COMPLETING PARTIAL LATIN SQUARES WITH TWO PRESCRIBED DIAGONALS

MARTIN GRÜTTMÜLLER

Abstract. In the present paper we will prove that every partial latin square L = (l_{ij} ) of odd order n with 2 cyclically generated diagonals (l_{i+t,j+t} = l_{ij} +t if l_{ij} is not empty; with calculations modulo n) can be cyclically completed.

1. Introduction

A partial latin square L of order n is an n × n array in which each cell is either empty or contains a single element from an n-set S of symbols, such that each element occurs at most once in each row and at most once in each column. If every cell is filled, then L is a latin square. If not explicitly stated differently, we assume the elements of S to be the integers 0, 1, . . . , n − 1 and also that the rows and columns are indexed by 0, 1, . . . , n − 1. A partial transversal of a partial latin square of order n is a set of filled cells, at most one in each row, at most one in each column, and such that no two of the cells contain the same symbol. A partial transversal with n cells is called a transversal. We refer the reader to [4, 5] for undefined terms as well as a general overview of latin squares.

Completion of partial latin squares has been investigated in a number of papers. Best known is Evans’ conjecture [6] that an n × n partial latin square which has n − 1 cells occupied can always be completed to a latin square of order n. Based on work by Marica and Schönheim [10] and Lindner [9] this conjecture was proved to be true by Häggkvist [8] for n ≥ 1111 and independently by Smetaniuk [12] and by Andersen and Hilton [2] for all n. We also like to mention a still unsolved conjecture stated by Daykin and Häggkvist [3] that says that if L is a partial n × n latin square where each row, column and symbol is used at most un times (where u is some constant, e.g. u =^1_4 ), then L can be completed. Daykin and Häggkvist proved this for n = 16k and un = √ k/32 where k ∈ N.

In connection with questions from design theory the following problem was posed by Alspach and Heinrich in 1990 [1]: Does there exist an N(k) such that if k transversals of a partial latin square of order n ≥ N(k) are prescribed, the square can always be completed? For k = 1 one has N(1) = 3 since there exists an idempotent latin square for every order n ≠ 2. A more specific version of their question was posed by Rees [11]: Does there exist an N such that if four cyclically generated transversals l_{i+t,j+t} = l_{ij} + t (mod n) of a partial latin square of order n ≥ N are prescribed, the square can always be completed to one which contains a further five transversals? Grüttmüller [7] proved that if N(k) exists, then N(k) ≥ 4k − 1.

Date: June 12, 2002. 1

0 ∗ ∗ 4 ∗ 0 3 1 4 2 ∗ 1 ∗ ∗ 0 3 1 4 2 0 1 ∗ 2 ∗ ∗ 1 4 2 0 3 ∗ 2 ∗ 3 ∗ 4 2 0 3 1 ∗ ∗ 3 ∗ 4 2 0 3 1 4

Figure 1. A partial latin square of order 5 with 2 prescribed diagonals and its unique completion

Figure 1 shows as an example a partial latin square with 2 cyclically generated diagonals (an asterisk indicates an empty cell) together with its unique completion. Notice that the remaining 3 diagonals in the completed latin square are also cyclically generated. Therefore, it seems natural to try a completion to a cyclically generated latin square. Such a cyclic completion is impossible if n is even. But for odd n it suggests the following question. Does there exist an odd constant C(k) such that if k cyclically generated diagonals l_{i+t,j+t} = l_{ij} + t (mod n) of a partial latin square of odd order n ≥ C(k) are prescribed, the square can always be cyclically completed? Among all these constants let C(k) denote the smallest one. For example, a cyclically generated idempotent latin square L = (l_{ij} ) can be constructed for all odd n by defining l_{ij} = 2i − j (mod n). This implies that C(1) = 1.

In [7] Grüttmüller found lower bounds for C(k) stating that C(2) ≥ 3 (the trivial bound) and C(k) ≥ 3k − 1 for k ≥ 3. Completing all possible partial latin squares of odd order n with k cyclically generated diagonals (briefly PLS(n, k)) with k in the range 2 ≤ k ≤ 7 and 3k − 1 ≤ n ≤ 21 he provided some evidence that the lower bounds for C(k) mentioned above might be the best possible bounds.

In support of this we shall prove:

Theorem 1.1. Every partial latin square of odd order n with 2 cyclically generated diagonals can be cyclically completed. This means C(2) = 3.

