Factorization of refinement masks of function vectors

Gerlind Plonka

Dedicated to Prof. E. W. Cheney on the occasion of his 65th birthday

Abstract. Considering the set of closed shift–invariant subspaces Vj (j ∈ ZZ) of L^2(lR) generated by a refinable function vector Φ, we give necessary and sufficient conditions for the refinement mask of Φ ensuring controlled approximation order m. In particular, algebraic polynomials can be exactly reproduced in V0 if and only if the refinement mask of Φ can be factorized. The results are illustrated by B–splines with multiple knots.

§1 Introduction

The idea of considering a ladder of imbedded subspaces V_j of a Hilbert space for approximating functions has extensively been used in many applications. In the case of multiresolution analysis of L^2(lR), the subspaces V_j are usually generated by a single function ϕ ∈ L^2(lR),

V_j := clos_L2 span {ϕ(2^j · −l) : l ∈ ZZ}.

In order to ensure the condition V_j ⊂ V_{j+1} (j ∈ ZZ), we need a refinable scaling function, i.e., ϕ has to satisfy a functional equation of the type ϕ = ∑ l∈Z p_l ϕ(2 · −l) ({p_l}_{l∈Z} ∈ l^2). (1.1)

A lot of papers have been delt with solutions of (1.1) and with their properties. Functions satisfying (1.1) not only arise in the context of multiresolution analysis and wavelets. They also play an important role in subdivision schemes. By convenient choice of the refinement mask

P := ∑ l∈Z p_l e^{−il·}

1 pp. 1–8.

2 G. Plonka

one is able to influence properties of ϕ like regularity or support and, at the same time, properties of the generated set of subspaces V_j of L^2(lR). The close connection between the refinement mask of ϕ and the structure of the shift–invariant subspaces generated by ϕ is the clue for many successful applications of the theory of multiresolution and corresponding wavelets. For example, V_0 provides controlled approximation order m if and only if the refinement mask P factorizes

P (u) = ( 1 + e^{−iu} 2 )_m S(u) (1.2)

with an appropriate chosen 2π-periodic function S (cf. [2–4]). In the last time, also the generalized multiresolution analysis of multiciplicity r (r ∈ lN) of L^2(lR) has been considered in more detail (cf. [5–8]). Now the set of imbedded closed subspaces V_j of L^2(lR) is generated by a function vector Φ := (ϕ_ν )^{r−1}_{ν=0} with ϕ_ν ∈ L^2(lR) (ν = 0, . . . , r − 1),

V_j := clos_L2 span {ϕ_ν (2^j · −l) : l ∈ ZZ, ν = 0, . . . , r − 1}.

The vector of scaling functions Φ has to be refinable, i.e., Φ has to satisfy a functional equation of the type Φ = ∑ l∈Z P_l Φ(2 · −l) (P_l ∈ lR^{r×r}),

where the sequences of entries of coefficient matrices P_l (l ∈ ZZ) are in l^2. The purpose of this paper is an investigation of the structure of the refinement mask P := ∑ l∈Z P_l e^{−il·}, (1.3) if the corresponding shift–invariant subspace V_0 is assumed to provide controlled approximation order m. It turns out that, under some mild conditions on Φ, algebraic polynomials of degree < m can be exactly reproduced in V_0 if and only if P can be factorized in a certain manner. This result is a natural generalization of the result (1.2) for a single scaling function. In Section 2, we will introduce some notations and present the main theorem on the factorization of the refinement mask. The example of B–splines with multiple knots is used to illustrate this result in Section 3.

§2 Factorization of the refinement mask

Let us introduce some notations. Consider the Hilbert space L^2 = L^2(lR) of all square integrable functions on lR. The Fourier transform of f ∈ L^2(lR)

Factorization of refinement masks 3

is defined by f̂ := ∫_∞ −∞ f(x)e^{−ix·} dx. Further, let BV (lR) be the set of all functions which are of bounded variation over lR and normalized by

f(−∞) = f(−∞ + 0) = 0, f(∞) = f(∞ − 0) = 0, f(x) = 1 2 (f(x + 0) + f(x − 0)) (−∞ < x < ∞). If f ∈ L^2(lR) ∩ BV (lR), then the Poisson Summation Formula ∑ l∈Z f(l) e^{−iul} = ∑ j∈Z f̂(u + 2πj) (u ∈ lR)

is satisfied. For a measurable function f on lR and m ∈ lN let

‖f‖_2 := ( ∫_∞ −∞ |f(x)|^2 dx)^{1/2}, |f|_{m,2} := ‖D^mf‖_2, ‖f‖_{m,2} := m∑ k=0 ‖D^kf‖_2. Here and in the following, D denotes the differential operator D := d/d ·. Let W^m_2 (lR) be the usual Sobolev space with the norm ‖ · ‖_{m,2}. The l^2– norm of a sequence c := {c_l}_{l∈Z} is defined by ‖c‖_l2 := ( ∑ l∈Z |c_l|^2)^{1/2}.

The set B(Φ) := {ϕ_ν (· − l) : l ∈ ZZ, ν = 0, . . . , r − 1} forms a Riesz basis of V_0 if there exist constants 0 < A ≤ B < ∞ with A r−1∑ ν=0 ‖c_ν ‖^2_l2 ≤ ‖ r−1∑ ν=0 ∑ l∈Z c_{ν,l} ϕ_ν (· − l)‖^2_L2 ≤ B r−1∑ ν=0 ‖c_ν ‖^2_l2

for any sequences c_ν = {c_{ν,l}}_{l∈Z} (ν = 0, . . . , r − 1).

We say that V_0, generated by the function vector Φ, provides controlled approximation order m if for each f ∈ W^m_2 (lR) there are sequences c^h_ν = {c^h_{ν,l}}_{l∈Z} (ν = 0, . . . , r − 1; h > 0) such that for a constant c independent of h the following three conditions are satisfied: (1) ‖f − h^{−1/2 r−1} ∑ ν=0 ∑ l∈Z c^h_{ν,l} ϕ_ν (·/h − l)‖_2 ≤ c h^m |f|_{m,2}. (2) We have ‖c^h_ν ‖_l2 ≤ c ‖f‖_2 (ν = 0, . . . , r − 1). (3) There is a constant δ independent of h such that for l ∈ ZZ dist (lh, supp f) > δ ⇒ c^h_{ν,l} = 0 (ν = 0, . . . , r − 1). Now we want to generalize the known result (1.2) for the principal space V_0 and consider the connections between the refinement mask (1.3)

4 G. Plonka

and the structure of the finitely generated closed subspace V_0 of L^2(lR). First, let us define the (r × r)–matrix C := (C_{j,k})^{r−1}_{j,k=0} by the vector y = (y_0, . . . , y_{r−1})^T ∈ lR^r, y ≠ o. Here and in the following o denotes the zero vector. Let j_0 := min{j; y_j ≠ 0} and j_1 := max{j; y_j ≠ 0}. Further, let for all j with y_j ≠ 0 be d_j := min{k > j, y_k ≠ 0}. Then for j_0 < j_1, the entries of C are defined for j, k = 0, . . . , r − 1 by

C_{j,k}(u) := y^{−1}_j y_j ≠ 0 and j = k, 1 y_j = 0 and j = k, −y^{−1}_j y_j ≠ 0 and d_j = k, −e^{−iu}/y_{j1} j = j_1 and k = j_0, 0 otherwise.

(2.1)

For j_0 = j_1, C is a diagonal matrix of the form

C(u) = diag(1, . . . , 1 j 0 , (1 − e^{−iu})/y_{j0} , 1, . . . , 1 r−1−j0 ). (2.2)

In particular, for r = 1 we have C(u) := (1 − e^{−iu})/y_0. Now we can show:

Theorem 2.1 Let m ∈ lN be fixed, and let Φ := (ϕ_ν )^{r−}1_ν=0 be a refinable vector of functions ϕ_ν ∈ L^2(lR) ∩ BV (lR) satisfying the decay properties |ϕ_ν (x)| = O(|x|^{−m−1−ϵ}) (x → ∞) for ν = 0, . . . , r − 1 and ϵ > 0. Further, let B(Φ) form a Riesz basis of V_0. Then the following assertions are equivalent:

(a) The finitely generated subspace V_0 provides controlled approximation order m.

(b) Algebraic polynomials of degree < m can be exactly reproduced in V_0. (c) The refinement mask P of Φ satisfies the following conditions: The elements of P are (m − 1)–times continuously differentiable functions in L^2_π(lR), and there are vectors y_k ∈ lR^r; y_0 ≠ o (k = 0, . . . , m − 1) such that for n = 0, . . . , m − 1 we have n∑ k=0 ( n k ) (y_k)^T (2i)^{k−n} (D^{n−k}P)(0) = 2^{−n} (y_n)^T, n∑ k=0 ( n k ) (y_k)^T (2i)^{k−n} (D^{n−k}P)(π) = o^T.

(2.3)

(d) There are vectors x_0, . . . , x_{m−1} ∈ lR^r such that P factorizes

P(u) = 1 2^m

C_{m−1}(2u) . . . C_0(2u) S(u) C_0(u)^{−1} . . . C_{m−1}(u)^{−1}, (2.4)

Factorization of refinement masks 5

where the (r × r)–matrices C_k are defined by x_k (k = 0, . . . , m − 1) as in (2.1)–(2.2) and S(u) is an (r × r)–matrix with (m − 1)–times continuously differentiable entries in L^2_π(lR). In particular, for the determinant of P we have

det P(u) = ( 1 + e^{−iu} 2^r )_m det S(u).

In order to prove Theorem 2.1, we extensively use the assertion that a shift–invariant closed finitely generated subspace of L^2(lR) provides controlled approximation order m if and only if the generating function vector Φ satisfies the Strang–Fix conditions of order m, i.e., there is a finitely supported sequence of vectors {a_l}_{l∈Z} such that f := ∑ l∈Z a^T_l Φ(· − l) satisfies

f̂(0) ≠ 0; D^nf̂(2πl) = 0 (l ∈ ZZ \ {0}; n = 0, . . . , m − 1).

This equivalence is already shown in [9]. For a complete proof of Theorem 2.1 we refer to [11,12].

Note that the known results for the principle space V_0 (cf. [2–4]) are obtained from Theorem 2.1 in the special case r = 1. In particular, (2.3) simplifies to D^nP (π) = 0 (n = 0, . . . , m − 1), P (0) = 1.

Further, for r = 1, it follows from (d) that the refinement mask is of the form (1.2) with S(0) = 1, where S is a 2π–periodic (m − 1)–times continuously differentiable function.

It can be shown that the coefficient vectors y_k ∈ lR^r (k = 0, . . . , m − 1) occuring in Theorem 2.1 (c) satisfy the equalities ∑ l∈Z (_n ∑ k=0 ( n k ) l^{n−k} y^T_k ) Φ(x − l) = x^n (x ∈ lR; n = 0, . . . , m − 1) (2.5)

(cf. [11], Theorem 3.2).

