Trigonometric Wavelets and the Uncertainty Principle

Kathi Selig

FB Mathematik, Universität Rostock

Dedicated to Prof. L. Berg on the occasion of his 65th birthday

Abstract The time-frequency localization of trigonometric wavelets is discussed. A good measure is provided by a periodic version of the Heisenberg uncertainty principle. We consider multiresolution analyses generated by de la Vallée Poussin means of the Dirichlet kernel. For the resulting interpolatory and orthonormal scaling functions and wavelets, the uncertainty product can be bounded from above by a constant.

1 Introduction

In the Hilbert space L^2(R), the well-known Heisenberg uncertainty principle can be phrased as Δt(f) Δω(f) ≥ π 2 ‖f‖^4 , where, for f ∈ L^2_π ,

Δt(f) := ∞∫ −∞ (t − t_0)^2 |f(t)|^2 dt , t_0 := ∞∫ −∞ t |f(t)|^2 dt ,

Δω(f) := ∞∫ −∞ (ω − ω_0)^2 |f̂(ω)|^2 dω , ω_0 := ∞∫ −∞ ω |f̂(ω)|^2 dω .

As Meyer has pointed out [3, 4], basis functions with good time-frequency localization behaviour can be thought of as functions f_h = h^{−1/2}f(·/h), h > 0, satisfying

Δt(f_h) ≤ h^2‖f_h‖^2 , Δω(f_h) ≤ C h^2 ‖f_h‖^2 , with some constant C independent of h, such that the uncertainty product is uniformly bounded from above in the form

Δt(f_h) Δω(f_h) ≤ C ‖f_h‖^4 for all h > 0 .

In [8], a class of periodic polynomial multiresolution analyses and corresponding wavelet spaces has been constructed for the time-frequency analysis in L^2_π. The scaling functions and wavelets can be chosen as orthonormal or interpolatory translates of one function in each space. Naturally, the question arises how to express their timefrequency localization mathematically in order to estimate the qualitative and the quantitative approximation behaviour of these functions. In [1], Breitenberger investigated angle variances suitable for replacing Δt in the Hilbert space L^2_π. The resulting uncertainty principle has been applied by Narcowich and Ward [5] to scaling functions and wavelets generated by continously differentiable periodic functions with positive Fourier coefficients. Those functions have an uncertainty product of order O(N), where N is the dimension of the periodic sampling or wavelet space, respectively. As will be seen later, this is equivalent to the behaviour of the kernel of the Fourier sum operator, whereas the scaling functions and wavelets constructed from de la Vallée Poussin means of Dirichlet kernels yield a product which can be bounded from above by a constant.

2 The uncertainty principle for periodic functions

By L^2_π , we denote the Hilbert space of square-integrable 2π-periodic functions with the inner product and norm ⟨f , g⟩ := 1 2π 2π∫ 0 f(t) g(t) dt , ‖f‖ := ⟨f , f⟩^{1/2} . Any function f ∈ L^2_π can be represented by its Fourier series f(t) = ∞∑ k=−∞ c_k(f) e^{ikt}, c_k(f) := 1 2π 2π∫ 0 f(t) e^{−ikt} dt (k ∈ Z). It holds that (c_k(f))_{k∈}Z is square summable and that

‖f‖^2 = ∞∑ k=−∞ |c_k(f)|^2. Let us introduce the first trigonometric moment as

τ(f) := 1 2π 2π∫ 0 e^{it}|f(t)|^2 dt = ∞∑ k=−∞ c_k(f) c_{k+1}(f) ,

which yields |τ(f)| ≤ ‖f‖^2. For any f ∈ L^2_π , f ≠ 0 , we define the angle variance

var_A(f) := ‖f‖^4 − |τ(f)|^2 |τ(f)|^2 = ( ∑∞ k=−∞ |ck(f)| 2 | ∑∞ k=−∞ ck(f) ck+1(f)| )2 − 1 , and the frequency variance

var_F (f) := 1 ‖f‖^2 ∞∑ k=−∞ k^2|c_k(f)|^2 − 1 ‖f‖^4 ∞∑ k=−∞ k|c_k(f)|^2 2 .

