Optimal antichains and ideals in Macaulay posets

Konrad Engel and Uwe Leck Universität Rostock, FB Mathematik

18051 Rostock, Germany

October, 1996

Abstract

A ranked poset P is a Macaulay poset if there exists a linear ordering ¯ of its elements such that for any i and any subset F of the i–th level N_i the shadow of the jF j smallest elements of N_i w.r.t.¯ is contained in the set of the smallest jΔ(F )j elements of N_{i−1}, where Δ(F ) denotes the shadow of F . We consider the following three optimization problems for P : (i) Find the maximum weight of an ideal of given size. (ii) Find the minimum weight of an ideal generated by an antichain of given size. (iii) Find the maximum number of maximal elements of an ideal of given size. We provide solutions for a class of Macaulay posets which includes all examples known so far.

1 Introduction and Notations

In this paper we will study several optimization problems for posets which were solved for Boolean lattices first. It is our goal to work out the essential “axioms” that enable the solution of the problems for a larger class of ranked posets. We will present a survey of those results which are also contained in the monograph [10]. Detailed proofs will be given only if they are new and, in particular, not contained in [10]. Special attention is paid to the 0–1 subword order defined below.

Let (P, ≤) (briefly, P ) be a partially ordered set (briefly, poset). It is called ranked if there is a function r : P → N such that r(p) = 0 for some minimal element p of P and r(q) = r(p) + 1 whenever q ⋗ p (q covers p), i.e., q > p and there is no v with p < v < q. The rank of P is defined by r(P ) := max{r(p) : p ∈ P } (r(P ) = ∞ is allowed). We speak of a graded poset if any two minimal elements have the same rank and any two maximal elements have the same rank. The set N_i = N_i(P ) := {p ∈ P : r(p) = i} is said to be the i–th level of P . Throughout we suppose that N_i is finite for each i.

Often we will work with the dual P^∗ of P , i.e., the poset on the same ground set (set of elements) with p ≤_P � q iff p ≥_P q. If r(P ) < ∞, then the dual of a ranked poset is ranked. Obviously, this is not true if r(P ) = ∞. But if we allow that the rank function maps P into {0, −1, −2, . . . } and demand, as previously, that r_P � (q) = r_P � (p) + 1 whenever q ⋗_P � p, then turning to the dual is possible. In this paper we will work with such generalized rank functions of P^∗ if r(P ) = ∞.

A subset A of P is called an antichain if p, q ∈ A, p ≤ q imply p = q, and a subset I of P is called an ideal (resp. filter) if q ∈ I, p ≤ q (resp. p ≥ q) imply p ∈ I. The width d(P ) of P is the largest size of an antichain in P . If A is an antichain, then, obviously, the set I(A) := {p ∈ P : there is some q ∈ A with p ≤ q} is an ideal – the ideal generated by A. Conversely, if I is an ideal then the set max(I) := {p ∈ I : there is no q ∈ I with p < q} is an antichain – the set of maximal elements of I. In these cases, we have max(I(A)) = A and I(max(I)) = I.

Let w : {0, . . . , r(P )} → R be any function. For F ⊆ P we set

w(F ) := ∑ p∈F w(r(p)). We will address the following three problems^1.

Problem 1. Find max{w(I) : I is an ideal, |I| = m} for m = 1, . . . , |P |.

Problem 2. Find min{w(I(A)) : A is an antichain, |A| = m} for m = 1, . . . , d(P ). Problem 3. Find max{| max(I)| : I is an ideal, |I| = m} for m = 1, . . . , |P |.

We will provide solutions if w is increasing and (for Problems 2,3) nonnegative and if P satisfies several axioms which we will describe in the following.

Let ⪯ be any new linear order on the ranked poset P . If F is a subset of P and m a natural number, then let C(m, F ) (resp. L(m, F )) be the set of the first (resp. last) m elements of F w.r.t. ⪯. For F ⊆ N_i we abbreviate C(|F |, N_i) by C(F ) (and, analogously, L(|F |, N_i) by L(F )). For a still shorter notation we will often write just CF (resp. LF ). Exchanging F ⊆ N_i by CF is called compression, and F is compressed if F = CF . In this case, the set F is also called an initial segment whereas a final segment is a subset F of N_i with LF = F . A segment in N_i is a set of elements of N_i which are consecutive w.r.t. ⪯ (restricted to N_i).

We define the lower (resp. upper) shadow of an element p of P by Δ(p) := {q ∈ P : q ⋖ p} (resp. ∇(p) := {q ∈ P : q ⋗ p}). The shadow of a subset F of P is the union of the shadows of its elements and is denoted by Δ(F ) (resp. ∇(F )).

The ranked poset P is said to be a Macaulay poset if there exists a linear order ⪯ of its elements such that

Δ(CF ) ⊆ C(Δ(F )) for all F ⊆ N_i and all i ∈ {1, . . . , r(P )}. (1)

Though there may exist several linear orders such that (1) holds, we assume in the following that with a Macaulay poset always some fixed linear order ⪯

1We are grateful to G. Ziegler for stimulating the study of Problem 3

satisfying (1) is given, i.e., we consider Macaulay posets as triples (P, ≤, ⪯) and speak of a Macaulay poset P with the associated linear order ⪯. It is a simple exercise to verify that (1) holds iff

|Δ(CF )| ≤ |Δ(F )| and Δ(CF ) = C(Δ(CF )) for all F ⊆ N_i and all i ∈ {1, . . . , r(P )}, (2) i.e., iff compressed subsets have minimum shadows among all subsets of the same level and of the same size, and the shadows of compressed subsets are compressed. The notion “Macaulay poset” stems from the fact that in 1927 Macaulay [21] found the first example of such a poset.

2 Examples of Macaulay posets

In the following we define the ground sets, the partial orders and the associated linear orders of some Macaulay posets.

Example 1. The poset Mon(n) of monomials in n variables.

Elements: Monomials p = x^{a1}_1 · · · x^{an}_n , where a_i ∈ N for all i. Partial order: p ≤ p^′ iff p divides p^′, i.e., a_i ≤ a^′_i for all i. Linear order: p ≺ p^′ iff a_l > a^′_l, where l is the smallest index i with a_i ≠ a^′_i.

The linear order in this example is called the lexicographic order. To be precise, Macaulay and in a simplified way Sperner [23] proved (2) for the dual of Mon(n), but this implies (2) also for Mon(n) which can be checked easily.

In general we have, as observed e.g. by Bezrukov in [4]:

Proposition 1 If P is a Macaulay poset, then so is its dual P^∗.

In this and in the following “duality propositions”, the associated linear order for P^∗ is the dual of the associated linear order for P . The next example is given by the well–known Kruskal–Katona theorem found by Schützenberger [22] (proof incomplete), Kruskal [15], Harper [12] (not explicitly mentioned) and Katona [13].