§3 Example: B–splines with multiple knots

We are going to illustrate the results of Theorem 2.1. Let r ∈ lN and m ∈ lN_0 be given integers. We consider equidistant knots with multiplicity r, x_l := ⌊l/r⌋ (l ∈ ZZ), where ⌊x⌋ means the integer part of x ∈ lR. Let N^{m,r}_ν (ν ∈ ZZ) denote the cardinal B–splines of order m and defect r with respect to the knots x_ν , . . . , x_{ν+m}. For x_{ν+m} > x_ν , we have the recursion formulas

(x_{ν+m} − x_ν )N^{m,r}_ν (x) = (x − x_ν ) N^{m−1,r}_ν (x) + (x_{ν+m} − x) N^{m−1,r}_{ν+1} (x)

6 G. Plonka and (x_{ν+m} − x_ν ) (DN^{m,r}_ν ) = m (N^{m−1,r}_ν − N^{m−1,r}_{ν+1} ). (3.1) For x_ν = x_{ν+m} = 0, we define N^{m,r}_ν according to the distribution theory by N^{m,r}_ν := D^{r−m−1−ν} δ r − 1 − ν , where δ denotes the Dirac distribution. Further, note that N^{m,r}_{ν+lr} = N^{m,r}_ν (· − l) (l ∈ ZZ). For m ≥ r, we have N^{m,r}_ν ∈ C^{m−r−1}(lR). We put N^r_m := (N^{m,r}_ν )^{r−1}_{ν=0} and N̂^r_m := (N̂ m,r_ν )^{r−1}_{ν=0}. In particular, we obtain

N̂^r_0(u) := ( (iu)^{r−1} r − 1 , . . . , (iu)^1 1 , 1 )_T (u ∈ lR). The spline functions N^{m,r}_ν (· − l) (l ∈ ZZ; ν = 0, . . . r − 1) form a Riesz basis of the spline space

V_0 := clos_{L2} span {N^{m,r}_ν (· − l) : l ∈ ZZ, ν = 0, . . . , r − 1} (cf. [1]). It is well–known that V_0 provides controlled approximation order m. We want to compute the vectors x_k and y_k (k = 0, . . . , r − 1) occuring in Theorem 2.1. First we observe the following recursion relation: Lemma 3.1 Let r ∈ lN be fixed. Then we have for m ≥ 1 (iu) N̂^r_m(u) = m C_{m−1}(u) N̂^r_{m−1}(u) (u ∈ lR) (3.2) with C_{m−1} defined by the vector of spline knots x_{m−1} := (x_m, . . . , x_{m+r−1})^T as in (2.1)–(2.2).

Proof: Applying Fourier transform to formula (3.1), we find for u ∈ lR (iu) N̂^{m,r}_ν (u) = m x_{ν+m} − x_ν (N̂^{m−1,r} ν (u) − N̂^{m−1,r}_{ν+1} (u)). Thus, by N̂^{m−1,r}_r (u) = e^{−iu} N̂^{m−1,r}_0 the assertion follows for m > r. For m = r, the B–splines N^{m,m}_ν (ν = 0, . . . , m − 1) coincide with the Bernstein polynomials of degree m − 1 satisfying DN^{m,m}_ν = m(N^{m−1,m}_ν − N^{m−1,m}_{ν+1} ) (ν = 0, . . . , m − 1) with N^{m−1,m} 0 := δ/m, N^{m−1,m}_m := δ(· − 1)/m and N^{m−1,m}_ν := N^{m−1,m−1}_{ν−1} (ν = 1, . . . , m − 1). Hence, by Fourier transform, the assertion is true for m = r. Finally, for m < r, the proof follows analogously, observing that N̂^r_m(u) = ( (iu)^{r−m−1} r − 1 , . . . , (iu)^0 m , N̂^m(u)

)_T . Now the following recursion for the refinement mask P_m of N^r_m can be shown.

Factorization of refinement masks 7

Theorem 3.2 Let r ∈ lN be fixed. Then for m ≥ 1, the refinement mask P_m of N^r_m satisfies the recursion formula

P_m(u) = 1 2 C_{m−1}(2u) P_{m−1}(u) C_{m−1}(u)^{−1}

with C_{m−1} defined by x_{m−1} := (x_m, . . . , x_{m+r−1})^T as in (2.1)–(2.2) and

P_0(u) := diag (2^{r−1}, . . . , 2^0).

The proof of Theorem 3.2 is similar to that of Theorem 3.1 in [10]. Repeated application of Theorem 3.2 yields

P_m(u) = 1 2^m

C_{m−1}(2u) . . . C_0(2u) P_0(u) C_0(u)^{−1} . . . C_{m−1}(u)^{−1}

with C_k defined by the vector of spline knots x_k := (x_{k+1}, . . . , x_{k+r})^T (k = 0, . . . , m − 1). Hence, the refinement mask factorizes in the form (2.4) with S(u) := P_0(u).

For the computation of the coefficient vectors y_k (k = 0, . . . , m − 1) we use the relation (2.5). Introducing the polynomial vector

Q(u) := ( x_{m+ν} m−1∏ μ=1 (u − x_{μ+ν} ) )_{r−1} ν=0 ,

we have by [13], Theorem 4.21,

x^n = ∑ l∈Z (a^n_l )^T N^r_m(x − l) (n = 0, . . . , m − 1)

with a^n_l = (−1)^n n! (m − 1)! (D^{m−n−1}Q)(−l) = n∑ k=0 ( n k ) l^{n−k} (−1)^k k! (m − 1)!

(D^{m−k−1}Q)(0).

Hence, for the coefficient vectors in Theorem 2.1 (c) it follows that

y_k := a^k_0 = (−1)^k k! (m − 1)!

(D^{m−k−1}Q)(0) (k = 0, . . . , m − 1).

Acknowledgments. This research was supported by the Deutsche Forschungsgemeinschaft.

8 G. Plonka

References

1. de Boor, C., Splines as linear combinations of B–splines. A survey, in Approximation Theory II, G. G. Lorentz, C. K. Chui and L. L. Schumaker (eds.), Academic Press, New York, 1976, 1–47.

2. Cavaretta, A. S., Dahmen, W., and Micchelli, C. A., Stationary Subdivision, Memoirs of the American Math. Soc. Vol. 93, No. 453, 1991.

3. Daubechies, I., and Lagarias, L., Two–scale difference equations: I.

Existence and global regularity of solutions, SIAM J. Math. Anal. 22 (1991), 1388–1410.

4. Daubechies, I., and Lagarias, L., Two–scale difference equations: II.

Local regularity, infinite products of matrices and fractals, SIAM J. Math. Anal. 23 (1992), 1031–1079.

5. Donovan, G., Geronimo, J. S., Hardin, D. P., and Massopust, P. R., Construction of orthogonal wavelets using fractal interpolation functions, Georgia Institute of Technology, Preprint, 1994.

6. Goodman, T. N. T., Lee, S. L., and Tang, W. S., Wavelets in wandering subspaces. Trans. Amer. Math. Soc. 338 (1993), 639–654.

7. Heil, C., Strang, G., and Strela, V., Approximation by translates of refinable functions, Massachusetts Institute of Technology, Preprint, 1994.

8. Hervé, L., Multi–resolution analysis of multiplicity d. Application to dyadic interpolation, Appl. Comput. Harmonic Anal. 1 (1994), 299– 315.

9. Jia, R. Q., and Lei, J. J., Approximation by multiinteger translates of functions having global support, J. Approx. Theory 72 (1993), 2–23.

10. Plonka, G., Two–scale symbol and autocorrelation symbol for B-splines with multiple knots, Advances in Comp. Math. 3 (1995), 1–22.

11. Plonka, G., Approximation order of shift–invariant subspaces of L^2(lR) generated by refinable function vectors, Universität Rostock, Preprint, 1995.

12. Plonka, G., On the construction of finitely generated subspaces of L^2(lR) with good approximation order, in preparation.

13. Schumaker, L. L., Spline Functions: Basic Theory, J. Wiley & Sons, New York, 1981.

Gerlind Plonka Fachbereich Mathematik Universität Rostock D–18051 Rostock Germany gerlind.plonka@mathematik.uni-rostock.d400.de

Fast Direct Solvers for PDE’s in Shift-Invariant Periodic Spaces

Gisela Pöplau

Abstract. Using interpolation in periodic shift-invariant spaces, we give a new approach to the construction of fast direct solvers for elliptic differential equations. Further, this method provides a numerical algorithm and error estimates in a very convenient way. Numerical results with bivariate box splines are presented.

Fast direct solvers for partial differential equations have been studied for a few time, for instance in [9, 8, 13]. The increasing importance of direct solvers with respect to domain decomposition requires a more systematic investigation of their construction and of the related error estimates.

In this paper, we give a new approach to fast direct solvers on the torus. The idea described in the first section is to apply periodic interpolation by translates in order to find an approximate solution of a differential equation. This method leads to an efficient algorithm based on FFT. It generalizes the eigenfunction expansion method in [8]. Our construction immediately provides error estimates in the L_2–norm, which are given in §2. In the third section, we present numerical results for the solution of the Helmholtz equation with bivariate box splines. Compared with [6] which considers the solution of differential equations with box splines, iteration and extrapolation procedures are not needed in our method.

§1. Construction of the fast direct solver

Let L(D_x) := ∑ |α|≤2μ aαD α x be a differential operator of order 2μ. Here, α = (α_1, . . . , α_d) ∈ ZZ^d_+ is multiindex with |α| := α_1 + · · · + α_d. The partial derivatives D^α_x := D^{α1}_{x1} · · · D^{αd}_{xd} with x = (x_1, . . . , x_d) ∈ lR^d are given by D_{xj} := −i∂/∂x_j for j = 1, . . . , d. The differential operator L(D_x) is said to be elliptic if L_0(ξ) := ∑ |α|=2μ aαξ α ≠ 0 for all ξ ∈ lR^d\{0}. The torus T^d is represented by the unit cube T^d := {x = (x_1, . . . , x_d) ∈ lR^d; 9 pp. 9–16.

10 G. Pöplau

|x_j | ≤ 1/2, j = 1, . . . , d}, the opposite sides of which are identified. In the usual way, the Fourier coefficients c_k(f) of f ∈ L_1(T^d) are defined by c_k(f) := ∫ T^{d f(t) e−2πikt dt for k ∈ ZZd . We use W s}2^{(Td) with s > 0}

as notation for the Sobolev space of order s, which is equipped with the norm ‖f‖^2_{s,2} := ∑ k∈Z^d ( 1 + |2πk|^2 )_s |c_k(f)|^2 , where | · |_2 is the Euclidian norm in lR^d. Further, the L_2(T^d)–norm is denoted by ‖ · ‖_2. The following proposition can be shown analogously to [1, Theorem 2, II, §3.4].

Lemma 1.1. The differential operator L(D_x) is isomorphism from W^s2 (T^d) onto W^{s−2μ}_2 (T^d) if and only if

(1) L is elliptic and (2) L(2πk) ≠ 0 for all k ∈ ZZ^d.

We suppose in our further considerations that the conditions (1) and (2) of the previous lemma are satisfied for L. Now, we want to determine u ∈ W^s_2 (T^d) which suffices the differential equation

L(D_x) u = f (1.1)

for given f ∈ W^{s−2μ}_2 (T^d). In terms of Fourier coefficients this equation leads to L(2πk) c_k(u) = c_k(f) for k ∈ ZZ^d. Thus, we obtain for the exact solution c_k(u) = c_k(f) L(2πk) , k ∈ ZZ^d. In general, the Fourier coefficients of the given function f are not known. They have to be replaced by approximate values. Our approach consists in constructing an interpolant for f using periodic interpolation by translates. This interpolation method is well discussed for instance in [12, 5, 7]. Here, we only describe some basic concepts. Put B_n := {α = (α_1, . . . , α_d) ∈ ZZ^d ; −n/2 < α_j ≤ n/2, j = 1, . . . , d} . Furthermore, Λ is choosen to be a 1–periodic Lagrange function, i.e., Λ(hα) = δ^n_{0,α} for α ∈ ZZ^d with step size h := 1/n. The Kronecker data δ^n_{0,α} are defined by δ^n_{0,α} = 1 if α ≡ 0 (mod n), and = 0 otherwise. The space S_Λ is given by S_Λ := span{Λ(· − hβ) ; β ∈ B_n}. Obviously, the interpolant I(f) ∈ S_Λ constructed by I(f) := ∑ β∈B_n f(hβ) Λ(· − hβ) interpolates f

with f(hα) = I(f)(hα) for α ∈ B_n. Thus, we get for the corresponding Fourier coefficients

c_k(I(f)) = c^n_k (f) n^dc_k(Λ) , k ∈ ZZ^d ,

where c^n_k (f) denotes the discrete Fourier coefficients of f, which are defined by c^n_k (f) := n^{−d} ∑ l∈B_n f(hl) e −2πikl/n for k ∈ B n. A useful relation between c^n_k (f) and c_k(f) is the aliasing formula

c^n_k (f) = ∑ l∈Z^d c_{k+nl}(f) , k ∈ ZZ^d , (1.2)

Fast Direct Solvers for PDE’s 11

which applies for {c_k(f)}_{k∈Z}d ∈ ℓ_1(ZZ^d). The Fourier coefficients of the Lagrange function Λ are also known as attenuation factors [12, 7].