Note that, for real functions, we have c_k(f) = c_{−k}(f), and thus, the frequency variance reduces to

var_F (f) := 1 ‖f‖^2 ∞∑ k=−∞ k^2|c_k(f)|^2.

Theorem 1 For any real-valued f ∈ L^2_π , f ≠ const , the uncertainty principle is given by var_A(f) var_F (f) ≥ 1 4 . (1)

Proof: For the first trigonometric moment, the Cauchy-Schwarz inequality yields |τ(f)| = ⟨e^{i·}f , f⟩ ≤ ‖e^{i·}f‖ ‖f‖ = ‖f‖^2 , where the equality holds iff e^{i·}f = cf a.e. for some constant c ∈ C . Hence, for any real-valued f ∈ L^2_π , f ≠ 0, we conclude that var_A(f) > 0. Moreover, if f ≠ const, we have var_F (f) > 0. If the product on the left-hand side is infinite, the inequality in (1) trivially holds. If both of the variances are finite, then

f^′ = i ∞∑ k=−∞ k c_k(f) e^{ik·} ∈ L^2_π . So, we can write var_F (f) = ‖f^′‖^2/‖f‖^2. Assume that ‖f‖ = 1. Then, 1 − |τ(f)|^2 = ‖(e^{i·} − τ(f)) f‖^2, and, by the Cauchy-Schwarz inequality and integration by parts, ‖f^′‖^2 ‖(e^{i·} − τ(f)) f‖^2 ≥ | | | | 1 2π 2π∫ 0 (e^{it} − τ(f)) f(t) f^′(t) dt | | | | 2

= | | | | | 1 4π 2π∫ 0 (e^{it} − τ(f)) (f^2)^′(t) dt | | | | | 2 (2)

= 1 4 | | | | 1 2π 2π∫ 0 e^{it} f^2(t) dt | | | | 2 = 1 4 |τ(f)|^2, if f = f. For unnormalized f, inserting f/‖f‖ in (2) yields (1).

3 Trigonometric wavelets

Here, we briefly recall from [8] the construction of polynomial 2π-periodic scaling functions and wavelets. We start with the Dirichlet kernel

D_n(t) := n∑ k=−n e^{ikt} = 1 + 2 n∑ k=1 cos kt (n ∈ N_0 ) , and denote de la Vallée Poussin means, for N, M ∈ N , N ≥ M, by

φ^M_N (t) := 1 2M N+M−1 ∑ k=N−M D_k(t) = sin Nt sin Mt

2M sin^{2 t}_2 t ∈ R\2πZ , 2N t ∈ 2πZ . Then, we define sampling spaces V_j ⊂ L^2_π as V_j := span{ϕ_{j,n} : n = 0, . . . , 2N_j − 1} , (3)

with the scaling functions ϕ_{j,n}(t) :=^1√_{2Nj} φ^{Mj}_{Nj} ( t −^{nπ}_{Nj} ) and parameters

N_j := c 2^j , M_j := 1 j < λ , 2^{j−λ} j ≥ λ , (c ∈ N, λ ∈ N_0 fixed).

Proposition 2 [8] The sampling spaces in (3) constitute a (nonstationary) periodic multiresolution analysis {V_j }_{j∈}N_0 in L^2_π , for fixed c ∈ N, λ ∈ N_0 , if N_j M_j = c 2^λ ≥ 3 .

For the concept of periodic multiresolution analysis see e.g. [2, 6]. By means of the parameters c and λ, we have obtained a whole class of multiresolution analyses including the two limit cases [7] N_j = 3M_j or M_j = 1 for all j ∈ N_0 ; i.e., c = 3, λ = 0 or c = 1, λ = ∞, respectively. The first case corresponds in some sense to cardinal Meyer wavelets, while the second case occurs when the modified Fourier sum operator, S^∗_{Nj} f = N_j −1∑ k=−N_j +1 c_k(f) e^{ik·} + 1 2 ( c_{Nj} (f) e^{iNj ·} + c_{−Nj} (f) e^{−iNj ·} ) , the orthogonal projection onto V_j , for M_j = 1, is applied.

