) : F(φ) ∩ q^{−1}_τ (A) ≠ ∅ ,

i.e. every filter φ on A, which converges in X, has a refinement, converging in A.

As another characterization, it follows immediately, that a subset A is weak relative complete in X, iff every ultrafilter on A, which converges in X, converges in A, too. Every closed and every compact subset is weak relative complete; for Hausdorff-spaces, weak relative completeness coincides with closedness. Every weak relative complete subset of a compact space is compact.

2.5 Theorem Let (X, τ) be a topological space, and let α ⊆ P(X) consist of weak relative complete subsets of X. Then holds for any A with Cl(X) ⊆ A ⊆ P(X): (A_0, τ_{α,A0} ) is compact ⇐⇒ (X, τ) is compact.

Most of the well-known theorems for compactness w.r.t. the Fell– or the Vietoris– topology follow immediately from this. For some more explanation, especially for proofs of the foregoing statements, see [3].

2.6 Lemma Let (X, τ) be a topological space, A ⊆ P_0(X) with Cl(X) ⊆ A and α ⊆ Cl(X). If R ⊆ X is relative compact in X, then P_0(R)∩A is relative compact^2 in (A, τ_α).

Proof: Let B := {O^{−A}_i | i ∈ I, O_i ∈ τ} ∪ {C^{+A}_j | j ∈ J, C_j ∈ α} be an open cover of A by subbase elements of τ_α. Let O := ⋃ i∈I O_i. If O = X, then there exist finitely many i_1, ..., i_n ∈ I with ⋃_n k=1 O_{ik} ⊇ R, because R is relative compact, and thus ⋃_n k=1 O^{−A}_{ik} ⊇ R^{−A} ⊇ P_0(R) ∩ A, by lemma 2.1.

If O ≠ X, then X \ O is nonempty and closed, but not contained in the O^{−A}_i -sets from B. Thus, there must exist a j_0 ∈ J with X \ O ∈ C^{+A}_{j0} , implying C_{j0} ⊆ O. Now, we have P_0(R) ∩ A = (P_0(R) ∩ C^{+A}_{j0} ) ∪ (P_0(R) ∩ C^{−A}_{j0} ), and, of course, P_0(R) ∩ C^{+A}_{j0} is covered just by C^{+A}_{j0} ∈ B. So, we have to find a finite subcover for (P_0(R) ∩ C^{−A}_{j0} ), if this is not empty. Observe, that R ∩ C_{j0} is relative compact in X, because it is a subset of R. Furthermore, {O_i| i ∈ I} ∪ {X \ C_{j0} } is an open cover of X. Thus we find again finitely many i_1, .., i_n ∈ I, s.t. ⋃_n k=1 O_{ik} ⊇ R ∩C_{j0} (because X \ C_{j0} can be removed from any cover of R ∩ C_{j0} without to lose the covering property). Therefore ⋃_n k=1 O^{−A}_{ik} ⊇ (R ∩ C_{j0} )^{−A} , by lemma 2.1. But P_0(R) ∩ C^{−A}_{j0} ⊆ (R ∩ C_{j0} )^{−A} holds, because any subset of R, which hits C_{j0} , automatically hits R ∩ C_{j0} .

2.7 Proposition Let X be a set, X ⊆ P(X) and M ⊆ X. Then holds ⋃ i∈I C^{+X}_i ⊇ M =⇒ ⋃ i∈I C^c_i ⊇ ⋃ M∈M M for every collection C_i, i ∈ I.

Proof: For every M ∈ M there must exist an i_M ∈ I with M ∈ C^{+X}_{iM} , because of ⋃ i∈I C^{+X}_i ⊇ M. Thus M ⊆ C^c_{iM} ⊆ ⋃ i∈I C^c_i . 2.8 Lemma Let (X, τ) be a topological space, let X be the family of all relative compact subsets of X and let M ⊆ X be relative compact in X w.r.t. the upper Vietoris topology. Then R := ⋃ M∈M M is relative compact in (X, τ).

2According to [2], a subset R of a topological space (X, τ) is called relative compact in X, iff every ultrafilter on R converges in X, or equivalently, iff every open cover of X admits a finite subcover of R. Note, that this doesn’t imply the compactness of the closure of R. See [2], [28].

Proof: Let ⋃ i∈I O_i ⊇ X with O_i ∈ τ, i ∈ I an open cover of X. Because of the relative compactness of all P ∈ X, there is a finite subcover O_i1_P , ..., O_i^nP_P for every P ∈ X, i.e. O_P := ⋃_{nP} k=1 O_ik_P ⊇ M. Of course, O_P ∈ τ and so (O_P )^c is closed w.r.t. τ. Furthermore, P ∩ O^c_P = ∅, implying P ∈ (O^c_P )^{+X} . Thus we have X ⊆ ⋃ P ∈X(O c P )^{+X} , where the (O^c_P )^{+X} are just open w.r.t. the upper–Vietoris topology. Because of the relative compactness of M w.r.t. the upper–Vietoris topology, there must exist finitely many P_1, ..., P_n ∈ X with M ⊆ ⋃_n j=1(O^c_{Pj} )^{+X} .

Now, from proposition 2.7 we get R = ⋃ M∈M M ⊆ ⋃_n j=1 O_{Pj} , where every O_{Pj} is a finite union of members of the original cover {O_i|i ∈ I} by construction.

2.9 Corollary Let (X, τ) be a topological space and let M ⊆ P_0(X) consist of relative compact subsets of X. If M is compact w.r.t. the upper–Vietoris topology, then

R := ⋃ M∈M M

is relative compact in (X, τ).

Proof: M is compact and therefore relative compact in every set, which contains M, especially in the family of all relative compact subsets of X. So, lemma 2.8 applies.

