
SUPERPURE DIGRAPH DESIGNS

SVEN HARTMANN

Abstract. A digraph design is a decomposition of a complete (symmetric) di-
graph into copies of pre-specified digraphs. Well-known examples for digraph
designs are Mendelsohn designs, directed designs or orthogonal directed covers. A
digraph design is superpure if any two of the subdigraphs in the decomposition
have no more than two vertices in common. We give an asymptotic existence the-
orem for superpure digraph designs, which generalizes an earlier result of Lamken
and Wilson. As an immediate consequence, we obtain new results for supersimple
designs and pure perfect Mendelsohn designs.
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1. Introduction

We begin with some definitions from graph and design theory. A family F of sub-
digraphs (called blocks) of a given digraph H forms a (G, λ) decomposition of H if
every arc of H occurs in exactly λ blocks and every block is isomorphic to some
member of a pre-specified family G of digraphs. For every positive integer v, let
Dv denote the complete (symmetric) digraph with v vertices. Decompositions of
complete digraphs are also known as digraph designs. A (v,G, λ) digraph design is
a (G, λ) decomposition of Dv. If G consists of a single digraph G only, we write
(v,G, λ), for short.

Digraph designs are common generalizations of graph designs, Mendelsohn designs
and directed designs, which have been widely studied in literature since the early
seventies. A (v, k, λ) block design is a family F of k-element subsets (called blocks)
of a v-element set V such that every pair of distinct elements of V is contained
in precisely λ blocks. In 1971, Mendelsohn [31] extended the standard notion of
a block design by allowing blocks to contain ordered rather than unordered pairs.
These designs are now more commonly called Mendelsohn designs due to Mathon
and Rosa [29]. A Mendelsohn design is just a (v, Ck, λ) digraph design, where Ck is
the directed k-cycle, see Figure 1.

Later, a similar idea was used by Huang and Mendelsohn [24] who studied directed
designs. A directed design is a (v, Tk, λ) digraph design where Tk is the transitively
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directed k-tournament, see Figure 1. For an overview on Mendelsohn and directed
designs, we refer to [3, 12, 30].
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Figure 1. The digraphs Ck and Tk, for k = 6.

On the other hand, Hell and Rosa [22] as well as Bermond and Sotteau [6] gen-
eralized the notion of a block design by allowing the blocks to take the structure
of a graph. These designs are known as graph designs (or G-designs). Let S be a
symmetric digraph. Then a (v, S, λ) digraph design becomes a graph design when
replacing every block by its underlying (undirected) graph. A (v, k, λ) block design,
in particular, is equivalent to a (v,Dk, λ) digraph design. For an overview on graph
designs, we refer to [8, 21, 34].

Let G be a digraph with vertex set V (G) and arc set E(G). By ε(G) we denote the
number of arcs in G, and by δ+

u (G), δ−u (G) the in- and outdegree of a vertex u in G.
It should be noted, that all digraphs considered in this paper are finite and without
loops or multiple arcs.

In Bosák’s book [8], we also find necessary conditions for the existence of digraph
designs. A (v,G, λ) digraph design obviously has λε(Dv)/ε(G) blocks. Hence,
λv(v − 1) is divisible by ε(G). A second necessary condition may be obtained by
studying the vertex degrees in G. It is straightforward to see that there exist non-
negative integers xu such that

∑
u∈V (G) xuδ

+
u (G) =

∑
u∈V (G) xuδ

−
u (G) = λ(v − 1)

holds. A celebrated result of Wilson [36] proves these two necessary conditions also
to be sufficient for the existence of a (v,G, 1) digraph design, whenever v is large
enough. In a recent paper, Lamken and Wilson [27] extended this result to digraph
families G and arbitrary λ.

Constructions for block designs, in particular, and digraph designs, in general, usu-
ally permit repeated blocks. In many cases, naturally, we are more interested in
designs without repeated blocks. These designs are said to be simple. For details
on the repeated block problem in design theory, the interested reader is referred to
[7, 9]. Simple block designs have been studied e.g. in [13, 28, 32].

Many papers focus on designs satisfying somewhat stronger conditions. Bennett and
Mendelsohn [4] asked for pure digraph designs where no two blocks have the same
vertex set. It is easy to see that for λ = 1, every digraph design is simple, but not
necessarily pure.

Gronau and Mullin [16] asked for supersimple designs, i.e. block designs where any
two distinct blocks have at most two elements in common. A number of papers is
devoted to this question, cf. [1, 20, 25, 26].

A graph design is called suborthogonal if any two distinct blocks share at most one
edge. Recent results on this issue can be found e.g. in [10, 33]. Suborthogonal
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digraph designs with λ = 1 are studied in [18]. Though not in the scope of this
paper, it should be mentioned that a considerable number of papers deals with
graph designs where any two distinct blocks share exactly one edge. For λ = 2 these
designs are known as orthogonal double covers. For a survey on this topic, cf. [2, 17].

In this paper, we go one step further and study digraph designs where any two blocks
have at most two vertices in common. Following the terminology of [4, 16], we call
these designs superpure. It is noteworthy, that this condition is in a certain sense
strongest possible: A digraph design where any two distinct blocks share less than
two vertices, will always be a block design with λ = 1.

Our objective is to generalize the result of Lamken and Wilson [27] to superpure
digraph designs. We claim that the well-known necessary conditions even ensure the
existence of a superpure (v,G, λ) digraph design for sufficiently large v.

2. Preliminaries

In this section we rephrase some terminology and assemble basic results to be used
in the sequel. In particular, we introduce arc colorings. Following [27], our results
will be presented using colored digraphs. This concept is motivated by a variety
of applications as pointed out in [27]. Further examples are contained in Section 8
below.