The wavelet spaces W_j := V_{j+1} ⊖ V_j are generated by the wavelets ψ_{j,n}(t) := √ 2 ϕ_{j+1,0} ( t −^{(2n+1)π}_{2Nj} ) − ϕ_{j,0} ( t −^{(2n+1)π}_{2Nj} ) , such that W_j := span{ψ_{j,n} : n = 0, . . . , 2N_j − 1} , and L^2_π = clos_L2_π ( V_0 ⊕ ⨁∞ j=0 W_j ) . For further computations, we will use the Fourier coefficients which are

c_k(ϕ_{j,n}) = 1 √ 2N_j e^{− iknπNj} × 1 |k| ≤ N_j − M_j , N_j +M_j −|k| 2M_j Nj − Mj < |k| < Nj + Mj , 0 otherwise,

c_k(ψ_{j,n}) = 1 √ 2N_j e^{− ik(2n+1)π2Nj} × |k|−N_j +M_j 2M_j Nj − Mj < |k| < Nj + Mj , 1 N_j + M_j ≤ |k| ≤ N_{j+1} − M_{j+1} , N_{j+1}+M_{j+1}−|k| 2M_{j+1} Nj+1 − Mj+1 < |k| < Nj+1 + Mj+1 , 0 otherwise.

Orthonormal shift-invariant bases can be easily obtained from the interpolatory bases. We are dealing with the following functions given by their Fourier coefficients,

c_k(Oϕ_{j,n}) = 1 √ 2N_j e^{− iknπNj} × 1 |k| ≤ N_j − M_j , N_j +M_j −|k| √ 2 √_{M 2j +(Nj −|k|)2} N_j − M_j < |k| < N_j + M_j , 0 otherwise,

c_k(Oψ_{j,n}) = 1 √ 2N_j e^{− ik(2n+1)π2Nj} ×

|k|−N_j +M_j √ 2 √_{M 2j +(Nj −|k|)2} N_j − M_j < |k| < N_j + M_j , 1 N_j + M_j ≤ |k| ≤ N_{j+1} − M_{j+1} , N_{j+1}+M_{j+1}−|k| √ 2 √_{M 2j+1+(Nj+1−|k|)2} N_{j+1} − M_{j+1} < |k| < N_{j+1} + M_{j+1} ,

0 otherwise,

satisfying, for ℓ, n = 0, . . . , 2N_j − 1, ⟨ Oϕ_{j,ℓ} , Oϕ_{j,n} ⟩ = ⟨ Oψ_{j,ℓ} , Oψ_{j,n} ⟩ = δ_{n,ℓ} . These functions Oϕ_{j,n} ∈ V_j and Oψ_{j,n} ∈ W_j are again time-localized real-valued functions, which can be seen from the formulas Oϕ_{j,n}(x) =^1√_{2Nj} ( D_{Nj −Mj} ( x −^{nπ}_{Nj} ) + √ 2^{Mj −1} ∑ k=−M_j +1 M_j −k √_{M 2j +k2} cos(N_j + k) ( x −^{nπ}_{Nj} ) ) , Oψ_{j,n}(x) =^1√_{2Nj} √ 2^{Mj −1} ∑ k=−M_j +1 M_j +k √_{M 2j +k2} cos(N_j + k)(x −^{(2n+1)π}_{2Nj} )

+ 2^{Nj+1−Mj+1} ∑ ℓ=N_j +M_j cos ℓ(x −^{(2n+1)π}_{2Nj} )

+ √ 2^{Mj+1−1} ∑ k=−M_{j+1}+1 M_{j+1}−k √_{M 2j+1+k2} cos(N_{j+1} + k)(x −^{(2n+1)π}_{2Nj} ) . 4 The uncertainty product for trigonometric scaling functions and wavelets

We consider the uncertainty product

U(f) := var_A(f) var_F (f) .

The scaling functions ϕ_{j,n} and the wavelets ψ_{j,n} are real-valued. Thus, we can apply Theorem 1, which gives U(ϕ_{j,n}) ≥ 1/4 and U(ψ_{j,n}) ≥ 1/4.