For the Vietoris-topology on any A ⊆ P_0(Z) for a topological space Z we will, from now on, use the base consisting of all sets < O_1, ..., O_n >_A:= A ∩ {M ∈ P_0(Z)| n ∈ IN, M ⊆ n⋃ i=1 O_i, ∀i : M ∩ O_i ≠ ∅}

with open subsets O_i. If there seems to be no doubt, the index A will be omitted from < O_1, ..., O_n >. 3 Function Spaces

A very interesting and fairly wide class of function space structures, defined for Y^X or C(X, Y ), are the so called set–open topologies, examined in [1], [28]. According to [28], we use the following convention: Let X and Y be sets and A ⊆ X, B ⊆ Y ; then let be (A, B) := {f ∈ Y^X | f(A) ⊆ B}. Now let X be a set, (Y, σ) a topological space and A ⊆ P_0(X). Then the topology τ_A on Y^X (resp. C(X, Y )), which is defined by the open subbase {(A, W )| A ∈ A, W ∈ σ} is called the set–open topology, generated by A, or shortly the A–open topology.

3.1 Proposition Let X be a set, (Y, σ) a topological space and A ⊆ P_0(X), F ∈ F(Y^X ), f ∈ Y^X . Then holds (F, f) ∈ q_{τA} if and only if for all filters φ on X with a base consisting of A-members, holds F(φ) ⊇ f(φ) ∩ σ.

Proof: Let (F, f) ∈ q_{τA} and φ ∈ F(X) with a base of A-members be given. Then for any W ∈ σ ∩ f(φ), there is an A ∈ A, such that f(A) ⊆ W . This means f ∈ (A, W ) ∈ τ_A, implying (A, W ) ∈ F by F^{τA}−→ f. So, we have W ⊇ ω(A, (A, W )) ∈ F(φ). If for all filters with a base in A holds F(φ) ⊇ f(φ) ∩ σ, then we may chose the principal filters [A] with A ∈ A for φ to get F(A) ⊆ W for all W ∈ σ ∩ f(A), implying (A, W ) ∈ F for any A ∈ A, W ∈ σ.

Let (X, τ), (Y, σ) be topological spaces and A ⊆ P(X). By C_Y (A) we denote the set C_Y (A) := {f(A)| A ∈ A, f ∈ C(X, Y )} of all continuous images in Y of members of A.

We can naturally map the set Y^X , into the set P(Y )^A:

μ : Y^X → P(Y )^A : f → μ(f) : ∀A ∈ A : μ(f)(A) = f(A)

3.2 Proposition Let (X, τ), (Y, σ) be topological spaces and A ⊆ P_0(X). If the function f : X → Y is continuous, then the function μ(f) : A → P_0(Y ) is continuous w.r.t. the Vietoris-topologies on A and P_0(Y ).

If μ(f) is continuous and A is closed under finite unions and has the properties

(1) ∀V ∈ σ, x ∈ f^{−1}(V ) : ∃A_x ∈ A : x ∈ A_x ⊆ f^{−1}(V ) and

(2) ∀O ∈ τ : ∃B ⊆ A : ⋃ B∈B B = O, then f is continuous, too.

Proof: Let < V_1, ..., V_n > be an open base set of σ_V with all V_i ∈ σ. Then we have A ∈ μ(f)^{−1}(< V_1, ..., V_n >) ⇔ A ∈ A ∧ f(A) ∈< V_1, ..., V_n >⇔ A ∈ A ∧ f(A) ⊆ ⋃_n i=1 V_i ∧ ∀i : f(A) ∩ V_i ≠ ∅ ⇔ A ∈ A ∧ A ⊆ ⋃_n i=1 f^{−1}(V_i) ∧ ∀i :

A ∩ f^{−1}(V_i) ≠ ∅ ⇔ A ∈< f^{−1}(V_1), ..., f^{−1}(V_n) >_A. Thus μ(f)^{−1}(< V_1, ..., V_n > ) =< f^{−1}(V_1), ..., f^{−1}(V_n) > is an open base set of τ_V on A, because all f^{−1}(V_i) are open by the continuity of f.

Let A have the mentioned properties, μ(f) be continuous and V ∈ σ. Then (μ(f))^{−1}(< V >) is open in τ_V , i.e. ∀A ∈ (μ(f))^{−1}(< V >) : ∃U_1(A), ..., U_{k(A)}(A) ∈ τ : A ∈< U_1(A), ..., U_{k(A)}(A) >⊆ (μ(f))^{−1}(< V >). Now, by (1) we find ∀x ∈ f^{−1}(V ) : ∃A_x ∈ A : x ∈ A_x ⊆ f^{−1}(V ), implying A_x ∈ (μ(f))^{−1}(< V >). Thus there are U_1(A_x), ..., U_{k(Ax)}(A_x) ∈ τ s.t. A_x ∈< U_1(A_x), ..., U_{k(Ax)}(A_x) >_A⊆ (μ(f))^{−1}(< V >), so by property (2) we get ∀i = 1, ..., k(A_x) : ∃B_i ⊆ A : ⋃ B_i =

U_i(A_x) and then we take C := { ⋃_{k(Ax)} i=1 B_i| A_i ∈ B_i} which is a subset of A by closedness under finite unions. Now, we have ⋃ C = ⋃ B = ⋃_{k(Ax)} i=1 U_i(A_x), so obviously C ⊆< U_1(A_x), ..., U_{k(Ax)}(A_x) >, which is contained in (μ(f))^{−1}(< V >), implying ∀C ∈ C : μ(f)(C) ⊆ V and therefore f( ⋃ C) = ⋃ μ(f)(C) ⊆ V , implying ⋃ C ⊆ f^{−1}(V ), so O_x := ⋃ C (= ⋃_{k(Ax)} i=1 ) is an open neighbourhood of x, contained in f^{−1}(V ). Taking these O_x for all x ∈ f^{−1}(V ), we find f^{−1}(V ) to be open.