Now, returning to our given differential equation, we replace the original problem (1.1) by L(D_x) ū = I(f) , (1.3) where ū is an approximate solution we want to determine. Thus, the Fourier coefficients of ū satisfy the equation

c_k(ū) = c_k(I(f)) L(2πk) , k ∈ ZZ^d. The corresponding Fourier series

ū = ∑ k∈Z^d c^n_k (f) L(2πk) n^dc_k(Λ) e^{2πik·}

immediately leads to a numerical algorithm based on FFT–methods. Note that a similar algorithm for periodic interpolation was given in [10, 11]. Algorithm (Fast direct solver for PDE’s)

Input: n ∈ lN , N = νn (ν ∈ lN) and f(l/n) (l ∈ B_n). 1. Compute c^n_k (f) for k ∈ B_n by d–variate FFT(n × · · · × n). 2. Compute ū_{l/N} := ∑ k∈B_N c^n_k (f) L(2πk) n^dc_k(Λ) e^{2πikl/N} (l ∈ B_N )

by d–variate FFT(N × · · · × N).

Output: ū_{l/N} approximate values of ū(l/N) (l ∈ B_N ).

In contrary to customary direct solvers, our method yields the approximate values of ū on the finer grid N^{−1}B_N . The choice N = n is also possible. Remark A simple choice for the Lagrange function is the Dirichlet kernel Λ := ∑ k∈B_n e 2πik· . In this case, our algorithm leads to a form similar to a

fast Poisson solver constructed in [8].

In the next chapter, we give a detailed error analysis in the L_2–norm.

§2. Error estimates for the direct solver

We are interested in an estimate of the form ‖u−ū‖_2 ≤ const h^ϱ ‖f‖_{s−2μ,2} . Under the conditions (1) and (2) of Lemma 1.1 the differential operator L(D_x) is bounded from below in the following sense

|L(2πk)| ≥ c_L(1 + |2πk|^2)^μ , k ∈ ZZ^d (2.1)

with some positive constant c_L.

12 G. Pöplau

Assume that Λ satisfies the periodic Strang–Fix condition of order m (m ∈ lR_+) introduced in [3], i.e., {c_k(Λ)}_{k∈Z}d ∈ ℓ_1(ZZ^d) and for k ∈ B_n the inequalities |1 − n^dc_k(Λ)| ≤ c_0 |2πk/n|^m_2 , |n^dc_{k+nl}(Λ)| ≤ c_l |2πk/n|^m_2 , l ∈ ZZ^d\{0} (2.2)

are valid with γ^2_1 := ∑ l∈Z^d c 2 l < ∞. Our first estimate in Theorem 2.1 concerns the case that the given function f is a trigonometric polynomial of T_n := span{e^{2πik·} ; k ∈ B_n}. Theorem 2.1. Let f ∈ T_n be given. Further, L(D_x) and Λ are assumed to satisfy (2.1) and (2.2), respectively. Then ‖u − ū‖_2 ≤ c^{−1}_L γ_1 h^m ‖f‖_{m−2μ,2} , where the constants c_L, γ_1 are given by (2.1) – (2.2).

Proof: Applying Parseval’s identity and (1.2), we obtain

‖u − ū‖^2 = ∑ k∈Z^d | | c_k(f) L(2πk) (1 − n^dc_k(Λ)) − ∑ l∈Z^d\{0} c_{k+nl}(f) L(2πk) n^dc_k(Λ) | |^2

= ∑ k∈B_n |c_k(f)|^2 |L(2πk)|^2 |1 − n^dc_k(Λ)|^2 + ∑ k∈B_n |c_k(f)|^2 ∑ l∈Z^d\{0} |n^dc_{k+nl}(Λ)|^2 |L(2π(k + nl))|^2 .

The last equality is valid, since f ∈ T_n implies c_k(f) = 0 for k ∉ B_n. Using |L(2π(k + nl))| ≥ c_L(1 + |2πk|^2)^μ and (2.2), we conclude ‖u − ū‖^2 ≤ 1 c^2_L ∑ l∈Z^d c^2_l 1 n^{2m} ∑ k∈B_n |2πk|^{2m}_2 (1 + |2πk|^2)^{2μ} |c_k(f)|^2

≤ γ^2_1 c^2_L h^{2m} ‖f‖^2_{m−2μ,2}. Next, we want to extend our estimate to functions f ∈ W^{s−2μ}_2 (T^d).

The n–th Fourier sum of f is defined by S_n(f) := ∑ k∈B_n ck(f) e 2πik· . Furthermore, we introduce the function

ū_n := ∑ k∈Z^d c^n_k (S_n(f)) L(2πk) n^dc_k(Λ) e^{2πik·} ,

which is the solution of L(D_x) ū_n = I(S_n(f)). Applying the triangle inequality, this yields ‖u − ū‖_2 ≤ ‖S_n(u) − ū_n‖_2 + ‖u − S_n(u)‖_2 + ‖ū_n − ū‖_2. The estimate of the first term of the right side is given in Theorem 2.1. The last two expressions will be considered in the Theorems 2.2. and 2.3.

Fast Direct Solvers for PDE’s 13 Theorem 2.2. Let f ∈ W^{s−}2^μ2 (T^d) and let L(D_x) satisfy (2.1). Then ‖u − S_n(u)‖_2 ≤ c^{−1}_L π^{−s} h^s ‖f‖_{s−2μ,2} with c_L from (2.1).

Proof: We conclude with Parseval’s identity and (2.1)

‖u − S_n(u)‖^2 = ∑ k∈Z^d\B_n |c_k(f)|^2 |L(2πk)|^2 ≤ 1 c^2_L ∑ k∈Z^d\B_n (1 + |2πk|^2)^{s−2μ}

(1 + |2πk|^2)^s |c_k(f)|^2 ≤ 1 c^2_L π^{2s} 1 n^{2s} ‖f‖^2_{s−2μ,2}.

The estimate of ‖ū_n − ū‖_2 in the next theorem points out that the smoothness of the given function f is still more restrictive with respect to the error than in the previous theorem. The reason is that ū ∉ S_Λ. Theorem 2.3. Let f ∈ W^{s−}2^μ2 (T^d) with s − 2μ > d/2 be given. Further, let L(D_x) satisfy (2.1). Then ‖ū_n − ū‖_2 ≤ c^{−1}_L γ_2 γ_3 h^{s−2μ} ‖f‖_{s−2μ,2} with γ^2 := max_{j∈Bn} ∑ l∈Z^d |c_{j+nl}(Λ)|^2 , γ^2_3 := max_{j∈Bn} ∑ l∈Z^d\{0} |2π(j/n + l)|^{−2(s−2μ)} 2 and c_L from (2.1).

Proof: Using Parseval’s identity and the estimate |L(2πk)| ≥ c_L, we get

‖ū_n − ū‖^2 = ∑ k∈B_n |c^n_k (S_n(f)) − c^n_k (f)|^2 ∑ l∈Z^d |n^dc_{k+nl}(Λ)|^2 |L(2π(k + nl))|^2 ≤ max_{j∈Bn} ∑ l∈Z^d |c_{j+nl}(Λ)|^2 1 c^2_L ∑ k∈B_n |c^n_k (S_n(f)) − c^n_k (f)|^2.

Further, the last factor is estimated by means of (1.2) and the Cauchy- Schwarz inequality by ∑ k∈B_n |c^n_k (S_n(f)) − c^n_k (f)|^2 ≤ ∑ k∈B_n [ ∑ l∈Z^d\{0} |c_{k+nl}(f)| ]_2

≤ ∑ k∈B_n [ ∑ l∈Z^d\{0} (1 + |2π(k + nl)|^2)^{−(s−2μ)} ]

· [ ∑ l∈Z^d\{0} (1 + |2π(k + nl)|^2)^{s−2μ}|c_{k+nl}(f)|^2 ]

14 G. Pöplau ≤ 1 n^{2(s−2μ)} [ max j∈B_n ∑ l∈Z^d\{0} |2π(j/n + l)|^{−2(s−2μ)} 2 ] ‖f‖^2_{s−2μ,2} . Both results put together complete the proof of the theorem.

The next theorem characterizes the complete L_2–error. The proof follows immediately from the Theorems 2.1. – 2.3.

Theorem 2.4. Let f ∈ W^{s−}2^μ2 (T^d) with s − 2μ > d/2 be given. Further, let the differential operator L(D_x) and the Lagrange function Λ satisfy (2.1) and (2.2), respectively. Then ‖u − ū‖_2 ≤ c_{m,s−2μ} h^ϱ ‖f‖_{s−2μ,2} with ϱ := min{m, s − 2μ} and

c_{m,s−2μ} := c^{−1}_L (γ_1 + π^{−s} + γ_2γ_3) for s − 2μ ≥ m and s ≥ m ≥ s − 2μ, c^{−1}_L (γ_1( √ d + 1π)^{m−s} + π^{−s} + γ_2γ_3) for m ≥ s.

The constants c_L, γ_1 appear in (2.1) – (2.2), while γ_2 and γ_3 are the same constants as in Theorem 2.3.

Theorem 2.4. shows that the given function f ∈ W^{s−2μ}_2 (T^d) has to be smooth enough in order to get the full power m for the factor h^m. Otherwise, we can expect only the approximation order s − 2μ. The numerical tests of the next section will emphasize this statement.

§3 Numerical examples

Numerical experiments have been done on the two–dimensional torus T^2 for the Helmholtz equation −△u + u = f . We have used bivariate 3– and 4–directional box splines for the interpolation. The Fourier coefficients of the 3–directional box spline M_{p,q,r} are given by n^2c_k(M_{p,q,r}) = ( sinc π n k_1 )_p ( sinc π n k_2 )_q ( sinc π n (k_1 + k_2) )_r

with k = (k_1, k_2) ∈ ZZ^2. Further, we have for the Lagrange function [7]

n^2c_k(Λ) = c_k(M_{p,q,r}) c^n_k (M_{p,q,r}) , k ∈ ZZ^2.

The 4–directional box spline M_{p,p,q,q} has the Fourier coefficients c_k(M_{p,p,q,q}) = c_k(M_{p,p,q} ) ( sinc π n (k_1 − k_2) )_q , k ∈ ZZ^2.

Fast Direct Solvers for PDE’s 15

It is known [11] that c^n_k (M_{p,p,q,q}) = 0 if and only if k ∈ (n/2, n/2) + nZZ^2. Thus, we construct the Lagrange function in a modified way as

n^2c_k(Λ) = c_k(M_{p,p,q,q}) c^n_k (M_{p,p,q,q}) if k ∈ ZZ^2\[(n/2, n/2) + nZZ^2],

1 if k = (n/2, n/2), 0 if k ∈ (n/2, n/2) + nZZ^2\{0}.

We refer to [2] for more details on box splines. The discrete Fourier coefficients of M_{2,2,2} and M_{2,2,1,1} (see [2, 3]) are

n^2c^n_k (M_{2,2,2}) = 1 2 + 1 6 ( cos 2π n k_1 + cos 2π n k_2 + cos 2π n (k_1 + k_2) ) , n^2c^n_k (M_{2,2,1,1}) = 5 12 + 1 4 ( cos 2π n k_1 + cos 2π n k_2 ) + 1 12 cos 2π n k_1 cos 2π n k_2 .