Example 2. The Boolean lattice B_n.

Elements: Subsets X of [n] := {1, . . . , n}. Partial order: X ≤ X^′ iff X ⊆ X^′.

Linear order: X ≺_{rl} X^′ iff max{X \ X^′} < max{X^′ \ X} (where max{∅} := 0).

The linear order ⪯_{rl} is called the reverse lexicographic order. Using the representation of subsets by means of characteristic vectors, we see that Example 2 is a special case of the next example due to Clements and Lindström [6]:

Example 3. Chain products S(k_1, . . . , k_n), where k_1 ≥ · · · ≥ k_n.

Elements: n-tuples a = (a_1, . . . , a_n), where a_i ∈ {0, . . . , k_i} for all i. Partial order: a ≤ a^0 iff a_i ≤ a^′_i for all i.

Linear order: a ≺ a^0 iff a_l < a^′_l, where l is the largest index i with a_i ≠ a^′_i.

Note that Example 1 also is a special case of Example 3. Another generalization of the Boolean lattice was studied by Lindström [19] (k_1 = · · · = k_n = 2), Leeb [18], Bezrukov [3] (k_1 = · · · = k_n) and Leck [16]:

Example 4. Star products T (k_1, . . . , k_n), where k_1 ≤ · · · ≤ k_n.

Elements: n-tuples a = (a_1, . . . , a_n), where a_i ∈ {k_n − k_i, k_n − k_i + 1, . . . , k_n} for all i.

Partial order: a ≤ a^0 iff a_i = a^′_i or a^′_i = k_n for all i. Linear order: Let a(j) := {i ∈ [n] : a_i = j}. a ≺ a^0 iff a(l) ≻_{rl} a^0(l), where l is the smallest number j with a(j) ≠ a^0(j).

An at first glance different poset was investigated by Frankl, Füredi, and Kalai [11], London [20] (k_n − k_1 ≤ 1) and Engel [10]:

Example 5. The poset of colored subsets Col(k_1, . . . , k_n), where k_1 ≤ · · · ≤ k_n. Let A_i := {i, n + i, . . . , (k_i − 1)n + i}, i = 1, . . . , n, and A := ∪^n_{i=1}A_i. Elements: Subsets X of A, where |X ∩ A_i| ≤ 1 for all i. Partial order: X ≤ X^′ iff X ⊆ X^′.

Linear order: X ≺_{rl} X^′ iff max{X \ X^′} < max{X^′ \ X} (where max{∅} := 0).

In fact, Example 5 is (using Proposition 1) the “dual” of Example 4 since T (k_1, . . . , k_n) and Col(k_1, . . . , k_n) are dually isomorphic. The isomorphism φ is given by

φ(X) = a where a_j := k_n − 1 −^{x−j}_n if ∃x ∈ X : x ≡ j ( mod n), k_n otherwise.

Before giving the last example, we will introduce a new linear order ⪯_{vip} on the Boolean lattice B_n. Let X ≺_{vip} X^′ iff |X| < |X^′| or (|X| = |X^′| and X^′ ≺_{rl} X). We use the index vip since the vip-order provides a solution of a vertex isoperimetric problem: For X ⊆ [n] let Γ^B(X) := {Y ⊆ [n] : |(Y \ X) ∪ (X \ Y )| ≤ 1} and for F ⊆ B_n let Γ^B(F ) := ∪_{X∈F} Γ^B(X). Thus Γ^B(F ) consists of F and the “vertex boundary” of F . The following classical result is due to Harper [12] (for a short proof cf. [10]).

Theorem 1 We have |Γ^B(F )| ≥ |Γ^B(C_{vip}(m, B_n))| = |Γ^B(L_{vip}(m, B_n))| for all F ⊆ B_n, |F | = m, i.e., taking the first or last m elements in the vip-order minimizes |Γ^B(F )| over all m–element families in B_n.

If we use characteristic vectors (i.e., elements of S(1, . . . , 1)) for subsets of [n] we have a ⪯_{vip} a^0 iff r(a) < r(a^0) or (r(a) = r(a^0) and a^0 ⪯ a). The following example was studied by Danh and Daykin [7, 8], Ahlswede and Cai [1], and Bezrukov [5].

Example 6. The 0–1 subword order SO(2).

Elements: Words a_1 . . . a_k with letters a_i ∈ {0, 1} for all i, k = 0, 1, . . . . Partial order: a_1 . . . a_k ≤ a^′_1 . . . a^′_l iff k ≤ l and there are 1 ≤ i_1 < · · · < i_k ≤ l such that a_1 = a^′_{i1} , . . . , a_k = a^′_{ik} .

Linear order: a_1 . . . a_k ≺ a^′_1 . . . a^′_l iff (a_1, . . . , a_k) ≺_{vip} (a^′_1, . . . , a^′_l) for k = l and (0, . . . , 0 l−k , a_1, . . . , a_k) ⪯_{vip} (a^′_1, . . . , a^′_l) for k < l.

Note that we have here a ⋖ a^0 iff a can be obtained from a^0 by deleting exactly one letter. Restricted to one level, the given linear order is the vip order, and the interaction between the levels is arranged such that we obtain a rank greedy Macaulay poset (to be defined in the next section).

Since this example is not very well–known (and not contained in [10]) we will provide a simple proof of (2) which is based on a numerical approach of Ahlswede and Cai [1]. More exactly, we will prove (2) for SO(2)^∗ which implies (2) for SO(2) by Proposition 1. We briefly denote the word i . . . i n by i_n. Since words can be considered as abbreviations of tuples each element a_1 . . . a_n of SO(2) is also an element of S(1, . . . , 1 n ) and can be interpreted

as an element of B_n as well. In order to avoid confusion between the rank functions in SO(2) and in the Boolean lattice we write r^B(a) for the number of ones in a which is the rank of a in the corresponding Boolean lattice.

Here and in the following we need the notion of the new shadow. Let P be a ranked poset and ⪯ a new linear order on P . The new lower (and upper) shadow of an element p of P are defined, respectively, by

Δ_{new}(p) := {q ∈ P : q ⋖ p and there is no v ≺ p with q ⋖ v}, ∇_{new}(p) := {q ∈ P : q ⋗ p and there is no v ≻ p with q ⋗ v}.

In contrast to the shadows of elements, the new shadows of elements are always pairwise disjoint. Again the new shadow of a subset of P is defined to be the union of the new shadows of its elements.

Now let us look at SO(2) together with the linear order given above.

Lemma 1 Let a = a_1 . . . a_n ∈ SO(2), n ≥ 1. Then

Δ_{new}(a) =

∅ if a_1 = 1, {a_2 . . . a_n} if a_1 = 0.