Throughout, C denotes a fixed r-element set of colors. A digraph G is said to be
r-colored if its arcs are assigned colors from C. In this paper, we are exclusively
concerned with arc colorings. Let Gc denote the subdigraph of G containing all arcs
colored with color c ∈ C, and call it a page of G. It is convenient to use the notion
G to refer to an r-colored digraph. Here, G may be viewed as an r-element vector
whose components are the pages Gc, c ∈ C.

Given a family G of r-colored digraphs, let Gc denote the family of pages Gc where G
ranges over all digraphs in G. Now, we are ready to extend the notion of a digraph
design to colored digraphs. Let H be an r-colored digraph, G be a family of r-
colored digraphs, and λ be an r-element vector of positive integers. A family F of
subdigraphs of H is a (G, λ) decomposition of H if each Fc, c ∈ C, forms a (Gc, λc)
decomposition of the page Hc. It is customary, to call the members of F blocks.

Again, a (G, λ) decomposition of the complete r-colored digraph Dv with v vertices
is called a (v,G, λ) digraph design. If G consists of a single digraph G, we shall briefly
write (v,G, λ).

The definition of (multicolored) digraph designs immediately implies necessary con-
ditions for their existence. In order to express this more succinctly, we introduce
some technical notions. Let ε(G) be the r-element vector containing the arc num-
bers of the pages of G, and for every vertex u in G, let δu(G) be the 2r-element
vector whose components are the in- and outdegrees of u with respect to the pages
of G. Henceforth, we call ε(G) and δu(G) the arc vector and the degree vector of u,
respectively. By B(G) we denote the set of all arc vectors ε(G) with G in G, and by
A(G) the set of all degree vectors with G in G and u vertex in G.
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Given two r-element vectors x and y, let x ◦ y denote their Hadamard product, i.e.
the r-element vector z with components zc = xcyc, c ∈ C. Further, for a set M of
r-element vectors, let M+ denote its finite non-negative integral closure, i.e. the set
of all finite non-negative integral linear combinations of vectors in M.

Lemma 1. An r-colored digraph H admits a (G, λ) decomposition only if δu(H) ◦(
λ
λ

) ∈ A+(G), for every vertex u in H, and ε(H) ◦ λ ∈ B+(G) hold.

Proof. Let F be a (G, λ) decomposition of H. Obviously, ε(H) ◦λ equals the sum of
the arc vectors ε(F ) when F ranges over F . However, every member of F is a copy
of a digraph in G. Hence, B+(G) contains ε(H) ◦ λ. A similar argument proves the
claim for A+(G). �

For the sake of simplicity, let A(G, λ) be the set of all positive integers z with
z
(
λ
λ

) ∈ A+(G), and B(G, λ) be the set of all positive integers z with zλ ∈ B+(G). For

every digraph G in G the vector
(
ε(G)
ε(G)

)
is a non-negative integral linear combination

of the degree vectors δu(G), and thus belongs to A+(G). Consequently, we have(
x
x

) ∈ A+(G) for every vector x ∈ B+(G), which proves A(G, λ) to be a superset of

B(G, λ).

A pair (G, λ) is said to be admissible, whenever B(G, λ) is non-empty. This forces
A(G, λ) to be non-empty, too, since B(G, λ) is a subset ofA(G, λ). Evidently, digraph
designs do only exist for admissible pairs (G, λ), as (v− 1) ∈ A(G, λ) and v(v− 1) ∈
B(G, λ) must be satisfied due to Lemma 1.

For admissible (G, λ), put α(G, λ) = gcdA(G, λ) and β(G, λ) = gcdB(G, λ). This
gives us the necessary conditions

v − 1 ≡ 0 mod α(G, λ),(1)

v(v − 1) ≡ 0 mod β(G, λ)(2)

for the existence of a (v,G, λ) digraph design. By the work of Lamken and Wilson
[27], these conditions happen to be sufficient for large v.

Theorem 2 (Lamken and Wilson). For every admissible (G, λ) and almost all posi-
tive integers v satisfying the necessary conditions (1) and (2) there exists a (v,G, λ)
digraph design.

Now we turn to the object of this paper. We call a (v,G, λ) digraph design superpure
whenever any two distinct blocks share at most two vertices. Our objective is to
prove the following stronger version of the preceding result.

Theorem 3. For every admissible (G, λ) and almost all positive integers v satisfy-
ing the necessary conditions (1) and (2) there exists a superpure (v,G, λ) digraph
design.

The remainder of the paper is organized as follows. In Sections 3 and 4, we provide
constructions for (v,G, 1) digraph designs where 1 is the vector with all elements
equal to 1. Later on, these results are generalized in Section 5 to arbitrary pairs
(G, λ). In Section 6, we use the well-known concept of eventually periodic sets to
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prove our main result. Section 7 is devoted to digraph designs that split into smaller
ones. Finally, in Section 6 we shall discuss some applications of the issue we are
going to tackle in this paper.

3. Constructions in finite fields

Throughout this section, let G denote an r-colored digraph with n vertices and
arc vector ε(G) = ε1 for some positive integer ε. Suppose G has the vertex set
V (G) = {1, . . . , n}, and let E(G) denote the arc set of G.

We begin with some technical details, which help to prove the main result of this
section, namely Lemma 7. For a prime power q ≡ 1 mod ε, we consider the finite field
GF(q) of order q with elements 0, 1, . . . , q−1. Let Γ be the cyclic multiplicative group
containing all non-zero elements of GF(q), and let T denote its unique subgroup of
index ε. If g is a generator of Γ, then T is obviously generated by gε. For every
integer i, the set Ti = giT forms a coset of Γ modulo T . Here, Ti and Tj denote the
same coset whenever i ≡ j mod ε holds. The cosets themselves form again a cyclic
group Γ/T , known as the factor group of Γ modulo T . The order of Γ/T is just ε.