If A is closed under finite unions and contains the singletons, then it has obviously all the properties required in the second part of the proposition. In any case, proposition 3.2 ensures, that the image of C(X, Y ) under the mapping μ is a subset of C(A, C_Y (A)), where A and C_Y (A) are equipped with Vietoris topology.

3.3 Proposition Let (X, τ), (Y, σ) be topological spaces, A ⊆ P_0(X) and let H ⊆ Y^X be endowed with τ_A. Then the map μ : H → μ(H) := {μ(f)| μ(f) : A → f(A), f ∈ H} ⊆ P_0(Y )^A is open, where A and P_0(Y ) are equipped with Vietoris topology and P_0(Y )^A with pointwise topology.

If H ⊆ C(X, Y ) and A has the property ∀O ∈ τ, A ∈ A : O ∩ A ≠ ∅ ⇒ ∃A_O ∈ A : A_O ⊆ A ∩ O , (1) then this map is continuous.

Proof: Let O := ⋂_n i=1(A_i, O_i) with A_i ∈ A, O_i ∈ σ be a basic open set of τ_A. Then holds f ∈ O ⇔ ∀i ∈ {1, ..., n} : f(A_i) ⊆ O_i ⇔ ∀i ∈ {1, ..., n} : μ(f)(A_i) ∈< O_i >⇔ μ(f) ∈ ⋂_n i=1({A_i}, < O_i >), yielding μ(O) = ⋂_n i=1({A_i}, < O_i >), which is a basic open set of the pointwise topology on μ(H). Let (F, f) ∈ q_{τA} , so by taking principal filters in proposition 3.1, we get

∀A ∈ A : F(A) ⊇ [f(A)] ∩ σ . (2)

Now, let A_0 ∈ A be given with f(A_0) ∈ < V_1, ..., V_n > for some V_1, ..., V_n ∈ σ. This means f(A_0) ⊆ V_0 := ⋃_n i=1 V_i and ∀i ∈ {1, ..., n} : f(A_0) ∩ V_i ≠ ∅, implying ∀i ∈ {1, ..., n} : ∃A_i ∈ A : A_i ⊆ A_0 ∩ f^{−1}(V_i), because of the required property of A and the continuity of f. Then from (2) follows ∀j ∈ {0, 1, ..., n} : ∃F_j ∈ F : F_j(A_j ) ⊆ V_j , just meaning ∀g ∈ F_j : g(A_j) ⊆ V_j , thus from A_j ⊆ A_0 we get ∀g ∈ F_j : g(A_0) ∩ V_j ≠ ∅ and especially for j = 0 we have F_0(A_0) ⊆ V_0. But then F := ⋂_n j=0 F_j is an element of F and fulfills μ(F )(A_0) ⊆< V_1, ..., V_n >.

This is valid for all basic open neighbourhoods of f(A_0), so μ(F)(A_0) converges to f(A_0) = μ(f)(A_0) w.r.t. σ_V – for all A_0 ∈ A, thus μ(F) converges pointwise to μ(f).

The property (1) is trivially fulfilled, if A contains the singletons. Moreover, in this case we don’t need to restrict the map to C(X, Y ), in order to prove its continuity.

3.4 Lemma Let (X, τ), (Y, σ) be topological spaces, let A ⊆ P_0(X) contain the singletons and H ⊆ Y^X be endowed with τ_A. Then the map μ : H → μ(H) := {μ(f)| μ(f) : A → f(A), f ∈ H} ⊆ P_0(Y )^A is open, continuous and bijective, where A and P_0(Y ) are equipped with Vietoris topology, and P_0(Y )^A with pointwise topology.

Proof: It’s easy to see, that it is bijective, because each function f from X to Y is uniquely determined by the images of μ(f) on the singletons. Proposition 3.3 says, that it is open and, as is easy to see, the proof of continuity in proposition 3.3 will work fine even without continuity of the τ_A-limit function f of the filter F, if we have in A all singletons, because the combination of property (1) and continuity of f is only needed to ensure the existence of the subsets A ∋ A_i ⊆ A_0 ∩ f^{−1}(V_i) for i = 1, ..., n, but now we can always take singletons {x_i} instead of these A_i.

We will call this map

μ : (Y^X , τ_A) → (μ(Y^X ), τ_p) ⊆ (P_0(Y )^A, τ_p) : f → μ(f) : A → f(A)

the Mizokami–map, where A and P_0(Y ) are endowed with Vietoris topology.

3.5 Proposition Let (X, τ), (Y, σ) be topological spaces and let A ⊆ P_0(X) contain the singletons. If F is a filter on Y^X s.t. μ(F)^p→ g ∈ P_0(Y )^A, where P_0(Y ) is equipped with Vietoris topology, then there exists g^′ ∈ Y^X , with ∀x ∈ X : g^′(x) ∈ g({x}) and F^p→ g^′.

Proof: μ(F)^p→ g especially means for each singleton {x} ⊆ X, that g({x}) ∈< V, Y > with V ∈ σ implies ∃F ∈ F : ∀f ∈ F : f(x) ∈ V . Now, g({x}) is never the empty set ∅, because this is not an element of our range space, so there exists a function g^′ : X → Y with g^′(x) ∈ g({x}) for all x ∈ X. But for arbitrary y_x ∈ g({x}) and V ∈^.y_x ∩ σ we find g({x}) ∈< V, Y >, and consequently V ∈ F(x). Thus F(x)^σ→ y_x and therefore F converges pointwise to g^′.

3.6 Definition Let (X, τ), (Y, σ) be topological spaces and A ⊆ P_0(X). A subset H ⊆ Y^X is called A-evenly continuous, iff for all A ∈ A holds ∀F ∈ F_0(H), φ ∈ F(A), x ∈ X : (F(x)^σ→ y) ∧ (φ^τ→ x) ⇒ F(φ)^σ→ y . H is called evenly continuous, iff it is {X}-evenly continuous. H is called evenly continuous on a subset K, iff the set of restricted functions H_{|K} := {f_{|K} : K → Y | f ∈ H} is evenly continuous.