Theorem 3 For the scaling functions ϕ_{j,n} and wavelets ψ_{j,n} associated with a multiresolution analysis as defined in Section 3 with fixed parameters c ∈ N, λ ∈ N_0 , the uncertainty product is asymptoticly, for j → ∞ , U(ϕ_{j,n}) = O ( N_j M_j ) , U(ψ_{j,n}) = O ( N_j M_j ) .

Proof: The L^2_π-norms are ‖ϕ_{j,n}‖^2 = 1 −^{Mj}_{3Nj} +^1_{12Nj Mj} , ‖ψ_{j,n}‖^2 = 1 −^1_{2Nj} j < λ , 1 −^{Mj}_{Nj} +^1_{8Nj Mj} j ≥ λ . The first trigonometric moments can be computed for real functions by τ(f) = 2 ∞∑ k=0 c_k(f) c_{k+1}(f) .

Moreover, τ(f(· − x)) = e^{ix}τ(f). Hence, we obtain that |τ(ϕ_{j,n})| =^1_{Nj} ( N_j − M_j +^1_{4M 2j}^{2Mj −1} ∑ k=1 k(k + 1) )

= 1 −^{Mj}_{3Nj} −^1_{6Nj Mj} , |τ(ψ_{j,n})| =^1_{Nj} ( N_j − M_j − M_{j+1} +^1_{4M 2j}^{2Mj −1} ∑ k=1 k(k + 1) +^1_{4M 2j+1}^{2Mj+1−1} ∑ k=1 k(k + 1) )

= 1 −^1_{Nj} j < λ , 1 −^{Mj}_{Nj} −^1_{4Nj Mj} j ≥ λ . Thereby we get the angle variances var_A(f) = (‖f‖^2/|τ(f)|)^2 − 1, var_A(ϕ_{j,n}) = ( 1 +^3

12N_j M_j −4M^2_j −2 )2 − 1 =^{3(24Nj Mj −8M 2j −1)}

4(6N_j M_j −2M^2_j −1)^2) ,

var_A(ψ_{j,n}) = ( 1 +^1_{2(Nj −1)} )2 − 1 =^{4Nj −3}

4(N_j −1)^2 j < λ , ( 1 +^3

8N_j M_j −8M^2_j −2 )2 − 1 =^{3(16Nj Mj −16M 2j −1)}

4(4N_j M_j −4M^2_j −1)^2 j ≥ λ .

The frequency variances var_F (f) = 2^∞ ∑ k=1 k^2|c_k(f)|^2 are

var_F (ϕ_{j,n}) = 1 ‖ϕ_{j,n}‖^2N_j ( N_j −M_j∑ k=1 k^2 +^1_{4M 2j}^{2Mj −1} ∑ k=1 k^2(N_j + M_j − k)^2 )

= 4N_j(N_j − M_j) +^{Nj}_{Mj} + 4M^2_j − 2 −^{4M 3j}_{5Nj} +^{Mj}_{Nj} −^1_{5Nj Mj} 12 −^{4Mj}_{Nj} +^1_{Nj Mj} , and var_F (ψ_{j,n}) = 1 ‖ψ_{j,n}‖^2N_j ( 1 4M^2_j 2M_j −1∑ k=1 k^2(N_j − M_j + k)^2 +^{Nj −Mj −Mj+1} ∑ k=0 (N_j + M_j + k)^2

+^1_{4M 2j+1}^{2Mj+1−1} ∑ k=1 k^2(2N_j + M_{j+1} − k)^2 )

=

7N^2_j − 3N_j +^1_2

3 −^1_{2Nj} j < λ ,

28N^2_j − 36N_jM_j +^{4Nj}_{Mj} + 28M^2_j − 2 −^{36M 3j}_{5Nj} +^{3Mj}_{Nj} −^{12}_{40Nj Mj} 4 −^{4Mj}_{Nj} +^1_{2Nj Mj} j ≥ λ.