A major tool for our future investigation is a result from [19].

Lemma 4. Let m, s be non-negative integers. For almost all prime powers q ≡
1 mod ε, for all m-element sets X ⊆ GF(q), for all s-element sets Z ⊆ GF(q) and
for all maps θ : X → Γ/T there exists an element y ∈ GF(q) satisfying

y 6∈ Z,(3)

y − x ∈ θ(x), for every x ∈ X.(4)

To continue with, we define for every subset M of GF(q) the sets

Z ′(M) ={y ∈ GF(q) : y = (b′a + c′b− a′b− c′a)(b′ − a′)−1,

where {a, b} is a 2-element, and {a′, b′, c′} is a 3-element subset of M},
Z ′′(M) ={y ∈ GF(q) : y2 − (b+ b′)y + b′a+ c′b− c′a) = 0,

where {a, b} and {b′, c′} are 2-element subsets of M},
Z ′′′(M) ={y ∈ GF(q) : y = (b′a− a′b)(−b− a′ + a + b′)−1,

where {a, b} and {a′, b′} are 2-element subsets of M},

and denote their union together with {0} by Z(M), which is going to play the role
of the forbidden set Z in Lemma 4. Clearly, for an m-element set M , the set Z(M)
is of size at most m5 + 3m4 + 1.

The next result was obtained in [27], and is recorded here for further reference as
follows. Given a set M , a map − : M → M is a fixpoint-free involution, whenever
−x 6= x and −(−x) = x holds for every x ∈M .
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Lemma 5 (Lamken and Wilson). Let ε be even, M be a set of size ε, and
− : M →M be a fixpoint-free involution. There exists a map φ : E(G) → M satis-
fying

φ(e) 6= φ(e′), whenever e and e′ are distinct arcs of the same color,(5)

φ(e) = −φ(e′), whenever the arcs e and e′ form a digon in G.(6)

Suppose, we restrict ourselves to odd q, and odd order of T . Then the field element
-1 does not belong to T . Thus, mapping Ti to −Ti yields a fixpoint-free involu-
tion defined on the factor group Γ/T . For this particular involution, we make the
following observation.

Lemma 6. Let ε be even. For almost all prime powers q ≡ ε + 1 mod 2ε, and
every map φ : E(G) → Γ/T satisfying (6), there exist mutually distinct elements
x1, . . . , xn ∈ GF(q) such that

xk 6∈ Z({x1, . . . , xk−1}), for k = 1, . . . , n,(7)

xj − xi ∈ φ(e), for every arc e = (i, j) in G.(8)

Proof. We use induction on k where k runs from 1 to n. The claim is an immediate
consequence of Lemma 4. To see this, we put X = {x1, . . . , xk−1}, Z = Z(X) and

θ(xi) =



φ(e), if e = (i, k) is an arc in G,

−φ(e), if e = (k, i) is an arc in G,

T, otherwise.

Due to condition (6), this definition makes sense. Moreover, X is of size (k − 1),
and Z of size at most (k− 1)5 +3(k− 1)4 +1. Thus, Lemma 4 ensures the existence
of a suitable element xk. �

We are now in the position to state the main result of this section.

Lemma 7. Let ε be even. For almost all prime powers q ≡ ε+1 mod 2ε, there exists
a superpure (q, G, 1) digraph design.

Proof. By virtue of Lemma 5, there exists a map φ : E(G) → Γ/T satisfying condi-
tions (5) and (6) for every prime power q ≡ ε+ 1 mod 2ε. For almost each of these
values, we find mutually distinct elements x1, . . . , xn in GF(q) such that (7) and (8)
hold.

Suppose, that G has vertex set V (G) = {1, . . . , n}. For every t ∈ T , and each
element u of GF(q), we construct a digraph F (t, u) as the copy of G under the map
i → txi + u. By virtue of the conditions (5) and (8), the family F containing all
these digraphs forms a (q, G, 1) digraph design, cf. [8, 27].

It remains to check that F is superpure. Assume, there are two different blocks
F (t, u) and F (t′, u′) in F sharing more than two vertices. Then there must be
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3-element subsets {i, j, k} and {i′, j′, k′} of the vertex set V (G) such that

txi + u = t′xi′ + u′

txj + u = t′xj′ + u′

txk + u = t′xk′ + u′

hold. Thus t, t′ and u−u′ yield a non-trivial solution to the system of linear equations
xi −xi′ 1
xj −xj′ 1
xk −xk′ 1





 t

t′

u− u′


 =


0

0
0


 .

Consequently, the determinant −xj′xi − xk′xj − xi′xk + xk′xi + xi′xj + xj′xk of the
coefficient matrix equals 0. Suppose, k is maximal among the integers i, j, k, i′, j′, k′.
A straightforward calculation confirms

xk = (xj′xi + xk′xj − xi′xj − xk′xi)(xj′ − xi′)
−1.

If k is different from i′, j′, k′, this gives us xk ∈ Z ′({x1, . . . , xk−1}), which contradicts
condition (7). Otherwise, let k belong to {i′, j′, k′}. For k = i′, we obtain

x2
k − (xj + xj′)xk + xj′xi + xk′xj − xk′xi = 0.

Therefore, xk lies in Z ′′({x1, . . . , xk−1}), which contradicts condition (7), too. A
similar argument applies for k = j′. Finally, let k = k′. This implies

xk(−xj − xi′ + xi + xj′) = xj′xi − xi′xj .