Section 2 introduces some terminology and notation. In Section 3 we investigate direct constructions for latin squares of prime order or order nine which contain two prescribed diagonals and a special class of latin squares with a certain cut-and-paste property. These latin squares will be used in Section 4 as ingredients for recursive constructions. In Section 5 we combine the results obtained and prove the main result Theorem 1.1.

2. Preliminaries

We begin by introducing some terminology and notation. Clearly, a cyclically generated square L of order n is completely described by its first row R = (l_{0,0}, l_{0,1}, . . . , l_{0,n−1}) = (r_0, r_1, . . . , r_{n−1}) and it is a latin square if and only if all elements r_i as well as all differences r_i − i (mod n) are mutually distinct. The latter condition ensures that the elements in every column are pairwise different. As mentioned before, it is easily checked that there is no cyclically generated latin square of even order n since ∑_{n−1} i=0 i ≡^n_2 mod n but ∑_{n−1} i=0 (r_i − i) ≡ 0 mod n. A proper partial row is a row (r_0, r_1, . . . , r_{n−1}) where some of the r_i are empty and all nonempty r_i and the corresponding differences r_i − i (mod n) are mutually distinct. Of course, a proper partial row with exactly k nonempty r_i corresponds to a PLS(n, k). We remark that most (but not all) computations are done in the ring (Z_n, +, ·). If x ∈ Z_n is relative prime to the ring order, then the multiplicative inverse exists and will be denoted by x^{−1}.

We will state most of the results in terms of proper (partial) rows and start here with a first observation on isomorphic rows:

Lemma 2.1. Let n, m, a be three integers (n, m relatively prime) and let R = (r_0, r_1, . . . , r_{n−1}) be a proper row. Then each of

R + a = (r_0 + a, r_1 + a, . . . , r_i + a, . . . , r_{n−1} + a), mR = (mr_m−1_0, mr_m−1_1, . . . , mr_m−1_i, . . . , mr_m−1_{(n−1)}), R^T = (r_{j0} , r_{j1} , . . . , r_{ji} , . . . , r_{j(n−1)} ), and R^R = (−r_{j−1} − 2, −r_{j−2} − 2, . . . , −r_{j−i−1} − 2, . . . , −r_{j0} − 2) is also a proper row, where the indices j_i are uniquely determined by r_{ji} − j_i = i and all calculations are performed in the ring (Z_n, +, ·).

Proof. R is a proper row and, therefore, all the elements r_i +a and differences (r_i +a)−i are distinct. Thus, R + a is a proper row. Furthermore, since m and m^{−1} are relatively prime to n we have {mr_m−1_i : i ∈ Z_n} = {mr_i : i ∈ Z_n} = {r_i : i ∈ Z_n} = Z_n and {mr_m−1_i − i : i ∈ Z_n} = {m(r_m−1_i − m^{−1}i) : i ∈ Z_n} = {m(r_i − i) : i ∈ Z_n} = {r_i − i : i ∈ Z_n} = Z_n, implying that mR is a proper row. Similarly, {r_{ji} : i ∈ Z_n} = {r_i : i ∈ Z_n} = Z_n and {r_{ji} − i : i ∈ Z_n} = {j_i : i ∈ Z_n} = Z_n, implying that R^T is a proper row. Moreover, R^R is a proper row since {−r_{j−i−1} − 2 : i ∈ Z_n} = {−r_i − 2 : i ∈ Z_n} = Z_n and {−r_{j−i−1} − 2 − i : i ∈ Z_n} = {−(−i − 1 + j_{−i−1}) − 2 − i : i ∈ Z_n} = {−j_{−i−1} − 1 : i ∈ Z_n} = Z_n. □ If R is proper row, then R + (−r_0) is a proper row. Therefore, without loss of generality we can always assume that the first prescribed element in a row equals zero: r_0 = 0.

We remark that proper rows are equivalent to transversals in a special latin square as follows: R = (r_0, r_1, . . . , r_{n−1}) is a proper row if and only if T_R = {(r_i − i (mod n), i) : i ∈ Z_n} is a transversal in the latin square L = (l_{ij} ) = (i + j (mod n)). We will use this equivalence to illustrate statements and constructions, see for example Figure 2 for Lemma 2.1 and note that R^T can be obtained from R by transposing the corresponding transversal cells, while R^R can be obtained from R by reflecting the transversal cells in the main back diagonal.