Now, we can estimate the uncertainty products, using N_j ≥ 3M_j. For M_j = 1, i.e., j < λ, we obtain that U(ϕ_{j,n}) < 7N_j 36 + 7 48 < N_j 5 + 1 6 ,

U(ψ_{j,n}) < 21N_j 8 + 3(15N_j − 6) 8(2N_j − 3)

< 3N_j + 6 ,

and for M_j ≥ 2, i.e., j > λ, that U(ϕ_{j,n}) < 7N_j 36M_j − 7(4N_jM_j(M_j − 1) − 3N_j − 6) 16 · 27M^2_j (N_j − M_j) < N_j 5M_j ,

U(ψ_{j,n}) < 31N_j(7N^2_j − 9N_jM_j +^{3Nj}_{4Mj} + 6) 8 · 14M_j(N^2_j − 2N_jM_j −^{Nj}_{8Mj} + M^2_j ) < 31N_j 16M_j + 31 · 5 8 · 14 + 31 · 13 16 · 14M^2_j + 31 · 24M^2_j + 31 · 26 + 5 +^{31·13}_M 2_j 16 · 64(M^2_j − 1) < 2N_j M_j + 2.78 .

This gives the assertion.

By this Theorem, it is proved that, for M_j = 1 for all j ∈ N_j , i.e., in the limit case λ = ∞, we have U(ϕ_{j,n}) = O(N_j) and U(ψ_{j,n}) = O(N_j), for j → ∞. For finite λ ∈ N_0 , the uncertainty product of the scaling functions and wavelets is bounded from above by a constant. The smaller the quotient N_j/M_j = c · 2^λ, the better the time-frequency localization of these functions becomes. And for N_j = 3M_j, λ = 0, one can directly compute U(ϕ_{j,n}) < 0.49 and U(ψ_{j,n}) < 8.38, uniformly for all j > 0. The significant difference between these two values is due to the frequency variance, which gives bigger weight to higher frequencies.

Numerical calculations show that for fixed parameters c and λ the uncertainty products U(ϕ_{j,n}) and U(ψ_{j,n}) are decreasing, for j → ∞. From the variances in the proof of Theorem 3, we can derive the asymptotic bounds which depend clearly on the quotient N_j/M_j , namely

U(ϕ_{j,n}) ≥ N_j M_j − 1 + M_j N_j − M^2_j 5N^2_j

6 − 4^{Mj}_{Nj} +^{2M 2j}_{3N 2j} , U(ψ_{j,n}) ≥ 7^{Nj}_{Mj} − 9 + 7^{Mj}_{Nj} −^{9M 2j}_{5N 2j}

4(1 −^{Mj}_{Nj} )^2 .

Now, we examine the orthonormal scaling functions Oϕ_{j,n} and wavelets Oψ_{j,n} . They are also real-valued. Hence, by Theorem 1, we have U(Oϕ_{j,n}) ≥ 1/4 and U(Oψ_{j,n}) ≥ 1/4.

Theorem 4 For the orthonormal scaling functions and wavelets associated with a multiresolution analysis as defined in Section 3 with fixed parameters c ∈ N, λ ∈ N_0 , the uncertainty product is asymptoticly, for j → ∞ , U(Oϕ_{j,n}) = O ( N_j M_j ) , U(Oψ_{j,n}) = O ( N_j M_j ) . Proof: The first trigonometric moments are given by |τ(Oϕ_{j,n})| =^1_{Nj} ( N_j − M_j +^1_2 S_{Mj} ) , |τ(Oψ_{j,n})| =^1_{Nj} ( N_j − M_j − M_{j+1} +^1_2 S_{Mj} +^1_2 S_{Mj+1} ) , where

S_M :=^{M−1} ∑ k=−M M−k √ M^2+k^2 M−(k+1) √_{M 2+(k+1)2} .

Let us estimate S_M from below. With

(M^2 + k^2)(M^2 + (k + 1)^2) ≤ (M^2 + k^2 + k + 1/2)^2

we find that S_M ≥^{M−1} ∑ k=−M M^2+k^2−2Mk−M+k M^2+k^2+k+1/2 = 2M − M−1∑ k=−M 2Mk+M+1/2 M^2+(k+1/2)^2+1/4 ≥ 2M −^{M−1} ∑ k=−M 2Mk+M+1/2 M^2+(k+1/2)^2 .