3.7 Proposition Let (X, τ), (Y, σ) be topological spaces and H ⊆ C(X, Y ).

If H is {K}-evenly continuous for a subset K ⊆ X, then it is evenly continuous on K.

If Y Hausdorff, K a compact subset of X, and H evenly continuous on K, then it is {K}-evenly continuous.

Proof: The first statement follows trivially from the definition. So, let Y be Hausdorff, K compact and H be evenly continuous on K.

Furthermore, let F be a filter on H, x ∈ X, φ ∈ F(K) s.t. φ → x and F(x) → y ∈ Y . Now, we have for each refining ultrafilter φ_0 of φ, that it converges to x, too. But it must also converge to an element a ∈ K. Then for all continuous functions f follows f(φ_0) → f(a) and f(φ_0) → f(x), yielding f(a) = f(x), because of the Hausdorffness of Y . Thus F(a) = F(x), because all members of F consist of continuous functions. Consequently, F(a) → y, thus F(φ_0) → y, too, because H is evenly continuous on K. So, for an arbitrary V ∈^.y ∩ σ there must exist F ∈ F, P ∈ φ_0, s.t. F (P ) ⊆ V . Obviously, the family A_V := {A ⊆ X| ∃F ∈ F : F (A) ⊆ V } is closed under finite unions, because F is closed under finite intersections, and we have seen, that φ_0 ∩ A_V ≠ ∅ for every refining ultrafilter φ_0 of φ. So, lemma 1.1 applies, yielding φ ∩ A_V ≠ ∅. This is valid for all open neighbourhoods of y, implying F(φ) → y.

3.8 Proposition Let (X, τ), (Y, σ) be topological spaces, Y Hausdorff, and let H be a relative compact subset of C(X, Y ) w.r.t. the compact-open topology τ_{co}. Then H is evenly continuous on all compact subsets of X.

Proof: Let A ⊆ X be compact, φ ∈ F(A), a ∈ A and F ∈ F(H), s.t. F(a) → y ∈ Y and φ → a. Then each refining ultrafilter F_0 of F τ_{co}-converges to a continuous function g, because of the relative compactness of H in C(X, Y ). So, y = g(a) follows, because F_0(a) → y, F_0 converges especially pointwise to g and Y is Hausdorff. Moreover, g(φ) → y = g(a) ∈ g(A) holds, and g(A) is compact and therefore closed, because A is compact, thus g(A) is T_3, because Y is Hausdorff. Now, let V_0 ∈^.y ∩ σ, then there exists V_1 ∈ σ, s.t. y ∈ V_1 ∩ g(A) ⊆ V_1 ∩ g(A) ⊆ V_0 ∩ g(A). Furthermore, there exists P_1 ∈ φ, s.t. g(P_1) ⊆ V_1 ∩ g(A) ⊆ V_1 ∩ g(A) (remember, φ is a filter on A) and consequently g^{−1}(V_1 ∩ g(A)) ∈ φ and g^{−1}(V_1 ∩ g(A)) is closed in X, thus B := g^{−1}(V_1 ∩ g(A)) ∩ A is compact. But g(B) ⊆ V_1 ∩ g(A) ⊆ V_0 holds and F_0 converges w.r.t. τ_{co} to g, thus (B, V_0) ∈ F_0 and we have B ∈ φ, so V_0 ∈ F_0(φ) follows. Now, the family A_{V0} := {F ⊆ H| ∃P ∈ φ : F (P ) ⊆ V_0} is closed under finite unions of it’s members, because φ is closed under finite intersections, and we have seen, that every refining ultrafilter of F contains a member of A_{V0} . Thus, lemma 1.1 applies, yielding F ∩ A_{V0} ≠ ∅, and this is valid for every V_0 ∈^.y ∩ σ. So, F(φ) converges to y.

3.9 Lemma Let (X, τ), (Y, σ) be topological spaces, R ⊆ X a compact (resp. relative compact) subset and let H ⊆ C(X, Y ) be {R}-evenly continuous. Then holds: If for every ultrafilter on R among its convergence-points exists a point x ∈ R (resp. x ∈ X), s.t. the set H(x) := {f(x)| f ∈ H} is compact (resp. relative compact) in Y , then H(R) := {f(x)| f ∈ H, x ∈ R} is compact (relative compact) in Y , too.

Proof: Let ψ ∈ F_0(H(R)). We have ∀y ∈ H(R) : ∃x_y ∈ R, f_y ∈ H : y = f_y(x_y), thus there exists a map π : H(R) → R × H : π(y) = (x_y, f_y), f_y(x_y) = y. Now, π(ψ) is an ultrafilter on R×H and consequently π_1(π(ψ)) and π_2(π(ψ)) are ultrafilters on R and H, respectively, where π_1 : R×H → R and π_2 : R×H → H are the canonical projections. So, π_1(π(ψ)) converges to a point x_0 ∈ R (resp. x_0 ∈ X), s.t. H(x_0) is compact (resp. relative compact) in Y . Furthermore, π_2(π(ψ))(x_0) is an ultrafilter on H(x_0), thus it converges in H(x_0) ⊆ H(R) (resp. in Y ) to a point y_0. But then the {R}-even continuity of H implies that π_2(π(ψ))(π_1(π(ψ))) converges to y_0, too. But we have naturally π_2(π(ψ))(π_1(π(ψ))) ⊆ ψ, so ψ converges in H(R) (resp. in Y ).