Due to the algorithm, we have worked with n = 64 and N = 128. The figures show the error u_j − ū_{l/128} (j = 1, 2 ; l ∈ B_{128}) on the coarser grid 1 64 B_{64}. The exact solutions were given by u_1(x, y) = cos(2πx) cos(2πy) and u_2(x, y) = 16(^1_4 − x^2)(^1_4 − y^2) cos(πx) cos(πy) with (x, y) ∈ [−^1_2 ,^1_2 ]^2.

Figure 1. u1 − ū_{l/128} for M2,2,2 (left) and M2,2,1,1 (right).

Figure 2. u2 − ū_{l/128} for M2,2,2 (left) and M2,2,1,1 (right).

16 G. Pöplau

References 1. Bers, L., F. John, and M. Schechter, Partial Differential Equations, Interscience Publisher, New York, 1965.

2. de Boor, C., K. Höllig, and S. Riemenschneider, Box Splines, Springer– Verlag, New York, 1993.

3. Brumme, G., Error estimates for periodic interpolation by translates, in Wavelets, Images, and Surface Fitting, P.–J. Laurent, A. Le Méhauté, and L. L. Schumaker (eds.), A K Peters, Wellesley, 1994, 75–82.

4. Chui, C. K., and M.–J. Lai, Algorithms for generating B–nets and graphically displaying spline sufaces on three- and four–directional meshes, Comput. Aided Geom. Design 8 (1991), 479–493.

5. Delvos, F.–J., Mean approximation via interpolation by translates, in Constructive Theory of Functions, B. Sendov, P. Petrushev, K. Ivanov, and R. Maleev (eds.), Sofia, 1988, 97–103.

6. Diamond, H., L. A. Raphael, and D. A. Williams, Box-spline-based approach to the formulation of numerical methods for partial differential equations, Numer. Methods Partial Differential Equations 8 (1992), 291–301.

7. Gutknecht, M. H., Attenuation factors in multivariate Fourier analysis, Numer. Math. 51 (1987), 615–629.

8. Henrici, P., Poisson’s equation in a hypercube: discrete methods, eigenfunction expansion, Padé approximation to eigenvalues, in Studies in Numerical Analysis, MAA Studies in Mathematics, vol. 24, G. H. Golub (ed.), 1985, 371–411.

9. Hockney, R. W., A fast direct solution of Poisson’s equation using Fourier analysis, J. Assoc. Comput. Mach. 12 (1965), 95–113.

10. Jetter, K., and P. Koch, Methoden der Fourier–Transformation bei der kardinalen Interpolation periodischer Daten, in Multivariate Approximation IV, C. K. Chui, W. Schempp, and K. Zeller (eds.), Birkhäuser– Verlag, Basel, 1989, 201–208.

11. Jetter, K., and J. Stöckler, Algorithms for cardinal interpolation using box splines and radial basis functions, Numer. Math. 60 (1991), 97– 114.

12. Locher, F., Interpolation on uniform meshes by the translates of one function and related attenuation factors, Math. Comp. 37 (1981), 403– 416.

13. Swarztrauber, P. N., Fast Poisson solvers, in Studies in Numerical Analysis, MAA Studies in Mathematics, vol. 24, G. H. Golub (ed.), 1985, 319–370.

Gisela Pöplau FB Mathematik, Universität Rostock, D–18051 Rostock, Germany poeplau@mathematik.uni-rostock.de

Interpolatory Wavelets on the Sphere

Daniel Potts and Manfred Tasche

Dedicated to Prof. E. W. Cheney on the occasion of his 65th birthday

Abstract. In this paper, we construct an interpolatory wavelet basis on the unit sphere S ⊂ lR^3. Using spherical coordinates, we apply the tensor product of interpolatory trigonometric and algebraic polynomial wavelets. The described decomposition and reconstruction algorithms work in the frequency domain.

§0. Introduction

The wavelet theory is closely related to shift–invariant subspaces of L^2(lR^d). Therefore, wavelets are naturally adapted to problems on the whole space lR^d. Very often, one has to deal with functions defined on a bounded domain such that the construction of wavelets on a domain is desirable. This problem is solved for the torus T := lR/2πZZ [5], and for compact intervals [1, 4]. In the sequel, we will apply 2π–periodic trigonometric polynomial wavelets [6] and algebraic polynomial wavelets on I := [−1, 1] [3, 8] in order to construct interpolatory wavelets on the unit sphere S ⊂ lR^3. Other approachs to wavelets on the sphere can be found in [2, 7].

Using modified spherical coordinates x := (x_1, x_2) ∈ H := T × I, we can identify the sphere S with H by the mapping χ : H → S with (z_1, z_2, z_3) = χ(x) ∈ S,

z_1 := cos x_1 cos πx_2 2 , z_2 := sin x_1 cos πx_2 2 , z_3 := sin πx_2 2 , where T × {±1} corresponds to the north/south pole of S. Let F : S → lR be given and let f := F ∘ χ : H → lR be its coordinate representation. 17 pp. 17–24.

18 D. Potts and M. Tasche

Then F ∈ C^1(S) if and only if f ∈ C^1(H) fulfils the following conditions (see [2])

f(x_1, ±1) = c_±, (0.1) (∂_{x2} f)(x_1, ±1) = a_± cos x_1 + b_± sin x_1, (0.2) (∂_{x1} ∂_{x2} f)(x_1, ±1) = −a_± sin x_1 + b_± cos x_1, (0.3)

where the mixed derivative exists for all x_1 ∈ T. Here a_±, b_±, c_± denote some constants. Note that (0.1) corresponds to the continuity of F at both poles of S. The conditions (0.2) – (0.3) assure that the tangent plane of F varies continuously at the poles of S.

The aim of this paper is to construct an almost smooth wavelet decomposition of functions defined on the unit sphere S. Roughly spoken, a function F is almost smooth on S, if f := F ∘ χ ∈ C^1(H) with (0.1) satisfies the conditions (0.2) – (0.3) approximately.

This paper is organized as follows. In Sections 1 and 2, we briefly recall the construction of trigonometric polynomial wavelets on T and of algebraic polynomial wavelets on I. Using tensor product approach, we introduce a multiresolution of the weighted Hilbert space L^2_w(H) in Section 3. Finally, we describe decomposition and reconstruction algorithms.

§1. Trigonometric polynomial wavelets on T

In the following, we sketch the construction of interpolatory trigonometric polynomial wavelets on T. For f ∈ L^2(T), let

c^1_u(f) := 1 2π ∫_{2π} 0 f(t) e^{−iut} dt (u ∈ ZZ). With the Dirichlet kernel

D^1_l := 1 2 + l∑ k=1 cos(k·) (l ∈ lN)

and M_j := 2^{j+3} (j ∈ lN_0), we consider the de la Vallée Poussin kernel as scaling function of level j

M_j φ^1_j := 1 2^j 5·2^j −1∑ l=3·2^j D^1_l .

Hence we have c^1_u(φ^1_j ) = c^1_{−u}(φ^1_j ) (u ∈ ZZ) and for u ∈ lN_0

M_j c^1_u(φ^1_j ) =

1 u = 0, . . . , 3 · 2^j , 2^{−1}(5 − 2^{−j} u) u = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 0 u = 5 · 2^j , 5 · 2^j + 1, . . . .

Wavelets on the Sphere 19

Note that the transformed two–scale relation of φ^1_j reads as follows

c^1_u(φ^1_j ) = A^1_{j+1,u} c^1_u(φ^1_{j+1}) (u ∈ ZZ) (1.1)

with A^1_{j+1,u} = A^1_{j+1,−u} = A_{j+1,u+Mj+1} (u ∈ ZZ) and

A^1_{j+1,u} :=

2 u = 0, . . . , 3 · 2^j , 5 − 2^{−j} u u = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 0 u = 5 · 2^j , . . . , M_j .

With h^1_j := 2π/M_j we consider the shift operators σ^1_{j,k} : L^2(T) → L^2(T) defined by σ^1_{j,k}f := f(· − kh^1_j ) (k ∈ I^1_j ), where I^1_j denotes the index set {0, . . . , M_j − 1}. Introduce the shifted scaling functions φ^1_{j,k} := σ^1_{j,k} φ^1_j . Then φ^1_{j,k} are Lagrange fundamental functions with respect to the equidistant grid G^1_j := h^1_j I^1_j , since we have φ^1_{j,k}(lh^1_j ) = δ_{k,l} (k, l ∈ I^1_j ).

As sample space of level j we use V^1_j := span {φ^1_{j,k} : k ∈ I^1_j }. Obviously, the operator L^1_j : C(T) → V^1_j defined by

L^1_j f := ∑ k∈I1_j f(kh^1_j ) φ^1_{j,k} (f ∈ C(T))

is the interpolation projector onto V^1_j with respect to the grid G^1_j . Then {V^1_j }^∞_{j=0} forms a multiresolution of L^2(T) (see [5, 6]).

Setting ψ^1_j := (2φ^1_{j+1}−φ^1_j )(· −h^1_{j+1}), then we obtain c^1_u(ψ^1_j ) = c^1_{−u}(ψ^1_j ) (u ∈ ZZ) and for u ∈ lN_0

M_{j+1} c^1_u(ψ^1_j ) =

(2^{−j} u − 3) ω^u_{j+1} u = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 2 ω^u_{j+1} u = 5 · 2^j , . . . , 3 · 2^{j+1}, (5 − 2^{−j−1}u) ω^u_{j+1} u = 3 · 2^{j+1} + 1, . . . , 5 · 2^{j+1} − 1, 0 otherwise

with ω_j := exp(−2πi/M_j ). Hence the transformed two-scale relation of ψ^1_j reads as follows

c^1_u(ψ^1_j ) = B^1_{j+1,u} c^1_u(φ^1_{j+1}) (u ∈ ZZ) (1.2)

with B^1_{j+1,u} = B^1_{j+1,−u} = B_{j+1,u+Mj+1} and

B^1_{j+1,u} :=

0 u = 0, . . . , 3 · 2^j , (2^{−j} u − 3) ω^u_{j+1} u = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 2 ω^u_{j+1} u = 5 · 2^j , . . . , M_j .

Let W^1_j := V^1_{j+1} ⊖ V^1_j be the wavelet space of level j. Then we obtain that W^1_j = span {ψ^1_{j,k} := ψ^1_j (· − kh^1_j ) : k ∈ I^1_j }.

20 D. Potts and M. Tasche

§2. Algebraic polynomial wavelets on I

Now we briefly describe interpolatory polynomial wavelets on the interval I. Let w(x) := (1 − x^2)^{−1/2} (x ∈ (−1, 1)). For f ∈ L^2_w(I), let

c^2_n(f) := 2 π ∫ I w(x) f(x) T_n(x) dx (n ∈ lN_0),

where T_n denotes the n-th Chebyshev polynomial. With the Chebyshev– Dirichlet kernel

D^2_l := 1 2 + l∑ k=1 T_k (l ∈ lN)

and N_j := 2^{j+2} (j ∈ lN_0), we consider the corresponding de la Vallée Poussin mean as scaling function φ^2_j of level j:

N_j φ^2_j := 1 2^j 5·2^j −1∑ l=3·2^j D^2_l .

Hence we have

N_j c^2_n(φ^2_j ) =

2 n = 0, . . . , 3 · 2^j , 5 − 2^{−j} n n = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 0 n = 5 · 2^j , 5 · 2^j + 1, . . . .