When inspecting this relation, we obtain either −xj −xi′ +xi +xj′ 6= 0, or xi−xj =
xi′ − xj′ together with xj′xi = xi′xj . The first alternative would amount to saying
xk ∈ Z ′′′({x1, . . . , xk−1}) which contradicts (7). Due to the second alternative, we
infer i = i′ and j = j′, and consequently t = t′ as well as u = u′. But this is a
contradiction to F (t, u) and F (t′, u′) being different.

As a result of the above discussion, we have shown F to be superpure, which con-
cludes the proof. �

4. PBD-closure and periods

To continue our study, we need some standard terminology from design theory. Let
K be a subset of N, the set of all positive integers. A pairwise balanced design
PBD(v,K) is a family of subsets of a v-element set, such that every pair of distinct
elements occurs in exactly one subset, and the size of every subset is in K. Clearly,
a PBD(v,K) corresponds to a (v,D, 1) digraph design where D is the family of
complete digraphs Dk with k running over K. A set K is PBD-closed if the existence
of a PBD(v,K) immediately implies v ∈ K.

Lemma 8. Let G be a family of r-colored digraphs, and λ an r-element vector of
positive integers. For admissible pairs (G, λ), the set S(G, λ) = {v ∈ N : there exists
a superpure (v,G, λ) digraph design} is PBD-closed.
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Proof. Suppose, v is an integer admitting a PBD(v,K) with K = S(G, λ). This
yields the existence of a (v,D, 1) digraph design where D contains the complete
digraph Dk for every k ∈ S(G, λ). Moreover, we have a superpure (G, λ) decompo-
sition of any of these complete digraphs Dk. Replacing each of the blocks D in the
(v,D, 1) digraph design by the corresponding (G, λ) decomposition FD of D provides
a (v,G, λ) digraph design F .

Next, consider two different digraphs from F . If they belong to the same family
FD, they share at most two vertices as FD happens to be superpure. Conversely, if
the digraphs are from different families FD, there vertex sets are subsets of different
blocks of the underlying PBD(v,K). Hence, they have at most one vertex in common.
This proves F to be superpure. �

Given integers π ≥ 1 and u, put Nu(π) = {v ∈ N : v ≡ u mod π}. For a set K of
positive integers, every non-empty subset K ∩ Nu(π) shall be called a π-fibre of K.
Furthermore, K is eventually periodic with period π if each of its π-fibres K ∩Nu(π)

contains almost all integers from Nu(π). If π is a period of K, then all multiples of π
are periods, too. In fact, the periods of an eventually periodic set K consist of the
multiples of a primitive period, that is, the greatest common divisor of all periods
of K. Put α(K) = gcd{k − 1 : k ∈ K} and β(K) = gcd{k(k − 1) : k ∈ K}. Due
to Wilson [35], every non-empty PBD-closed set K 6= {1} is eventually periodic. Its
primitive period is 1

2
β(K) if α(K) and 1

2
β(K) are odd, or β(K) otherwise. Below

we make use of the following simple observation:

Lemma 9. Let K and L be non-empty PBD-closed sets with {1} 6= K ⊆ L. Every
period of K is a period of L, too.

Proof. Clearly, α(K) and β(K) are multiples of α(L) and β(L), respectively. If
β(K) is the primitive period of K, this immediately yields the claim. If 1

2
β(K) is

the primitive period of K, then α(K) and 1
2
β(K) are odd. Consequently α(L) and

1
2
β(L) are odd, too, which again implies the claim. �

As in Section 3, let G be an r-colored digraph with arc vector ε(G) = ε1 for some
positive integer ε. By virtue of Lemma 8, the set S(G, 1) is eventually periodic. It
would be interesting to infer a suitable period for this set. Dirichlet’s theorem on
primes in arithmetic progressions turns out to be a useful tool for that.

Theorem 10 (Dirichlet). Let m and u be positive integers with gcd{m, u} = 1.
Then there exist infinitely many primes p ≡ u mod m.

Applying our observations from the preceding section, we conclude the following
result.

Lemma 11. The set S(G, 1) has period

π(G) =

{
ε, if ε is even,

2ε, otherwise.
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Proof. It suffices to determine β(S(G, 1)) or at least some multiple of this value,
which will always be a period of S(G, 1), too. First, let ε be even. By Lemma 7,
S(G, 1) contains almost all primes q ≡ ε+ 1 mod 2ε.

By virtue of Dirichlet’s theorem, S(G, 1) contains a prime

p ≡ 2ε2 + ε+ 1 mod 2ε(ε+ 1),

say p = 2ε(ε + 1)t + 2ε2 + ε + 1 = εt′ + 1 for suitable integers t and t′. Note that
gcd{ε+ 1, t′} = gcd{ε+ 1, ε} = 1 holds.

The same argument shows, that S(G, 1) contains a second prime p′ > p with

p′ ≡ ε+ 1 mod 2εpt′,

say p′ = 2εpt′s+ ε+ 1 for some integer s. Now, we have

gcd{p(p− 1), p′(p′ − 1)} = gcd{p(p− 1), p′ − 1} = ε gcd{pt′, 2pt′s+ 1} = ε.

Hence, ε is a multiple of β(S(G, 1)), i.e. a period of S(G, 1).

For the case of odd ε, let G′ denote the union of two disjoint copies of G. Obviously,
S(G′, 1) ⊆ S(G, 1) holds. Moreover, we have ε(G′) = 2ε(G) = 2ε1, which gives us
2ε as a period for S(G′, 1). By Lemma 9, S(G, 1) has period 2ε, too. �

Corollary 12. There exists a superpure (v,G, 1) digraph design for almost every
integer v ≡ 1 mod π(G).

