A CONJECTURE ON ORTHOGONAL DOUBLE COVERS BY PATHS

SVEN HARTMANN, UWE LECK, AND VOLKER LECK

Abstract. An Orthogonal Double Cover (ODC) of the complete graph is a set of graphs such that every two of them share exactly one edge and every edge of the complete graph belongs to exactly two of the graphs. We consider the case when all graphs are paths and introduce a construction that we conjecture to work in all finite fields of order 1 mod 4.

1. Introduction

Let C be a collection of n spanning subgraphs (called pages) of K_n, the complete graph on n vertices. We call C an Orthogonal Double Cover (ODC) if

1. every edge of K_n is an edge in exactly two of the pages, 2. any two pages share exactly one edge.

If all pages in C are isomorphic to a graph G then C is said to be an ODC by G. Clearly, G must have exactly n − 1 edges then.

The first class of graphs for which the existence of an ODC was considered are almost-hamiltonian cycles, that means graphs consisting of a cycle of length n − 1 and one isolated vertex [1, 5, 6, 7]. Although progress on the existence problem has been made it is far from being solved completely.

The study of ODCs by hamiltonian paths is motivated by the following result.

Theorem 1.1. (Heinrich and Nonay [4]) If there exists an ODC of K_n by an hamiltonian path, then there exists an ODC of K_{4n} by an almost-hamiltonian cycle.

But for which values of n does an ODC of K_n by a path exist? This question was studied in several papers but has been answered for some special classes of values n [3, 2, 4, 8, 9] only.

One promising approach uses ODCs with an additional property. An ODC by a path is called 2-colorable if the edges of each page of the ODC can be colored alternately such that each edge of the complete graph is covered twice by the same color (the example in Figure 1 has

Date: May 14, 1999.

research of the third author supported by the German Academic Exchange Service. 1

this property). 2-colorable ODCs are particularly interesting because of the following multiplication theorem.

s s s s s s s s

0 1 2 3 4 5 6 7

s s s s s s s s

0 1 5 2 6 3 7 4

s s s s s s s s

4 6 0 2 1 3 7 5

s s s s s s s s

3 2 7 4 1 6 0 5

s s s s s s s s

2 4 3 0 7 5 1 6

s s s s s s s s

2 0 7 1 4 5 3 6

s s s s s s s s

3 0 4 6 5 2 7 1

s s s s s s s s

1 3 5 0 4 2 6 7

Figure 1. A 2–colorable ODC by P_8

Theorem 1.2. (Horton and Nonay [8]) Suppose that for m ≥ 3 there exists an ODC of K_m by a path. If for some prime power n ≥ 5 there is a 2-colorable ODC of K_n by a path, then there is an ODC of K_{nm} by a path.

The above theorem makes it desirable to have a direct construction of 2–colorable ODCs, in particular when the number of vertices is a prime. Unfortunately, a simple counting argument implies that for n ≡ 3( mod 4) there is no 2-colorable ODC of K_n by a path. In section 3 we will introduce a construction that we conjecture to yield 2-colorable ODCs of K_n by a path for all prime powers n ≡ 1( mod 4).

Most of the known ODCs are group-generated. In the sequel, let A be an additive group A of order n. An ODC C of K_n is said to be generated by A if every page of C can be derived from a given graph G with the vertices labeled by the elements of A by adding some groupelement to every vertex of G. A graph G with this property is called an ODC–starter with respect to A.

Consider the complete graph on the vertex set A. Define the length ℓ of an edge xy by ℓ = {x − y, y − x}. Then two edges of the same length ℓ have distance k, if either adding or substracting k to the vertices of one of the edges gives the other one. Clearly, if two edges have distance k then they also have distance −k. An ODC–starters with respect to A can be characterized as below.

Lemma 1.3. (cf. [8]) Let G be a graph on the vertex set A. The graph G is an ODC–starter with respect to A if and only if the following conditions are satisfied:

1. For every element a ∈ A of order 2 the graph G contains exactly one edge e with a ∈ ℓ(e).

2. For every nonzero-element a ∈ A of order ≠ 2 the graph G contains exactly two edges e_1 and e_2 with a ∈ ℓ(e_1) and a ∈ ℓ(e_2).

3. The set of distances in G is A \ {0}.

Clearly, an ODC–starter which is a path generates a 2–colorable ODC iff there is an odd number of edges on the path inbetween every two edges of the same length.