Let R be a row with n elements and define u(R), ℓ(R) to be two sets of indices as follows: u(R) = {i : (r_i (mod n)) − i ≥ 0} and ℓ(R) = {i : (r_i (mod n)) − i < 0}. The set u(R) can be viewed as the set of indices whose corresponding transversal cells are above or on the main back diagonal. Moreover, we define an operation cp(R, Q, w) (w ∈ {0, 1, −1}) which cuts out elements of row R = (r_0, r_1, . . . , r_{n−1}) and pastes in elements of row Q = (q_0, q_1, . . . , q_{n−1}) to form a new row E = cp(R, Q, w) = (e_0, e_1, . . . , e_{n−1}) with e_i = { r_i if i ∈ u(R), q_i + wn if i ∈ ℓ(R).

R ≃ 0 1 2 3 4

1 2 3 4 0

2 3 4 0 1

3 4 0 1 2

4 0 1 2 3 2R ≃ 0 1 2 3 4

1 2 3 4 0

2 3 4 0 1

3 4 0 1 2

4 0 1 2 3 R^T ≃ 0 1 2 3 4

1 2 3 4 0

2 3 4 0 1

3 4 0 1 2

4 0 1 2 3 R^R ≃ 0 1 2 3 4

1 2 3 4 0

2 3 4 0 1

3 4 0 1 2

4 0 1 2 3

Figure 2. Rows R = (0, 3, 1, 4, 2), 2R, R^T , R^R illustrated as transversals

For example take R = (0, 3, 1, 4, 2) to obtain E = cp(R, R, 1) = (0, 3, 6, 4, 7). A row E = (e_0, e_1, . . . , e_{n−1}) with all the e_i as well as all the e_i − i (mod n) mutually distinct and the property that 0 ≤ e_i −i < n will be called an extended proper row. An extended proper row E can also be viewed as a transversal T_E = {(e_i − i, i) : i ∈ Z_n} in the n × n square L = (l_{ij}) = (i + j), see Figure 3. Squares of this kind occur later as subsquares in the structures to be considered.

3. Direct Constructions

In this section, we provide constructions for latin squares of prime order or order nine containing two prescribed diagonals. Furthermore, we describe a special class of latin squares and their properties.

Lemma 3.1. Let n be a prime number. Then every proper PLS(n,2) L is cyclically completable.

Proof. All calculations in this proof are done in the ring (Z_n, +, ·). Let l_{0,0} = 0 and l_{0,j} be the two prescribed elements of the first row of L. Let d = l_{0,j} − j and define a row R by r_i = i(j^{−1}d + 1) for i = 0, 1, . . . , n − 1. Clearly all elements r_i and all differences r_i − i = ij^{−1}d are distinct. Moreover, r_0 = 0 and r_j = j(j^{−1}d + 1) = d + j = l_{0,j}. Thus, R is the first row of a cyclic completion of L as desired. □

Lemma 3.2. Let L be a PLS(9, 2). Then L is cyclically completable.

Proof. Let R be the first row of L with prescribed elements r_0 = l_{0,0} = 0 and r_j = l_{0,j} where r_j, j, (r_j − j (mod 9)) ≠ 0. Obviously, R can be completed to one of the following 7 proper rows since every possible pair (r_0 = 0, r_j) occurs among them: (0,2,4,6,8,1,3,5,7); (0,3,7,4,1,8,5,2,6); (0,4,3,8,2,7,1,6,5); (0,5,8,2,6,3,7,1,4); (0,6,1,5,7,2,4,8,3); (0,7,6,1,5,4,8,3,2); (0,8,5,7,3,6,2,4,1). □

E ≃ 0 1 2 3 4

1 2 3 4 5

2 3 4 5 6

3 4 5 6 7

4 5 6 7 8

Figure 3. Extended proper row E = (0, 3, 6, 4, 7) illustrated as transversal

R(9) ≃

0 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 0 2 3 4 5 6 7 8 0 1

3 4 5 6 7 8 0 1 2

4 5 6 7 8 0 1 2 3

5 6 7 8 0 1 2 3 4

6 7 8 0 1 2 3 4 5

7 8 0 1 2 3 4 5 6

8 0 1 2 3 4 5 6 7

R(11) ≃

0 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 0 2 3 4 5 6 7 8 9 10 0 1

3 4 5 6 7 8 9 10 0 1 2

4 5 6 7 8 9 10 0 1 2 3

5 6 7 8 9 10 0 1 2 3 4

6 7 8 9 10 0 1 2 3 4 5

7 8 9 10 0 1 2 3 4 5 6

8 9 10 0 1 2 3 4 5 6 7

9 10 0 1 2 3 4 5 6 7 8

10 0 1 2 3 4 5 6 7 8 9

Figure 4. Rows R(9) = (0, 2, 4, 8, 7, 3, 1, 6, 5) and R(11) = (0, 2, 4, 6, 9, 1, 10, 5, 3, 8, 7)