Proof. Let b ∈ Δ(a). If b can be obtained from a by deleting a one, then b ⋖ b0 ≺ a, hence b /∈ Δ_{new}(a). Thus suppose that b = a_1 . . . a_{j−1}a_{j+1} . . . a_n where a_j = 0 (j ∈ {1, . . . , n}). Without loss of generality we may assume that a_{j−1} = 1 for j > 1 (we may always delete the first zero in the corresponding “block” of zeros). If j > 1, then b ⋖ 0a_1 . . . a_{j−2}1a_{j+1} . . . a_n ≺ a_1 . . . a_{j−1}0a_{j+1} . . . a_n = a, hence b /∈ Δ_{new}(a). If j = 1, then b = a_2 . . . a_n ∈ Δ_{new}(a). Indeed, let b ⋖ a_2 . . . a_{l−1}ϵa_l . . . a_n =: c, l ∈ {2, . . . , n + 1}, where for l > 2 w.l.o.g. a_{l−1} ≠ ϵ. If ϵ = 1 then, clearly, c ≻ a. If ϵ = 0 and l = 2, then c = a, and if ϵ = 0 and l > 2, then c = a_2 . . . a_{l−1}0a_l . . . a_n ≻ a_1 . . . a_{l−2}1a_l . . . a_n = a. �

Lemma 2 (a) Let a = 1_n. Then

∇_{new}(a) = {01_n, 101_{n−1}, 1_201_{n−2}, . . . , 1_n0, 1_{n+1}}, i.e., |∇_{new}(a)| = n + 2.

(b) Let a = 1_l0a_{l+2} . . . a_n, where l ∈ {0, . . . , n − 1}, and let α := a_{l+2} . . . a_n. Then ∇_{new}(a) = {01_l0α, 101_{l−1}0α, . . . , 1_{l−1}010α, 1_l00α}, i.e., |∇_{new}(a)| = l + 1. Proof. Case (a) is trivial, so we study case (b). Let b ∈ ∇(a). If b can be obtained from a by inserting a one then we may delete any zero in b to obtain an element c with b ⋗ c ≻ a, hence b /∈ ∇_{new}(a). Thus suppose that b = a_1 . . . a_h0a_{h+1} . . . a_n (h ∈ {0, . . . , n}) where w.l.o.g. a_h = 1 if h > 0. If h > l (i.e., we inserted a zero after a one not belonging to the first block of ones), then b ⋗ 1_la_{l+2} . . . 10a_{h+1} . . . a_n ≻ 1_l0a_{l+2} . . . 1a_{h+1} . . . a_n = a, hence b /∈ ∇_{new}(a). If h ≤ l (i.e., b is any element of the RHS of the claim), then b ∈ ∇_{new}(a). Indeed, let c be any word which can be obtained from b by deleting any letter ϵ. If ϵ = 1 then, clearly, c ≺ a. In the case ϵ = 0 we have c = a if the previously inserted zero is deleted and c ≺ a if a zero right to the inserted zero is deleted. �

For subsets F, G of a poset P we use the notation F ≺ G if p ≺ q for all p ∈ F and all q ∈ G.

Lemma 3 Let a, a^0 ∈ N_n. If a ≺ a^0, then ∇_{new}(a) ≺ ∇_{new}(a^0).

Proof. We may suppose that a^0 ≠ 1_n since this case is trivial. If r^B(a) > r^B(a^0) then, by Lemma 2, evidently ∇_{new}(a) ≺ ∇_{new}(a^0). Thus we may supppose that both numbers are equal. Let

a = 1_l0a_{l+2} . . . a_n and a^0 = 1_l0 0a^′_l0_{+2} . . . a^′_n.

Let i be the largest index with a_i ≠ a^′_i. By supposition, a_i = 1, a^′_i = 0. If i ≥ max{l + 2, l^′ + 2} then by Lemma 2, ∇_{new}(a) ≺ ∇_{new}(a^0). The only case remaining is i = l^′ + 1 and l^′ > l (recall that r^B(a) = r^B(a^0)). The greatest element of ∇_{new}(a) w.r.t. ⪯ is b := 1_l00a_{l+2} . . . a_n and the smallest element of ∇_{new}(a^0) is b^0 := 01_l0 0a^′_l0_{+2} . . . a^′_n. Obviously, b ≺ b^0. �

Because each element in level N_{i+1} appears exactly once in the new upper shadow of an element of N_i we obtain as an immediate consequence:

Lemma 4 The upper shadow of a final segment of N_i in SO(2) is a final segment of N_{i+1}.

Now we look at the Boolean lattice B_n realized as S(1, . . . , 1). We denote the corresponding (new) shadow operators by Δ^B, Δ^B_{new}, ∇^B, ∇^B_{new}.

Lemma 5 (a) Let a = 1_n. Then

Δ^B_{new}(a) = {(0, 1_{n−1}), (1, 0, 1_{n−2}), . . . , (1_{n−1}, 0)}, i.e., |Δ^B_{new}(a)| = n.

(b) Let a = (1_l, 0, a_{l+2}, . . . , a_n) where l ∈ {0, . . . , n − 1} and let α := (a_{l+2}, . . . , a_n). Then Δ^B_{new}(a) = {(0, 1_{l−1}, 0, α), (1, 0, 1_{l−2}, 0, α), . . . , (1_{l−1}, 0, 0, α)} i.e., |Δ^B_{new}(a)| = l.

Proof. Case (a) is trivial, hence we look at Case (b). Let b ∈ Δ^B(a). Then b can be obtained from a by replacing some a_h = 1 by 0. If h > l (i.e., the replacement is not contained in the first block), then b ⋖ (1_l, 1, a_{l+2}, . . . , a_{h−1}, 0, a_{h+1}, . . . , a_n) ⪯_{rl} (1_l, 0, a_{l+2}, . . . , a_{h−1}, 1, a_{h+1}, . . . , a_n) = a, hence b /∈ Δ^B_{new}(a). If h ≤ l (i.e., b is any element of the RHS of the claim), then b ∈ Δ^B_{new}(a). Indeed, let c ∈ ∇^B(b). If c ≠ a, then c can be obtained from b by replacing some b_g = 0 by 1, where g > l. But then c ≻_{rl} (a). � By Lemmas 2 and 5, we have:

Lemma 6 For a ∈ SO(2), |∇_{new}(a)| = |Δ^B_{new}(a)| + 2 if a = 1_n for some n, 1 otherwise.

Since, for every m, L_{vip}(m, B_n) is a filter in B_n we may prove immediately by induction on m:

Lemma 7 For 1 ≤ m ≤ 2^n, we have |Γ^B(L_{vip}(m, B_n))| = ∑ a∈Lvip(m,Bn) |Δ^B_{new}(a)| + 1.