Proof. Let ε be even. By Lemma 7 and Dirichlet’s theorem on primes in arithmetic
progressions, S(G, 1) contains a prime q ≡ 1 mod ε, which implies the claim. For
odd ε, we again consider the disjoint union G′ of two copies of G. By the same
argument, S(G′, 1) contains a prime q ≡ 1 mod 2ε. This observation concludes the
proof, because S(G′, 1) is a subset of S(G, 1). �

5. Assemblies and refinements

In the sequel we shall generalize the results obtained in the preceding section to
arbitrary (G, λ). Throughout, let G be an r-colored digraph, G be a family of r-
colored digraphs, λ be an r-element vector of positive integers. Moreover, we assume
(G, λ) to be admissible.

A pair (G′, λ) is an assembly of (G, λ) if the digraph G′ is a disjoint union of copies
of digraphs in G such that its arc vector ε(G′) equals ελ for some positive integer ε.
It is trivial to check, that every admissible pair (G, λ) admits an assembly.

Lemma 13. Let (G′, λ) be an assembly of (G, λ). The existence of a superpure
(v,G′, λ) digraph design yields the existence of a superpure (v,G, λ) digraph design.

Proof. Let F ′ be a superpure (v,G′, λ) digraph design. Every block F ′ in F ′ is a
copy of G′, i.e. the disjoint union of copies of digraphs from G. Denote the family
of these copies by FF ′. When replacing F ′ by the family FF ′, we obtain a (v,G, λ)
digraph design F . Moreover, any two blocks of F are vertex-disjoint if they belong
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to the same family FF ′ . Conversely, if they belong to different families FF ′, they
share at most two vertices since F ′ was superpure. �

As above, let C denote the r-element set containing the colors assigned to the arcs of
G. Moreover, let C ′ be an r′-element set of colors assigned to an r′-colored digraph
G′ with r′ > r, and let ψ : C ′ → C be a map onto C. Then (G′, λ′) is a refinement
of a pair (G, λ) if G is obtained from G′ by assigning the color ψ(c′) to every arc of
color c′ in G′, and λ′ denotes an r′-element vector of positive integers, such that λ
has components λc =

∑
c′∈C′:ψ(c′)=c λ

′
c′ for every color c ∈ C. Due to this definition,

G and G′ actually mean the same digraph, but with different colorings.

Lemma 14. Let (G′, λ′) be a refinement of (G, λ). The existence of a superpure
(v,G′, λ′) digraph design yields the existence of a superpure (v,G, λ) digraph design.

Proof. Let F ′ be a superpure (v,G′, λ′) digraph design. When assigning color ψ(c′)
to every arc of color c′ ∈ C ′ in the blocks of F ′, we immediately obtain a (v,G, λ)
digraph design F . Furthermore, any two blocks in F ′ share the same vertices as
their images in F . This forces F to be superpure, too. �

In order to apply the results from the preceding section, we are interested in those
pairs (G, λ) which admit a refinement (G′, 1).

Lemma 15. There exists a digraph G′ such that ε(G′) = ε1 holds for some positive
integer ε and (G′, 1) is a refinement of (G, λ) if and only if G has arc vector ε(G) =
ελ.

Proof. Let G′ be an r′-colored digraph satisfying the assumptions of the lemma,
and as above let C ′ contain the colors assigned to the arcs of G′. Since (G′, 1)
is a refinement of (G, λ), we have λc = |{c′ ∈ C ′ : ψ(c′) = c}| for every color
c ∈ C. On the other hand, the page Gc of color c ∈ C in the digraph G has just
ε(Gc) =

∑
c′∈C′:ψ(c′)=c ε(G

′
c′) arcs. This implies ε(Gc) = ελc, and thus the claimed

result.

Conversely, let the arc vector of G be equal to ελ for some positive integer ε. Further,
let C ′ be an r′-element set of colors, and ψ : C ′ → C a map such that there are
exactly λc elements in C ′ mapped to every color c. For each c′ ∈ C ′ choose precisely
ε arcs of page Gc where c = ψ(c′), and assign them the new color c′. The resultant
digraph G′ is r′-colored and has arc vector ε(G′) = ε1. Thus, it is easy to check,
that (G′, 1) forms an assembly of (G, λ). �

This observation enables us to determine periods of S(G, λ) for every admissible
pair (G, λ). As pointed out earlier, there exists an assembly (G, λ) of (G, λ), and by
Lemma 15, this assembly admits a refinement (G′, 1). Applying Lemma 13 and 14,
we obtain S(G′, 1) ⊆ S(G, λ) ⊆ S(G, λ). By Lemma 9, every period of S(G′, 1) is a
period of S(G, λ), too.
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6. Blowing-up digraph designs

In this section, we finish the proof of Theorem 3. Throughout, let G be a family of
r-colored digraphs, and λ an r-element vector of positive integers such that (G, λ) is
admissible. As above, let (G, λ) be an assembly of (G, λ), and (G′, 1) a refinement
of (G, λ). By π we denote the period of S(G′, 1) given in Lemma 11. Our objective
is to prove, that for every positive integer u satisfying the necessary conditions (1)
and (2) the set S(G, λ) ∩ Nu(π) is non-empty, i.e. a π-fibre.

To do this, we shall use difference matrices. Given an abelian group Y of order g and
a positive integer h, a (g, h) difference matrix on Y is an h-by-g matrix M = (mij)
with entries from Y , such that for all 1 ≤ k < l ≤ h, and all 1 ≤ j < j′ ≤ g the
differences mkj − mlj and mkj′ − mlj′ are different. For every prime power q and
h ≤ q, Drake [15] proved the existence of a (q, h) difference matrix on the additive
group of the finite field GF(q).

Lemma 16. Let u be a positive integer satisfying (1) and (2). There is a positive
integer v ≡ u mod π such that there exists a superpure (v,G, λ) digraph design.