3.10 Lemma (Essential Ascoli) Let (X, τ), (Y, σ) be topological spaces and A ⊆ P_0(X). Let H ⊆ C(X, Y ) and F be an ultrafilter on H, which converges pointwise to a function g ∈ C(X, Y ). Then hold:

(1) If A consists only of relative compact subsets of X, H is A-evenly continuous and the images of all members of A under g are closed in Y , then μ(F) converges pointwise to μ(g) in C(A, C_Y (A)).

(2) If A consists only of compact subsets of X and H is evenly continuous on all members of A, then μ(F) converges pointwise to μ(g) in C(A, C_Y (A)).

Proof: The continuity of μ(g) is ensured by proposition 3.2. Assume, μ(F) would not converge pointwise to μ(g). Then there are A ∈ A and V_1, ..., V_n ∈ σ such that g(A) ∈< V_1, ..., V_n >, but ∀F ∈ F : ∃f ∈ F : f(A) ∉< V_1, ..., V_n >. Thus, {f ∈ H| f(A) ∉ ⋃_n i=1 V_i} ∪ ⋃_n i=1{f ∈ H| f(A) ∩ V_i = ∅} is a member of F, because it’s complement is not. Because F is an ultrafilter, one of the unified sets above must itself belong to F.

Assume, it would F_i := {f ∈ H| f(A) ∩ V_i = ∅} ∈ F hold (1 ≤ i ≤ n). We have g(A) ∩ V_i ≠ ∅, implying ∃x_g ∈ A : g(x_g) ∈ V_i, so V_i is an open neighbourhood of g(x_g). Thus ∃F_g ∈ F : ∀f ∈ F_g : f(x_g) ∈ V_i, because of the pointwise convergence of F to g. But now F_g ∩ F_i = ∅ holds - a contradiction to the filter-properties of F. So, F_0 := {f ∈ H| f(A) ∉ ⋃_n i=1 V_i} ∈ F must hold. Let V_A := ⋃_n i=1 V_i, then ∀f ∈ F_0 : ∃x_f ∈ A : f(x_f ) ∉ V_A. Thus, a map π : F_0 → A exists, s.t. ∀f ∈ F_0 : f(π(f)) ∉ V_A. Then π(F) is an ultrafilter on A, which must converge to a point x_0 ∈ X (resp. x_0 ∈ A), because A is relative compact (resp. compact). Because of the pointwise convergence of F to g, it follows F(x_0)^σ→ g(x_0). From this and π(F)^τ→ x_0 follows F(π(F))^σ→ g(x_0) by the A-even continuity of H, just meaning

∀V ∈^.g(x_0) ∩ σ : ∃F_V ∈ F, A_V ∈ π(F) : F_V (A_V ) ⊆ V . (3)

On the other hand, g(π(F))^σ→ g(x_0) follows from the continuity of g. But g(π(F)) is a filter on g(A) and g(A) is closed in the first of the lemma’s statements, thus g(x_0) ∈ g(A) holds, which follows in the second statement directly from x_0 ∈ A. Therefore, V_A is an open neighbourhood of g(x_0) and from (3) we get ∃F_V ∈ F, A_V ∈ π(F) : ∀f ∈ F_V , a ∈ A_V : f(a) ∈ V_A. But then F_V ∩π^{−1}(A_V ) = ∅ and π^{−1}(A_V ) is a member of F - a contradiction to the filter-properties of F. So, our assumption μ(F) ̸^ p→ μ(g) must be false.

3.11 Corollary Let (X, τ), (Y, σ) be topological spaces. Let A ⊆ P_0(X) contain the singletons and consist only of relative compact subsets of X. Let H ⊆ C(X, Y ) be A-evenly continuous and weakly relative complete in Y^X w.r.t. pointwise convergence and let all members of A have closed images under elements of H. Then μ(H) is weak relative complete in P_0(Y )^A w.r.t. pointwise convergence, where P_0(Y ) is equipped with Vietoris topology.

Proof: Let G be an ultrafilter on μ(H), which converges pointwise to a function g ∈ P_0(Y )^A. At first, it is clear, that there exists an ultrafilter F on H, s.t. G = μ(F). From g we derive a function g^′ : X → Y : for all singletons {x} ∈ A, we can chose an element y_x from g({x}), because the empty set doesn’t belong to our range space. Then for each open neighbourhood V of y_x we find g({x}) ∈< V, Y >, so there must exist a F ∈ F with

∀f ∈ F : μ(f)({x}) ∈< V, Y >, just implying F^p→ g^′, where g^′ is chosen s.t. g^′ : X → Y : g^′(x) := y_x ∈ g({x}). Now, because of the weak relative completeness of H, there must exist a function g_1 ∈ H with F^p→ g_1. From lemma 3.10 follows μ(F) = G^p→ μ(g_1) ∈ μ(H).

3.12 Corollary Let (X, τ), (Y, σ) be topological spaces, Y Hausdorff. Let A ⊆ P_0(X) contain the singletons and consist only of compact subsets of X. Let H ⊆ C(X, Y ) be A-evenly continuous and weakly relative complete in Y^X w.r.t. pointwise convergence.

Then μ(H) is closed in K(Y )^A w.r.t. pointwise convergence, where K(Y ) is equipped with Vietoris topology.

Proof: Of course, compact subsets are relative compact. Continuous images of compact sets are compact and therefore closed in the Hausdorff-space Y . So, corollary 3.11 applies, yielding μ(H) to be weak relative complete in P_0(Y )^A and consequently in K(Y )^A (since K(Y )^A is a subspace of P_0(Y )^A w.r.t. pointwise convergence). But if Y is Hausdorff, then K(Y ) with Vietoris-topology is, and consequently, the function space is Hausdorff, too. So, as a weak relative complete subset, μ(H) is closed.

Note, that this is somewhat other than Mizokami showed. We require the additional condition of A-even continuity and get the stronger result of closedness in K(Y )^A, not only in C(A, C_Y (A)).