In the following we define for every odd n ≥ 5 the first row R(n) = (r_0, r_1, . . . , r_{n−1}) of a special cyclically generated latin square of order n. Construction 3.3. If n ≡ 1 (mod 4), then define

r_i =

2i (mod n) for i = 0, 1, . . . ,^{n−5}_2 , 2i + 2 (mod n) for i =^{n−3}_2 ,^{n+1}_2 , . . . , n − 4, n − 2 (mod n) for i =^{n−1}_2 , n − 3 (mod n) for i = n − 2, 2i − 2 (mod n) for i =^{n+3}_2 ,^{n+7}_2 , . . . , n − 1 .

If n ≡ 3 (mod 4), then define

r_i =

2i (mod n) for i = 0, 1, . . . ,^{n−5}_2 , 2i + 2 (mod n) for i =^{n−1}_2 ,^{n+3}_2 , . . . , n − 4, n − 2 (mod n) for i =^{n−3}_2 , n − 3 (mod n) for i = n − 2, 2i − 2 (mod n) for i =^{n+1}_2 ,^{n+5}_2 , . . . , n − 1 .

See for example R(9) or R(11) in Figure 4. We observe that all these rows have the following nice and for our constructions important property.

Property 3.4. Let R be a proper row as constructed above, then A = (a_i) = cp(R, R, 1), B = (b_i) = cp(R, R^R, 1) and C = (c_i) = cp(R^R, R, 1) are extended proper rows and cp(A, A, −1) = R, cp(A, C, −1) = R, cp(B, A, −1) = R and cp(C, B, −1) = R^R are proper rows. Moreover, a_0 = b_0 = 0, c_0 = 1, and if n ≡ 3 (mod 4) b_{(n−1)/2} = n while if n ≡ 1 (mod 4) b_{(n+1)/2} = n. 4. Recursive Constructions In this section, we present two constructions which build new proper rows from small ingredient rows. These constructions will then be used to establish that every PLS(n, 2) with prescribed elements l_{0,0} = 0 and l_{0,j} = 2j + 1 (mod n) is cyclically completable.

Construction 4.1. Let Q be a proper row of length m and E = cp(Q, Q, 1) = (e_0, e_1, . . . , e_{m−1}). Let Q_0, Q_1, . . . , Q_{m−1} with Q_i = (q_{i,0}, q_{i,1}, . . . , q_{i,n−1}) are m proper rows of length n each for i = 0, 1, . . . , m − 1. Then R = (r_0, r_1, . . . , r_{mn−1}) defined by

r_i = q_{b,a}m + e_b (mod mn)

where the integers a, b are uniquely defined by i = am + b with 0 ≤ b < m is a proper row of length mn.

Before proving the claim we present an example.

Example 4.2. Let m = 5, Q = (0, 3, 1, 4, 2), E = (0, 3, 6, 4, 7), n = 3, Q_0 = (0, 2, 1), Q_1 = (1, 0, 2), Q_2 = (2, 1, 0), Q_3 = (1, 0, 2), Q_4 = (0, 2, 1). Then R = (0, 8, 1, 9, 7, 10, 3, 11, 4, 2, 5, 13, 6, 14, 12). See Figure 5 for a representation of R by a transversal. The second latin square is a rearrangement of the first latin square obtained by simultaneously permuting columns and rows which provides a better understanding of the foregoing construction which can also be stated as: Take an m × m square L = (l_{ij}) = (i + j) with a transversal T_E and replace every cell (i, j) by a latin square L^{ij} = (l^{ij}_{kl}) = ((i + j) + (k + l)m (mod mn)) of order n (the set of symbols in L^{ij} is {i + j, i + j + m, . . . , i + j + (n − 1)m (mod mn)}) to obtain a latin square of order mn. While doing so every transversal cell (i, j) ∈ T_E will be replaced by n new transversal cells from T_{Qj} in L^{ij}.