Proof. Let D(G, λ) be the set of all positive integers v admitting a (v,G, λ) digraph
design. This set is known to be eventually periodic, as shown in [27]. Since S(G, λ) ⊆
D(G, λ) holds, π is also a period of D(G, λ). Consequently, there exists a (w,G, λ)
digraph design for some positive integer w ≡ u mod π.

Let W = {1, . . . , w}, and suppose we are given such a (w,G, λ) digraph design F
on the vertex set V (Dw) = W of the complete r-colored digraph Dw. By

(
W
2

)
, we

denote the set of all 2-element subsets of W , which is of size h =
(
w
2

)
.

By Dirichlet’s theorem on primes in arithmetic progressions, there is a prime q ≡
1 mod π, such that qh ∈ S(G, λ) holds, and q is larger than both, h and the number
of blocks in F . By X, we denote the space of all h-element vectors with entries
from GF(q). Clearly, X is of size s = qh, and V = W × X is of size v = ws. It
is noteworthy, that v = ws = wqh ≡ w ≡ u mod π, and we aim on constructing a
superpure (v,G, λ) digraph design on the set V .

For the sake of simplicity, we suppose the components of any vector x ∈ X to be
indexed by the members of

(
W
2

)
, i.e. by 2-element subsets K of W . Further, let T be

the (h− 1)-dimensional subspace of X containing all vectors x whose inner product
with 1 equals 0. It should be mentioned, that every vector different from 0 in T has
at least two non-zero components.

Let γ be a generator of the multiplicative group of the finite field GF(q). For every
vertex i ∈W , we consider vectors z(i) and n(i) ∈ X with components

z
(i)
K =

{
1 if i ∈ K,

γi otherwise,
and n

(i)
K =

{
1 if i = maxK,

0 otherwise,

respectively. In addition, let M be a (q, h) difference matrix on GF(q). For every
block F in F , we fix a column m(F ) of the matrix M , such that no column is chosen
twice.
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Now, we are ready to show how to obtain the blocks of the claimed (v,G, λ) digraph
design. First, on each of the sets {i} × X with i ∈ W , we construct a superpure
(s,G, λ) digraph design Fi. This is possible since s = qh lies in S(G, λ).

In addition, for every block F ∈ F , every vector x ∈ X, every vector t ∈ T and
every element a ∈ GF(q), we construct a digraph F (x, t, a) with vertices from V as
the copy of F under the map i→ (i, i) where

i = x+ t ◦ z(i) + (a1 +m(F )) ◦ n(i).

Hence, from every old block F ∈ F , we obtain exactly s2 new blocks. The family of
all these blocks shall be F0.

Firstly, we have to show that the union F ′ of F0 and the families Fi with i ∈ W
forms a (v,G, λ) digraph design on V .

Let ((i, i), (j, j)) be an arc of color c in the r-colored complete digraph Dv on vertex
set V . If i = j, this arc appears exactly λc times in F ′ since Fi is an (s,G, λ) digraph
design on {i} × X. Conversely, let i be different from j. In the original (w,G, λ)
digraph design F there are precisely λc blocks containing the arc (i, j) of color c.
Fix any of them, say F . From F we obtained s2 new blocks in F ′.

Assume, there are two different copies F (x, t, a) and F (x′, t′, a′) both containing the
vertices (i, i) and (j, j). Without loss of generality, suppose i < j. This implies

i = x+ t ◦ z(i) + (a1 +m(F )) ◦ n(i) = x′ + t′ ◦ z(i) + (a′1 +m(F )) ◦ n(i)

j = x+ t ◦ z(j) + (a1 +m(F )) ◦ n(j) = x′ + t′ ◦ z(j) + (a′1 +m(F )) ◦ n(j),

which gives us

j − i = t ◦ (z(j) − z(i)) + (a1 +m(F )) ◦ (n(j) − n(i))

= t′ ◦ (z(j) − z(i)) + (a′1 +m(F )) ◦ (n(j) − n(i)).

Now we take a close look at the component with index K = {i, j}. We have

(j − i)K = a + m
(F )
K = a′ + m

(F )
K , which implies a = a′. From this, we derive

(t′ − t) ◦ (z(j) − z(i)) = 0. However, in (z(j) − z(i)) all but one component (the one
with index K) are different from 0. Hence, (t′−t) ∈ T contains at most one non-zero
component. Consequently, this vector has to be 0 as pointed out earlier. We obtain
t = t′ and, moreover, x = x′, which gives a contradiction to F (x, t, a) and F (x′, t′, a′)
being different. Therefore, any two different copies of a block F have at most one
vertex in common.

Consider any vectors i, j ∈ X and any color c ∈ C. Recall that F is a fixed block
from F containing the arc (i, j). The preceding observation means, in particular,
that the arc ((i, i), (j, j)) of color c occurs in at most one copy of F . Since the arc
(i, j) appears just in λc blocks from F , there are at most λc blocks in F ′ containing
((i, i), (j, j)). On the other hand, it should be noted that the digraphs in each of
the families Fi altogether contain s(s − 1)λc arcs of color c ∈ C, and the digraphs
in F0 altogether contain just s2w(w − 1)λc arcs of color c. Thus, we obtain a total
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amount of

ws(s− 1)λc + s2w(w − 1)λc = ws(ws− 1)λc = v(v − 1)λc

arcs, when counting all arcs of color c ∈ C in any of the digraphs in F ′. This
is just the right number for a (v,G, λ) digraph design as desired. Hence, the arc
((i, i), (j, j)) of color c occurs in exactly λc blocks in F ′, i.e. F ′ is a (v,G, λ) digraph
design as desired.