3.13 Corollary Let (X, τ), (Y, σ) be topological spaces, Y Hausdorff and T_3. Let A ⊆ P_0(X) contain the singletons and consist only of compact subsets of X. Let H ⊆ C(X, Y ) be evenly continuous and weakly relative complete in C(X, Y ) w.r.t. pointwise convergence. Then μ(H) is closed in K(Y )^A.

Proof: If an ultrafilter F on H converges pointwise in Y^X to a function g, then from the even continuity of H follows, that F converges continuously to g and then with theorem 30 in [2] from T_3 the continuity of g. So, F converges in C(X, Y ) and therefore in H, because of the weak relative completeness in C(X, Y ). Thus, H is indeed weak relative complete in Y^X and corollary 3.12 applies.

3.14 Theorem Let (X, τ), (Y, σ) be topological spaces and let A ⊆ P_0(X) contain the singletons. Then a set H ⊆ Y^X is relative compact in (Y^X , τ_A) if and only if

(1) For all ultrafilters F on H with F^p→ f ∈ Y^X exists a function g ∈ Y^X , s.t.

μ(F)^p→ μ(g) ∈ P_0(Y )^A, where P_0(Y ) is equipped with Vietoris topology, and (2) for all A ∈ A, the family μ(H)(A) := {f(A)| f ∈ H} is relative compact in P_0(Y ) w.r.t. Vietoris topology.

Proof: Because A contains the singletons, the Mizokami-map μ : (H, τ_A) → (μ(H), τ_p) is continuous, open and bijective by lemma 3.4. Now, (P_0(Y )^A, τ_p) is naturally isomorphic to ∏ A∈A P_0(Y )_A with Tychonoff product topology, where all P_0(Y )_A are clones of P_0(Y ) (see [28],2.2), let

π : (P_0(Y )^A, τ_p) → ∏ A∈A P_0(Y )_A : f → (f(A))_{A∈A}

be the isomorphism. Then in fact, π(μ(H)) is just a subset of the product ∏ A∈A μ(H)(A). Let (1) and (2) be fulfilled. Then all μ(H)(A) are relative compact in P_0(Y ) by (2), so the product ∏ A∈A μ(H)(A) is relative compact in ∏ A∈A P_0(Y )_A by the Tychonoff-theorem for relative compact subsets (see 1.44 in [28]). Thus, as a subset of a relative compact set, π(μ(H)) itself is relative compact in ∏ A∈A P_0(Y )_A.

Let F be an ultrafilter on H, then π(μ(F)) is an ultrafilter on π(μ(H)), which now must converge in ∏ A∈A P_0(Y )_A, implying μ(F) converges pointwise to a function f ∈ P_0(Y )^A, by isomorphism. Then by proposition 3.5, F converges pointwise to a function f^′ ∈ Y^X . From (1) now follows the existence of a function g ∈ Y^X with μ(F)^p→ μ(g) and thus F^{τA}→ g, because the Mizokami-map is open between (Y^X , τ_A) and (μ(Y^X ), τ_p), by lemma 3.4.

If otherwise H is relative compact in Y^X w.r.t. τ_A, then every ultrafilter F on H τ_A-converges to a function g ∈ Y^X , and therefore μ(F) converges pointwise to μ(g) by the continuity of the Mizokami-map, and of course, F converges pointwise to g, because A contains the singletons - so, (1) is fulfilled. Furthermore, an ultrafilter G on μ(H)(A) induces an ultrafilter G^′ on μ(H), whose evaluation on A is just G, and therefore an ultrafilter F on H exists, with μ(F) = G^′, by bijectivity of the Mizokami-map. Now, F τ_A-converges to a function f ∈ Y^X , by the relative compactness of H, thus μ(F)(A) = G converges to μ(f)(A), because of the continuity of the Mizokami-map - so, (2) is fulfilled.

3.15 Corollary Let (X, τ), (Y, σ) be topological spaces and let A ⊆ P_0(X) contain the singletons. Then a set H ⊆ Y^X is relative compact in (Y^X , τ_A), if

(1) For all ultrafilters F on H with F^p→ f ∈ Y^X exists a function g ∈ Y^X , s.t.

μ(F)^p→ μ(g) ∈ P_0(Y )^A, where P_0(Y ) is equipped with Vietoris topology, and

(2) for all A ∈ A, the set H(A) := ⋃ f∈H f(A) is relative compact in Y .

Proof: If H(A) is relative compact in Y , then P_0(H(A)) is relative compact in P_0(Y ) w.r.t. Vietoris topology, by lemma 2.6, thus the subset μ(H)(A) is, and then the theorem 3.14 applies.

3.16 Corollary Let (X, τ), (Y, σ) be topological spaces and let A ⊆ P_0(X) consist only of relative compact subsets of X and contain the singletons. Let H ⊆ C(X, Y ) have the following properties:

(1) H is weakly relative complete in Y^X w.r.t. pointwise convergence,

(2) H is A-evenly continuous,

(3) the images of all members of A under elements of H are closed in Y and

(4) for all A ∈ A, each ultrafilter φ on A converges to a point x_0 ∈ X, s.t.

H(x_0) := {f(x_0)| f ∈ H} is relative compact in Y .

Then H is compact w.r.t. τ_A.

If otherwise H is compact w.r.t. τ_A, then (1) follows and for all A ∈ A is H(A) := ⋃ f∈H f(A) relative compact in Y .

Proof: Condition (1) ensures, that every ultrafilter F on H, which pointwise converges in Y^X , converges in H, too. From (2) and (3) follows, that for each ultrafilter F on H always F^p→ g ∈ C(X, Y ) implies μ(F)^p→ μ(g), by lemma 3.10(1). From (2) and (4) follows the relative compactness of all H(A) for A ∈ A, by lemma 3.9.