The transformed two–scale relation of φ^2_j reads as follows

c^2_n(φ^2_j ) = A^2_{j+1,n} c^2_n(φ^2_{j+1}) (n ∈ lN_0) (2.1)

with A^2_{j+1,n} = A^2_{j+1,n+Nj+2} , A^2_{j+1,Nj+2−l} = A^2_{j+1,l} (l = 0, . . . , N_{j+1}) and

A^2_{j+1,n} :=

2 n = 0, . . . , 3 · 2^j , 5 − 2^{−j} n n = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 0 n = 5 · 2^j , . . . , N_{j+1}.

Setting h^2_{j,v} := cos^{vπ}_{Nj} (v ∈ ZZ), we introduce the Chebyshev–shift operators σ^2_{j,v} : L^2_w(I) → L^2_w(I) by c^2_n(σ^2_{j,v}f) = h^2_{j,nv} c^2_n(f) (f ∈ L^2_w(I)). Put φ^2_{j,v} := σ^2_{j,v} φ^2_j (v ∈ ZZ). Then φ^2_{j,n} ∈ Π_{5·2}j_{−1} fulfils the interpolation properties φ^2_{j,n}(h^2_{j,l}) = ε^{−1}_{j,l} δ_{n,l} with ε_{j,0} = ε_{j,Nj} := 1/2, ε_{j,l} := 1 (l = 1, . . . , N_j − 1). Hence φ^2_{j,n} are modified Lagrange fundamental polynomials related to the Chebyshev grid G^2_j := {h^2_{j,k} : k ∈ I^2_j } with I^2_j := {0, . . . , N_j }.

Wavelets on the Sphere 21 As sample space of level j (j ∈ lN_0) we use V^2_j := span {φ^2_{j,k} : k ∈ I^2_j }.

Obviously, the operator L^2_j : C(I) → V^2_j defined by L^2_j f := ∑ k∈I2_j ε_{j,k} f(h^2_{j,k}) φ^2_{j,k} (f ∈ C(I))

is the interpolation projector onto V^2_j with respect to the grid G^2_j . Then {V^2_j }^∞_{j=0} forms a multiresolution of L^2_w(I) (see [3, 4, 8]).

Introducing ψ^2_{j+1} ∈ V^2_{j+1} by

N_j c^2_n(ψ^2_{j+1}) :=

2^{−j} n − 3 n = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 2 n = 5 · 2^j , . . . , 3 · 2^{j+1}, 5 − 2^{−j−1}n n = 3 · 2^{j+1} + 1, . . . , 5 · 2^{j+1} − 1, 0 otherwise, then we obtain the transformed two–scale relation of ψ^2_{j+1} c^2_n(ψ^2_{j+1}) = B^2_{j+1,n} c^2_n(φ^2_{j+1}) (n ∈ lN_0) (2.2) with B^2_{j+1,n} = B^2_{j+1,n+Nj+2} (n ∈ lN_0), B^2_{j+1,Nj+2−l} = B^2_{j+1,l} (l ∈ I^2_{j+1}) and

B^2_{j+1,n} :=

0 n = 0, . . . , 3 · 2^j , 2^{−j} n − 3 n = 3 · 2^j + 1, . . . , 5 · 2^j − 1, 2 n = 5 · 2^j , . . . , N_{j+1}.

Let W^2_j := V^2_{j+1} ⊖ V^2_j be the wavelet space of level j. Then we have W^2_j = span {ψ^2_{j+1,2k+1} := σ^2_{j+1,2k+1}ψ^2_{j+1} : k ∈ K^2_j } with K^2_j := {0, . . . , N_j − 1}. §3. Multiresolution of L^2_w(H) Let L^2_w(H) be the Hilbert space of all functions f : H → lR with 2π^2 ‖f‖^2 := ∫ D w(x_2) |f(x)|^2 dx < ∞ with D := [0, 2π] × I and x := (x_1, x_2). Applying the tensor product method, we introduce a multiresolution of L^2_w(H). For f ∈ L^2_w(H), let π^2 c_k(f) := ∫ D w(x_2) f(x) e^{−ik1x1} T_{k2} (x_2) dx with k := (k_1, k_2) ∈ ZZ × lN_0. As sample space of level j we use V_j := V^1_j ⊗ V^2_j . Hence we have V_j = span {φ_{j,k} : k ∈ I_j } with I_j := I^1_j × I^2_j and

22 D. Potts and M. Tasche

φ_{j,k} := φ^1_{j,k1} ⊗ φ^2_{j,k2} . By (1.1) and (2.1), the transformed two–scale relation of the j-th scaling function φ_j := φ^1_j ⊗ φ^2_j reads as follows

c_k(φ_j ) = A_{j+1,k} c_k(φ_{j+1}) (k ∈ ZZ × lN_0) (3.1)

with A_{j+1,k} := A^1_{j+1,k1} A^2_{j+1,k2} . Since we have ϵ_{j,l2} φ_{j,k}(h_{j,l}) = δ_{k1,l1} δ_{k2,l2} (k, l ∈ I_j ) for h_{j,l} := (l_1h^1_j , h^2_{j,l2} ), the shifted scaling functions φ_{j,k} are modified Lagrange functions with respect to the grid G_j := G^1_j ×G^2_j . Therefore, the operator L_j := L^1_j ⊗ L^2_j : C(H) → V_j given by

L_j f := ∑ k∈I_j ε_{j,k2} f(h_{j,k}) φ_{j,k} (f ∈ C(H))

is the interpolation projector onto V_j with respect to the grid G_j . The points of χ(G_j ) are lying more dense at the poles of S. If f ∈ C^1(H) with (0.1) – (0.3) is given, then L_j f fulfils (0.1) exactly and (0.2) – (0.3) approximately in the following sense that the partial derivatives in (0.2) – (0.3) must be replaced by corresponding difference quotients on G_j . From L_j f|G_j = f|G_j it follows that L_j f is almost smooth. Then {V_j }^∞_{j=0} forms a multiresolution of L^2_w(H) in the following sense:

(M 1) V_j ⊂ V_{j+1}, clos( ⋃_∞ j=0 V_j ) = L^2_w(H).

(M 2) For all j ∈ lN_0 and for any α_{j,k} ∈ lR (k ∈ I_j ), we have 1 4 ∑ k∈I_j ε_{j,k2} |α_{j,k}|^2 ≤ M_j N_j ‖ ∑ k∈I_j ε_{j,k2} α_{j,k} φ_{j,k}‖^2 ≤ ∑ k∈I_j ε_{j,k2} |α_{j,k}|^2.

As known, the orthogonal complement W_j of V_j in V_{j+1} is generated by V^1_j , V^2_j , W^1_j and W^2_j . We obtain that W_j = W^I_j ⊕ W^{II}_j ⊕ W^{III}_j with the wavelet spaces W^I_j := V^1_j ⊗ W^2_j , W^{II}_j := W^1_j ⊗ V^2_j and W^{III}_j := W^1_j ⊗ W^2_j . Then we have

W^{I, III}_j = span {ψ^{I, III}_{j,k} : k ∈ K_j }, W^{II}_j = span {ψ^{II}_{j,k} : k ∈ I_j }

with K_j := I^1_j ×K^2_j and with ψ^I_{j,k} := φ^1_{j,k1} ⊗ ψ^2_{j+1,2k2+1}, ψ^{II}_{j,k} := ψ^1_{j,k1} ⊗ φ^2_{j,k2} and ψ^{III}_{j,k} := ψ^1_{j,k1} ⊗ ψ^2_{j+1,2k2+1}. By (1.1) – (1.2) and (2.1) – (2.2), the transformed two–scale relations of the wavelets ψ^I_j := φ^1_j ⊗ ψ^2_{j+1}, ψ^{II}_j := ψ^1_j ⊗ φ^2_j and ψ^{III}_j := ψ^1_j ⊗ ψ^2_{j+1} read as follows

c_l(ψ^{I−III}_j ) = B^{I−III}_{j+1,l} c_l(φ_{j+1}) (l = (l_1, l_2) ∈ ZZ × lN_0) (3.2)

with B^I_{j+1,l} := A^1_{j+1,l1} B^2_{j+1,l2} , B^{II}_{j+1,l} := B^1_{j+1,l1} A^2_{j+1,l2} and B^{III}_{j+1,l} := B^1_{j+1,l1} B^2_{j+1,l2} .

Wavelets on the Sphere 23

§4. Decomposition and reconstruction algorithms

Now we derive efficient decomposition and reconstruction algorithms. In order to decompose a given function f_{j+1} ∈ V_{j+1} of the form

f_{j+1} = ∑ k∈I_j+1 ε_{j+1,k2} α_{j+1,k} φ_{j+1,k} , (4.1) uniquely determined functions f_j ∈ V_j and g^{I−III}_j ∈ W^{I−III}_j have to be found such that f_{j+1} = f_j + g^I_j + g^{II}_j + g^{III}_j . Assume that the coefficients α_{j+1,k} ∈ lR of f_{j+1} or their transformed data

α̂_{j+1,l} := ∑ k∈I_j+1 ε_{j+1,k2} α_{j+1,k} ω^{k1l1}_{j+1} cos k_2l_2π N_{j+1} (4.2)

are known. The wanted functions f_j ∈ V_j and g^{I−III}_j ∈ W^{I−III}_j can be uniquely represented in the form (4.1) and

g^{I,III}_j = ∑ k∈K_j β^{I,III}_{j,k} ψ^{I,III}_{j+1,k} , g^{II}_j = ∑ k∈I_j ε_{j,k2} β^{II}_{j,k} ψ^{II}_{j+1,k} with unknown coefficients α_{j,k}, β^{I−III}_{j,k} ∈ lR. Let α̂_{j,l}, β̂^{I−III}_{j,l} ∈ Cj be transformed data given in the form (4.2) or by

β̂^{I,III}_{j,l} := ∑ k∈I_j β^{I,III}_{j,k} ω^{k1l1}_j cos

(2k_2 + 1)l_2π N_{j+1} , (4.3)

β̂^{II}_{j,l} := ∑ k∈K_j ε_{j,k2} β^{II}_{j,k} ω^{k1l1}_j cos k_2l_2π N_j . (4.4)

Note that the discrete transforms (4.2) – (4.4) and their inverses can be realized by the row–column method using fast Fourier transform and fast algorithms of discrete cosine transforms.

In order to reconstruct f_{j+1} ∈ V_{j+1} (j ∈ lN_0), we have to compute the sum f_{j+1} = f_j + g^I_j + g^{II}_j + g^{III}_j with given functions f_j ∈ V_j and g^{I−III}_j ∈ W^{I−III}_j . Assume that α_{j,k}, β^{I−III}_{j,k} ∈ lR or their transformed data are known. Then f_{j+1} ∈ V_{j+1} can be uniquely represented in the form (4.1).

The decomposition and reconstruction algorithms are based on the following connection between α̂_{j+1,l} and α̂_{j,l}, β̂^{I−III}_{j,l} . Introducing for l = (l_1, l_2) ∈ I_j the two-scale symbol matrices

S^1_{j+1,l1} := ( A^1_{j+1,l1} B^1_{j+1,l1} A^1_{j+1,Mj +l1} B^1_{j+1,Mj +l1} ) , S^2_{j+1,l2} := ( A^2_{j+1,l2} B^2_{j+1,l2} A^2_{j+1,Nj+1−l2} −B^2_{j+1,Nj+1−l2} )

24 D. Potts and M. Tasche

and the Kronecker product S_{j+1,l} := S^1_{j+1,l1} ⊗ S^2_{j+1,l2} , then we obtain by (3.1) – (3.2) that for l ∈ K_j α̂_{j+1,l1,l2} α̂_{j+1,l1,Nj+1−l2} α̂_{j+1,Mj +l1,l2} α̂_{j+1,Mj +l1,Nj+1−l2} = Sj+1,l α̂_{j,l} β̂I_{j,l} β̂II_{j,l} β̂III_{j,l} and for l_1 ∈ I^1_j ( α̂_{j+1,l1,Nj} α̂_{j+1,Mj +l1,Nj} ) = S^1_{j+1,l1} ( α̂_{j,l1,Nj} β̂II_{j,l1,Nj} ) . Note that S_{j+1,l} (l ∈ K_j ) and S^1_{j+1,l1} (l_1 ∈ I^1_j ) are regular matrices.