It remains to check whether F ′ is superpure as claimed. Since each of the families
Fi is superpure, two different blocks from the same family Fi will never share more
than two vertices. Due to our construction, a block from Fi and a block from F0

have at most one vertex in common. The same holds for two blocks from F0 which
happen to be copies of the same old block F ∈ F , as seen above.

Suppose, we are given two different digraphs F (x, t, a) and F ′(x′, t′, a′) from F0,
which were obtained from different blocks F and F ′ in F . Assume, these digraphs
share at least three vertices, say (i, i), (j, j) and (k, k) with i < j < k. Again, we
have

i = x+ t ◦ z(i) + (a1 +m(F )) ◦ n(i) = x′ + t′ ◦ z(i) + (a′1 +m(F ′)) ◦ n(i)

j = x+ t ◦ z(j) + (a1 +m(F )) ◦ n(j) = x′ + t′ ◦ z(j) + (a′1 +m(F ′)) ◦ n(j),

as well as

k = x+ t ◦ z(k) + (a1 +m(F )) ◦ n(k) = x′ + t′ ◦ z(k) + (a′1 +m(F ′)) ◦ n(k).

We may conclude

(j − i)K = m
(F )
K + a = m

(F ′)
K + a′

(k − i)L = m
(F )
L + a = m

(F ′)
L + a′

for the components with index K = {i, j} in vector (j−i), and with index L = {i, k}
in vector (k − i), respectively. As an immediate consequence, we obtain

m
(F )
K −m

(F )
L = m

(F ′)
K −m

(F ′)
L .

But M is a difference matrix, such that F and F ′ denote the same block in F , which
contradicts our assumption.

Thus, any two blocks share at most two vertices, i.e. the constructed (v,G, λ) digraph
design F ′ is superpure as claimed. �

Since S(G, λ) is eventually periodic with period π, the statement of Lemma 16
immediately implies Theorem 3.

We append a further remark on Theorems 2 and 3: Both results ensure the existence
of lower bounds vD(G, λ) and vS(G, λ) such that every suitable integer v exceeding
these bounds belongs to D(G, λ) or S(G, λ), respectively.

Usually vS will be much larger than vD. A trivial lower bound for vS may be
obtained as follows. Assume, we are given a superpure (v,G, λ) digraph design on
the vertex set V . Let λsum denote the sum over all components of the r-element
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vector λ, and nmin(G) denote the minimum number of vertices in a member of G.
Two vertices x and y from V occur together in at least λsum blocks. However, the
digraph design under inspection is superpure, that is, any two blocks containing x
and y as vertices do not share any further vertex. Thus x and y appear together in
at most (v − 2)/(nmin(G) − 2) blocks, which immediately implies

vS(G, λ) ≥ (nmin(G) − 2)λsum + 2.

7. Reducible digraph designs

Throughout, let G be an r-colored digraph with arc vector ε(G) = ε1 for some
positive integer ε, G be a family of r-colored digraphs, λ be an r-element vector of
positive integers, and µ ≥ 2 be a positive integer. Moreover, we assume (G, λ) to be
admissible.

A (v,G, µλ) digraph design is said to be λ-reducible if it is the union of µ (v,G, λ)
digraph designs. 1-reducible designs, in particular, are called completely reducible.
Again, we are interested in superpure designs. Let RS(G, λ, µ) denote the set of
all integers v, for which a λ-reducible superpure (v,G, µλ) digraph design exists.
Clearly, RS(G, λ, µ) is a subset of S(G, λ). Similar to Lemma 8, RS(G, λ, µ) may be
proved to be PBD-closed.

Lemma 17. There exists a completely reducible superpure (v,G, µ1) digraph design
for almost every integer v ≡ 1 mod π(G).

Proof. As above, let C be the r-element set containing all colors assigned to the arcs
of G. Put C ′ = {c′ = (c, i) : c ∈ C, i = 1, . . . , µ}. Next, we take µ pairwise disjoint
copies of G, and assign every arc of color c in the i-th copy the new color c′ = (c, i),
with c ∈ C and 1 ≤ i ≤ µ. The resultant (µr)-colored digraph is denoted by H and
has arc vector ε(H) = ε1.

If ε is even, we apply the construction proposed in the proof of Lemma 7 to obtain
a superpure (q,H, 1) digraph design for almost every prime power q ≡ ε+1 mod 2ε.
When re-assigning every arc of color c′ = (c, i) the original color c in each of the
blocks in this design, we obtain a superpure (q, G, µ1) digraph design. Clearly, this
design is the union of µ (q, G, 1) digraph designs, i.e. is completely reducible.

Afterwards, we proceed as suggested in the proof of Lemma 11. Thus, we obtain
π(G) as a period of RS(G, 1, µ). Again, considering two disjoint copies of G gives
the same result in the case of odd ε. �

In order to extend the preceding observation to arbitrary π-fibres, we need the
notion of a supersimple transversal design. Let g and h ≥ 2 be positive integers.
A transversal design TDµ(h, g) is a family of h-element subsets (called blocks) of
a gh-element set V , where V is partitioned into disjoint g-element subsets (called
groups) such that every block meets every group exactly once, and any two elements
from different groups occur together in precisely µ blocks. The integer µ is known
as the index of the transversal design.
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A transversal design of index µ ≥ 2 is completely reducible if it is the union of µ
transversal designs of index 1. Furthermore, a transversal design is supersimple if
any two different blocks share at most two elements. In [20], we proved the existence
of a completely reducible supersimple transversal design TDµ(h, q) for given integers
µ and h, and all sufficiently large prime powers q. We shall apply this observation
to prove the main result of this section.