Proof. We have to prove that in R all elements r_i as well as all the r_i − i (mod mn) are distinct, i.e., {r_i : i ∈ Z_{mn}} = {r_i − i (mod mn) : i ∈ Z_{mn}} = Z_{mn}. Obviously {r_i : i ∈ Z_{mn}} ⊆ Z_{mn} and {r_i − i (mod mn) : i ∈ Z_{mn}} ⊆ Z_{mn} and, therefore, it remains to prove that Z_{mn} ⊆ {r_i : i ∈ Z_{mn}} and Z_{mn} ⊆ {r_i − i (mod mn) : i ∈ Z_{mn}}. Let x ∈ Z_{mn} with x = αm + β and 0 ≤ β < m. There is exactly one q_b in Q with q_b = β. Thus, e_b ≡ β (mod m) and {q_{b,a}m + e_b (mod mn) : a ∈ Z_n} contains all residues congruent to β (mod m). This implies that there exists an a such that x = q_{b,a}m + e_b (mod mn) = r_{am+b} ∈ {r_i : i ∈ Z_{mn}}. Moreover, there is exactly one index b such that e_b − b = β and exactly one a such that q_{b,a} − a (mod n) = α. Therefore, x = (q_{b,a} − a)m + (e_b − b) (mod mn) = r_{am+b} − (am + b) (mod mn) ∈ {r_i − i (mod mn) : i ∈ Z_{mn}}. That completes the proof. □

Construction 4.3. Let Q = (q_0, q_1, . . . , q_{m−1}) be a proper row of length m. Let E_0, E_1, . . . , E_{m−1} with E_i = (e_{i,0}, e_{i,1}, . . . , e_{i,n−1}) are m extended proper rows of length n each with the additional property that cp(E_i, E_{i−1 (mod m)}, −1) is a proper row for i = 0, 1, . . . , m − 1. Then R = (r_0, r_1, . . . , r_{mn−1}) defined by

r_i = q_an + e_{qa,b} (mod mn)

where the integers a, b are uniquely defined by i = an + b with 0 ≤ b < n is a proper row of length mn.

Again, we first provide an example.

Example 4.4. Let m = 3, Q = (0, 2, 1), n = 5, E_0 = (0, 4, 3, 7, 6), E_1 = (0, 4, 3, 5, 8), E_2 = (1, 4, 2, 7, 6). Then R = (0, 4, 3, 7, 6, 11, 14, 12, 2, 1, 5, 9, 8, 10, 13). See Figure 6 for a representation of R by T_R. In terms of transversal cells we may formulate the

COMPLETING PARTIAL LATIN SQUARES WITH TWO PRESCRIBED DIAGONALS 7 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 2 3 4 5 6 7 8 9 10 11 12 13 14 0 2 3 4 5 6 7 8 9 10 11 12 13 14 0 1 3 4 5 6 7 8 9 10 11 12 13 14 0 1 2 4 5 6 7 8 9 10 11 12 13 14 0 1 2 3 5 6 7 8 9 10 11 12 13 14 0 1 2 3 4 6 7 8 9 10 11 12 13 14 0 1 2 3 4 5

7 8 9 10 11 12 13 14 0 1 2 3 4 5 6

8 9 10 11 12 13 14 0 1 2 3 4 5 6 7 9 10 11 12 13 14 0 1 2 3 4 5 6 7 8 10 11 12 13 14 0 1 2 3 4 5 6 7 8 9 11 12 13 14 0 1 2 3 4 5 6 7 8 9 10 12 13 14 0 1 2 3 4 5 6 7 8 9 10 11 13 14 0 1 2 3 4 5 6 7 8 9 10 11 12 14 0 1 2 3 4 5 6 7 8 9 10 11 12 13

0 5 10 1 6 11 2 7 12 3 8 13 4 9 14 5 10 0 6 11 1 7 12 2 8 13 3 9 14 4

10 0 5 11 1 6 12 2 7 13 3 8 14 4 9 1 6 11 2 7 12 3 8 13 4 9 14 5 10 0 6 11 1 7 12 2 8 13 3 9 14 4 10 0 5 11 1 6 12 2 7 13 3 8 14 4 9 0 5 10 2 7 12 3 8 13 4 9 14 5 10 0 6 11 1 7 12 2 8 13 3 9 14 4 10 0 5 11 1 6 12 2 7 13 3 8 14 4 9 0 5 10 1 6 11 3 8 13 4 9 14 5 10 0 6 11 1 7 12 2 8 13 3 9 14 4 10 0 5 11 1 6 12 2 7 13 3 8 14 4 9 0 5 10 1 6 11 2 7 12 4 9 14 5 10 0 6 11 1 7 12 2 8 13 3 9 14 4 10 0 5 11 1 6 12 2 7 13 3 8 14 4 9 0 5 10 1 6 11 2 7 12 3 8 13