Since (k + 1/2)^2 = (−(k + 1) + 1/2)^2, it follows that S_M ≥ 2M −^{M−1} ∑ k=0 2Mk−2M(k+1)+2M+1 M^2+(k+1/2)^2

= 2M −^1_{M 2}^{M−1} ∑ k=0 1 1+(^k_M +^1_{2M} )^2 .

The function f(x) = (1 + x^2)^{−1} is decreasing in [0, 1]. We can approximate its integral from below by quadrature,

I_1 := 1∫ 0 dx 1 + x^2 ≥ f(^1_{2M} ) 2M + 1 M M−1∑ k=1 f(^k_M +^1_{2M} ) + f(1) 2M ≥ 1 M M−1∑ k=0 1 1 + (^k_M +^1_{2M} )^2 − 1 2M + 1 4M . On the other hand, I_1 = arctan 1 = π/4, which gives us S_M ≥ 2M −^π_{4M} −^1_{4M 2} . (4) For small M, we rather compute S_M directly. With S_1 = √ 2 and S_2 = (3 √ 2 + 4)/ √ 5, for j ≤ λ, we have |τ(Oϕ_{j,n})| = 1 −^{√2−1√}_{2Nj} , |τ(Oψ_{j,n})| = 1 −^{2−√2}_{Nj} (j < λ) , |τ(Oψ_{j,n})| ≥ 1 −^5_{11 Nj} (j = λ) . For j > λ, i.e. for M_{j+1} = 2M_j, with (4), we obtain |τ(Oϕ_{j,n})| ≥ 1 −^{Mj π+1}_{8Nj M 2j} , |τ(Oψ_{j,n})| ≥^1_{Nj} ( N_j −^{Mj π+1}_{8M 2j} −^{Mj+1π+1}_{8M 2j+1} ) = 1 −^{6Mj π+5}

32N_j M^2_j .

Now, we compute an upper bound for the angle variances var_A(f) = (‖f‖^2/|τ(f)|)^2 − 1. At first, for j ≤ λ, with N_j ≥ 3, we have

var_A(Oϕ_{j,n}) = 1 + 1 −^{1√}_2 N_j − 1 +^{1√}_2 2 − 1 =

1 −^{1√}_2 N_j − 1 +^{1√}_2 2 + 1 −^{1√}_2 N_j − 1 +^{1√}_2 ≤ 2 3N_j − 1 . For j > λ, the angle variance can be estimated using N_j ≥ 3M_j and M_j ≥ 2, such that var_A(Oϕ_{j,n}) ≤ ( 1 +^{Mj π+1}

8N_j M^2_j −M_j π−1 )2 − 1 =^{π+1/Mj} 8N_j M_j −π−1/M_j ( 2 +^{π+1/Mj} 8N_j M_j −π−1/M_j ) ≤^{π+1/2} 8N_j M_j −π−1/2 ( 2 +^{π+1/2} 96−π−1/2 ) ≤^{30}

32N_j M_j −15 .

In the same way, we obtain estimates for the angle variances of the orthonormal wavelets. For j ≤ λ, with N_j ≥ 3, we have

var_A(Oψ_{j,n}) = ( 1 +^{2−√2}

N_j −2+ √ 2 )2 − 1 ≤^{10}_{7Nj −5} , j < λ , ≤ ( 1 +^{5/11}_{Nj −5/11} )2 − 1 ≤^1_{Nj −5/11} , j = λ , and, for j > λ, with N_j ≥ 3M_j ≥ 6, var_A(Oψ_{j,n}) ≤ ( 1 +^{6Mj π+5}

32N_j M^2_j −6M_j π−5 )2 − 1 ≤^{11}_{8Nj Mj −6} .