Lemmas 6 and 7 imply an important relation between the Boolean lattices and the 0–1 subword order:

Theorem 2 Let F be a final segment in the n–th level of SO(2). Then |∇(F )| = |Γ^B(F )| + |F |. Proof. We have |∇(F )| = ∑ a∈F |∇_{new}(a)| = ∑ a∈F |Δ^B_{new}(a)| + |F | + 1 = |Γ^B(F )| + |F |. �

In addition, we need an estimation for Γ^B which is related to results of Eckhoff, Wegner [9] and Katona [14].^2 Let G(n, m) := |Γ^B(C_{vip}(m, B_n))|. Lemma 8 If m_0, m_1 ≤ 2^{n−1}, then

G(n, m_0 + m_1) ≤ max{m_0, G(n − 1, m_1)} + max{m_1, G(n − 1, m_0)}.

Proof. For a set F ⊆ B_{n−1}, let (F, l) := {(a_1, . . . , a_{n−1}, l) : (a_1, . . . , a_{n−1}) ∈ F }. Let F^′_i := C_{vip}(m_i, B_{n−1}) and let F_i := (F^′_i , i), i = 0, 1. Then, by Theorem 1, G(n, m_0 + m_1) ≤|Γ^B(F_0 ∪ F_1)| =|(F^′_0, 1) ∪ (Γ^B(F^′_1), 1) ∪ (F^′_1, 0) ∪ (Γ^B(F^′_0), 0)| ≤ max{m_0, G(n − 1, m_1)} + max{m_1, G(n − 1, m_0)} since (F^′_0, 1) and (Γ^B(F^′_1), 1) as well as (F^′_1, 0) and (Γ^B(F^′_0), 0) are related by inclusion. �

Theorem 3 For all F ⊆ N_n(SO(2)) and all n ∈ N, |∇(LF )| ≤ |∇(F )|. Proof. We proceed by induction on n. The cases n = 0 and n = 1 are trivial, thus let us look at the step n − 1 → n. We classify the given F w.r.t. the last coordinate, i.e., we write F = (F^′_0, 0) ∪ (F^′_1, 1).

Let m_i := |F^′_i |, i = 0, 1 (note that m_0, m_1 ≤ 2^{n−1}). Obviously, ∇(F ) = (F, 0) ∪ (∇(F^′_0), 0) ∪ (F, 1) ∪ (∇(F^′_1), 1).

2We are thanking Roger Labahn for proposing a symmetric formulation of Lemma 8.

Moreover, by the induction hypothesis, Lemma 8, and Theorem 2, |∇(F )| ≥ max{|F |, |∇(F^′_0)|} + max{|F |, |∇(F^′_1)|} ≥ max{|F |, |∇(LF^′_0)|} + max{|F |, |∇(LF^′_1)|} = max{|F |, |Γ^B(LF^′_0)| + |F^′_0|} + max{|F |, |Γ^B(LF^′_1)| + |F^′_1|} = max{m_0 + m_1, G(n − 1, m_0) + m_0}

+ max{m_0 + m_1, G(n − 1, m_1) + m_1} = max{m_1, G(n − 1, m_0)} + max{m_0, G(n − 1, m_1)} + m_0 + m_1 ≥ G(n, m_0 + m_1) + m_0 + m_1 = |Γ^B(LF )| + |F | = |∇(LF )|. � 3 Solution of Problem 1 for a class of Macaulay posets

We call a Macaulay poset P rank greedy if the associated linear order ⪯ is a linear extension of the ordering ≤ of P , i.e., if

p ≤ q implies p ⪯ q (3)

and if Δ(p) ≺ q, r(p) > r(q) imply p ≺ q. (4) It is obvious that any Macaulay poset can be made rank greedy by rearranging the linear order ⪯, where the new linear order ⪯^′ can be obtained from ⪯ iteratively: ⪯^′ starts with the smallest element w.r.t. ⪯, and if we already have some initial part of ⪯^′, then as the next element take the smallest w.r.t. ⪯ of maximum rank among those whose shadows are already completely in that initial part of ⪯^′.

It is an easy exercise to verify the following proposition (see [10]):

Proposition 2 If P is a rank greedy Macaulay poset, then so is its dual P^∗.

This proposition is equivalent to the following statement: For Macaulay posets the conditions (3) and (4) are equivalent to conditions (3) and q ≺ ∇(p), r(p) < r(q) imply q ≺ p (5) (see the proof of Proposition 8.3.1 in [10]). For example, in [10] it is shown that the Macaulay posets from Examples 1 to 5 are rank greedy.

Theorem 4 The 0–1 subword order SO(2) is rank greedy.

Proof. It is easy to check that ⪯ from Example 6 is a linear extension of ≤. Let us verify (5), thus let b ≺ ∇(a) and r(a) < r(b). From Lemmas 2 and 4 one can easily derive that the smallest element of ∇(a) w.r.t. ⪯ is a^0 := 0a. Hence we have b ≺ a^0 and thus b ≺ a. � The importance of rank greedy Macaulay posets is given by the next theorem.

Theorem 5 Let P be a rank greedy Macaulay poset and let w : {0, . . . , r(P )} → R be increasing. Then, for m = 1, . . . , |P |, w(C(m, P )) = max{w(I) : I is an ideal, |I| = m}.

The proof and some historical remarks as well as applications to edge isoperimetric problems are contained in [10]. Here we only mention Ahlswede and Katona [2] who studied B_n and Bezrukov [5] who formulated this theorem in an equivalent way. For SO(2) this result gives the trivial set {ϵ, 0, 00, 000, 0000, . . . }. But a restriction to the first, say n + 1, levels of SO(2) is possible because of the following trivial observation.

Proposition 3 If P is a rank greedy Macaulay poset, then so is the poset induced by ∪^n_{i=0}N_i where 0 ≤ n ≤ r(P ).

4 Solution of Problems 2 and 3 for a class of Macaulay posets

The Macaulay poset is said to be little–submodular if

|Δ(CF_1)|+|Δ(CF_2)| ≥ |Δ(C(F_1 ∩F_2))|+|Δ(C(F_1 ∪F_2))| for all F_1, F_2 ⊆ N_i with F_1 ∩ F_2 = ∅ or F_1 ∪ F_2 = N_i and for all i.

It is called additive if

|Δ_{new}(F_1)| ≥ |Δ_{new}(F_2)| ≥ |Δ_{new}(F_3)| for all segments F_1, F_2, F_3 ⊆ N_i with |F_1| = |F_2| = |F_3| where F_1 is initial and F_3 is final and for all i.

From [10] we know:

Proposition 4 Let P be a Macaulay poset. Then it is little–submodular iff it is additive.

Proposition 5 Let P be a finite graded Macaulay poset. Then P is little– submodular iff so is its dual P^∗.