Acknowledgments. This research was supported by the Deutsche Forschungsgemeinschaft.

References

1. Cohen, A., I. Daubechies, and P. Vial, Wavelets on the interval and fast wavelet transforms, Appl. Comput. Harmonic Anal. 1 (1993), 54–81.

2. Dahlke, S., W. Dahmen, E. Schmitt, and I. Weinreich, Multiresolution analysis and wavelets on S^2 and S^3, preprint, RWTH Aachen, 1994.

3. Kilgore, T., and J. Prestin, Polynomial wavelets on the interval, Constr. Approx., 1995, to appear.

4. Plonka, G., K. Selig, and M. Tasche, On the construction of wavelets on a bounded interval, Advances in Comp. Math., 1995, to appear.

5. Plonka, G., and M. Tasche, A unified approach to periodic wavelets, in Wavelets: Theory, Algorithms and Applications, C. K. Chui, L. Montefusco and L. Puccio (eds.), Academic Press, San Diego, 1994, 137–151.

6. Prestin, J., and E. Quak, Trigonometric interpolation and wavelet decompositions, Numer. Algorithms, 1995, to appear.

7. Schröder, P., and W. Sweldens, Spherical wavelets: Efficiently representing functions on the sphere, preprint, University of South Carolina, 1995.

8. Tasche, M., Polynomial wavelets on [−1, 1], in Approximation Theory, Wavelets and Applications, S. P. Singh (ed.), Kluwer Academic Publ., Dordrecht, 1995, 497–512.

Daniel Potts Fachbereich Mathematik, Universität Rostock, D – 18051 Rostock, Germany daniel.potts @ stud.uni-rostock.de

Manfred Tasche Fachbereich Mathematik, Universität Rostock, D – 18051 Rostock, Germany manfred.tasche @ mathematik.uni-rostock.de

Time Frequency Localization

of Trigonometric Hermite Operators

Jürgen Prestin and Ewald Quak

Abstract. In this paper, localization properties of trigonometric polynomial Hermite operators are discussed. In particular, time frequency uncertainty and operator norms are compared for the different types of fundamental interpolants which serve as scaling functions for a trigonometric multiresolution analysis.

§1. Introduction

Recently, several different approaches to periodic multiresolution analyses have been presented. For example, periodic scaling functions and wavelets are discussed by Narcowich and Ward [3] who investigate their time frequency behaviour in terms of an uncertainty principle for periodic functions due to Breitenberger [1]. The periodic basis functions in [3] possess an uncertainty product of O( √ n) for increasing dimension n of the corresponding spaces. On the other hand, uniformly bounded uncertainty products are computed by Selig [6] for trigonometric fundamental Lagrange interpolants based on de la Vallée Poussin means. A multiresolution analysis generated by two different types of scaling functions and wavelets, namely fundamental trigonometric Hermite interpolants, is investigated in [5]. One of these scaling functions is a Fejér kernel, while the other is a conjugate Dirichlet kernel. In this paper, we explain the different behaviour of these two types of functions with respect to their localization properties. This includes the computation of the time frequency uncertainty as well as the operator norms. Let us remark here that similar differences also occur for the de la Vallée Poussin and Fourier type Lagrange interpolants which are described in [4]. 25 pp. 25–32.

26 J. Prestin and E. Quak

Let L^p_{2π} denote the space of real-valued p-integrable 2π-periodic functions for 1 ≤ p < ∞, and C_{2π} the space of real-valued continuous functions, with their respective norms ‖f‖_p =^1_{2π} ∫_{2π} 0 |f(x)|^p dx^{1/p} and ‖f‖_C = max_x |f(x)|. In particular, the L^2_π-norm is induced by the inner product ⟨f, g⟩ =^1_{2π} ∫_{2π} 0 f(x)g(x) dx for f, g ∈ L^2_π. The following functions are well-known and have been studied in detail, e.g., in [8]. For any n ∈ lN, consider two different kinds of kernels

ϕ^0_{n,0}(x) := 1 2n + 2n−1∑ k=1 2n − k 2n^2 cos kx =

{_1 4n2 sin2(nx) sin2(^x2 ) for x /∈ 2πZZ,

1 for x ∈ 2πZZ, and ϕ^1_{n,0}(x) := 1 2n^2 (_{2n−1} ∑ k=1 sin kx + 1 2 sin 2nx ) = ϕ^0_{n,0}(x) sin x.

For k = 0, . . . , 2n − 1, define equally spaced translates by ϕ^0_{n,k}(x) := ϕ^0_{n,0}(x − kπ/n) and, analogously, ϕ^1_{n,k}(x) := ϕ^1_{n,0}(x − kπ/n).

These functions are fundamental Hermite interpolants, i.e., for each k, s = 0, . . . , 2n − 1, it holds that ϕ^0_{n,k}( sπ n ) = δ_{k,s} and ϕ^0_{n,k}^′( sπ n ) = 0 and ϕ^1_{n,k}( sπ n ) = 0 and ϕ^1_{n,k}^′( sπ n ) = δ_{k,s}. In particular, ϕ^0_{n,k} and ϕ^1_{n,k} were used as scaling functions in the Hermite multiresolution analysis studied in [5].

For n ∈ lN, the spaces V^r_n are defined for r = 0, 1 as V^r_n := span{ϕ^r_{n,k} : k = 0, . . . , 2n − 1}. It is well known (see [5,8]) that

V_n = V^0_n + V^1_n = span{cos rx, sin(r + 1)x : r = 0, . . . , 2n − 1}.

Thus V_n ⊂ V_{n+1} and the spaces V_n form a polynomial multiresolution analysis of L^2_π.

As shown in [5], the corresponding wavelet spaces can be described as

W_n = W^0_n + W^1_n ,

Localization of Hermite Operators 27

where for r = 0, 1 W^r_n := span{ψ^r_{n,k} : k = 0, . . . , 2n − 1},

ψ^0_{n,0}(x) = 1 2n cos 2nx + 1 6n^2 4n−1∑ ℓ=2n+1 (6n − ℓ) cos ℓx and ψ^1_{n,0}(x) = 1 6n^2 4n−1∑ ℓ=2n+1 sin ℓx + 1 8n^2 sin 4nx.

As for the scaling functions, let ψ^0_{n,k}(x) := ψ^0_{n,0}(x − kπ/n) and ψ^1_{n,k}(x) := ψ^1_{n,0}(x − kπ/n) for k = 0, . . . , 2n − 1. These wavelets show the same interpolatory properties as the scaling functions, namely for each k, s = 0, . . . , 2n − 1: ψ^0_{n,k}( sπ n ) = δ_{k,s} and ψ^0_{n,k}^′( sπ n ) = 0 and ψ^1_{n,k}( sπ n ) = 0 and ψ^1_{n,k}^′( sπ n ) = δ_{k,s}. The following computations are restricted to the scaling functions, but similar investigations yield that both types of wavelet functions behave like ϕ^1_{n,k}. Let us only briefly mention at this point that by giving up the interpolatory properties, one can find another splitting of the space W_n into two wavelet spaces such that one of the two wavelets possesses the same localization properties as ϕ^0_{n,k}.

§2. Localization by interpolation

For any n ∈ lN, a Hermite type interpolation operator can be defined, mapping any real-valued differentiable 2π-periodic function f into the space V_n, namely L_n := L^0_n + L^1_n, where for r = 0, 1,

L^r_nf(x) = 2n−1∑ k=0 f^{(r)}( kπ n )ϕ^r_{n,k}(x).

Hence, each L^r_n is a projection onto V^r_n due to the interpolatory properties.

Note that the decomposition V_n = V^0_n + V^1_n is direct, but not orthogonal, as can be seen from the following result.

28 J. Prestin and E. Quak

Lemma 2.1. For n ∈ lN, it holds that

V^0_n = span{(n + s) cos(n − s)x + (n − s) cos(n + s)x : s = 0, . . . , n, (n + s) sin(n − s)x − (n − s) sin(n + s)x : s = 1, . . . , n − 1} and V^1_n = span{cos(n − s)x − cos(n + s)x : s = 1, . . . , n − 1, sin(n − s)x + sin(n + s)x : s = 0, . . . , n}.

Proof: To show the first statement, it is sufficient to establish that V 0_n is in the kernel of L^1_n. Consider

L^1_n((n + s) cos(n − s) · + (n − s) cos(n + s)· ) = 2n−1∑ k=0 (s^2 − n^2) ( sin(n − s) kπ n + sin(n + s) kπ n ) ϕ^1_{n,k}

= 2n−1∑ k=0 (2s^2 − 2n^2) sin kπ cos skπ n ϕ^1_{n,k} = 0.

The rest follows analogously.

A further possibility to describe localization of polynomials is related to a Nikolskii type inequality which can be stated as 1 ≤ ‖p_n‖_p ‖p_n‖_q ≤ Cn^{1q − 1p} for all trigonometric polynomials of degree at most n and 1 ≤ q ≤ p ≤ ∞ (see [7, Ch.4.9.2]). To obtain equality on the right-hand side can also be regarded as a measure of time localization.

Lemma 2.2. For n ∈ lN, the norms of the fundamental interpolants ϕ^r_{n,k}, r = 0, 1, k = 0, . . . , 2n − 1, 1 < p ≤ ∞, are as follows: ‖ϕ^r_{n,k}‖_p ∼ n^{− 1p} . Moreover,

‖ϕ^0_{n,k}‖_1 = 1 2n , ‖ϕ^0_{n,k}‖_2 = 1 2n √ 8n^2 + 1 6n , ‖ϕ^0_{n,k}‖_C = 1, whereas ‖ϕ^1_{n,k}‖_1 ∼ log n n^2 and ‖ϕ^1_{n,k}‖_2 = 1 4n^2 √ 4n − 3 2 .

Localization of Hermite Operators 29

Proof: The asymptotic behaviour of these kernels is well-known (see e.g., [8, Ch.10]).

For later use, the complex Fourier coefficients of ϕ^0_{n,0} can be given as c^0_s = (2n − |s|)/(4n^2) for |s| ≤ 2n − 1 and c^0_s = 0 for |s| ≥ 2n. The ones for ϕ^1_{n,0} are c^1_s = sgn s i/(4n^2) for 0 < |s| < 2n, c^1_s = sgn s i/(8n^2) for |s| = 2n and c^1_s = 0, otherwise. Hence,

‖ϕ^0_{n,k}‖^2 = ∞∑ s=−∞ |c^0_s|^2 = 1 4n^2 + 1 8n^4 2n−1∑ s=1 s^2 = 1 3n + 1 24n^3 and ‖ϕ^1_{n,k}‖^2 = 1 32n^4 + 2n−1∑ s=1 1 8n^4 = 1 4n^3 − 3 32n^4 . For the computation of the L^1-norm and C-norm, the positivity of ϕ^0_{n,k} can be applied.

§3. Time frequency uncertainty

According to Breitenberger [1] and Narcowich & Ward [3], it is possible to formulate an uncertainty principle for functions in L^2_π. For a function f ∈ L^2_π, represented by its Fourier series f(x) = ∑_∞ s=−∞ cse isx, the first trigonometric moment is defined as

τ(f) := 1 2π ∫_{2π} 0 e^{ix}|f(x)|^2 dx = ∞∑ s=−∞ c_sc_{s+1}. Then, the angle variance for f ∈ L^2_π, f ≢ 0, is defined by

var_A(f) := ‖f‖^4_2 − |τ(f)|^2 |τ(f)|^2 = | | | ∑_∞ s=−∞ |cs| 2 ∑_∞ s=−∞ cscs+1 | | | 2 − 1, and the frequency variance for real-valued functions by

var_F (f) := ∞∑ s=−∞ s^2|c_s|^2.