The frequency variances var_F (f) = 2^∞ ∑ k=1 k^2|c_k(f)|^2 are

var_F (Oϕ_{j,n}) =^1_{Nj} ( N_j −M_j∑ k=1 k^2 +^1_2^{Mj −1} ∑ k=−M_j +1 (N_j + k)^{2 (Mj −k)2}_{M 2j +k2} ) , var_F (Oψ_{j,n}) =^1_{Nj} ( 2N_j −M_{j+1} ∑ k=N_j +M_j k^2 +^1_2^{Mj −1} ∑ k=−M_j +1 (N_j + k)^{2 (Mj +k)2}_{M 2j +k2} +^1_2^{Mj+1−1} ∑ k=−M_{j+1}+1

(2N_j + k)^{2 (Mj+1−k)2}

M^2_{j+1}+k^2 ) . For j ≤ λ, we compute var_F (Oϕ_{j,n}) =^{(Nj −1)(2Nj −1)}_6 +^{Nj}_2 =^{N 2j}_3 +^1_6 ,

var_F (Oψ_{j,n}) =

(2N_j −1)(4N_j −1)

3 −^{(Nj +1)(2Nj +1)}_6 +^{Nj}_2 + 2N_j =^{7N 2j}_3 +^1_6 j < λ , 1 N_j ( (2N_j −1)(2N_j −2)(4N_j −3)

6 −^{Nj (Nj +1)(2Nj +1)}_6 +^{N 2j}_2 +^1_2^1 ∑ k=−1 (2N_j +k)^2(2−k)^2 4+k^2 )

<^{7N 2j}_3 + 1 j = λ. For j > λ, we have var_F (Oϕ_{j,n}) =^1_{Nj} ( (N_j −M_j )(N_j −M_j +1)(2N_j −2M_j +1)

6 +^1_2^{Mj −1} ∑ k=−M_j +1 ( (N_j + k)^2 −^{2Mj k(Nj +k)2}

M^2_j +k^2 ))

=^{(Nj −Mj )(Nj −Mj +1)(2Nj −2Mj +1)} 6N_j +

(2M_j −1)N^2_j

2N_j +

M_j (M_j −1)(2M_j −1) 6N_j − 4Mj M_j −1∑ k=1 k^2 M^2_j +k^2 and var_F (Oψ_{j,n}) =^1_{Nj}

( (2N_j −2M_j )(2N_j −2M_j +1)(4N_j −4M_j +1) 6 −^{(Nj +Mj )(Nj +Mj −1)(2Nj +2Mj −1)} 6 +^1_2^{Mj −1} ∑ k=−M_j +1 ( (N_j + k)^2 +^{2Mj k(Nj +k)2}

M^2_j +k^2 ) +^1_2^{2Mj −1} ∑ k=−2M_j +1 ( (2N_j + k)^2 −^{4Mj k(2Nj +k)2}

4M^2_j +k^2 ))

=^1_{Nj}

( (2N_j −2M_j )(2N_j −2M_j +1)(4N_j −4M_j +1) 6 −^{(Nj +Mj )(Nj +Mj −1)(2Nj +2Mj −1)} 6 +^{(2Mj −1)N 2j}_2 +^{Mj (Mj −1)(2Mj −1)}_6 +^{(4Mj −1)4N 2j}_2 +^{Mj (2Mj −1)(4Mj −1)}_3 + 4N_jM_j^{Mj −1} ∑ k=1 k^2 M^2_j +k^2 − 16NjMj 2M_j −1∑ k=1 k^2 4M^2_j +k^2 ) . In order to evaluate the remaining sums in these expressions, we consider the integral

I_2 := 1∫ 0 x^2 dx 1 + x^2

= 1 − arctan 1 = 1 − π 4 .

Since the function x^2/(1 + x^2) is decreasing in [0, 1], we have by means of the rectangular rule, for M ≥ 2, 1 M M−1∑ k=1

( k M )2 1 + ( k M )2 ≤ I_2 ≤ 1 M M−1∑ k=1

( k M )2 1 + ( k M )2 + 1 2M . Thereby, the above expressions, for j > λ, can be reduced to

var_F (Oϕ_{j,n}) <

N^2_j 3 + (π − 3)M^2_j + M_j + 1 6 , var_F (Oψ_{j,n}) <

7N^2_j 3 + 7(π − 3)M^2_j + 5M_j + 1 6 . Finally, we obtain the uncertainty products. For j ≤ λ, with N_j ≥ 3, we compute U(Oϕ_{j,n}) < 2N^2_j + 1 3(3N_j − 1) < 2N_j 9 + 1 8 ,