The Macaulay poset P is called shadow increasing if |Δ(CF_1)| ≥ |Δ(CF_2)| for all F_1 ⊆ N_{i+1}, F_2 ⊆ N_i with |F_1| = |F_2| and for all i. In [10] the following is shown:

Proposition 6 Let P be a graded shadow increasing Macaulay poset. Then P is rank unimodal and |Δ(CF_1)| ≥ |Δ(CF_2)| for all F_1 ⊆ N_u, F_2 ⊆ N_l with |F_1| = |F_2| and l < u.

In Figure 1, there is given an example of a graded shadow increasing Macaulay poset whose dual is not shadow increasing.

s s s s

Figure 1

Later we will need the following property. The Macaulay poset is called final shadow increasing if |Δ_{new}(LF_1)| ≥ |Δ_{new}(LF_2)| for all i, F_1 ⊆ N_{i+1}, F_2 ⊆ N_i with |F_1| = |F_2|. (6) Proposition 7 Let P be a graded, little–submodular, shadow increasing Macaulay poset. If P^∗ is shadow increasing, then P is final shadow increasing and, moreover, |Δ_{new}(LF_1)| ≥ |Δ_{new}(LF_2)| for all F_1 ⊆ N_u, F_2 ⊆ N_l with |F_1| = |F_2|, l < u. (7) Proof. Let F_1 ⊆ N_{i+1} and F_2 ⊆ N_i with |F_1| = |F_2|. Case 1. F_1 = N_{i+1}. Then by supposition and Proposition 4 |Δ_{new}(LF_1)| = |Δ(CF_1)| ≥ |Δ(CF_2)| = |Δ_{new}(CF_2)| ≥ |Δ_{new}(LF_2)|. Case 2. F_1 ≠ N_{i+1}. Let G_j := Δ_{new}(LF_j), j = 1, 2. Then it is easy to see that the sets G_j, j = 1, 2, are initial segments in P^∗ and that LF_j ⊇ ∇(G_j), j = 1, 2. Let e be the last element of N_i \ G_1 w.r.t. ⪯. This element exists since LF_1 ≠ N_{i+1} and thus Δ_{new}(LF_1) ≠ N_i. Clearly, G_1 ∪ {e} is initial in P^∗ and LF_1 ⊊ ∇(G_1 ∪ {e}). Assume that the claim is false, i.e., |G_1| < |G_2|. Since P^∗ is shadow increasing, we obtain |F_1| = |LF_1| < |∇(G_1 ∪ {e})| ≤ |∇(G_2)| ≤ |LF_2| = |F_2|, a contradiction. Now the inequality (7) follows from an iterated application of (6) noting that P is rank unimodal by Proposition 6. �

In Figure 2, there is given an example of a graded shadow increasing Macaulay poset such that P^∗ is shadow increasing but P is not final shadow increasing.

s s s s s s s s s s

Figure 2

The dual of the poset given in Figure 1 is an example of a graded little– submodular Macaulay poset P such that P^∗ is shadow increasing but P is not final shadow increasing. For the sake of completeness, we show that the reverse direction is true under a weaker supposition.

Proposition 8 Let P be a Macaulay poset. If P is final shadow increasing, then P^∗ is shadow increasing.

Proof. Assume the contrary. Then there exist some final segments G_2 ⊆ N_i, G_1 ⊆ N_{i+1} of same size such that for F_j := ∇(G_j ), j = 1, 2, |F_1| > |F_2|. Obviously, G_j ⊆ Δ_{new}(F_j) and the sets F_j, j = 1, 2, are final segments. Let a be the first element of F_1 w.r.t. ⪯. Because a is related to some element of G_1 we have Δ_{new}(F_1 \ {a}) ⊊ G_1. Noting that F_1 \ {a} is a final segment, too, and that P is final shadow increasing we derive |Δ_{new}(F_2)| ≥ |G_2| = |G_1| > |Δ_{new}(F_1 \ {a})| ≥ |Δ_{new}(F_2)|, a contradiction. �

Essential for our optimization problems is the following definition. The Macaulay poset P is called weakly shadow increasing if

|Δ(F_1)| ≥ |Δ_{new}(F_2)| for all segments F_1 ⊆ N_u, F_2 ⊆ N_l with |F_1| = |F_2| such that F_1 is initial and F_1 ∪ F_2 is an antichain, and for all l ≤ u.

In Figure 3, there is given an example of a weakly shadow increasing Macaulay poset such that its dual is not weakly shadow increasing.

s s s s s s

Figure 3

Proposition 9 Let P be a graded, little–submodular, shadow increasing Macaulay poset. Then P is weakly shadow increasing.

Proof. Let F_1 and F_2 be as in the definition of a weakly shadow increasing Macaulay poset and let F^′_2 be an initial segment of N_l of size |F_2|. Then by Propositions 4 and 6,

|Δ(F_1)| ≥ |Δ(F^′_2)| ≥ |Δ_{new}(F_2)|. � In Figure 4, an example of a Macaulay poset P is given such that P and P^∗ are weakly shadow increasing but P is not rank unimodal.

s s s s s

Figure 4

It is known (cf. [10, 17]) that the posets from Examples 1 to 5 are little– submodular and shadow increasing, hence, by Proposition 9, they are are weakly shadow increasing. Now let us look at the 0–1 subword order. We call a Macaulay poset shadow symmetric if |Δ(CF )| = |Δ(LF )| for all F ⊆ N_i and all i.

The poset SO(2) is shadow symmetric since the operation of exchanging the letters 0 and 1, obviously, defines an automorphism and replaces initial segments by final segments.

Theorem 6 Let P be a Macaulay poset. If P is shadow symmetric, then it is little–submodular.

Proof. Let F_1, F_2 ⊆ N_i.

Case 1. F_1 ∩ F_2 = ∅. Then CF_1 and LF_2 are disjoint, i.e., |F_1 ∪ F_2| = |CF_1 ∪ LF_2|. Consequently,

|Δ(CF_1)| + |Δ(CF_2)| = |Δ(CF_1)| + |Δ(LF_2)| = |Δ(CF_1) ∪ Δ(LF_2)| + |Δ(CF_1) ∩ Δ(LF_2)| ≥ |Δ(CF_1 ∪ LF_2)| ≥ |Δ(C(F_1 ∪ F_2))| + 0.

Case 2. F_1 ∪ F_2 = N_i. Then CF_1 ∪ LF_2 = N_i and |CF_1 ∩ LF_2| = |F_1| + |F_2| − |N_i| = |F_1 ∩ F_2|. Consequently,

|Δ(CF_1)| + |Δ(CF_2)| = |Δ(CF_1 ∪ LF_2)| + |Δ(CF_1) ∩ Δ(LF_2)| ≥ |Δ(N_i)| + |Δ(CF_1 ∩ LF_2)| ≥ |Δ(C(F_1 ∪ F_2))| + |Δ(C(F_1 ∩ F_2))|. � Theorem 7 The 0–1 subword order SO(2) is shadow increasing.