Thus, corollary 3.15 applies, yielding the relative compactness of H in Y^X . Now, from (1), which is carried over to τ_A, by corollary 3.11, follows the compactness. If otherwise H is compact w.r.t. τ_A, then it is compact w.r.t. pointwise convergence, too, and so (1) follows trivially, and the relative compactness of all H(A), A ∈ A follows by corollary 2.9, because μ(H)(A) is compact w.r.t. Vietoris topology by the continuity of both, the Mizolami-map and the projections p_A : P_0(Y )^A → P_0(Y ) : g → g(A).

3.17 Corollary Let (X, τ), (Y, σ) be topological spaces and let A ⊆ P_0(X) consist only of compact subsets of X and contain the singletons. Let H ⊆ C(X, Y ) have the following properties:

(1) H is weak relative complete in Y^X w.r.t. pointwise convergence,

(2) H is A-evenly continuous,

(3) for all A ∈ A, each ultrafilter φ on A converges to a point x_0 ∈ X, s.t.

H(x_0) := {f(x_0)| f ∈ H} is relative compact in Y .

Then H is compact w.r.t. τ_A.

If otherwise H is compact w.r.t. τ_A, then (1) follows and for all A ∈ A is H(A) := ⋃ f∈H f(A) compact in Y .

Proof: Copy the proof of corollary 3.16, but use part (2) of lemma 3.10, instead of part (1), then the closedness of the images is not needed.

Note, that all requirements, in order to make H compact, are focused on H and A. There is no condition concerning the spaces X, Y (except, that they should be topological spaces). This seems to be natural, because in fact, the compactness of H is in question, not the compactness of X or Y . But, of course, special properties of the range space may simplify the requirements, as the following shows. At this point, we come back to a classical looking form of Ascoli-like statements.

3.18 Corollary Let (X, τ), (Y, σ) be topological spaces, Y Hausdorff. Then a set of functions H ⊆ C(X, Y ) is compact w.r.t. the compact-open topology τ_{co}, if and only if it has the following properties:

(1) H is closed in Y^X w.r.t. pointwise convergence,

(2) H is evenly continuous on all compact subsets and

(3) for all x ∈ X is H(x) := {f(x)| f ∈ H} relative compact in Y .

Proof: Proposition 3.7 ensures, that we can apply lemma 3.9, yielding

(4) For all A ∈ K(X) is H(A) := ⋃ f∈H f(A) compact in Y .

Now, let A := K_0(X), the set of all nonempty compact subsets of X, so τ_A is just the compact-open topology τ_{co}. Because Y is Hausdorff, from (2) we get the A-even continuity of H, by proposition 3.7, so, if (1), (2), (4) are fulfilled, corollary 3.17 applies, yielding H to be compact w.r.t. τ_{co}.

If otherwise H is compact w.r.t. τ_{co}, we get (1) and (4) (thus (3)) from corollary 3.17 again, and (2) from proposition 3.8.

Note, that sufficiency of the three conditions for compactness w.r.t. τ_{co} could be also obtained from theorem 3.36(I) in [28], together with proposition 3.7 here. To require closedness for H here, instead of weak relative completeness as in corollary 3.17, is not really stronger, because Y^X is Hausdorff w.r.t. pointwise convergence, whenever Y is, and so closedness and weak relative completeness coincide.

This corollary is just a repaired version of Edwards’ statement 3.13 in [9], where only closedness of H in C(X, Y ) - not in Y^X - is required, 3.18(4) is required instead of 3.18(3) and condition 3.18(2) is omitted^3. The following shows, that this would indeed not be enough to get compactness for H, and especially, that an essential reason for this is the absence of properties like some kind of even continuity, for example.

3.19 Example: Let X = Y = [0, 1] ⊆ IR be equipped with euclidian topology. Now, let

c_s : X → Y : c_s(x) = s, s ∈ [0, 1]

and let H_1 := {c_s| 0 ≤ s ≤ 1}. Furthermore, let

w_n : X → Y : w_n(x) =

0 ; 0 ≤ x ≤^1_{3n} 3nx − 1 ;^1_{3n} < x ≤^2_{3n} −3nx + 3 ;^2_{3n} < x ≤^1_n 0 ;^1_n < x ≤ 1

with n ∈ IN, n ≥ 2 and then let H_2 := {w_n| n ∈ IN, n ≥ 2}.

Then H := H_1 ∪ H_2 is closed in Y^X w.r.t. pointwise convergence and for all subsets K (especially for all compact subsets) of X is H(K) compact. But H is not compact w.r.t. the compact-open topology.

Proof: It is clear, that H_1(K) = [0, 1] for all nonempty subsets K of X. So, in any case H_2(K) ⊆ H_1(K) and consequently H(K) = H_1(K) ∪ H_2(K) = H_1(K) is compact.

To see, that H is closed in Y^X , let F be an ultrafilter on H, which converges pointwise to a function g ∈ Y^X . Then F either contains H_1 or H_2, because it is an ultrafilter. If F contains H_1, then its evaluation filter on every point of X is the same - and as an ultrafilter in the compact Y this converges to a point of Y , thus F converges pointwise to the associated constant function. If F contains H_2, then either F is a singleton-filter (and therefore converges pointwise to its generating element of H_2) or it contains the filter G := [{{w_k| k ≥ n}| n ∈ IN, n ≥ 2}]. But this filter obviously converges pointwise to c_0 ∈ H, and so all refining ultrafilters do. Thus, F converges in H, whenever it converges in Y^X , so H is closed in Y^X w.r.t. pointwise convergence, because Y^X is Hausdorff.

3His statement is false. Nevertheless, the gap in his argumentation is quite sophisticated: he deals with functions from a hyperspace to a hyperspace and forgets at an essential position, that not all of these functions need to be induced from a function between the base spaces, especially, they are not enforced to fulfill f(A) = ⋃ x∈A f({x}).