Example 1.4. The path 0, 1, 4, 6, 2, 3, 8, 5, 7 is an ODC–Starter with respect to Z_9. The resulting ODC is not 2–colorable.

Example 1.5. The path 0, 3, 4, 2, 1 is an ODC–Starter with respect

to Z5, which generates a 2–colorable ODC.

2. ODCs from half–starters

In [3], ODCs by paths are constructed using half–starters. A half– starter in the additive abelian group A of order 4n + 1 is a set of unordered pairs H = {{s_i, t_i} : 1 ≤ i ≤ 2n} which satisfies: 1. {s_i : 1 ≤ i ≤ 2n} ∪ {t_i : 1 ≤ i ≤ 2n} = A \ {0}, 2. {±(s_i − t_i) : 1 ≤ i ≤ 2n} contains exactly half the nonzero elements of A and each such element occurs exactly twice.

3. Consider the pairs of H as edges. Then the set of distances of edges of the same length contains exactly half the nonzero elements of A.

A translate H + a of the half–starter H is the set {{s_i + a, t_i + a} : 1 ≤ i ≤ 2n} for some a ∈ A. Since (s_i +a)−(t_i+a) = s_i −t_i the translation does not change the sets in the half–starter conditions 2 and 3.

We call two half–starters H_1 and H_2 supplementary, if the union of the sets arising from half–starter condition 2 is A \ {0} and so is the union of the sets arising from condition 3. This means that H_1 ∪ H_2 (considered as a graph) is an ODC–starter with respect to A. Now the following fact is obvious.

Proposition 2.1. If H_1 and H_2 are supplementary half–starters, then the union of any translates of H_1 and H_2 is an ODC–starter. If this ODC–starter is a path, then the resulting ODC is 2–colorable.

Example 2.2. The path 0, 3, 4, 2, 1 in example 1.5 consists of the half– starter {{1, 2}, {3, 4}} and the translate {{0, 3}, {2, 4}}.

For the rest of this section assume that A, together with some multiplication, is an abelian ring. For t ∈ A the multiple t · H of H is the set {{t · s_i, t · t_i} : 1 ≤ i ≤ 2n}. The following statement is easy to verify.

Proposition 2.3. Let H be a half–starter with respect to A. If m ∈ A is of multiplicative order 4n, then also m · H is a half–starter.

3. The conjecture

Let us now consider half–starters in finite fields. Be F a finite field of order 4n+1. We define H_1 = {{ω^{2k}, ω^{2k+1}} : 0 ≤ k ≤ 2n−1} and H_2 = {{ω^{2k+1}, ω^{2k+2}} : 0 ≤ k ≤ 2n−1}, where ω is some primitive element of F. Since {ω^k, ω^{k+1}} has the same two lengths as {ω^{2n+k}, ω^{2n+k+1}} and the distance of these two edges is {±ω^k(−ω − 1)} it follows that H_1 and H_2 are supplementary half–starters. The resulting ODC–starter H_1 ∪ H_2 is an almost–hamiltonian graph [1].

We now investigate the graphs H_1 ∪(H_2 +t). Clearly, all such unions are ODC–starters and all of them consist of disjoint cycles and a path. But when is the entire graph H_1 ∪ (H_2 + t) a path? Computer tests provided the result below for initial values of n.

Lemma 3.1. For every finite field F of order 4n + 1 < 2000 there exists a primitive element ω such that H_1(ω) ∪ (H_2(ω) + 1) is a path. Example 3.2.

• In GF(13) H_1(ω)∪(H_2(ω)+1) is a path for the primitive elements ω = 2, 7, • in GF(29) for ω = 3, 8, 10, 11, 14, 19, 26, 27, • in GF(37) for ω = 5, 15, 17, 18, 24, 35, • in GF(101) for ω = 8, 38, 50, 55, 90, 99.

In general, we conjecture the following.

Conjecture 3.3. For every finite field F of order 4n + 1 there exists a primitive element ω such that H_1(ω) ∪ (H_2(ω) + 1) is a path.

It turns out that the structure of the graph H_1 ∪ (H_2 + t) depends only on the choice of the primitive element ω, not on the particular translation t.

Lemma 3.4. The graphs H_1 ∪ (H_2 + t) with t ∈ F \ {0} are mutually isomorphic.