Figure 5. Transversals representing row R = (0, 8, 1, 9, 7, 10, 3, 11, 4, 2, 5, 13, 6, 14, 12) construction above as: Take a latin square L = (l_{ij}) = (i + j (mod m)) and replace every cell (i, j) by an n × n square L^{ij} = (l^{ij}_{kl}) = ((i + j)n + (k + l) (mod mn)) of order n to obtain a latin square of order mn. While doing so every transversal cell (i, j) ∈ T_Q will be replaced by n new transversal cells from T_{Ei+j (mod m)} in L^{ij} . Proof. It suffices to prove that {r_i : i ∈ Z_{mn}} = {r_i − i (mod mn) : i ∈ Z_{mn}} = Z_{mn}. At first, we show Z_{mn} ⊆ {r_i : i ∈ Z_{mn}}. Let x ∈ Z_{mn} with x = αn + β and 0 ≤ β < n,

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 2 3 4 5 6 7 8 9 10 11 12 13 14 0

2 3 4 5 6 7 8 9 10 11 12 13 14 0 1

3 4 5 6 7 8 9 10 11 12 13 14 0 1 2

4 5 6 7 8 9 10 11 12 13 14 0 1 2 3

5 6 7 8 9 10 11 12 13 14 0 1 2 3 4

6 7 8 9 10 11 12 13 14 0 1 2 3 4 5

7 8 9 10 11 12 13 14 0 1 2 3 4 5 6

8 9 10 11 12 13 14 0 1 2 3 4 5 6 7

9 10 11 12 13 14 0 1 2 3 4 5 6 7 8

10 11 12 13 14 0 1 2 3 4 5 6 7 8 9

11 12 13 14 0 1 2 3 4 5 6 7 8 9 10

12 13 14 0 1 2 3 4 5 6 7 8 9 10 11

13 14 0 1 2 3 4 5 6 7 8 9 10 11 12

14 0 1 2 3 4 5 6 7 8 9 10 11 12 13

Figure 6. Transversal representing row R = (0, 4, 3, 7, 6, 11, 14, 12, 2, 1, 5, 9, 8, 10, 13)

then there is exactly one index a such that q_a = α. Moreover, there is exactly one index b such that the b-th entry in row cp(E_{qa} , E_{qa−1 (mod m)}, −1) equals β. Now, if b ∈ u(E_{qa} ), then e_{qa,b} = β and, therefore, x = q_an + e_{qa,b} = r_{an+b} ∈ {r_i : i ∈ Z_{mn}}. If b ∈ ℓ(E_{qa} ), then e_{qa−1 (mod m),b} − n = β and, therefore, x = q_an + e_{qa−1 (mod m),b} − n = (q_a − 1)n + e_{qa−1 (mod m),b} (mod mn) = r_a′_{n+b} ∈ {r_i : i ∈ Z_{mn}} for some a^′. Clearly {r_i : i ∈ Z_{mn}} ⊆ Z_{mn}. This implies that {r_i : i ∈ Z_{mn}} = Z_{mn}.

Secondly, we need to prove that {r_i −i (mod mn) : i ∈ Z_{mn}} = Z_{mn}. For an arbitrary x ∈ Z_{mn} with x = αn + β and 0 ≤ β < n we have x ∈ {r_i − i (mod mn) : i ∈ Z_{mn}}, since there is a uniquely determined pair (a, b) such that q_a − a (mod m) = α and e_{qa,b} −b = β with the property that x = (q_a −a)n+e_{qa,b} −b (mod mn) = r_{an+b} −(an+b) (mod mn) ∈ {r_i − i (mod mn) : i ∈ Z_{mn}}. Thus {r_i − i (mod mn) : i ∈ Z_{mn}} = Z_{mn} follows since clearly {r_i − i (mod mn) : i ∈ Z_{mn}} ⊆ Z_{mn}. □

Our next result concerns the completion of PLS(n, 2) where n is a composite integer and the symbols prescribed in the first row are 0 and 2j+1 (mod n) at the j-th position.

Lemma 4.5. Let p > 3 be a prime number and m an odd integer. Furthermore, let l_{0,0} = 0 and l_{0,j} = 2j + 1 (mod mp) be the two prescribed elements of the first row of a PLS(mp, 2) L. Then L is cyclically completable.