Proof. Let F_1 ⊆ N_{n+1} and F_2 ⊆ N_n be initial segments of same size, n ≥ 1 (n = 0 is trivial). As in the proof of Theorem 3 we write F_1 in the form F_1 = (F^1_0 , 0) ∪ (F^1_1 , 1) where F^1_i := {a_1 . . . a_{n−1} : a_1 . . . a_{n−1}i ∈ F_1}, i = 0, 1. Obviously, the sets F^1_i are initial segments in N_{n−1}, i = 0, 1. Because the new shadow only depends on the first coordinate (see Lemma 1) we have

|Δ(F_1)| = |Δ_{new}(F_1)| = |Δ_{new}(F^1_0 )| + |Δ_{new}(F^1_1 )| = |Δ(F^1_0 )| + |Δ(F^1_1 )|. (8) Since |F_2| = |F_1| = |F^1_0 | + |F^1_1 | we may partition F_2 into two sets F^′_2 and F^{′′}_2 of size |F^1_0 | and |F^1_1 |, respectively. By the little–submodularity of SO(2) (Theorem 6), |Δ(CF^′_2)| + |Δ(CF^{′′}_2 )| ≥ |Δ(CF_2)|,

i.e.,

|Δ(F^1_0 )| + |Δ(F^1_1 )| ≥ |Δ(F_2)|. (9) From (8) and (9) the claim follows. �

Unfortunately, SO(2)^∗ is not shadow increasing (take the one element sets {1 . . . 1}). Moreover, it is shadow decreasing:

Theorem 8 Let F_1 ⊆ N_n and F_2 ⊆ N_{n+1} be final segments of same size in SO(2), n ≥ 0. Then |∇(F_1)| ≤ |∇(F_2)|. Proof. We write F_2 in the form F_2 = (F^2_0 , 0) ∪ (F^2_1 , 1). Obviously, the sets F^2_i are final segments in N_n. Using Lemma 2 we have |∇(F_2)| = |∇_{new}(F^2_0 , 0)| + |∇_{new}(F^2_1 , 1)|

= |∇_{new}(F^2_0 \ {1_n})| + |∇_{new}(1_n0)|

+|∇_{new}(F^2_1 \ {1_n})| + |∇_{new}(1_{n+1})| = |∇_{new}(F^2_0 )| − (n + 2) + (n + 1) + |∇_{new}(F^2_1 )| − (n + 2) + (n + 3) = |∇_{new}(F^2_0 )| + |∇_{new}(F^2_1 )| = |∇(F^2_0 )| + |∇(F^2_1 )|.

Now the proof can be completed exactly as the proof of Theorem 7 (note Proposition 5). �

Because of this bad situation we introduced the notion of a weakly shadow increasing Macaulay poset. Fortunately we have:

Theorem 9 The dual SO(2)^∗ of the 0–1 subword order is weakly shadow increasing.

Proof. Let F_1 ⊆ N_l be a final segment of SO(2) and F_2 ⊆ N_u a segment with the properties l ≤ u, |F_1| = |F_2| and a ≰ b for all a ∈ F_1 and b ∈ F_2. (10) We have to show that |∇(F_1)| ≥ |∇_{new}(F_2)|. We prove this inequality by induction on m := |F_1| = |F_2|. If m = 1, then F_1 = {1_l}. The element b of F_2 cannot start with l ones because otherwise 1_l ≤ b. By Lemma 2, |∇(F_1)| = |∇_{new}(1_l)| = l + 2 > l ≥ |∇_{new}(b)| = |∇_{new}(F_2)|. Now we look at the step < m → m, where m > 1. We partition N_n, n ∈ {l, u}, into the Boolean levels N^B_{n,j} := {a ∈ N_n : r^B(a) = j}, j ∈ {0, . . . , n}. Let h := min{j : N^B_{l,j} ∩ F_1} ≠ ∅. We have h < l since m > 1. Further let A := N^B_{l,h} ∩ F_1. By the definition of ⪯ for SO(2), the set A is an initial segment in the Boolean level N^B_{l,h} (with the linear order ⪯_{rl}). Let k := max{j : N^B_{u,j} ∩ F_2} ≠ ∅. We have k ≤ h because we could otherwise delete in any element b of N^B_{u,k} ∩F_2 u − l letters beginning with the zeros to obtain an element a in some N^B_{l,j} where h < j. But then a ∈ F_1 and a ≤ b in contrast to (10). Let B := N^B_{u,k} ∩ F_2.

Obviously, B is a final segment in the Boolean level N^B_{u,k}. Case 1. |B| ≤ |A|. Let A^′ be the set of the first |B| elements of F_1. We have A^′ ⊆ A, and A^′ is a segment in N^B_{l,h}. Let A^{′′} := {a0_{u−l} : a ∈ A^′}. Then A^{′′} is a segment in N^B_{u,h}. Moreover, since 1_l /∈ A^′, we have by Lemma 2 |∇_{new}(A^′)| = |∇_{new}(A^{′′})|. (11) Lemma 6 yields |∇_{new}(A^{′′})| = |Δ^B_{new}(A^{′′})| + |A^{′′}| = |Δ^B_{new}(A^{′′})| + |B|, (12) |∇_{new}(B)| = |Δ^B_{new}(B)| + |B|. (13) If we apply Proposition 7 to the Boolean lattice B_u and the levels N^B_{u,k}, N^B_{h,k} and use the additivity of B_n, then we obtain |Δ^B_{new}(A^{′′})| ≥ |Δ^B_{new}(LA^{′′})| ≥ |Δ^B_{new}(B)|. (14) From (11) to (14) we derive |∇_{new}(A^′)| ≥ |∇_{new}(B)|. By the induction hypothesis, |∇(F_1 \ A^′)| ≥ |∇_{new}(F_2 \ B)|. Thus |∇(F_1)| = |∇(F_1\A^′)|+|∇_{new}(A^′)| ≥ |∇_{new}(F_2\B)|+|∇_{new}(B)| = |∇_{new}(F_2)|. Case 2. |B| > |A|. Let B^′ be the set of the last |A| elements of F_2. We have B^′ ⊆ B, and B^′ is a segment in N^B_{u,k}. Let A^′ := {a0_{u−l} : a ∈ A}. Then A^′ is an initial segment in N^B_{u,h}. As in Case 1, we have |∇_{new}(A)| = |∇_{new}(A^′)| = |Δ^B_{new}(A^′)| + |A|, |∇_{new}(B^′)| = |Δ^B_{new}(B^′)| + |A|.

Moreover, since the Boolean lattice B_u is shadow increasing and additive, |Δ^B_{new}(A^′)| = |Δ^B(A^′)| ≥ |Δ^B(CB^′)| ≥ |Δ^B_{new}(B^′)|. Thus |∇_{new}(A)| ≥ |∇_{new}(B^′)| which, as in Case 1, yields |∇(F_1)| ≥ |∇_{new}(F_2)|. � The importance of weakly shadow increasing Macaulay posets is given by the next results.