U(Oψ_{j,n}) < 5(14N^2_j +1) 3(7N_j −5) < 10 3 (N_j + 1) , j < λ ,

2(7N^2_j +3) 3(2N_j −1) <

7N_j +5 3 , j = λ , and for j > λ, with N_j ≥ 3M_j and M_j ≥ 2, U(Oϕ_{j,n}) < 5(2N^2_j + 6(π − 3)M^2_j + 6M_j + 1) 32N_jM_j − 15 < 5 16 ( N_j M_j + 1 ) ,

U(Oψ_{j,n}) < 11(7N^2_j + 21(π − 3)M^2_j + 15M_j + 1/2) 3(8N_jM_j − 6) < 77N_j 24M_j + 5 4 . This gives the assertion.

For the orthonormal translates we cannot compute such exact bounds as for the interpolatory functions. However, numerical computations yield the very same asymptotic behaviour for U(Oϕ_{j,n}) and U(Oψ_{j,n}) to have a lower bound depending on the quotient N_j/M_j . It also turns out that the uncertainty products of the orthonormal functions are always but once greater than the respective products of the interpolatory ones. The exception is for the wavelets in the case N_j/M_j = 3.

5 Conclusion

The de la Vallée Poussin averaging method is not only advantageous with respect to the shape of the fundamental basis functions and capable to supply fast numerical algorithms, but also essential for the asymptotic properties of projections. In [8], we have shown that the approximation error of the interpolation operator L_j : C_{2π} → V_j can be estimated by ‖f − L_jf‖_∞ ≤ ( 4(π + 1) +

4π + 3 3 ln N_j 2M_j ) E_{Nj −Mj} (f) where E_n(f) := inf {‖f − t_n‖_∞ : t_n ∈ T_n} is the best approximation by trigonometric polynomials of degree at most n. In that factor, we already see the importance of the quotient N_j /M_j to be bounded.

The uncertainty product U provides another measure of goodness emphasizing the aspect of localization properties of the basis functions in the time-frequency plane. We can differentiate qualitatively between ”simple” basis functions like the Dirichlet kernel or compositions as in [5] on the one hand, where U is not uniformly bounded from above for increasing space dimension, and more sophisticated constructions like the de la Vallée Poussin means on the other hand, where it is bounded. For our polynomial, i.e., bandlimited scaling functions and wavelets, we have shown it as well as the fact that our orthonormalization procedure doesn’t harm this satisfying result.

References

[1] Breitenberger, E. (1985) Uncertainty measures and uncertainty relations for angle observables, Found. Physics 15, 353–364.

[2] Koh, Y.M., Lee, S.L., and Tan, H.H. (1995) Periodic orthogonal splines and wavelets, submitted.

[3] Meyer, Y. (1986) Principe d’incertitude, bases hilbertiennes et algèbres d’opérateurs, Séminaire Bourbaki 662, 209–223.

[4] Meyer, Y. (1993) Wavelets: Algorithms and Applications, SIAM, Philadelphia.

[5] Narcowich, F.J., and Ward, J.D. (1994) Wavelets associated with periodic basis functions, CAT Report 340, Texas A&M University.

[6] Plonka, G., and Tasche, M. (1994) A unified approach to periodic wavelets, in: C.K.

Chui, L. Montefusco, and L. Puccio (eds.), Wavelets: Theory, Algorithms, and Applications, Academic Press, San Diego, 137–151.

[7] Prestin, J., and Quak, E. (1993) Trigonometric interpolation and wavelet decomposition, Numer. Alg., to appear.

[8] Prestin, J., and Selig, K. (1994) Interpolatory and orthonormal trigonometric wavelets, Preprint 94/19, FB Mathematik, Universität Rostock.

[9] Selig, K. (1995) Trigonometric wavelets for time–frequency–analysis, in: S.P. Singh (ed.), Approximation Theory, Wavelets and Applications, Kluwer Academic Publ., Dordrecht, 453–464.

E-mail: Kathi.Selig@Mathematik.Uni-Rostock.De