Proof. We consider four cases depending on the residues of j, 2j + 1 and j + 1 modulo p. First of all assume that j ≢ 0 (mod p), 2j + 1 ≢ 0 (mod p) and j + 1 ≢ 0 (mod p). There exists a proper row U of size p with u_0 = 0 and u_{j (mod p)} = 2j + 1 (mod p) by Lemma 3.1. Take as ingredients in Construction 4.3 the proper row Q = (0, 2, 4, . . . , 2i, . . . , m − 4, m − 2) of length m and take m extended proper rows E_i = cp(U, U, 1). Thus, we obtain the first row R of a cyclic completion of L, since r_0 = q_0p + e_{q0,0} (mod mp) = 0 · p + e_{0,0} = 0 and, moreover, with j = ap + b (0 ≤ b < p) we have r_j = q_ap + e_{qa,b} (mod mp) = 2ap + e_{2a (mod m),b} (mod mp) = 2ap + 2b + 1 (mod mp) = 2j + 1 (mod mp) as prescribed in L.

Now assume that j ≡ 0 (mod p). Use the row U = R(p) from Construction 3.3 to define extended proper rows as follows: E_{(2j/p) (mod m)} = cp(U^R, U, 1), E_{(2j/p−1) (mod m)} = cp(U, U^R, 1) and E_i = cp(U, U, 1) for i = 0, 1, . . . , m − 1 with i ≢^{2j}_p ,^{2j}_p − 1 (mod m). With these rows and Q = (0, 2, 4, . . . , 2i, . . . , m − 4, m − 2), Construction 4.3 provides a proper row R. Here, r_0 = q_0p + e_{q0,0} (mod mp) = 0 · p + e_{0,0} = 0 + u_0 = 0 and, moreover, with j = ap and Property 3.4 r_j = 2ap + e_{2a (mod m),0} (mod mp) = 2ap + 1 (mod mp) = 2j + 1 (mod mp). Hence, R is the first row of a cyclic completion of L.

In the case 2j + 1 ≡ 0 (mod p) we use U = R(p) from Construction 3.3 and E_{((2j+1)/p) (mod m)} = cp(U^R, U, 1), E_{((2j+1)/p−1) (mod m)} = cp(U, U^R, 1) and E_i = cp(U, U, 1) for i = 0, 1, . . . , m − 1 with i ≢^{2j+1}_p ,^{2j+1}_p − 1 (mod m). With Q = (0, 2, 4, . . . , 2i, . . . , m − 4, m − 2), Construction 4.3 provides a proper row R which is the desired row if p ≡ 3 (mod 4) since r_0 = 0 + u_0 = 0 and r_j = 2ap + e_{2a (mod m),b} (mod mp) = 2ap + e_{((2j+1)/p−1) (mod m),(p−1)/2} (mod mp) = 2ap + p (mod mp) = 2j + 1 (mod mp) with j = ap + b (0 ≤ b < p) and 2j + 1 = 2ap + 2b + 1 = (2a + 1)p. If p ≡ 1 (mod 4), then R^T is the desired row since r^T_0 = r_0 = 0 and r^T_j = r_{j+1} = 2ap + e_{2a (mod m),b+1} (mod mp) = 2ap + e_{((2j+1)/p−1) (mod m),(p+1)/2} (mod mp) = 2ap + p (mod mp) = 2j + 1 (mod mp).

Finally assume j + 1 ≡ 0 (mod p). In view of the foregoing (case j ≡ 0 (mod p)) we are able to find a proper row R^′ with r^′_0 = 0 and r^′_{−(j+1) (mod mp)} = −2(j + 1) + 1 (mod mp). Then R = (−1) · (R^′)^T is a proper row with r_0 = 0 and r_j = −(r^′)^T_{−j (mod mp)} = −r^′_{−(j+1) (mod mp)} = −(−2(j + 1) + 1) (mod mp) = 2j + 1 (mod mp). □

Lemma 4.6. Let l_{0,0} = 0 and l_{0,j} = 2j + 1 (mod 3^α) be the two prescribed elements of the first row of a PLS(3^α,2) L. Then L is cyclically completable.

Proof. If α = 1, then there is no PLS(3, 2) with prescribed elements of the kind described above. If α = 2, then the result follows from Lemma 3.2. If α ≥ 3, then we use a similar argument as in the proof of Lemma 4.5: instead of a prime p we consider p = 9 and the result follows immediately. □

5. Results and Problems

Now, we are ready to prove the main result of this paper.