Theorem 10 Let P and P^∗ be weakly shadow increasing Macaulay posets and let w : {0, . . . , r(P )} → R_+ be increasing. Let m be a positive integer not greater than the width of P . Then there are integers i and 1 ≤ a ≤ |N_i| such that the antichain C(a, |N_i|) ∪ (N_{i−1} \ Δ(C(a, |N_i|))) has size m and generates an ideal of minimum weight in the class of all antichains of size m.

Hints for Proof. The proof is the same as the proof of Theorem 8.3.5 in [10]. Though there it was supposed that P and P^∗ are graded, little– submodular and shadow increasing Macaulay posets, a thorough inspection of the proof shows that the essential inequalities |Δ(X^′)| ≥ |Δ_{new}(X)|, |Δ_{new}(Y )| ≤ |Δ(F_u)| as well as |∇(F_l)| ≥ |∇_{new}(X)| follow already from the suppositions of the present theorem. �

Corollary 1 Let P and P^∗ be weakly shadow increasing Macaulay posets which are not antichains. Then P and P^∗ are graded and have the Sperner property, i.e., d(P ) = max{|N_j| : j ∈ {0, . . . , r(P )}.

Proof. First we show that P (and thus P^∗) is graded. Assume that there is a maximal element p ∈ N_i such that i < r(P ). From the suppositions one can easily derive that there must be some j > i such that for the first element q of N_j the inequality |Δ(q)| ≥ 1 holds. Thus we know that there is some last element v of Δ(q) w.r.t. ⪯. Let w be the last element of N_i. Since P^∗ is a Macaulay poset, 0 = |∇(p)| ≥ |∇(w)|. Obviously, {v, w} is an antichain, but 0 = |∇(w)| < |∇_{new}(v)|, a contradiction to the fact that P^∗ is weakly shadow increasing. In the same way it follows that each minimal element of P has rank 0, hence P is graded.

Now we prove the Sperner property. Let m be the width of P (and P^∗). By Theorem 10, there exists an antichain F of size m such that for some i, F ⊆ N_{i−1} ∪ N_i, A := F ∩ N_i is an initial segment, and B := F ∩ N_{i−1} is a final segment. In particular, Δ(A) = N_{i−1} \ B, Δ_{new}(N_i \ A) = B. It is sufficient to show that m ≤ max{|N_{i−1}|, |N_i|}. Assume the contrary. Then |Δ(A)| < |A| since otherwise |F | = |A| + |B| ≤ |Δ(A)| + |B| ≤ |N_{i−1}|. Analogously, |∇(B)| < |B|. Claim. |A| > |N_i \ A| and |B| > |N_{i−1} \ B|. Proof of Claim. By duality, it is enough to assume that |A| ≤ |N_i \ A|. Let A^′ be the set of the first |A| elements of N_i\A and let F^′ := (F ∪A^′)\Δ_{new}(A^′). Then, obviously, F^′ is an antichain, and since P is weakly shadow increasing, |F^′| = |F | + |A^′| − |Δ_{new}(A^′)| ≥ |F | + |A| − |Δ_{new}(A)| > |F | = m, a contradiction to the definition of the width of P . Thus the proof of the claim is complete.

We continue with the proof of the corollary. Let A^′ be the set of the first |N_i \ A| elements of |A|. Then |N_{i−1} \ B| = |Δ(A)| ≥ |Δ(A^′)| ≥ |∇_{new}(N_i \ A)| = |B| > |N_{i−1} \ B|, a contradiction. �

Theorem 11 The numbers i and a in Theorem 10 are uniquely determined. We have i = min{j : m ≤ |N_j|} and a = min{b : b+|N_{i−1}|−|Δ(C(b, |N_i|))| = m}.

Hint for Proof. The proof is the same as the proof of Theorem 8.3.6 in [10] (note that in the proof of Claim 1 one only needs the Sperner property of P_{[0,i}0_] and not the rank unimodality). �

Theorem 12 Let P and P^∗ be weakly shadow increasing Macaulay posets. Let 0 < m < |P | and m = ∑i j=0 |N_j| + a, where 0 ≤ a < |N_{i+1}|. Then N_0 ∪ · · · ∪ N_i ∪ C(a, |N_{i+1}|) has the maximum number of maximal elements in the class of all ideals F in P of size m.

Proof. Let I(m) (resp. I_1(m)) be the set of all ideals (resp. compressed ideals) in P of size m (an ideal F is compressed if F_j := F ∩N_j is compressed for every j).

Claim 1. max{| max(F )| : F ∈ I(m)} = max{| max(F )| : F ∈ I_1(m)}.

Proof of Claim 1. The relation “≥” is trivial, thus we prove “≤”. Let F ∈ I(m). It is well–known (cf. [10, Theorem 8.2.1]) that the compression F_1 of F is an ideal as well (a compressed ideal). Thus F_1 ∈ I_1(m). Obviously, (with f_j := |F ∩ N_j|)

| max(F )| = r(P )∑ j=0 (f_j − |Δ(F_{j+1})|) ≤ r(P )∑ j=0 (f_j − |Δ(CF_{j+1})|) = | max(F_1)|

which proves the claim.

Thus we may restrict the investigations to compressed ideals. Obviously, we can generally assume that m ≥ W_0 since otherwise the claim in the theorem is trivial. Let I_2(m) be the set of compressed ideals F in P of size m for which F_0 = N_0.

Claim 2. max{| max(F )| : F ∈ I_1(m)} = max{| max(F )| : F ∈ I_2(m)}.

Proof of Claim 2. Again the relation “≥” is trivial, and we prove “≤”. Let F be an optimal ideal of I_1(m). If F_0 = N_0 we are done, thus let F_0 ⊊ N_0. We delete step by step maximal elements of F which are the last ones in their levels w.r.t. ⪯ and add consecutively w.r.t. ⪯ the elements after F_0 in N_0 to F (if there are still ones). Here the number of maximal elements does not decrease, and in each step we obtain a set from I_1(m). Since m ≥ W_0 the procedure terminates in an ideal F_2 ∈ I_2(m), and clearly | max(F_1)| ≤ | max(F_2)| which proves the claim.

Thus we may restrict the investigations to compressed ideals with a full lower level. For F ∈ I_2(m) let

l = l(F ) := max{j : F_j = N_j} and u = u(F ) := max{j : F_j ≠ ∅}.

Let I_3(m) be the set of those optimal ideals F from I_2(m) for which u(F ) − l(F ) is minimum. Obviously, it is enough to prove the next claim:

Claim 3. For F ∈ I_3(m), u(F ) − l(F ) ≤ 1.

Proof of Claim 3. Assume that u(F ) − l(F ) ≥ 2.