The Uncertainty Principle for real-valued functions f ∈ L^2_π, f ≢ 0, (see [1,3]) states that √ var_A(f) var_F (f) ‖f‖_2 ≥ 1 2 . We now proceed to compute the uncertainty products of the two trigonometric Hermite interpolants ϕ^0_{n,k} and ϕ^1_{n,k}.

30 J. Prestin and E. Quak

Theorem 3.1. For n ∈ lN, the angle variances of ϕ0_{n,k} and ϕ1_{n,k} are

var_A(ϕ^0_{n,k}) = 3 4 16n^2 − 1 (4n^2 − 1)^2 and var_A(ϕ^1_{n,k}) = 1 4 48n − 27 (4n − 3)^2 , while

var_F (ϕ^0_{n,k}) =

16n^4 − 1 120n^3 and var_F (ϕ^1_{n,k}) =

8n^2 − 3n + 1 24n^3 . Consequently, the uncertainty products are √ var_A(ϕ^0_{n,k}) var_F (ϕ^0_{n,k}) ‖ϕ^0_{n,k}‖_2 = √ 3 10 ( 1 + 20n^2 + 1 2(8n^2 + 1)(4n^2 − 1) )

and √ var_A(ϕ^1_{n,k}) var_F (ϕ^1_{n,k}) ‖ϕ^1_{n,k}‖_2 = n ( 1 + 120n^2 − 101n + 18 (8n − 3)(4n − 3)^2 ) .

Proof: As the variances are translation invariant, it suffices to deal with the case k = 0.

One computes ∞∑ s=−∞ c^0_sc^0_{s+1} = 2 2n−2∑ s=0 c^0_sc^0_{s+1} = 1 8n^4 2n−2∑ s=0 (2n − s)(2n − s − 1)

= 1 8n^4 (_{2n} ∑ s=1 s(s − 1) ) = 4n^2 − 1 12n^3 , and similarly all the other necessary terms.

Discussion: According to the above theorem, ϕ1_{n,k} displays an O( √ n) product, while in the limit, one obtains for ϕ^0_{n,k} a value of √ 0.3 = 0.5477.., relatively close to the optimal value of 1/2. This is due to the fact that the function ϕ^0_{n,0} can be interpreted as an approximation of the theta functions ∞∑ s=−∞ e^{−cs2+isx}, for which the time frequency localization tends to the optimal value of 1/2 if the positive parameter c tends to 0. Details will be discussed in a forthcoming paper.

Localization of Hermite Operators 31

§4. Approximation Properties

Our goal in this section is to describe time-frequency localization in terms of operator norms. Let X be one of the spaces L^p_{2π} or C_{2π}. We consider the orthoprojections P^r_n from X onto V^r_n .

Theorem 4.1. Let n ∈ lN. For the operator norms of the orthoprojections, it holds that ‖P^0_n ‖_{X→X} < 3 and ‖P^1_n ‖_{X→X} ∼ { log n, if X = C_{2π} or X = L^1_{2π}, C_p, if X = L^p_{2π}, 1 < p < ∞. Proof: Let f ∈ C2_π be given such that P 0_n f = ∑_{2n−1} k=0 γ_kϕ^0_{n,k} ≢ 0. By the positivity of ϕ^0_{n,k}, we obtain

‖P^0_n f‖_C = ‖ 2n−1∑ k=0 γ_kϕ^0_{n,k}‖_C ≤ ( max 0≤k<2n |γ_k| ) ‖ 2n−1∑ k=0 ϕ^0_{n,k}‖_C = max 0≤k<2n |γ_k| =: |γ_l|. On the other hand, by Hölder’s inequality, ‖f‖_C ‖ϕ^0_{n,l}‖_1 ≥ |⟨f, ϕ^0_{n,l}⟩| = |⟨P^0_n f, ϕ^0_{n,l}⟩| = | 2n−1∑ k=0 γ_k⟨ϕ^0_{n,k}, ϕ^0_{n,l}⟩|

≥ |γ_l| ( 2⟨ϕ^0_{n,l}, ϕ^0_{n,l}⟩ − 2n−1∑ k=0 |γ_k| |γ_l| ⟨ϕ^0_{n,k}, ϕ^0_{n,l}⟩ )

≥ |γ_l| ( 2‖ϕ^0_{n,l}‖^2 − ‖ϕ^0_{n,l}‖_1 ) . Using the norm equalities from Lemma 2.2, we summarize

‖P^0_n ‖_{C2π →C2π} ≤ |γ_l| ‖f‖_C ≤ ( 2‖ϕ^0_{n,l}‖^2 ‖ϕ^0_{n,l}‖_1 − 1 )−1 = 6n^2 2n^2 + 1 < 3. The uniform boundedness of ‖P^0_n ‖_{C2π →C2π} implies the one for X = L^p_{2π}, 1 ≤ p < ∞, (see [2, Ch.1, §4, Th.9]) .

To estimate ‖P^1_n ‖_{X→X} , we use the similarity of P^1_n to the Fourier sum projection.

Namely, from Lemma 2.1, we conclude that V^1_n has the orthogonal basis {sin nx · cos kx : k = 0, . . . , n; sin nx · sin kx : k = 1, . . . , n − 1}.

32 J. Prestin and E. Quak

Hence, in terms of the classical Fourier sum operator S_n with respect to span{cos kx : k = 0, . . . , n; sin kx : k = 1, . . . , n − 1}, we write P^1_n f(x) ∼ S_n(f sin n·)(x) sin nx, which leads to an asymptotic behaviour as stated in the theorem.

Acknowledgments. The second author was supported in part by the Department of the Air Force, Wright-Patterson AFB, OH, contract F33600- 94-M-2603.

References 1. Breitenberger, E., Uncertainty measures and uncertainty relations for angle observables, Found. Phys. 15 (1983), 353–364.

2. Kashin, B. S. and A. A. Saakyan, Orthogonal Series, American Mathematical Society, Providence, 1989.

3. Narcowich, F. J. and J. D. Ward, Wavelets associated with periodic functions, CAT Report # 340, Texas A&M University, 1994, submitted for publication.

4. Prestin, J. and E. Quak, Trigonometric interpolation and wavelet decompositions, Numer. Algorithms, 1995, to appear.

5. Quak, E., Trigonometric wavelets for Hermite interpolation, CAT Report # 330, Texas A&M University, 1994, submitted for publication.

6. Selig, K., Trigonometric wavelets and the uncertainty principle, submitted for publication.

7. Timan, A. F., Theory of approximation of functions of a real variable, Pergamon Press, Oxford, 1963.

8. Zygmund, A., Trigonometric Series, Cambridge University Press, Cambridge, 1959.

Jürgen Prestin FB Mathematik Universität Rostock Universitätsplatz 1 D-18051 Rostock Germany prestin@mathematik.uni-rostock.d400.de Ewald Quak Center for Approximation Theory Department of Mathematics Texas A&M University College Station, TX 77843-3368 USA quak@euler.math.tamu.edu

Algebraic Polynomial Wavelets on the Square

Frauke Sprengel

Abstract. Nested spaces of bivariate algebraic polynomials on the square are investigated. The scaling functions of these spaces are chosen as fundamental polynomials of Lagrange interpolation on a sparse Gauß–Chebyshev grid. The interpolatory properties are crucial for the approach based on Boolean sums.

§1 Introduction

We are interested here in wavelet methods on a bounded domain, in our case on the square [−1, 1]^2, which are based on the construction of univariate polynomial wavelets on an interval. Therefore, we consider special bivariate sample and wavelet spaces of algebraic polynomials. As our starting point we take the univariate interpolating polynomial scaling functions and wavelets introduced by Kilgore and Prestin [2], which were recently further developed and generalized by Plonka, Selig, and Tasche [3,5]. We want to introduce here new bivariate interpolating polynomial scaling functions and wavelets by investigating Boolean sums of interpolation operators. In this way, we overcome the problem of a very fast growth of the dimensions that we have in the ordinary tensor product case. However, because of the simple structure of the spaces one can take use of fast algorithms provided in [3] for the univariate case. That means, we obtain sample spaces with dimension O(j 2^j ) while tensor products yield dimension O(2^{2j} ) for the level j. The concept of Boolean sums is often applied in interpolation and approximation (see e. g. [1]) as well as in finite element methods (see e. g. [6]). It uses essentially the interpolatory properties of the underlying univariate scaling functions and wavelets. The general multivariate case can be treated analogously.

Applying the Boolean sum method, we are able to construct multivariate scaling functions and wavelets from univariate interpolating scaling functions and wavelets. We can establish stability relations for the multivariate wavelets similar to the univariate case. 33 pp. 33–40.

34 F. Sprengel §2 Polynomial wavelets on the interval In the sequel we denote our reference interval by I := [−1, 1] and the Chebyshev weight by w(x) := (1 − x^2)^{−1/2} (x ∈ (−1, 1)). Let L^2_w(I) be the weighted Hilbert space of all measurable functions f : I −→ lR with ∫ I w(x)f(x)^2 dx < ∞.

For f, g ∈ L^2_w(I), the corresponding inner product is given by ⟨f, g⟩_I := 2 π ∫ I w(x)f(x)g(x) dx.

By Π_n we denote the set of all real polynomials of degree at most n restricted on I. Furthermore, let T_n ∈ Π_n be the Chebyshev polynomials T_n(x) := cos(n arccos x) and G_j the grid of the Gauß–Chebyshev nodes G_j := {g_{j,k} := cos k π 2^j , k = 0, . . . , 2^j }. The polynomial scaling functions introduced by Kilgore and Prestin [2] are of the form ϕ_{j,k}(x) := ε_{j,k} 2^{j−1} 2^j∑ r=0 ε_{j,r} T_r(g_{j,k}) T_r(x) , where here and in the following ε_{j,k} := {_1

2 if k = 0 or k = 2^j , 1 if k = 1, 2, . . . , 2^j − 1.

Further, we observe the interpolatory property ϕ_{j,k}(g_{j,l}) = δ_{k,l}, k, l = 0, 1, . . . , 2^j . and the equality V_j = Π_2j , where V_j denotes our polynomial sample space V_j := span{ϕ_{j,k}, k = 0, 1, . . . , 2^j }. From that definition, we obtain immediately dim V_j = 2^j +1. The spaces V_j form a non–stationary multiresolution of the weighted Hilbert space L^2_w(I), i.e.,

V_j ⊂ V_{j+1}, j ∈ lN_0 and clos_L2_{w (I)} ⋃ j∈lN0 V_j = L^2_w(I).

Wavelets on the Square 35 The interpolation operator L_j on the Gauß–Chebyshev grid projecting onto the space V_j can be written as

L_j f :=

2^j∑ k=0 f(g_{j,k}) ϕ_{j,k} , with the range Im L_j = V_j and the precision set prec L_j = G_j . Now let us consider the univariate wavelet spaces W_j defined by V_{j+1} = V_j ⊕^⊥ W_j , where ⊕^⊥ denotes the orthogonal sum with respect to the inner product in L^2_w(I). Following Kilgore and Prestin [2], they are given by W_j := span{ψ_{j,k}, k = 0, 1, . . . , 2^j − 1} , with the polynomial wavelet functions

ψ_{j,k}(x) := 1 2^{j−1} 2^j+1∑

r=2^j +1

ε_{j+1,r} T_r(g_{j+1,2k+1}) T_r(x) ,

satisfying also interpolatory conditions ψ_{j,m} (g_{j+1,2ℓ+1}) = δ_{ℓ,m}, ℓ = 0, 1, . . . , 2^j − 1. Note that we use the original approach from [2] for simplicity. For applying Chebyshev and fast cosine transform, one has to use the ideas outlined in [3,5]. There the scaling functions and wavelets are slightly modified which does not affect the approach described below.