Otherwise, just the filter G fails to converge w.r.t. the compact-open topology τ_{co}: the convergence w.r.t. τ_{co} coincides with continuous convergence, because X is locally compact. The only function, to which G could converge w.r.t. τ_{co} is c_0, because it converges pointwise only to this function. So, for the neighbourhoodfilter U(0) of zero, G(U(0)) should converge to 0 - but it doesn’t, because for any G ∈ G and any open neighbourhood U of 0 we find 1 ∈ G(U). Thus, there must exist a refining ultrafilter of G, which doesn’t τ_{co}−converge to c_0 and therefore completely fails to converge w.r.t. τ_{co}.

The author wishes to thank the referee for some hints concerning references.

References

[1] Arens, R., Dugundji, J.; ”Topologies for function spaces”, Pac. J. Math.

1, 5-31 (1951)

[2] Bartsch, R., Dencker, P., Poppe, H.; ”Ascoli–Arzelà–Theory based on continuous convergence in an (almost) non–Hausdorff setting”; in ”Categorical Topology”; Dordrecht 1996

[3] Bartsch, R., Poppe, H.; ”Compactness for a class of hit-and-miss hyperspaces”, Rend. Circ. Mat. Palermo, Ser. II, Vol.51 (2002), 317-324

[4] Beer, G.; ”Topologies on closed and closed convex sets”, Dordrecht (1993)

[5] Beer, G.; Tamaki, R.; ”On hit-and-miss hyperspace topologies”, Commentat. Math. Univ. Carol. 34 (1993), No.4, 717-728

[6] Beer, G.; Tamaki, R.; ”The infimal value functional and the uniformization of hit–and–miss hyperspace topologies”, Proc. Am. Math. Soc. 122, No.2 (1994), 601-612

[7] Costantini, C.; Levi, S.; Pelant, J.; ”Compactness and locally compactness in hyperspaces”, Top. and Appl., to appear

[8] Di Maio, G. (ed.); ”Recent progress in function spaces.” Aracne. Quad.

Mat. 3, Rome (1998)

[9] Edwards, T.; ”On function spaces with the compact-open topology”, N. Z.

J. Math. 28, No.2, 185-192 (1999).

[10] Holá, L., Poppe, H.; ”Fell topology on the space of functions with closed graph”, Rend. Circ. Mat. Palermo, II. Ser. 48, No.3, 419-430 (1999)

[11] Holá, L.; ”Complete metrizability of generalized compact-open topology”, Top. and Appl. 91, 159-167 (1999)

[12] Klein, E., Thompson, A.C.; ”Theory of correspondences. Including applications to mathematical economics.” Canadian Mathematical Society Series of Monographs and Advanced Texts.(1984)

[13] McCoy, R.A., Ntantu, I.; ”Topological properties of spaces of continuous functions.” Lecture Notes in Mathematics 1315, Berlin (1988)

[14] McCoy, R.A.; ”Comparison of hyperspace and function space topologies”, in: Di Maio, Giuseppe (ed.) et al., Recent progress in function spaces, Aracne. Quad. Mat. 3, 241-258, Rome (1998)

[15] Michael, E.; ”Topologies on spaces of subsets”, Trans. Amer. Math. Soc.

71 (1951), 152–182

[16] Mizokami, T.; ”The embedding of a mapping space with compact open topology”, Top. and Appl. 82 (1998), 355-358

[17] Naimpally, S.; ”Graph topology for function spaces”, Trans. Am. Math.

Soc. 123, 267-272 (1966)

[18] Naimpally, S.; ”Hyperspaces and Function Spaces”, Q & A in General Topology 9 (1991), 33-60

[19] Naimpally, S.; ”A brief survey of topologies on function spaces”, in: Di Maio, Giuseppe (ed.) et al., Recent progress in function spaces, Aracne. Quad. Mat. 3, 259-283, Rome (1998)

[20] Naimpally, S.; ”All Hypertopologies are Hit-and-Miss”, Appl. Gen. Topol.

3, No.1, 45-53 (2001)

[21] Poppe, H.; ”Stetige Konvergenz und der Satz von Ascoli und Arzelà”, Math. Nachr. 30, 87-122 (1965)

[22] Poppe, H.; ”Eine Bemerkung über Trennungsaxiome in Räumen von abgeschlossenen Teilmengen topologischer Räume”; Arch.Math. XVI (1965), 197–199

[23] Poppe, H.; ”Stetige Konvergenz und der Satz von Ascoli und Arzelà II”, Monatsber. Deutsch. Akad. Wiss. Berlin 8, 259-264 (1966)

[24] Poppe, H.; ”Einige Bemerkungen über den Raum der abgeschlossenen Mengen”; Fund.Math. LIX (1966), 159–169

[25] Poppe, H.; ”Über Graphentopologien für Abbildungsräume. I”, Bull. Acad.

Pol. Sci., Sr. Sci. Math. Astron. Phys. 15, 71-80 (1967)

[26] Poppe, H.; ”Über Graphentopologien für Abbildungsräume. II”, Math.

Nachr. 38, 89-96 (1968)

[27] Poppe, H.; ”Stetige Konvergenz und der Satz von Ascoli und Arzelà III-VI” Proc. Japan Acad. 44, 234-239, 240-242, 318-321, 322-324 (1968)

[28] Poppe, H.; ”Compactness in General Function Spaces”; Berlin 1974

[29] Poppe, H.; ”Joint continuity and compactness for a graph topology in general function spaces”, Math. Nachr. 152, 173-177 (1991)

[30] Poppe, H.; ”A family of graph topologies for function spaces and their associated weak graph topologies”, Quaest. Math. 16, No.1, 1-11 (1993)

[31] Wilansky, A.; ”Topology for Analysis”, Malabar, 1983

René Bartsch Institute for Theoretical Computer Science University of Rostock Albert-Einstein-Str.21 18059 Rostock (Germany) e-mail: rene.bartsch@informatik.uni-rostock.de