Case 1. |F_u| ≤ |N_{l+1}| − |F_{l+1}|. Let G be the family which can be obtained from F by deleting F_u and adding the next |F_u| elements in N_{l+1} after F_{l+1}. Note that |G_{l+1} \ F_{l+1}| = |F_u|. Obviously, G ∈ I_2(m). Since P is weakly shadow increasing, |Δ(F_u)| ≥ |∇_{new}(G_{l+1} \ F_{l+1})|. Consequently, | max(G)| = | max(F )|−|F_u|+|F_u|+|Δ(F_u)|−|Δ_{new}(G_{l+1}\F_{l+1})| ≥ | max(F )|. Thus G is optimal, but u(G) − l(G) < u(F ) − l(F ). This is a contradiction to F ∈ I_3(m).

Case 2. |F_u| > |N_{l+1}| − |F_{l+1}|. Let H_l := N_l \ Δ(F_{l+1}) and H_{l+1} := ∇(H_l). Let S := N_{l+1} \ (F_{l+1} ∪ H_{l+1}). Let F^′ be the family which can be obtained from F by deleting the last |S| elements from F_u and adding S. Obviously, | max(F^′)| ≥ | max(F )| − |S| + |S|, and thus F^′ ∈ I_3(m). If |F^′_u| ≤ |N_{l+1}| − |F^′_{l+1}|, then we have a contradiction by Case 1, thus let |F^′_u| > |N_{l+1}|−|F^′_{l+1}|. By construction,

Δ(F_{l+1}) = Δ(F^′_{l+1}) and ∇(H_l) = N_{l+1} \ F^′_{l+1}.

Let T be the set of the last |∇(H_l)| elements of F^′_u and let G be the family which can be obtained from F^′ by deleting T and adding N_{l+1} \ F^′_{l+1}. Obviously, G ∈ I_2(m) and u(G) − l(G) < u(F ) − l(F ). It remains to prove that | max(G)| ≥ | max(F^′)| (15) since then we have the desired contradiction to F^′ ∈ I_3(m). We have | max(G)| = | max(F^′)| − |T | + |T | + |Δ_{new}(T )| − |H_l|. Thus (15) is equivalent to |Δ_{new}(T )| ≥ |H_l|. Assume the contrary, |Δ_{new}(T )| < |H_l|. Note that |Δ(CT )| ≥ |Δ_{new}(N_{l+1} \ F^′_{l+1})| = |H_l| since P is weakly shadow increasing. Hence |Δ(F^′_u)| ≥ |H_l|. Let U be the set of the last |H_l| elements of Δ(F^′_u). Then ∇_{new}(U) ⊋ T since otherwise Δ_{new}(T ) ⊇ Δ_{new}(T ∩ ∇_{new}(U)) ⊇ U, i.e., |Δ_{new}(T )| ≥ |H_l| in contrast to our assumption. Consequently, |Δ_{new}(U)| > |T |. Moreover, since P^∗ is weakly shadow increasing |∇(H_l)| ≥ |∇_{new}(U)|. This yields the contradiction |∇(H_l)| > |T | = |∇(H_l)|. � References

[1] R. Ahlswede and N. Cai. Shadows and isoperimetry under the sequence– subsequence relation. Combinatorica (to appear).

[2] R. Ahlswede and G. Katona. Contributions to the theory of Hamming spaces. Discrete Math., 17:1–22, (1977).

[3] S.L. Bezrukov. Minimization of the shadows of the partial mappings semilattice. Diskret. Analiz, 46:3–16, (1988).

[4] S.L. Bezrukov. Isoperimetric problems in discrete spaces. In P. Frankl, Z. Füredi, G. Katona, and D. Miklós, editors, Extremal problems for finite sets, volume 3 of Bolyai Society Mathematical Studies, pages 59– 91, Budapest, (1994). János Bolyai Mathematical Society.

[5] S.L. Bezrukov. Discrete extremal problems on graphs and posets. Habilitationsschrift, Universität-GH Paderborn, (1995).

[6] G.F. Clements and B. Lindström. A generalization of a combinatorial theorem of Macaulay. J. Combin. Theory, 7:230–238, (1969).

[7] T.N. Danh and D.E. Daykin. Ordering integer vectors for coordinate deletion. J. London Math. Soc. (submitted).

[8] T.N. Danh and D.E. Daykin. Sets of 0,1 vectors with minimal sets of subvectors. Rostock. Math. Kolloq., 50 (to appear).

[9] J. Eckhoff and G. Wegner. Über einen Satz von Kruskal. Period. Math.

Hungar., 6:137–142, (1975).

[10] K. Engel. Sperner theory. Cambridge University Press, Cambridge, (1997).

[11] P. Frankl, Z. Füredi, and G. Kalai. Shadows of colored complexes. Math.

Scand., 63:169–178, (1988).

[12] L.H. Harper. Optimal numberings and isoperimetric problems on graphs. J. Combin. Theory, 1:385–393, (1966).

[13] G.O.H. Katona. A theorem of finite sets. In P. Erdős and G. Katona, editors, Theory of Graphs, pages 187–207, Budapest and New York, (1968). Akadémiai Kiadó and Academic Press.

[14] G.O.H. Katona. The Hamming sphere has minimum boundary. Studia Sci. Math. Hungar., 10:131–140, (1975).

[15] J.B. Kruskal. The number of simplices in a complex. In R. Bellman, editor, Mathematical Optimization Techniques, pages 251–278, Berkeley- Los Angeles, (1963). Univ. of California Press.

[16] U. Leck. Extremalprobleme für den Schatten in Posets. PhD thesis, Freie Universität Berlin, (1995). Shaker–Verlag, Aachen, (1995).

[17] U. Leck. A property of colored complexes and their duals. Universiät Rostock, FB Mathematik, Preprint 96/9, (1996).

[18] K. Leeb. Salami-Taktik beim Quader-Packen. Arbeitsber. Inst. Math.

Masch. Datenverarb. (Inform.), 11 (5):1–15, (1978).

[19] B. Lindström. The optimal number of faces in cubical complexes. Ark.

Mat., 8:245–257, (1971).

[20] E. London. A new proof of the colored Kruskal-Katona theorem. Discrete Math., 126:217–223, (1994).

[21] F.S. Macaulay. Some properties of enumeration in the theory of modular systems. Proc. London Math. Soc., 26:531–555, (1927).

[22] M.P. Schützenberger. A characteristic property of certain polynomials of E. F. Moore and C. E. Shannon. In RLE Quarterly Progress Report, volume 55, pages 117–118. Research Lab. of Electronics, MIT, (1959).

[23] E. Sperner. Über einen kombinatorischen Satz von Macaulay und seine Anwendung auf die Theorie der Polynomideale. Abh. Math. Sem. Univ. Hamburg, 7:149–163, (1930).