Proof of Theorem 1.1. We use induction to prove the claim and assume that every PLS(m,2) with m < n is cyclically completable. This is true by Lemma 3.1 and Lemma 3.2 for m ≤ 13.

Let l_{0,0} = 0 and l_{0,j} be the two prescribed elements of the first row of a PLS(n,2) L. We consider three cases depending on the factorization of n. Suppose first that there exists a prime factor p of n such that j = ap and l_{0,j} = αp. Let n = mp. Take a proper row Q of length m with q_0 = 0 and q_a = α (which exists by the induction hypothesis) and m extended proper rows E_i of length p defined by e_{i,s} = 2s (mod p). The result follows from Construction 4.3.

Now, suppose that there exists a prime factor p of n such that j = ap + b (0 < b < p), l_{0,j} = αp + β (0 < β < p) and l_{0,j} − j ≢ 0 (mod p). Let n = mp. Take a proper row Q of size p with q_0 = 0 and q_b = β (which exists by Lemma 3.1). Choose p proper rows Q_i of size m such that q_{0,0} = 0 and q_{b,a} = α (which exist since C(1)=1). Applying Construction 4.1, we get a proper row R with the prescribed elements, as desired.

Finally, suppose for all prime divisors p of n exactly one of the following conditions is true: j ≡ 0 (mod p) or l_{0,j} ≡ 0 (mod p) or l_{0,j} − j ≡ 0 (mod p). Define m = l_{0,j} − 2j. Note that m is relatively prime to n, since otherwise for at least one prime divisor of n all three conditions above are simultaneously satisfied. Hence, m^{−1} exists in (Z_n, +, ·). Lemma 4.5 or Lemma 4.6 yields a proper row R^′ of length n with r^′_0 = 0 and r^′_{m−1j} = 2(m^{−1}j) + 1 (mod n). Now, R = mR^′ is a proper row with r_0 = 0 and r_j = mr^′_{m−1 j} (mod n) = m(2(m^{−1}j) + 1) (mod n) = 2j + (l_{0,j} − 2j) (mod n) = l_{0,j} , as desired. □

We hope that this result provides some ideas that might be helpful to solve the general problem.

Problem 5.1. Is it possible to prove that every partial latin square of odd order n with k cyclically generated diagonals can be cyclically completed if n ≥ 3k − 1?

References

[1] B. Alspach and K. Heinrich. Matching designs. Australasian J. of Combin., 2:39–55, 1990. [2] L.D. Andersen and A.J.W. Hilton. Thank Evans! Proc. London Math. Soc., 47:507–522, 1983. [3] D.E. Daykin and R. Häggkvist. Completion of sparse partial latin squares. In Graph Theory and Combinatorics, Proc. Conf. Hon. P. Erdős, Cambridge 1983, pages 127–132. Academic Press, London, 1984.

[4] J. Dénes and A.D. Keedwell. Latin Squares and Their Applications. English University Press, London, 1974.

[5] J. Dénes and A.D. Keedwell, editors. Latin Squares: New Developments in the Theory and Applications. Annals of Discrete Math. 46. North-Holland, Amsterdam, 1991.

[6] T. Evans. Embedding incomplete latin squares. Amer. Math. Monthly, 67:959–961, 1960. [7] M. Grüttmüller. Completing partial latin squares with prescribed diagonals. to appear in Discrete Appl. Math.

[8] R. Häggkvist. A solution of the Evans conjecture for latin squares of large size. In A. Hajnal and V.T. Sos, editors, Combinatorics, Coll. Math. Soc. Janos Bolyai, volume 18, pages 495–514. North Holland, Amsterdam, 1978.

[9] C.C. Lindner. On completing latin rectangles. Canad. Math. Bull., 13:65–68, 1970. [10] J. Marica and J. Schönheim. Incomplete diagonals of latin squares. Canad. Math. Bull., 12:235, 1969.

[11] R.S. Rees. Mandatory representation designs MR(3, k; v) with k even and v odd. J. Stat. Plann.

Inference, 86:567–594, 2000.

[12] B. Smetaniuk. A new construction on latin squares I. A proof of the Evans conjecture. Ars Combinatoria, 11:155–172, 1981.

Martin Grüttmüller, Department of Mathematics, University of Rostock, 18051 Rostock, Germany

E-mail address: m.gruettmueller@mathematik.uni-rostock.de