§3 Boolean sums of interpolation projectors Now we want to investigate bivariate interpolation on a sparse Gauß– Chebyshev grid, the so-called blending interpolation. By the definition of the interpolation projectors L_j , it holds that Im L_j ⊂ Im L_{j+1} , prec L_j ⊂ prec L_{j+1}.

Hence, L_0 ≤ L_1 ≤ L_2 ≤ · · · ≤ L_j ≤ L_{j+1} ≤ · · · (3.1) is a chain of projectors, where the order relation A ≤ B holds if and only if AB = BA = A.

36 F. Sprengel

For bivariate functions f : I^2 −→ lR, we define parametric extensions of the interpolation projectors by L^x_j f(x, y) := 2^j∑ ℓ=0 f(g_{j,ℓ}, y) ϕ_{j,ℓ}(x),

L^y_kf(x, y) := 2^k∑ ℓ=0 f(x, g_{k,ℓ}) ϕ_{k,ℓ}(y). The investigation of their composition shows that L^x_j and L^y_k commute and yield the tensor product interpolation. From (3.1), we have for the parametric extensions that L^x_0 ≤ L^x_1 ≤ L^x_2 ≤ · · · ≤ L^x_j ≤ L^x_{j+1} ≤ · · · , L^y_0 ≤ L^y_1 ≤ L^y_2 ≤ · · · ≤ L^y_k ≤ L^y_{k+1} ≤ · · · are chains of projectors again. Their Boolean sum is defined by

S_j := j⨁ r=0 L^x_r L^y_{j−r}, where A ⊕ B := A + B − AB and the representation of B_j in terms of ordinary sums is known (see [1]) to be

S_j = j∑ r=0 L^x_r L^y_{j−r} − j−1∑ r=0 L^x_r L^y_{j−r−1}. (3.2) The Boolean sums also form a chain (see [1]) S_0 ≤ S_1 ≤ S_2 ≤ · · · ≤ S_j ≤ S_{j+1} ≤ · · · .

They have the range

Im S_j = j∑ r=0 Im L^x_r ⊗ Im L^y_{j−r} = j∑ r=0 V_r ⊗ V_{j−r} and interpolate on the grid

G^S_j := prec S_j = j⋃ r=0 G_r × G_{j−r}

= j⋃ r=0 {(g_{r,k}, g_{j−r,ℓ}), k = 0, 1, . . . , 2^r; ℓ = 0, 1, . . . , 2^{j−r}}. In this way, the interpolation projector on the sparse Gauß–Chebyshev grid turned out to be the Boolean sum operator S_j .

Moreover, it follows that

Im S_j ⊂ Im S_{j+1} , prec S_j ⊂ prec S_{j+1}. (3.3)

Wavelets on the Square 37

§4 Sample and wavelet spaces Taking into consideration the properties of the blending interpolation operator S_j , we are now able to define new bivariate sample spaces by

V^S_j := Im S_j = j∑ r=0 V_r ⊗ V_{j−r}. (4.1) The space V^S_j defined in such a way is now a subspace of the space of bivariate algebraic polynomials of total degree at most 2^j . From that definition and (3.3), we obtain that V^S_j ⊂ V^S_{j+1} and V^S_j = span j⋃ r=0 {ϕ_{r,k}(x) · ϕ_{j−r,ℓ}(y); k = 0, 1, . . . , 2^r, (4.2) ℓ = 0, 1, . . . , 2^{j−r}}. Hence, we can immediately characterize the functions in the sample space. Note that the system in (4.2) is only a generating system, which does not form a basis. The goal is to characterize the bivariate scaling functions again by certain interpolatory properties. For that reason, we define an index set J_j by J_j := {(k, ℓ) ∈ lN^2_0 ; (g_{j,k}, g_{j,ℓ}) ∈ G^S_j } and look for fundamental interpolants Φ_{j,(k,ℓ)} ∈ V^S_j on the sparse grid G^S_j , i.e., Φ_{j,k,ℓ}(g_{j,m}, g_{j,n}) = δ_{k,m}δ_{ℓ,n} , (k, ℓ), (m, n) ∈ J_j . These functions can be found using tensor products of the univariate interpolating polynomial scaling functions on the level j Λ_{j,k,ℓ} (x, y) = ϕ_{j,k}(x) ϕ_{j,ℓ}(y). The application of the blending interpolation projector S_j yield Φ_{j,k,ℓ}(x, y) = S_j Λ_{j,k,ℓ} (x, y) = j∑ s=0 ϕ_{s,2}s�j_k(x) ϕ_{j−s,2}�s_ℓ(y)

− j−1∑ s=0 ϕ_{s,2}s�j_k(x) ϕ_{j−s−1,2}�s�1_ℓ(y),

38 F. Sprengel where (k, ℓ) ∈ J_j and ϕ_{s,t} ≡ 0 for t /∈ lN_0. The set B(V^S_j ) = {Φ_{j,k,ℓ}, (k, ℓ) ∈ J_j } is a basis of V^S_j , what can be deduced from the relations (3.2) and (4.1).

As usual, we define the wavelet space W^S_j as the orthogonal complement of the sample space on the lower level j relative to the sample space on the higher level j + 1, i.e., V^S_{j+1} = V^S_j ⊕^⊥ W^S_j , (4.3) with respect to the inner product in L^2_w(I^2) ⟨f, g⟩ := 4 π^2 ∫ ∫ I2 w(x)w(y)f(x, y)g(x, y) dxdy.

These wavelet spaces can be characterized in terms of tensor products of various univariate wavelet spaces. Theorem 4.1 For j ∈ lN0, we have

W^S_j = j+1⨁ r=0 ⊥ W_{r−1} ⊗ W_{j−r} (4.4), with the notation W_{−1} := V_0.

Proof: Denoting the right-hand side of (4.4) by U_j , we check the orthogonality U_j ⊥ V^S_j first. For that purpose, we take arbitrary functions u_j ∈ U_j and v_j ∈ V^S_j . By the definition of U_j , there exist uniquely determined coefficients γ_{s,m,n} and by (4.2) some (not uniquely determined) coefficients α_{r,k,ℓ} such that

u_j (x, y) = j+1∑ s=0 2^s�1−1 ∑ m=0 2^j�^s−1 ∑ n=0 γ_{s,m,n} ψ_{s−1,m}(x) ψ_{j−s,n}(y),

v_j (x, y) = j∑ r=0 2^r∑ k=0 2^j�^r∑ ℓ=0 α_{r,k,ℓ} ϕ_{r,k}(x) ϕ_{j−r,ℓ}(y), where we denote ψ_{−1,m} := ϕ_{0,m} and we have to replace the index 2^{−1} by 2 whenever this occurs. Their inner product can be computed as ⟨v_j , u_j ⟩ = = j∑ r=0 j+1∑ s=0 2^r∑ k=0 2^j�^r∑ ℓ=0 2^s�1−1 ∑ m=0 2^j�^s−1 ∑ n=0 α_{r,k,ℓ}γ_{s,m,n}⟨ϕ_{r,k}, ψ_{s−1,m}⟩_I ⟨ϕ_{j−r,ℓ}, ψ_{j−s,n}⟩_I .

Wavelets on the Square 39 Taking into account the orthogonality of the univariate scaling functions and wavelets, we can distinguish two cases. (i) For 0 ≤ r < s ≤ j + 1, it holds ⟨ϕ_{r,k}, ψ_{s−1,m}⟩_I = 0 , (ii) for 0 ≤ s ≤ r ≤ j, it holds ⟨ϕ_{j−r,ℓ}, ψ_{j−s,n}⟩_I = 0 .

Hence, all terms occuring in this sum vanish and we have ⟨v_j , u_j ⟩ = 0 for all v_j ∈ V^S_j , u_j ∈ U_j .

Using the relations between the univariate polynomial sample and wavelet spaces, it is easy to prove that

V^S_j + U_j = j∑ r=0 V_r ⊗ V_{j−r} + j+1∑ r=0 W_{r−1} ⊗ W_{j−r} = j+1∑ r=0 V_r ⊗ V_{j+1−r} = V^S_{j+1}.

In this manner, we obtain that U_j satisfies the definition (4.3) of the wavelet space. Thus, U_j = W^S_j , which proves the theorem.

The representation (4.4) of the wavelet space leads to a basis in a natural way

B(W^S_j ) = j+1⋃ r=0 {ψ_{r−1,k}(x) · ψ_{j−r,ℓ}(y); k = 0, 1, . . . , 2^{r−1} − 1, ℓ = 0, 1, . . . , 2^{j−r} − 1} with the notations of this section. Thus, the dimension is dim W^S_j = j2^{j−1} + 2^{j+2}.

Denoting W^S_{−1} := V^S_0 , we can write the sample space in terms of orthogonal sums of wavelet spaces

V^S_j = j−1⨁ r=−1 ⊥ W^s_r = j⨁ r=0 ⊥ r⨁ k=0 ⊥ (W_{k−1} ⊗ W_{r−1−k}) .

Hence, we obtain immediately dim V^S_0 = 4, dim V^S_1 = 8 and for j ≥ 2 dim V^S_j = (j − 2)2^{j−1} + 2^{j+2} + 1.

That means, we have the dimension of the constructed bivariate polynomial sample spaces growing as O(j2^j ) while the dimension of ordinary tensor products of univariate sample spaces grows as O(2^{2j} ).

40 F. Sprengel

Starting from the stability relations for the univariate polynomial sample and wavelet spaces proved in [3], we are able to formulate the stability relation for our bivariate wavelet spaces. For sequences α ∈ lR^{dimW Sj} , we use the notation

‖α‖^2 := j+1∑ r=0 2^r�1−1 ∑ k=0 2^j�^r −1 ∑ ℓ=0 |α_{r,k,ℓ}|^2.

Theorem 4.2 For j ∈ lN0 and arbitrary α ∈ lRdim^{W Sj} , it holds that 1 2 ‖α‖ ≤ ‖ ‖ ‖ ‖ j+1∑ r=0 2^r�1−1 ∑ k=0 2^j�^r −1 ∑ ℓ=0 α_{r,k,ℓ} 2^{j/2} ψ_{r−1,k}(x) ψ_{j−r,ℓ}(y) ‖ ‖ ‖ ‖_{L2w (I2)} ≤ √ 2 ‖α‖.

For an analogous proof in the periodic case, we refer the reader to [4].

References

1. Delvos, F.-J. and W. Schempp, Boolean Methods in Interpolation and Approximation, Pitman Research Notes in Mathematics Series, Longman Scientific & Technical, Harlow, 1989.

2. Kilgore, T. and J. Prestin, Polynomial wavelets on the interval, Constr.

Approx., 1994, to appear.

3. Plonka, G., K. Selig, and M. Tasche, On the construction of wavelets on a bounded interval, Adv. in Comput. Math., 1994, to appear.

4. Sprengel, F., Multivariate periodic interpolating wavelets, in Approximation Theory, Wavelets and Applications, S. P. Singh (ed.), Kluwer Academic Publ., Dordrecht, 1995, 473–483.

5. Tasche, M., Polynomial wavelets on [−1, 1], in Approximation Theory, Wavelets and Applications, S. P. Singh (ed.), Kluwer Academic Publ., Dordrecht, 1995, 497–512.

6. Zenger, C., Sparse grids, in Notes on Numerical Fluid Mechanics, W. Hackbusch (ed.), vol. 31, Parallel Algorithms for Partial Differential Equations: Proceedings of the Sixth GAMM-Seminar, Vieweg, Braunschweig, 1991, 297–301.

Frauke Sprengel Department of Mathematics University of Rostock D–18051 Rostock Germany frauke.sprengel@mathematik.uni-rostock.de