Theorem 18. For every admissible (G, λ), every positive integer µ and almost all
positive integers v satisfying the necessary conditions (1) and (2), there exists a
λ-reducible superpure (v,G, µλ) digraph design.

Proof. To prove the claimed result, we use essentially the same ideas as in Sections 5
and 6. Let (G, λ) be an assembly of (G, λ), and (G′, 1) a refinement of (G, λ). As
pointed out above, π = π(G′) is a period of the eventually periodic set RS(G, λ, µ).
Therefore, it remains to show, that for every positive integer u satisfying the neces-
sary conditions (1) and (2) the set RS(G, λ, µ) ∩ Nu(π) is non-empty, i.e. a π-fibre.

By Theorem 3, there exists an integer w ≡ u mod π admitting a superpure (w,G, λ)
digraph design. On the other hand, Lemma 17 and Dirichlet’s theorem ensure the
existence of a completely reducible superpure (q, G′, µ1) digraph design for almost
every prime power q ≡ 1 mod π. Analogously to Section 5, we may check that this
yields the existence of a λ-reducible superpure (q,G, µλ) digraph design.

Now, consider a completely reducible supersimple transversal design TDµ(w, q),
which particularly exists for almost every prime power q ≡ 1 mod π. In this transver-
sal design, we replace every block B by a superpure (w,G, λ) digraph design FB, and
every group X by a λ-reducible superpure (q,G, µλ) digraph design FX . The resul-
tant family F of digraphs obviously forms a λ-reducible (v,G, µλ) digraph design,
where v = wq ≡ w ≡ u mod π holds.

All we have to do is to verify that F is indeed superpure. Consider two different
members of F , and assume them to share more than two vertices. Since all families
FB and FX are superpure, the digraphs under consideration will not belong to the
same subfamily. Hence, their vertex sets are subsets of two different blocks, two
different groups, or a block and a group of the transversal design. But due to the
supersimplicity of the chosen transversal design, any two of these sets share at most
two elements. This proves F to be superpure, and concludes our proof. �

8. Some applications

In this section, we collect some examples that serve to illustrate the impact of our
results to known structures in design theory. To begin with, we consider super-
simple designs, i.e. block designs where any two distinct blocks share at most two
vertices. Supersimple (v, 4, λ) designs have been introduced in [16], and their exis-
tence problem has been solved for λ equal to two [16, 26], three [25] and four [1].
A supersimple (v, k, λ) design corresponds to a superpure (v,Dk, λ) digraph design,
where Dk is the (unicolored) complete digraph on k vertices. In particular, we have
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α(Dk, λ) = (k−1)/ gcd{k−1, λ}, β(Dk, λ) = k(k−1)/ gcd{k(k−1), λ}, and (Dk, λ)
is always admissible. This implies the following result.

Corollary 19. Let k ≥ 3 and λ be positive integers. There exists a supersimple
(v, k, λ) design for almost every v satisfying the necessary conditions λ(v − 1) ≡
0 mod (k − 1) and λv(v − 1) ≡ 0 mod k(k − 1).

In [16, 26], completely reducible supersimple designs have been investigated, too.
Theorem 18 gives us the following result. For µ = 1, i.e. in the case of completely
reducible designs, the claim corresponds to an observation of Caro and Yuster [10].

Corollary 20. Let k ≥ 3, λ and µ be positive integers. There exists a λ-reducible
supersimple (v, k, µλ) design for almost every v satisfying the necessary conditions
in Corollary 19.

Next, we turn our attention to Mendelsohn designs. As pointed out in Section 1,
a (v, k, λ) Mendelsohn design is just a (v, Ck, λ) digraph design, where Ck is the
directed k-cycle in Figure 1. Two vertices x, y are t-apart in Ck, if there is a
directed path of length t from x to y in Ck. A (v, k, λ) Mendelsohn design is called
perfect, if for every t ∈ {1, . . . , k − 1}, each pair (x, y) of distinct vertices is t-apart
in exactly λ blocks.

For existence results and further details on perfect Mendelsohn designs, we refer to
[30]. Asymptotically, the existence of perfect Mendelsohn designs was established
by Zhang (see [30]). Pure perfect Mendelsohn designs have been studied e.g. in [4, 5]
for k = 3, and in [23] for k = 4.
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Figure 2. The k − 1 pages of Mk for k = 6.

In order to apply our results to perfect Mendelsohn designs, we consider the (k−1)-
colored digraph Mk with vertex set V (Mk) = V (Ck) where two vertices x and y
are connected by an arc (x, y) of color t, whenever x and y are t-apart in Ck. As
an example, we included the pages of M6 in Figure 2. We claim that (v,Mk, λ1)
digraph designs are equivalent to perfect (v, k, λ) Mendelsohn designs. Let F be a
(v,Mk, λ1) digraph design, and Ft the family of all the t-th pages Ft with F ∈ F .
For every t ∈ {1, . . . , k − 1} and each pair (x, y) we find exactly λ digraphs F
containing the arc (x, y) with color t. Hence, x, y are t-apart in the first page F1

of each of these digraphs. This proves the family F1 to be a perfect Mendelsohn
design.

The digraph Mk has arc vector ε(Mk) = k1, and degree vector δu(Mk) = 1 for all its
vertices u. This enables us to calculate β(Mk, λ1) = k/ gcd{k, λ} and α(Mk, λ1) =
1. Hence (Mk, λ) is always admissible, which gives rise to the following statement. A
similar observation holds for simple and for pure perfect Mendelsohn designs, since
the necessary conditions for their existence are essentially the same.
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Corollary 21. Let k ≥ 3 and λ be positive integers. There exists a superpure perfect
(v, k, λ) Mendelsohn design for almost every v satisfying the necessary condition
λv(v − 1) ≡ 0 mod k.
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