Proof. We show that for any choice of t the resulting graph is isomorphic to H_1 ∪ (H_2 + 1). Clearly, it holds ω · H_1 = H_2 and ω · H_2 = H_1. So for a quadratic element t ∈ F \ {0} it follows that t · H_1 = H_1 and t · H_2 = H_2, and for a non–quadratic it is t · H_1 = H_2 and t · H_2 = H_1. Therefore

H_2 + t = t · (t�^1 · H_2 + 1) = { t · (H_2 + 1) if t is a quadratic residue, t · (H_1 + 1) else.

It yields

H_1 ∪ (H_2 + t) = t · (t�^1 · H_1 ∪ (t�^1 · H_2 + 1)) = { t · (H_1 ∪ (H_2 + 1)) if t is a quadratic residue, t · (H_2 ∪ (H_1 + 1)) else.

This proves that H_1 ∪ (H_2 + t) is isomorphic to H_1 ∪ (H_2 + 1) if t is a quadratic residue. Since H_2 ∪ (H_1 + 1) = (H_1 ∪ (H_2 − 1)) + 1 and −1 is a quadratic residue the claim also holds for quadratic non-residues.

We do not know for which primitive elements ω the graph H_1(ω) ∪ (H_2(ω) + 1) is a path. But with ω also the primitive element ω�^1 forms half–starters that give a path.

Lemma 3.5. The graph H_1(ω�^1) ∪ (H_2(ω�^1) + 1) is isomorphic to H_1(ω) ∪ (H_2(ω) + 1).

Proof. Consider {ω^{2k}, ω^{2k+1}} ∈ H_1(ω). With δ := ω�^1 and δ^{4n} = 1 it is {ω^{2k}, ω^{2k+1}} = { 1 ω�^{2k} , 1 ω�^{2k}�^1 } = {δ^{4n}�^{2k}, δ^{4n}�^{2k}�^1} ∈ H_2(δ).

So H_1(ω) = H_2(δ) and therefore H_2(ω) = H_1(δ). Since −1 is a quadratic residue it yields −H_i = H_i, i = 1, 2. It follows that −(H_1(ω) ∪ (H_2(ω) + 1)) + 1 = (−H_1(ω) + 1) ∪ −H_2(ω) = (H_1(ω) + 1) ∪ H_2(ω) = (H_2(δ) + 1) ∪ H_1(δ)

which proves the lemma.

4. Conclusion

We introduced a construction that yields 2-colorable ODCs of K_n by P_n for all prime powers n < 2000 with n ≡ 1( mod 4). We conjecture that our construction gives such ODCs for all n ≡ 1( mod 4).

In combination with Theorem 1.2 and Theorem 1.1 the following is established: If all prime factors of n are smaller than 2000 and congruent 1 mod 4, then there exist an ODC of K_n by a hamiltonian path and an ODC of K_{4n} by an almost-hamiltonian cycle.

References

[1] B. Alspach, K. Heinrich, and M. Rosenfeld. Edge partitions of the complete symmetric directed graph and related designs. Israel J. Math., 40(2):118–128, 1981.

[2] B.A. Anderson. A doubling construction for certain self-orthogonal 2- sequencings. Congr. Numerantium, 84:61–95, 1991.

[3] B.A. Anderson and P.A. Leonard. A class of self-orthogonal 2-sequencings. Des.

Codes Cryptography, 1(2):149–181, 1991.

[4] K. Heinrich and G. Nonay. Path and cycle decompositions of complete multigraphs. Ann. Discrete Math., 27:275–286, 1985.

[5] F. Hering. Block designs with cyclic block structure. Ann. Discrete Math., 6:201–214, 1980.

[6] F. Hering. Balanced pairs. Ann. Discrete Math., 20:177–182, 1984. [7] F. Hering and M. Rosenfeld. Problem no. 38, in: K. Heinrich ed., Unsolved Problems: Summer Research Workshop in Algebraic Comb., Simon Fraser Univ., 1979.

[8] J.D. Horton and G. Nonay. Self-orthogonal Hamilton path decompositions. Discrete Math., 97:251–264, 1991.

[9] V. Leck. Orthogonal double covers by Hamilton paths. Congressus Numerantium, 135:153–157, 1998.

S. Hartmann, U. Leck Universität Rostock Fachbereich Mathematik 18051 Rostock Germany

V. Leck Florida Atlantic University Department of Mathematical Sciences 777 Glades Road Boca Raton, Fl. 33431

E-mail address: fsven,uleck,vleckg@obelix.math.uni-rostock.de